
 

 

Article 

Dynamic model and response analysis of gear-rotor-bearing 

systems with bearing fitting clearances  

Fengtao Wang 1, Peng Dai 1, *, Jianping Wang 1, Linkai Niu 2 

1 Anhui Polytechnic University, Wuhu, 241000, China; tjqhd@163.com 
2 Taiyuan University of Technology, Taiyuan 030024, China; niulinkai@tyut.edu.cn 

* Correspondence: daipeng_ahpu@163.com (P. D.); wangfengt@1985@163.com (F. W.) 

Abstract: Mechanical power and motion are often transmitted by the gear-rotor-bearing system. 

When there are fitting clearances between the housing and outer ring in bearings, complex vibration 

responses will be generated, which makes the operating status difficult to identify. Therefore, for 

analyzing dynamic responses, a dynamic model of gear-rotor-bearing systems with bearing fitting 

clearances is proposed. In the model, the bearing system with fitting clearances and gear pair system 

are combined, and the coupling relationship is determined by the gyroscopic motion of the shaft. 

The friction force and collision force caused by fitting clearances are also considered, which are 

simulated by the Coulomb friction model and Hertz theory. The result shows that the meshing stiff-

ness will also be excited by the bearing displacement. When there are fitting clearances on the bear-

ing, the amplitude modulation of the bearing outer raceway to the system time-domain response is 

intensified, and the multiple harmonic frequency of bearings and gear pairs are generated on the 

spectrum, as well as defect frequencies of gear pairs. As the fitting clearance is increased, the higher 

multiple harmonic responses will be caused. Although the response amplitude of the gearbox is 

increased by raising the input speed, multiple harmonic responses are suppressed, which makes the 

system mainly vibrate at the fundamental frequency. Then, the dynamic model and the vibration 

analysis are experimentally verified. 

Keywords: Gear-rotor-bearing system; bearing fitting clearance; vibration response; rotating speed; 

multiple harmonic response  

 

1. Introduction 

The gear-rotor-bearing system is usually used to transmit mechanical power and mo-

tion in the modern machinery industry, in which the bearing plays the role of providing 

the necessary support for the rotating shaft, and the speed, torque and rotation direction 

are regulated by the gear pair [1, 2]. However, the fitting clearance between the housing 

and outer ring in bearings is easily caused by unfavorable factors such as manufacturing, 

assembly, fatigue, wear, and temperature [3, 4]. For bearings that rotate at high speeds, 

collisions and friction between the connecting surfaces are generated due to the fitting 

clearance, which may cause severe looseness, imbalance, misalignment and other failures 

[5,6]. Moreover, the vibration of the bearing with fitting clearances is propagated to the 

gear pair by the rotor, the abnormal meshing of the gear pair is caused, and the degree of 

system failure may be deepened [7], and the performance and service life will be greatly 

reduced [8,9]. In addition, the complexity of the vibration response generated by the trans-

mission system is greatly increased, which makes the identification of operating condi-

tions more difficult. Thus, it is significant to realize the response analysis of gear-rotor-

bearing systems with bearing fitting clearances by establishing a dynamic model. 

The response characteristic of the system is seriously affected by the operating state 

of support bearings, and the dynamic response of bearings with fitting clearances has been 
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studied by many researchers. The effect of fitting clearances on vibration responses of 

bearings was studied by Gustafsson, and the results showed that the amplitude of bearing 

vibration was increased by the increased clearance [10]. Through the established dynamic 

model, the meshing stiffness and load distribution of gear pairs in the planetary gear train 

with bearing fitting clearances was studied by Kahraman [11, 12]. Based on this model, 

the tooth wedging in a planetary gearbox considering bearing fitting clearances was ana-

lyzed by GUO [13]. A mathematical model of the planetary gear train was proposed by 

Chen for vibration analysis [14], in which the bearing fitting clearances and sun gear crack 

defects were considered. The model for simulating the rolling bearing fitting clearance 

and load was established by TomovićR [15], and the effect of fitting clearances on the load 

distribution was further discussed through this model. When a model of bearings with 

the radial clearance between stationary parts and rotating parts was proposed by Mizuho 

Inagaki et al. [16], the non-linear resonance and self-excited vibration were found, then 

the generation mechanism of self-excited vibration were revealed. The different support 

forms of the ball bearing balanced rigid rotor were simulated by M. Tiwari [17], and the 

effect of radial clearances on the vibration response of the rotor was also studied.  

When there are fitting clearances between the housing and out ring in bearings, other 

problems may be brought up, such as loosening of the connecting component and nonlin-

ear vibration. In the past few years, these problems have gradually got the attention of 

many researchers. When the dynamic response of bearings with support looseness was 

studied by Chu [18], the nonlinear damping and stiffness were considered, and the shoot-

ing method and Floquet theory were used for the periodic solution, then the stability of 

solutions was further discussed. The model of bearing-rotor systems with loose failure 

was established by M. Behzad using the energy method [19]. Through this dynamic 

model, the loose disc was found to perform gyroscopic motion, and the vibration response 

of rotors can be expressed as a function of the clearance between the loosening disc and 

the shaft. The loosening failure of the rotor system was studied by Lu through experi-

ments [20], the bearing looseness was simulated through the pre-tightened bolts of the 

bearing housing, and the nonlinear response was analyzed through the frequency spec-

trum and the axis track. It was found that the fractional harmonic responses and multiple 

harmonic responses of the rotor were generated when there were loosening failures on 

the rotor system. 

The evaluation of the health status is based on the response analysis of the gearbox, 

and the response characteristics of the bearing and gear pair are widely studied through 

experiments, established models and finite element methods [21]. The vibration responses 

of gear pairs with the crack defect were explained by Ian Howard et al. using the estab-

lished dynamic model [22], and the meshing stiffness was simulated by the finite element 

method. A dynamic model with 6 DOFs of gear pairs was established by Parey et al. [23], 

and the conclusions obtained can be referenced for the fault diagnosis of gearboxes. Based 

on this dynamic model, Wan improved the method for calculating meshing stiffness [24], 

which was verified by experiments and finite element methods, and the response analysis 

of gear pairs was realized. The energy method was used by Ma for the dynamic excitation 

of gear pairs with crack defects and spalling defects [25], the changes in the dynamic ex-

citation and vibration characteristics of gear pairs were revealed in detail. This method 

was followed by a large number of researchers and frequently used in subsequent vibra-

tion analysis of gear pairs. As for the existing research on response characteristics of ball 

bearings, the localized failure of bearings was described by the impulse function, and the 

model of the bearing with localized failures was extended to compound failures, then the 

dynamic response of bearings with multi-point defects was studied by McFadden and 

Smith [26, 27]. For understanding the influence of load and shock waveforms on the re-

sponse of bearings, Choudhury and Tandon [28] built a dynamic model for describing the 

localized defect in ball bearings. The constant-period sequence was replaced by tiny ran-

dom variables, and the improvement of the analytical model was realized by Ho [29]. The 
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contact between the roller and raceway was simplified to a spring-damper by Patil et al. 

[30], and a new dynamic model of bearings was bulit based on the Hertz contact theory. 

Sawalhi proposed a comprehensive model of gear-shaft-bearing systems, and the com-

pound defects in bearings and gear pairs were considered, finally the correctness of this 

dynamic model was verified by theory and experiments. 

In summary, the vibration responses of gearboxes have been explained by many re-

searchers through established models. However, the established model is mainly for the 

bearing system or gear pair system, the cooperative operation of gears and bearings is 

ignored, and the gear-rotor-bearing system is rarely considered comprehensively. In ex-

isting dynamic models of gear-shaft-bearing systems, gear pairs and bearings are nor-

mally set to work independently, and the coupling relationship between the two is weak-

ened, so that the vibration response obtained by the model is far from the vibration re-

sponse obtained by the experiment. Moreover, when there are fitting clearances between 

the housing and outer ring in bearings, the dynamic characteristic of gearboxes is seri-

ously affected by the abnormality of the supporting parts, which brings great difficulty to 

the identification of the operating status. Thus, a dynamic model of the gear-rotor-bearing 

system with bearing fitting clearances is established for the vibration analysis. In this 

model, the bearing system with fitting clearances and the gear pair system are combined, 

and the coupling relationship between the two is determined by the gyroscopic motion of 

the shaft, then the dynamic response of the gear-rotor-bearing system with bearing fitting 

clearances are analyzed. At last, the dynamic model and the vibration analysis are exper-

imentally verified. 

2. Dynamic model of gear-rotor-bearing systems with bearing fitting clearances 

2.1 Model assumptions 

Since the vibration generation of gear-rotor-bearing systems is extremely intricate, it 

is necessary to make reasonable simplifications and basic assumptions when establishing 

the model, and in these assumptions only the main factors that affect the vibration re-

sponse are considered. The concrete assumptions made are as follows:  

(1) When there are fitting clearances between the housing and outer ring in bearings, the 

outer ring can be displaced in the radial direction, and the rotational angular displacement 

is not considered. The housing is fixed and the response of the bearing resonator can be 

extracted for vibration analysis. 

(2) The motion between the ball and raceway is assumed to be pure rolling, and the elastic 

deformation of the bearing satisfies the Hertzian contact theory. 

(3) The bending deformation of the shaft is ignored during the transmission process. 

(4) The axial displacement of bearings and gear pairs is not considered. 

(5) The gyroscopic movement of the low-speed shaft is ignored, and the gyroscopic move-

ment of the high-speed shaft is the main cause of offset angle and center distance error. 

2.1 Dynamic model of gear-rotor-bearing systems 

As shown in Figure 1, a dynamic model of gear-rotor-bearing systems with 36 DOFs 

is built according to the Lagrange equation. And the dynamic equations are given as fol-

lows [31]: 
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Figure 1. Model of gear-rotor-bearing systems. 

The motion control equation of the high-speed shaft is: 

𝐼𝑓1𝜃̈𝑓1 + 𝑐𝑓1(𝜃̇𝑓1 − 𝜃̇𝑝𝑖𝑛) + 𝑘𝑓1(𝜃𝑓1 − 𝜃𝑝𝑖𝑛) = 𝑇𝑖𝑛                                                                           (1) 

The motion control equations of the bearing 1 are: 

{
  
 

  
 

𝑚𝑠1𝑥̈𝑠1 + 𝑐𝑠𝑥1(𝑥̇𝑠1 − 𝑥̇𝑝𝑖𝑛) + 𝑘𝑠𝑥1(𝑥𝑠1 − 𝑥𝑝𝑖𝑛) + 𝑓𝑥1 = 0                                        

𝑚𝑠1𝑦̈𝑠1 + 𝑐𝑠𝑦1(𝑦̇𝑠1 − 𝑦̇𝑝𝑖𝑛) + 𝑘𝑠𝑦1(𝑦𝑠1 − 𝑦𝑝𝑖𝑛) + 𝑓𝑦1 = 0                                       

𝑚𝑝1𝑥̈𝑝1 + 𝑐𝑝𝑥1𝑥̇𝑝1 + 𝑘𝑝𝑥1𝑥𝑝1 − 𝑓𝑥1 = 𝐹𝑥                                                                       

𝑚𝑝1𝑦̈𝑝𝑦1 + (𝑐𝑝𝑦1 + 𝑐𝑟1)𝑦̇𝑝1 + (𝑘𝑝𝑦1 + 𝑘𝑟1)𝑦𝑝1 − 𝑘𝑟1𝑦𝑟1 − 𝑐𝑟1𝑦̇𝑟1 − 𝑓𝑦1 = 𝐹𝑦  

𝑚𝑟1𝑦̈𝑟1 + 𝑐𝑟1(𝑦̈𝑟1 − 𝑦̇𝑝1) + 𝑘𝑟1(𝑦𝑟1 − 𝑦𝑝1) = 0                                                          

                                   (2) 

 The motion control equations of the high-speed gear are: 

{

𝐼𝑝𝑖𝑛𝜃̈𝑝𝑖𝑛 − 𝑐𝑓1(𝜃̇𝑓1 − 𝜃̇𝑝𝑖𝑛) − 𝑘𝑓1(𝜃𝑓1 − 𝜃𝑝𝑖𝑛) = −𝑅𝑝𝑖𝑛𝐹𝑀                                                                    

𝑚𝑝𝑖𝑛𝑥̈𝑝𝑖𝑛 + 𝑐𝑠𝑥1(𝑥̇𝑝𝑖𝑛 − 𝑥̇𝑠1) + 𝑐𝑠𝑥2(𝑥̇𝑝𝑖𝑛 − 𝑥̇𝑠2) + 𝑘𝑠𝑥1(𝑥𝑝𝑖𝑛 − 𝑥𝑠1) + 𝑘𝑠𝑥2(𝑥𝑝𝑖𝑛 − 𝑥𝑠2) = 0    

𝑚𝑝𝑖𝑛𝑦̈𝑝𝑖𝑛 + 𝑐𝑠𝑦1(𝑦̇𝑝𝑖𝑛 − 𝑦̇𝑠1) + 𝑐𝑠𝑦2(𝑦̇𝑝𝑖𝑛 − 𝑦̇𝑠2) + 𝑘𝑠𝑦1(𝑦𝑝𝑖𝑛 − 𝑦𝑠1) + 𝑘𝑠𝑦2(𝑦𝑝𝑖𝑛 − 𝑦𝑠2) = 𝐹𝑀

       (3) 

The motion control equations of the bearing 2 are: 

{
  
 

  
 

𝑚𝑠2𝑥̈𝑠2 + 𝑐𝑠𝑥2(𝑥̇𝑠2 − 𝑥̇𝑝𝑖𝑛) + 𝑘𝑠𝑥2(𝑥𝑠2 − 𝑥𝑝𝑖𝑛) + 𝑓𝑥2 = 0                                     

𝑚𝑠2𝑦̈𝑠2 + 𝑐𝑠𝑦2(𝑦̇𝑠2 − 𝑦̇𝑝𝑖𝑛) + 𝑘𝑠𝑦2(𝑦𝑠2 − 𝑦𝑝𝑖𝑛) + 𝑓𝑦2 = 0                                     

𝑚𝑝2𝑥̈𝑝2 + 𝑐𝑝𝑥2𝑥̇𝑝2 + 𝑘𝑝𝑥2𝑥𝑝2 − 𝑓𝑥2 = 0                                                                      

𝑚𝑝2𝑦̈𝑝𝑦2 + (𝑐𝑝𝑦2 + 𝑐𝑟2)𝑦̇𝑝2 + (𝑘𝑝𝑦2 + 𝑘𝑟2)𝑦𝑝2 − 𝑘𝑟2𝑦𝑟2  − 𝑐𝑟2𝑦̇𝑟2 − 𝑓𝑦2 = 0

𝑚𝑟2𝑦̈𝑟2 + 𝑐𝑟2(𝑦̇𝑟2 − 𝑦̇𝑝2) + 𝑘𝑟2(𝑦𝑟2 − 𝑦𝑝2) = 0                                                       

                                       (4) 

The motion control equations of the bearing 3 are: 

{
  
 

  
 

𝑚𝑠3𝑥̈𝑠3 + 𝑐𝑠𝑥3(𝑥̇𝑠3 − 𝑥̇𝑔𝑒) + 𝑘𝑠𝑥3(𝑥𝑠3 − 𝑥𝑔𝑒) + 𝑓𝑥3 = 0                                       

𝑚𝑠3𝑦̈𝑠3 + 𝑐𝑠𝑦3(𝑦̇𝑠3 − 𝑦̇𝑔𝑒) + 𝑘𝑠𝑦3(𝑦𝑠3 − 𝑦𝑔𝑒) + 𝑓𝑦3 = 0                                       

𝑚𝑝3𝑥̈𝑝3 + 𝑐𝑝𝑥3𝑥̇𝑝3 + 𝑘𝑝𝑥3𝑥𝑝3 − 𝑓𝑥3 = 0                                                                     

𝑚𝑝3𝑦̈𝑝3 + (𝑐𝑝𝑦3 + 𝑐𝑟3)𝑦̇𝑝3 + (𝑘𝑠𝑝3+𝑘𝑟3)𝑦𝑝3 − 𝑘𝑟3𝑦𝑟3  − 𝑐𝑟3𝑦̇𝑟3 − 𝑓𝑦3 = 0   

𝑚𝑟3𝑦̈𝑟3 + 𝑐𝑟3(𝑦̇𝑟3 − 𝑦̇𝑝3) + 𝑘𝑟3(𝑦𝑟3 − 𝑦𝑝3) = 0                                                      

                                         (5) 

The motion control equations of the low-speed gear are: 
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{

𝐼𝑔𝑒𝜃̈𝑔𝑒 − 𝑐𝑓2(𝜃̇𝑓2 − 𝜃̇𝑔𝑒) − 𝑘𝑓2(𝜃𝑓2 − 𝜃𝑔𝑒) = 𝑅𝑔𝑒𝐹𝑀                                                                        

𝑚𝑔𝑒𝑥̈𝑔𝑒 + 𝑐𝑠𝑥3(𝑥̇𝑔𝑒 − 𝑥̇𝑠3) + 𝑐𝑠𝑥4(𝑥̇𝑔𝑒 − 𝑥̇𝑠4) + 𝑘𝑠𝑥3(𝑥𝑔𝑒 − 𝑥𝑠3) + 𝑘𝑠𝑥4(𝑥𝑔𝑒 − 𝑥𝑠2) = 0      

𝑚𝑔𝑒𝑦̈𝑔𝑒 + 𝑐𝑠𝑦3(𝑦̇𝑔𝑒 − 𝑦̇𝑠3) + 𝑐𝑠𝑦4(𝑦̇𝑔𝑒 − 𝑦̇𝑠4) + 𝑘𝑠𝑦3(𝑦𝑔𝑒 − 𝑦𝑠3) + 𝑘𝑠𝑦4(𝑦𝑔𝑒 − 𝑦𝑠4) = 0      

                 (6) 

The motion control equations of the bearing 4 are: 

{
 
 

 
 

𝑚𝑠4𝑥̈𝑠4 + 𝑐𝑠𝑥4(𝑥̇𝑠4 − 𝑥̇𝑔𝑒) + 𝑘𝑠𝑥4(𝑥𝑠4 − 𝑥𝑔𝑒) + 𝑓𝑥4 = 0                                          

𝑚𝑠4𝑦̈𝑠4 + 𝑐𝑠𝑦4(𝑦̇𝑠4 − 𝑦̇𝑔𝑒) + 𝑘𝑠𝑦4(𝑦𝑠4 − 𝑦𝑔𝑒) + 𝑓𝑦4 = 0                                           

𝑚𝑝4𝑦̈𝑝4 + (𝑐𝑝𝑥4 + 𝑐𝑟4)𝑦̇𝑝4 + (𝑘𝑝𝑥4 + 𝑘𝑟4)𝑦𝑝4 − 𝑘𝑟4𝑦𝑟4 − 𝑐𝑟4𝑦̇𝑟4 − 𝑓𝑦4 = 0      

𝑚𝑟4𝑦̈𝑟4 + 𝑐𝑟4(𝑦̇𝑟4 − 𝑦̇𝑝4) + 𝑘𝑟4(𝑦𝑟4 − 𝑦𝑝4) = 0                                                         

                                        (7) 

The motion control equation of the low-speed shaft is: 

𝐼𝑓2𝜃̈𝑓2 + 𝑐𝑓2(𝜃̇𝑓2 − 𝜃̇𝑔𝑒) + 𝑘𝑓2(𝜃𝑓2 − 𝜃𝑔𝑒) = −𝑇𝑜𝑢𝑡                                                                                               (8) 

Where, 𝐼𝑓1, 𝐼𝑓2 , 𝐼𝑝𝑖𝑛 and 𝐼𝑔𝑒  represent the moment of inertia of the high-speed shaft, low-        

speed shaft, high-speed gear and low-speed gear;  𝜃𝑓1, 𝜃𝑓2, 𝜃𝑝𝑖𝑛 and  𝜃𝑔𝑒 represent the 

moment of inertia of the high-speed shaft, low-speed shaft, high-speed gear and low-

speed gear; 𝑚𝑝𝑖𝑛 , 𝑚𝑔𝑒 ,𝑚𝑝𝑗 , 𝑚𝑠𝑗  and 𝑚𝑟𝑗 (𝑗 = 1,2… ) are the mass of the high-speed gear, 

low-speed gear, bearing outer ring, bearing inner ring and bearing resonator; 𝑘𝑠𝑥𝑗  and 

𝑘𝑠𝑦𝑗  (𝑗 = 1,2… ) are the supporting stiffness of the bearing inner ring; 𝑐𝑠𝑥𝑗  and 𝑐𝑠𝑦𝑗  (𝑗 =

1,2… )are the supporting damping of the inner ring; 𝑘𝑝𝑥𝑗  and  𝑘𝑝𝑦𝑗 (𝑗 = 1,2… ) are the 

supporting stiffness of the bearing outer ring; 𝑐𝑝𝑥𝑗  and 𝑐𝑝𝑦𝑗  (𝑗 = 1,2… ) are the supporting 

damping of the outer ring;  𝑘𝑟𝑦𝑗 and  𝑐𝑟𝑦𝑗  (𝑗 = 1,2… ) are the supporting stiffness and 

supporting damping of the bearing resonator;  𝑥𝑝𝑖𝑛 , 𝑥𝑔𝑒 , 𝑥𝑝𝑗  and 𝑥𝑠𝑗  (𝑗 = 1,2… )  are the 

linear displacement of the high-speed gear, low-speed gear, bearing outer ring and inner 

ring in the x direction; 𝑦𝑝𝑖𝑛 , 𝑦𝑔𝑒 , 𝑦𝑝𝑗 , 𝑦𝑠𝑗  and 𝑦𝑟𝑗  (𝑗 = 1,2… ) are the linear displacement in 

the y direction; 𝑇𝑖𝑛  and 𝑇𝑜𝑢𝑡  are the input torque and output torque; 𝑅𝑝𝑖𝑛 and 

𝑅𝑔𝑒  represent the base circle radius of the high-speed gear and low-speed gear. 

In the bearing system, the contact force between balls and raceways in the x-direction 

and y-direction are represented by 𝑓𝑥𝑗  and 𝑓𝑦𝑗  (𝑗 = 1,2… ). The bearing 1 is used as an 

example, based on the Hertzian theory, the contact force can be simulated as: 

{
 
 

 
 
𝑓𝑥1 = 𝑘𝑟𝑒1 ∑(𝛾𝑖𝜀𝑖

𝑛 cos 𝜃𝑖)

𝑛𝑏

𝑖=1

𝑓𝑦1 = 𝑘𝑟𝑒1 ∑(𝛾𝑖𝜀𝑖
𝑛 sin 𝜃𝑖)

𝑛𝑏

𝑖=1

                                                            (9) 

Where: 𝑘𝑟𝑒1 represents the equivalent stiffness between the bearing raceway and                 

balls; 𝑛𝑏 is the total number of the bearing ball; 𝑖 is the serial number of balls; 𝑛 is 1.5 for 

the ball bearings; Whether the ball is in contact with the raceway is judged by 𝛾𝑖, and its 

expression is: 

𝛾𝑖 = {
1    𝛿𝑖 > 0
0         else

                                                                          (10) 

𝜃𝑖   represents the circumferential position of bearing balls, which is determined by Eq (11): 

𝜃𝑖 =
2𝜋(𝑖 − 1)

𝑛𝑏

+ (1 −
𝑑𝑏

𝑑𝑚

)
𝑤𝑠

2
𝑡 + 𝜃0                                                    (11) 

Where, 𝑑𝑚  is the diameter of the pitch circle; 𝑑𝑏  represents the diameter of balls;  𝑤𝑠               

represents the rotating speed; 𝜃0 represents the phase of bearing cages. 
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𝜀𝑖  represents the contact deformation between balls and raceways, which can be    

calculated as: 

𝜀𝑖 = (𝑥𝑠 − 𝑥𝑝) cos 𝜃𝑖 + (𝑦𝑠 − 𝑦𝑝) sin 𝜃𝑖 − 𝑐𝑜                                         (12) 

Where, 𝑐𝑜 represents the bearing clearance. 

{

𝐹𝑀 = 𝐹𝑘 + 𝐹𝑐                                                               

𝐹𝑘 = 𝑘𝑡(𝑅𝑝𝑖𝑛𝜃𝑝𝑖𝑛 − 𝑅𝑔𝑒𝜃𝑔𝑒 − 𝑦𝑝𝑖𝑛 + 𝑦𝑔𝑒 − 𝑒𝑡̃)

𝐹𝑐 = 𝑐𝑡(𝑅𝑝𝑖𝑛𝜃̇𝑝𝑖𝑛 − 𝑅𝑔𝑒𝜃̇𝑔𝑒 − 𝑦̇𝑝𝑖𝑛 + 𝑦̇𝑔𝑒 − 𝑒𝑡̇̃) 

                                     (13) 

Where,  𝐹𝑀  represents the meshing force of gear pairs [33], which can be divided into                               

elastic force 𝐹𝑘 and viscous force 𝐹𝑐;  𝑐𝑡  and 𝑘𝑡  are meshing damping and meshing stiffness 

of gear pairs. 

1

𝑘𝑡

=

{
 
 

 
 ∑(

1

𝑘𝑏1,𝑖

+
1

𝑘𝑠1,𝑖

+
1

𝑘𝑎1,𝑖

+
1

𝑘ℎ,𝑖

+
1

𝑘𝑓1,𝑖

+
1

𝑘𝑠2,𝑖

+
1

𝑘𝑓2,𝑖

+
1

𝑘𝑎2,𝑖

+
1

𝑘𝜏1,𝑖

+
1

𝑘𝑏2,𝑖

+
1

𝑘𝜏2,𝑖

)

2

𝑖=1

     double tooth

1

𝑘𝑏1

+
1

𝑘𝑠1

+
1

𝑘𝑎1

+
1

𝑘ℎ

+
1

𝑘𝑓1

+
1

𝑘𝑏2

+
1

𝑘𝑠2

+
1

𝑘𝑎2

+
1

𝑘ℎ

+
1

𝑘𝑓2

+
1

𝑘𝜏1

+
1

𝑘𝜏2

                             single tooth

             (14) 

𝑒𝑡̃  represents the transmission fluctuation and is simulated by the trigonometric                                                 

functions in this paper [34]. 

𝑒𝑡̃ = 𝑒𝑜 + 𝑒𝑚 sin(2𝜋𝑓𝑚𝑡 + 𝜑)                                                            (15) 

Where, 𝑒𝑜 and 𝑒𝑚 are the average transmission fluctuation and fluctuation range; 𝑓𝑚 is      

the fundamental frequency of meshing frequencies. 

 

2.3 Gyroscopic motion of the high-speed shaft 

The gyroscopic movement of the shaft is caused by asynchronous vibration of bearing        

inner rings at both sides, then bearing systems and gear systems can be connected using this 

way. Also, the offset angle and center distance error caused by the gyroscopic motion can be 

used to determine the vibration transmission between bearings and gear pairs. As shown in 

Figure 2, the modulus of the 𝐵𝐸0
⃑⃑ ⃑⃑ ⃑⃑  ⃑ is the actual center distance 𝑎 of gear pairs, and the angle 

between 𝐴𝐶⃑⃑⃑⃑  ⃑ and 𝐷0𝐹0
⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑  ⃑ is the offset angle 𝜃 of the two shafts. The following equations is 

given. 

𝜃 = arccos
√(𝑥𝑠2 − 𝑥𝑠1)

2 + (𝑦𝑠2 − 𝑦𝑠1)
2

√(𝑥𝑠2 − 𝑥𝑠1)
2 + (𝑦𝑠2 − 𝑦𝑠1)

2 + 𝐿2
                                      (16) 

𝑎 = √[𝑎0 −
1

2
(𝑥𝑠1 + 𝑥𝑠2)]

2

+
1

4
(𝑦𝑠1 + 𝑦𝑠2)

2                                         (17) 

Where, L represents the length of shafts. 

 

2.4 Meshing stiffness of gear pairs  

When the actual center distance and offset angle caused by gyroscopic movement  of 

shafts are considered, the model for calculating meshing stiffness can be established 

according to the potential energy method. [35]. In particular, when the two shafts are not 

parallel, the direction of the force between the meshing teeth will be changed, as shown in 

Figure 3, and the beam model for calculating the dynamic excitation is given in Figure 4. 
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Bearing 1

Bearing 2

Bearing 3

Bearing 4

A0(0,0,0)

A(xs1,ys1,0)

xs1

ys1

X

Y
B0(0,0,L/2)

C0(0,0,L)C(xs2,ys2,L)

B((xs1+xs2)/2,(ys1+ys2)/2,L/2)

D0(a,0,0)

E0(a,0,L/2)

F0(a,0,L)

Driving gear

Driven gear

L/2

L/2

a0

a

ys2

xs2

High-speed shaft

Low-speed shaft

 

Figure 2. Gyroscopic motion of the high-speed shaft. 

F
W

Fb

Fa

α1

(a)

F

Fb

Fa
W

α1

θ

(b)

 
       Figure 3. Direction of the meshing force: (a) Alignment; (b) Misalignment. 

 

Bending deformation energy 𝑈𝑏 : 

𝑈𝑏 = ∫
[𝐹𝑏(𝑑 − 𝑥) − 𝐹𝑎ℎ]2

2𝐸𝐼𝑠
d𝑥 =

𝐹2

2𝑘𝑏

𝑑

0

                                                                                  

= ∫
[𝐹 cos 𝜃 cos 𝛼1 (𝑑 − 𝑥) − 𝐹 cos 𝜃 sin 𝛼1 ℎ]2

2𝐸𝐼𝑠
d𝑥

𝑅𝑎

𝑅𝑏

                                       (18) 

Shear deformation energy 𝑈𝑠: 

𝑈𝑠 = ∫
(1.2𝐹𝑏)

2

2𝐺𝐴𝑥

d𝑥 =
𝐹2

2𝑘𝑠

𝑑

0

  = ∫
(1.2𝐹 cos 𝜃 cos 𝛼1)

2

2𝐺𝐴𝑠

d𝑥
𝑅𝑎

𝑅𝑏

                                (19) 

Radial compression deformation energy 𝑈𝑎: 

𝑈𝑎 = ∫
𝐹𝑎

2

2𝐸𝐴𝑥

d𝑥 =
𝐹2

2𝑘𝑎

 
𝑑

0

= ∫
(𝐹 cos 𝜃 sin 𝛼1)

2

2𝐸𝐴𝑠

d𝑥
𝑅𝑎

𝑅𝑏

                                           (20)  
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Figure 4. Beam model. 

The load on the tooth surface is no longer evenly distributed, which causes torsional     

deformation of the tooth, as shown in Figure 5. Therefore, the torsional stiffness 𝑘𝜏  is 

generated, which can also be calculated based on the energy method. 

Fb

W
(a)

Fb

W

T

t

(b)

 

Figure 5. Load distribution: (a) Alignment; (b) Misalignment. 

Torsional deformation energy 𝑈𝜏: 

𝑈𝜏 = ∫
𝑇2

2𝐺𝐼𝑝𝑥
d𝑥

𝑑

0

= ∫
(𝐹𝑏 ⋅ 𝑡)2

2𝐺𝐼𝑝𝑥
d𝑥

𝑑

0

= ∫
(𝐹 cos 𝜃 cos 𝛼1 ∙ 𝑡)2

2𝐺𝐼𝑝𝑥
d𝑥

𝑅𝑎

𝑅𝑏

=
𝐹2

2𝑘𝜏
               (21) 

Where, 𝑡 represents the torsion arm, which can be calculated by the model in Ref. 36; 𝐴𝑥,  𝐼𝑥              

and 𝐼𝑝𝑥 represent the cross-sectional area, the moment of inertia and the polar moment of 

inertia. 

{
 
 

 
 

𝐴𝑠 = 2ℎ𝑥𝑊                        

𝐼𝑠 =
(2ℎ𝑥𝑊)3

12
                    

𝐼𝑝𝑥 =
2ℎ𝑥𝑊

12
(4ℎ𝑥

2 + 𝑊2)

                                                              (22) 

Then, the stiffness components can be simplified to: 

Shear stiffness 𝑘𝑠: 

1

𝑘𝑠

 = ∫
1.2(1 + 𝑣)(𝛼2 − 𝛼) cos 𝛼cos2𝛼1cos2𝜃

𝐸𝑊[sin 𝛼 + (𝛼2 − 𝛼) cos𝛼]
d𝛼

𝛼2

−𝛼1

                                        (23) 

Bending stiffness 𝑘𝑏: 

1

𝑘𝑏

= ∫

3 {1 + cos𝛼1[(𝛼2 − 𝛼) sin 𝛼 − cos 𝛼] − 2 cos𝛼1sin2 𝜃
2

[
(𝛼1 + 𝛼2) cos 𝛼1 − sin 𝛼 

−(cos 𝛼 − (𝛼2 − 𝛼) sin 𝛼 − cos𝛼2)
]}

2

2𝐸𝑊[sin𝛼 + (𝛼2 − 𝛼)cos𝛼]3/[(𝛼2 − 𝛼) cos𝛼]
d𝛼

𝛼2

−𝛼1

         (24) 

Radial compression stiffness 𝑘𝑎: 
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1

 𝑘𝑎

 = ∫
(𝛼2 − 𝛼)cos𝛼sin2𝛼1cos2𝜃

2𝐸𝑊[sin𝛼 + (𝛼2 − 𝛼)cos𝛼]
d𝛼

𝛼2

−𝛼1

                                                (25) 

Torsional stiffness 𝑘𝜏： 

1

𝑘𝜏

 = ∫
3𝐿(1 + 𝑣)(𝛼2 − 𝛼)cos2𝛼1cos2𝜃 cos𝛼

16𝐸[sin 𝛼 + (𝛼2 − 𝛼) cos 𝛼]{4𝑅𝑏
2[sin 𝛼 + (𝛼2 − 𝛼) cos 𝛼]2 + 𝑊2}

𝛼2

−𝛼1

d𝛼                                                    (26) 

In addition, the actual center distance is considered, and the meshing principle of gear 

pairs is given: 

𝑟′ =
𝑟 cos 𝛼

cos 𝛼′
                                                                                     (27) 

Where, 𝛼  and  𝑟 is the pressure angle and pitch circle radius of the gear pair         

under standard installation; 𝛼′ and 𝑟′ are the actual pressure angle and actual pitch circle 

radius during running. After 𝛼 is replaced by 𝛼′ in equation (18-26), the calculation of the 

meshing stiffness is completed. The stiffness   𝑘ℎ  and   𝑘𝑓 caused by contacting and body 

deformation can be quantified by the model in Ref. 37 and Ref. 38. 

 

2.5 Ball bearings with fitting clearances 

The model of ball bearings with fitting clearances is shown as Figure 6. Based on the  

assumptions in 1.1, a model of healthy bearings is established, as shown in Figure 6(a). When 

there are fitting clearances on bearings, the contact force between housing and outer ring is 

decomposed at the contact point, as shown in Figure 6(b). Also, the velocity of the outer ring 

is decomposed along the radial and normal directions, as shown in Figure 6(c).  

Y

X
O1

Outer ring

Inner ring

Roller

ω

kpx

cpx

kpy cpy

kre
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ksycsy

ksx
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X
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β
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(b)
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X
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β
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Outer ring

Inner ring

Roller

xs1
.

ys1
.

β

β

(c)

ωs

 

Figure 6. Bearing fitting clearance model: (a) Model of the ball bearing 1; (b) Force decomposition; (c) Velocity decomposition.  

The bearing housing is fixed by bolts, and the radial displacement r of the outer ring is:  

𝑟𝑝 = 𝑥𝑝1 cos 𝛽 + 𝑦𝑝1 sin 𝛽                                                                 (28) 

When the radial displacement 𝑟𝑝  is less than the fitting clearance  𝛿 , there is no      

contact between the housing and bearing, and the bearing is not supported by the housing. 

{
𝐹𝑥 = 0
𝐹𝑦 = 0        √𝑥𝑝1

2 + 𝑦𝑝1
2 ≤ 𝛿                                                                (29) 

When 𝑟𝑝 is greater than 𝛿, the collision and friction will be caused. Then the       tangential  

velocity 𝑣𝑇  of the outer ring is: 

𝑣𝑇 = 𝑥̇𝑝1 sin 𝛽 + 𝑦̇𝑝1 cos 𝛽                                                                 (30) 

The angular position 𝛽 is satisfied the following equations: 
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{
 
 

 
 sin 𝛽 =

𝑦𝑝1

𝑟𝑝
=

𝑦𝑝1

√𝑥𝑝1
2 + 𝑦𝑝1

2

cos 𝛽 =
𝑥𝑝1

𝑟𝑝
=

𝑥𝑝1

√𝑥𝑝1
2 + 𝑦𝑝1

2

                                                               (31) 

The nonlinear contact in Hertz theory [39] and Coulomb friction model are used to         

calculate the collision force 𝑃𝑐 and friction force 𝑃𝑓 generated by the fitting clearance. 

{
𝑃𝑐 = [

(𝑟 − 𝛿)𝐿2
0.8

3.83 × 10−5
]
10
9 + 𝑐𝑁𝑟̇    

𝑃𝑓 = 𝑓 ∙ 𝑃𝑐 ∙ sign(𝑣𝑇)                 
    √𝑥𝑝1

2 + 𝑦𝑝1
2 > 𝛿                                           (32) 

Where, 𝑓 represents the coefficient of friction; 𝑐𝑁 represents the damping coefficient. 

After simplification, the excitation force caused by the fitting clearance can be described     

as: 

(
𝐹𝑥
𝐹𝑦

) =

(

 
 
 
 

𝑥𝑝1

√𝑥𝑝1
2 + 𝑦𝑝1

2

𝑓 ∙ 𝑦𝑠1 ∙ sign(𝑥̇𝑝1 ∙ 𝑦𝑝1 + 𝑦̇𝑝1 ∙ 𝑥𝑝1)

𝑥𝑝1
2 + 𝑦𝑝1

2

𝑦𝑝1

√𝑥𝑝1
2 + 𝑦𝑝1

2

𝑓 ∙ 𝑥𝑠1 ∙ sign(𝑥̇𝑝1 ∙ 𝑦𝑝1 + 𝑦̇𝑝1 ∙ 𝑥𝑝1)

𝑥𝑝1
2 + 𝑦𝑝1

2

)

 
 
 
 

2×2
(

 
 
 
 
 
 [

(𝑥𝑝1
2 + 𝑦𝑝1

2 − 𝛿 ∙ √𝑥𝑝1
2 + 𝑦𝑝1

2 )𝐿2
0.8

3.83 × 10−5 ∙ √𝑥𝑝1
2 + 𝑦𝑝1

2

]
10
9 +

𝑐𝑁 ∙ (𝑥̇𝑝1 ∙ 𝑦𝑝1 + 𝑦̇𝑝1 ∙ 𝑥𝑝1)

√𝑥𝑝1
2 + 𝑦𝑝1

2

[

(𝑥𝑝1
2 + 𝑦𝑝1

2 − 𝛿 ∙ √𝑥𝑝1
2 + 𝑦𝑝1

2 )𝐿2
0.8

3.83 × 10−5 ∙ √𝑥𝑝1
2 + 𝑦𝑝1

2

]
10
9 +

𝑐𝑁 ∙ (𝑥̇𝑝1 ∙ 𝑦𝑝1 + 𝑦̇𝑝1 ∙ 𝑥𝑝1)

√𝑥𝑝1
2 + 𝑦𝑝1

2

)

 
 
 
 
 
 

2×1

     (33) 

When there are fitting clearances on bearings, the housing has no supporting effect on 

the outer ring. However, the outer ring is supported by the collision force and friction force, 

and the following equations are set. 

{
𝑘𝑝𝑥 = 𝑘𝑝𝑦 = 0

𝑐𝑝𝑥 = 𝑐𝑝𝑦 = 0
                                                                             (34) 

3. Results and discussion 

The model of gear-rotor-bearing systems with bearing fitting clearances can be  solved 

by using the 𝑅𝑢𝑛𝑔𝑒 − 𝐾𝑢𝑡𝑡𝑎 method in 𝑚𝑎𝑡𝑙𝑎𝑏. The parameter of the dynamic model is 

shown in Table 1, and the bearing types are listed as in Table 2, where the defect frequencies 

are added. The parameters of gear pairs are selected in Table 3. It is assumed that there are fit 

clearances between outer ring and housing in bearing 1, and other bearings are healthy. After 

the numerical solution is obtained, the dynamic response of resonators is extracted for 

analysis. 

3.1 Influence of bearing fitting clearances on the gear-rotor-bearing system 

3.1.1 The center distance error and offset angle of the gear pair 

When there are fitting clearances between housing and outer ring, the stablished  

dynamic model is solved, then the center distance error and offset angle of gear pairs can be 

obtained, as shown in Figure 7. It is found that the bearing fitting clearances have a great 

effect on the actual center distance and offset angle of gear pairs. The center distance error is 

shown in Figure 7(a), and when there are fitting clearances on bearings, the local peak value 

in the center distance error curve is not increased drastically. The affected center distance 

error curve is fluctuating up and down, and the frequency of the envelope is the defect 

frequency 𝑓𝑜1. With the increase of bearing fitting clearances, the amplitude modulation in 
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the center distance error curve is intensified, the fluctuation is more severe. In addition, the 

phase of the center distance error curve is constantly advanced due to the increased bearing 

clearance. The offset angle of gear pairs is shown in Figure 7(b). When there are bearing fitting 

clearances between housing and outer ring, the local peak value in the offset angle curve is 

significantly increased, and it is also influenced by the amplitude modulation of the bearing 

outer ring, which also makes the curve fluctuate up and down. 

 

Table 1. Parameters of the dynamic model. 

Parameters/(unit) Values Parameters/(unit) Values 

Moment of inertia of input shaft 𝐼𝑓1/(𝑘𝑔 ⋅ 𝑚2) 0.0021 Torsional stiffness of shaft 𝑘𝑓1, 𝑘𝑓2  /(𝑁𝑚/𝑟𝑎𝑑) 4.4e5 

Moment of inertia of driving gear 𝐼𝑝𝑖𝑛/(𝑘𝑔 ⋅ 𝑚2) 4.365e-4 Torsional damping of shaft 𝑐𝑓1, 𝑐𝑓2/(𝑁𝑚𝑠/𝑟𝑎𝑑) 5e5 

Moment of inertia of driven gear 𝐼𝑔𝑒/(𝑘𝑔 ⋅ 𝑚2) 8.362e-4 Support stiffness of bearings 𝑘𝑠𝑗 , 𝑘𝑝𝑗  , 𝑘𝑟𝑗/(𝑁/𝑚)  6.56e7 

Moment of inertia of output shaft 𝐼𝑓2/(𝑘𝑔 ⋅ 𝑚2) 0.0105 Support damping of bearings 𝑐𝑠𝑗 , 𝑐𝑝𝑗 , 𝑐𝑟𝑗/(𝑁𝑠/𝑚)   1.8e5 

Load (N/m) 25 Connection stiffness 𝑘𝑜1/(𝑁/𝑚) 6.56e7 

Mass of driving gear 𝑚𝑝𝑖𝑛/𝑘𝑔 0.96 Damping coefficient 𝑐𝑁/(𝑁𝑠/𝑚) 2e5 

Mass of driven gear 𝑚𝑔𝑒/𝑘𝑔 2.88 Length of shafts 𝐿/𝑚𝑚 260 

Average transmission fluctuation 𝑒𝑜/𝑚 3e-5 Friction coefficient 𝑓 0.1 

Transmission fluctuation range 𝑒𝑚/𝑚 2e-5 Rotation frequency of input shaft 𝑓𝑟1/𝐻𝑧 30 

 

Table 2. Bearing types. 

Bearings Types Defect frequency of the outer raceway 𝒇𝒐/𝑯𝒛 Defect frequency of the inner raceway 𝒇𝒊/𝑯𝒛 

Bearing 1 6304 81.13 132.79 

Bearing 2 

Bearing 3 

Bearing 4 

6304 

6308 

6308 

81.13 

21.92 

21.92 

132.79 

37.71 

37.71 

 

Table 3. Parameters of gear pairs. 

 

 

 

 

 

 

 

 

In gear-rotor-bearing systems, the actual center distance and offset angle of gear pairs 

are severely affected by bearing fitting clearances, which makes the high-speed shaft perform 

more violent gyroscopic motion. However, the gear pair is generally installed at the midpoint 

of shafts, the offset angle is greatly affected by bearing fitting clearances, and the change in 

actual center distance is relatively small. The main form of influence is amplitude modulation. 

Parameters/(unit) High-speed gear Low-speed gear 

Modulus 𝑚/𝑚𝑚m ∕ (mm) 2 2 

Pressure Angle 𝛼/(°)α0 ∕ (∘) 20 20 

Number of teeth 𝑧z 23 81 

Young's modulus 𝐸/𝐺𝑃𝑎 216 216 

Tooth width 𝑊/𝑚𝑚L ∕ (mm) 24 24 
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Figure 7. Center distance error and offset angle: (a) Center distance error; (b) Offset angle. 

 

3.1.2 Meshing stiffness of gear pairs 

The calculated meshing stiffness excitation of gear pairs is extracted, the result is shown 

in Figure 8. When there are bearing fitting clearances in systems as shown in Figure 8(a), the 

meshing stiffness is generally reduced, and it is affected by the amplitude modulation of the 

bearing outer ring, and the multiple local extremes of the meshing stiffness are caused. The 

distribution of these local extremes is mostly concentrated on the start point and end point of 

the single-tooth and double-tooth meshing interval, and the trend of the extremes is more 

complicated as the fitting clearance increases.  

When the fitting clearance is 0.01mm, 0.02mm and 0.03mm, the meshing stiffness curves 

are extracted for comparison, the result is shown in Figure 8(b). In general, the reduction in 

meshing stiffness is caused, and it is modulated by 𝑓𝑜1 . Moreover, the modulation 

phenomenon becomes more serious as the bearing fitting clearance increases. The meshing 

stiffness in single-tooth meshing interval of gear pairs is shown in Figure 8(c). The minimum 

meshing stiffness is continuously reduced. In particular, the meshing stiffness curve is no 

longer strictly periodic, which seriously affects the nonlinear dynamic characteristics of gear 

pairs. 

3.1.3 Time-domain response 

The displacement response of bearing 1 resonator in the gear-rotor-bearing system is 

shown in Figure 9. When there is no fitting clearance or the fitting clearance is small on the 

bearing as shown in Figure 9(a), the response of gear-rotor-bearing systems is still stable. As 

the fitting clearance increases, the displacement time-domain response of the gearbox is 

fluctuated due to the amplitude modulation, and the degree of fluctuations is increased. The 

displacement responses of the gear-rotor-bearing system with bearing fitting clearances of 

0.01mm, 0.03mm and 0.05mm are extracted and plotted as Figure 9(b). It is found that the 

dynamic response of the gearbox is fluctuated significantly, and the maximum value of the 

displacement is continuously increased with the increase of fitting clearances. The median 

line of each displacement curve is extracted and drawn as Figure 9(c). It is can be seen that 

the amplitude modulation of the outer ring will be exacerbated as the fitting clearance 
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increases, the fluctuation trend becomes more serious, and the frequency interval between 

adjacent peaks is the defect frequency 𝑓𝑜1.  

 

Figure 9. Time-domain response of gear-rotor-bearing systems: (a) Time-domain displacement response; (b) Comparison of 

displacement response with the fitting clearance of 0.01mm, 0.03mm and 0.05mm; (c) The median line of the displacement 

response. 

 

3.1.4 Frequency-domain response 

After the Fast Fourier Transform, the frequency-domain response can be  acquired, as   

shown in Figure 10. From the low frequency band (0-2500Hz) of the spectrogram in Figure 

10(a), it is found that there are the defect frequency and the multiple harmonic frequency of 

the bearing outer raceway, such as 10𝑓𝑜1, 11𝑓𝑜1, 12𝑓𝑜1, 18𝑓𝑜1 . It shows that the multiple 

harmonic response of the bearing outer raceway is generated due to the fitting clearance. As 

the fitting clearance increases, the higher-order multiple harmonic response will be excited. 

In addition, there are also meshing frequencies of gear pairs on the spectrum, such 

as 𝑓𝑚, 2𝑓𝑚, 3𝑓𝑚, and the defect frequency of gear pairs is also found on the spectrum due to 

the periodic deterioration of the meshing stiffness, such as 𝑓𝑚 ± 𝑓𝑟1, 2𝑓𝑚 ± 𝑓𝑟1, 3𝑓𝑚 ± 𝑓𝑟1 . 

The high frequency band (2500-5000Hz) of the spectrum is given as Figure 10(b). In this 

high frequency band, the spectrum is composed of multiple harmonic frequencies of the 

meshing frequency, such as  4𝑓𝑚, 5𝑓𝑚,  6𝑓𝑚, 7𝑓𝑚 , which means that the multiple harmonic 

response of gear pairs is generated by the fitting clearance. As the fitting clearance increases, 

higher-order multiple harmonic response will be excited. Besides, there are obvious harmonic 

frequencies generated by the frequency modulation on both sides of the multiple harmonic 

frequencies of the gear pair, such as  4𝑓𝑚 ± 𝑓𝑟1, 5𝑓𝑚 ± 𝑓𝑟1,  6𝑓𝑚 ± 𝑓𝑟1, 7𝑓𝑚 ± 𝑓𝑟1 , and the 

amplitude of the harmonic frequency is also increased as the increased fitting clearance. 
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Figure 10. Frequency-domain response of gear-rotor-bearing systems: (a) Low frequency band; (b) High frequency band.  

 

The amplitude of 𝑓𝑚  and 𝑓𝑜1  in Figure 10 is extracted and plotted as Figs 11. The  

change  in the amplitude of 𝑓𝑚 is shown in Figure 11(a). When the supporting bearing is 

healthy, there are mainly the fundamental frequency  𝑓𝑚  and the second harmonic 

frequency  2𝑓𝑚  on the spectrum, and the amplitude of higher-order multiple harmonic 

frequencies is extremely small and can be ignored. When the bearing fitting clearance is 0 to 

0.005mm, the amplitude of  𝑓𝑚  is continuously increased, and the amplitude of 2𝑓𝑚  is 

reduced instead. This shows that when the bearing clearance is small, although the vibration 

amplitude of the gear pair is increased, the relationship between bearings and gear pairs is 

strengthened, and under the action of the tiny fitting clearance, the gear pair mainly vibrates 

at fundamental frequency.  

When the bearing fitting clearance is about 0.005mm, there is an inflection point on the    

amplitude curve of the meshing frequency, the amplitude of the fundamental frequency 𝑓𝑚  

reaches the maximum value, and the amplitude of 2𝑓𝑚 reaches the minimum value. When 

the bearing clearance changes from 0.005mm to 0.045mm, the amplitude of the fundamental 

frequency  𝑓𝑚  is continuously reduced, on the contrary, the amplitude of the second multiple 

harmonic frequency 2𝑓𝑚 is continuously increased. In this bearing fitting clearance range, the 

center distance and offset angle of shaft are deteriorated, and the gear pair mainly vibrates at 

the second multiple harmonic frequency. In addition, the amplitude of 2𝑓𝑚 is greater than  𝑓𝑚 , 

this indicates that the gear pair is running with serious center distance error and offset angle. 

When the bearing clearance is 0.045mm, the amplitude of  2𝑓𝑚 reaches the maximum. Then, 

the amplitude of 2𝑓𝑚 and  𝑓𝑚  begin to decrease. However, the amplitude of the higher-order 

multiple harmonics of the meshing frequency is consistently increasing, which shows that the 

gear pair is developing to vibrate at the higher-order multiple harmonics frequency. 
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Figure 11. The changes in amplitude: (a) 𝑓𝑚; (b) 𝑓𝑜1. 

 

The amplitude of 𝑓𝑜1 is shown in Figure 11(b). The changes in the amplitude of 𝑓𝑜1 are  

extremely complicated when the fitting clearance is less than 0.015mm, and the multiple 

harmonics of 𝑓𝑜1  are generated. When the fitting clearance is greater than 0.015mm, the 

amplitude of multiple harmonic frequencies is changed regularly, and an increasing trend is 

shown. In general, the amplitude of the fundamental frequency 𝑓𝑜1 is the largest, which 

shows that the bearing still mainly vibrates at fundamental frequency. 

It can be summarized that the multiple harmonic response of the bearing outer ring and 

the gear pair will be generated by the bearing fitting clearance, and the change in their 

amplitude is more sensitive when the bearing fitting clearance is small. 

3.1.5 Displacement of high-speed shaft 

The vibration characteristics of bearings and gear pairs in gear-rotor-bearing systems 

with bearing fitting clearances have been analyzed, then the dynamic response is further 

discussed from the perspective of shaft displacement, the result is shown in Figure 12. The 

axis track of the high-speed shaft at the end of bearing 1 is drawn as Figure 12(a), since the 

meshing process of gear pairs can actually be regarded as a periodic collision behavior, 

coupled with the collision between housing and outer ring in the bearing with fitting 

clearances, which causes the axis track to be chaotic and disorderly. When there is no 

clearance in the bearing, the axis track of the high-speed transmission shaft is stayed in a 

certain area. The vibration of gearboxes in the y direction is excited by the meshing force of 

gear pairs and the contact force of bearings, while the vibration in the x direction is only 

excited by the contact force of the bearing, which causes the shaft displacement in the y 

direction to be larger than the displacement in the x direction, and makes the graph of the 

axis track close to the shape of an ellipse. After there are fitting clearances in bearings. the 

displacement of the high-speed shaft in both the x and y directions is increased. However, the 

meshing force is severely affected by the fitting clearance, causing the increase in the shaft 

displacement in the y direction to be greater than the increase in the x direction. And when 

the fitting clearance is increased, the displacement increase in the y direction is more obvious. 

A period of the axis track in Figure 12(a) is mapped to polar coordinates, as shown in 

Figure 13(b). The collision will be generated when the tooth enters meshing, then the sudden 

change of bearing displacement is generated, it is quickly attenuated under the action of 
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elastic restoring force when there is no fitting clearance, and the attenuation process is carried 

out once or a few times. Therefore, there is less shock on the displacement response curve of 

the gearbox, which causes gear pair to be vibrate at fundamental frequencies mainly. When 

there is a fitting clearance and as the clearance increases, the displacement of the high-speed 

shaft is significantly increased. The displacement is converged after multiple attenuation 

processes, which causes the number of shocks to be increased and leads to more peaks in 

polar coordinates. The number of peaks is related to the gear pair and bearing, which is also 

the main reason why the multiple harmonic response of the gear pair and bearings are 

generated. 

 

Figure 12 Displacement of the high-speed shaft: (a) Axis track; (b) Mapped to the polar coordinate. 

 

3.2 The influence of speed on gear-rotor-bearing systems with bearing fitting clearances 

The fitting clearance between housing and outer ring in bearing 1 is set to 0.02mm, by 

setting different speeds, the dynamic response of gear-rotor-bearing systems with bearing 

fitting clearances is further studied. 

3.3.1 Meshing stiffness of gear pairs 

The meshing stiffness when the gear-rotor-bearing system is operated at different    

speeds is presented in Figure 13. It can be seen that when the input speed is increased, the 

amplitude modulation of the bearing outer ring to the meshing stiffness will be enhanced, 

and the degree of curve fluctuation is further increased. In gear-rotor-bearing systems, due 

to the increase in the input speed, the more violent gyroscopic movement of shafts is caused, 

which seriously affects the offset angle and actual center distance of gear pairs, and makes 

the meshing process more chaotic. 

3.2.2 Vibration responses 

When the gear-rotor-bearing systems work at different input speeds, the dynamic 

response is shown in Figure 14. The time-domain dynamic response is displayed in Figure 

14(a), it is found that as the input speed increases, the amplitude of the response will be 

further increased, and the amplitude modulation will be enhanced. Then the RMS (Root 

Mean Square) and 𝑥𝑝−𝑝 (Peak-to-Peak Values) methods of mathematical statistics are used 
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to process the dynamic response, and the results are shown in Figure 14(b). As the input speed 

increases, the RMS and 𝑥𝑝−𝑝  of the time-domain response are shown to be constantly 

increasing. 

 

Figure 13. Meshing stiffness of gear pairs at different input speeds. 

 

 

Figure 14. Response of gear-rotor-bearing systems at different input speeds: (a) Time-domain response; (b) RMS and  𝑥𝑝−𝑝; (c) 

Frequency-domain response; (d) Amplitude of 𝑓𝑚 and 𝑓𝑜1. 

 

Figure 14(c) shows the frequency-domain response. The spectrum is still mainly       

composed of the defect frequency 𝑓𝑜1 and the meshing frequency 𝑓𝑚. On both sides of 𝑓𝑚 

and 2𝑓𝑚, a large number of harmonic frequencies of gear pairs are generated. On the contrary, 

there are almost no harmonic frequencies on both sides of 3𝑓𝑚,  4𝑓𝑚,  5𝑓𝑚, which shows that 

when the speed is increased, the high-order harmonic frequencies of the gear pair are 

suppressed, and the harmonic frequencies caused by frequency modulation is more likely to 

be generated around the low-order multiple harmonics of the meshing frequency. In the high 
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frequency band, except for the meshing frequencies, the defect frequencies 𝑓𝑜1 can hardly be 

found, which means that as the input speed increases, the multiple harmonic response of the 

outer raceway is weakened, and the bearing mainly vibrate at the fundamental frequency.  

The amplitude of meshing frequencies 𝑓𝑚 and defect frequencies 𝑓𝑜1 are extracted and  

plotted as Figure 14(d). It is found that as the input speed increases, the amplitude of 𝑓𝑜1 is 

continuously increased, and the vibration of bearing outer rings is intensified. However, the 

amplitude of the fundamental frequency  𝑓𝑚 is increased, and the amplitude of multiple 

harmonic frequencies are reduced. This indicates that the multiple harmonic response of gear 

pairs is suppressed by increasing the speed, and the relationship between bearings and gear 

pairs is weakened. 

It can be concluded from the above response analysis that when the input speed of gear-

rotor-bearing systems with bearing fitting clearances is increased, the vibration is heightened, 

and the modulation caused by bearing fitting clearances will be more obvious. However, the 

multiple harmonic response of bearings and gear pairs is suppressed, and the connection 

between bearings and gear pairs is weakened, which makes the gear-rotor-bearing system 

more prone to vibrate at the fundamental frequency. 

 

4. Experimental verification 

Through the established model, the response analysis of gear-rotor-bearing systems with 

fitting clearances is completed. Next, the dynamic response of gearboxes is also analyzed by 

experimental method, which can be used to validate the model. 

The test-bed shown in Figure 15(a) is used for experiments, the supporting bearing with  

fitting clearances is shown in Figure 15(b), and the fitting clearance is set to 0.02mm. The 

component and parameter used in the experiment are consistent with the model settings. The 

vibration response at the bearing end caps is measured by the accelerometer, and the 

sampling frequency is set to 30k Hz, then the dynamic response in the plumb direction is 

collected for vibration analysis. 

After the experiment, the response of the gearbox can be obtained as shown in Figs 16.     

The gear-rotor-bearing system model with bearing fitting clearances is solved, and the 

numerical solutions of 𝑦̈𝑏1  are given as Figure 16(a) and Figure 16(b), and the response 

obtained from the experiment is shown in Figure 16(c) and 16(d). It can be seen from Figure 

16(c) that the time-domain response of the gearbox is modulated by the defect frequency 𝑓𝑜1 

of bearing outer raceway, and the frequency of the shock is the defect frequency 𝑓𝑜1. As shown 

in Figure 16(d), the spectrum is mainly composed by the defect frequencies  𝑓𝑜1  and the 

meshing frequencies, as well as the multiple harmonic frequencies of bearings and gear pairs, 

such as  3𝑓𝑚, 4𝑓𝑚, 5𝑓𝑚, 6𝑓𝑚, 7𝑓𝑚, 4𝑓𝑜1, 5𝑓𝑜1, 6𝑓𝑜1, which can explain that the multiple harmonic 

response of gear pairs and bearings can be excited by bearing fitting clearances. In addition, 

there are harmonic frequencies 𝑓𝑚 ± 𝑓𝑟1, 2𝑓𝑚 ± 𝑓𝑟1, 3𝑓𝑚 ± 𝑓𝑟1 of gear pairs on the spectrum, 

which prove that the bearing fitting clearances have motivating effects on the meshing 

stiffness, and there are coupling relationships between bearings and gear pairs. By comparing 

the experimental results with the simulation results, the dynamic model and the vibration 

analysis are verified. 
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(a) (b)

 

Figure 15. Equipment: (a) Gear-rotor-bearing system test-bed; (b) Bearing with fitting clearances. 

 

Figure 16. Response of the gearbox: (a) Time-domain response obtained by the established model; (b) Frequency-domain response 

obtained by the established model; (c) Time-domain response obtained by the experiment; (d) Frequency-domain response 

obtained by the experiment. 

5. Conclusion 

For realizing the vibration analysis of gear-rotor-bearing systems with bearing fitting 

clearances, a dynamic model of gear-rotor-bearing systems with bearing fitting clearances is 

established, in which the bearing and gear pair are combined, and the vibration transmission 

between bearings and gear pairs is determined. The fitting clearances between outer ring and 

housing in bearings are considered, as well as the friction force and collision force caused by 

fitting clearances, which are calculated by Coulomb friction model and the Hertz theory. Then 
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the influences of bearing fitting clearances on dynamic characteristics of gear-rotor-bearing 

systems are studied. Some results are summarized as follows: 

(1) When there are fitting clearances on the bearing, the amplitude modulation of the 

bearing outer raceway to the system time-domain response is exacerbated, and the 

multiple harmonic frequency of bearings and gear pairs are generated on the spec-

trum, as well as defect frequencies of gear pairs. As the fitting clearance is increased, 

the higher multiple harmonic responses will be caused. 

(2) Although the response amplitude of the gearbox is increased by raising the input 

speed, multiple harmonic responses are suppressed, which makes the system mainly 

vibrate at the fundamental frequency. 

(3) The dynamic model and the vibration analysis are experimentally verified. 
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