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Abstract: In this work, we introduce a generalized measure of cumulative residual entropy and study
its properties. We show that several existing measures of entropy such as cumulative residual entropy,
weighted cumulative residual entropy and cumulative residual Tsallis entropy, are all special cases of
this generalized cumulative residual entropy. We also propose a measure of generalized cumulative
entropy, which includes cumulative entropy, weighted cumulative entropy and cumulative Tsallis
entropy as special cases. We discuss generating function approach using which we derive different
entropy measures. We provide residual and cumulative version of Sharma-Taneja-Mittal entropy and
obtain them as special cases this generalized measure of entropy. Finally, using the newly introduced
entropy measures, we establish some relationships between entropy and extropy measures.

Keywords: Cumulative entropy; Cumulative residual entropy; Extropy; Tsallis entropy; Weighted
cumulative residual entropy.

1. Introduction

The uncertainty associated with a random variable can be evaluated using information
measures. In many practical situations in lifetime data analysis, experimental physics,
econometrics and demography, measuring the uncertainty associated with a random
variable is very important. The seminal work on information theory started with the
concept of Shannon entropy or differential entropy introduced by Shannon (1948). For an
absolutely continuous non-negative random variable X, the differential entropy is given by

H(X) = ~E(log (X)) = - [ f(x)log f(x)dx,

where f(x) is the probability density function of X and ‘log’ stands for the natural logarithm,
with 0log 0 taken as 0.

Different measures of entropy have been introduced in the literature, each one being
suitable for some specific situations. The widely used measures of entropy are cumulative
residual entropy (CRE) (Rao et al., 2004), cumulative entropy (CE) (Di Crescenzo and
Longobardi, 2009) and the corresponding weighed measures by Mirali et al. (2016) and
Mirali and Baratpour (2017). For a non-negative random variable X with distribution
function F(x), the cumulative residual entropy, which measures the uncertainty in the
future of a lifetime of a system, is defined as

EXX)z—iAwFQ)bngﬁh, (1)

where F(x) = 1 — F(x) is the survival function of X. Asadi and Zohrevand (2007) gave a
representation for (1) based on the mean residual life function as

where r(t) is the mean residual life function of X at time ¢ given by

[ F(u)du

() = B(X = 11X > 1) = Sy
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Di Crescenzo and Longobardi (2009) introduced cumulative entropy for estimating the
uncertainty in the past lifetime of a system as

CEX) = — /0 " F(x) log F(x)dx. @)

The weighted versions of £(X) and CE(X) have been studied in the literature as well.
Weighted cumulative residual entropy, introduced by Mirali et al. (2016), is defined as

EYX)=— /Ooo xF(x)log F(x)dx, (3)

while Mirali and Baratpour (2017) introduced weighted cumulative entropy as

CEY(X) = — /O " ¥F(x) log F(x)dx. @)

A detailed discussion on weighted entropies has been made by Suhov and Sekeh (2015).
Some additional recent developments in this area are due to Cali et al. (2017, 2020),
Tahmasebi (2020) and Toomaj and Di Crescenzo (2020).

Recently, Kharazmi and Balakrishnan (2020a) proposed Jensen cumulative residual
entropy, which is an extension of (1). Kharazmi and Balakrishnan (2020b) then studied
cumulative residual and relative cumulative residual Fisher information measures and
their properties. More general cumulative residual information generating and relative
cumulative residual information generating measures have been introduced and studied
by Kharazmi and Balakrishnan (2021). Fractional generalized cumulative entropy and its
dynamic version have been proposed by Di Crescenzo et al. (2021).

Several extensions of Shannon entropy are available in the literature, obtained by in-
troducing some additional parameters so that these measures become sensitive to different
characteristics and shapes of probability distributions. One important generalization of
Shannon entropy is due to Tsallis (1988), known as generalized Tsallis entropy of order «.
For a continuous random variable X, the generalized Tsallis entropy of order « is defined

as (Tsallis, 1988)
0(
a_1< / Fi(x dx) w A1

Many extensions or modifications have also been provided for T,(X). Sati and Gupta
(2015) proposed a cumulative Tsallis residual entropy of order a, while Rajesh and Sunoj
(2019) modified it and defined cumulative residual Tsallis entropy of order « as

TIX(X) =

CRT, (X _“71/ (E(x) — B*(x))dx, & > 0, & # 1. ®)

For a non-negative continuous random variable X, Chakraborty and Pradhan (2021) de-
fined weighted cumulative residual Tsallis entropy (WCRTE) of order « as

WCRT,(X) = — / 2(B(x) — F¥(x))dx, a > 0, & # 1. ©)

They also introduced dynamic weighted cumulative residual Tsallis entropy of order a.
Cali et al. (2017) introduced cumulative Tsallis past entropy as

CT,(X) = _1/ (x))dx, & > 0, # 1. @)
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These authors (2021) subsequently introduced a family of mean past weighted entropies
of order «, using the concept of mean inactivity time. Chakraborty and Pradhan (2021)
defined weighted cumulative Tsallis entropy (WCTE) of order « as

WCT,(X) = % /000 x(F(x) — F*(x))dx, « > 0,0 # 1. 8)

They also studied dynamic weighted cumulative Tsallis entropy of order «. As is evident
from the description above, several entropy measures are available in the literature.

In the present work, we define a generalized cumulative residual entropy and study
its properties in Section 2. We show that cumulative residual entropy, weighted cumulative
residual entropy, cumulative residual Tsallis entropy and weighted cumulative residual
Tsallis entropy are all special cases of the proposed measure. We also propose a new
generalized cumulative entropy measure and discuss some of its properties. We use the
generating function approach to obtain some new entropy measures. In Section 3, we
provide cumulative (residual) versions of Sharma-Taneja-Mittal entropy and obtain them
as special cases of the generalized measures of entropy introduced in Section 2. In Section
4, we establish some relationships between entropy and extropy measures. Finally, we
make some concluding remarks in Section 5.

2. Generalized cumulative entropy

In this section, we introduce generalized cumulative (residual) entropy measures. We
then show that several entropy measures are special cases of the proposed entropies. Some
generalizations of CRE and CE have been discussed in the literature and we now review
these briefly. Drissi et al. (2008) generalized the definition of CRE, by Rao et al. (2004), to the
case of distributions with general support. They also showed that this generalized CRE can
be used as an alternative to differential entropy. Kayal (2016) introduced a generalization
of CE proposed by Di Crescenzo and Longobardi (2009) and their dynamic versions. Their
definition is related to lower records and reversed relevation transform. Psarrakos and
Navarro (2013) proposed a generalized cumulative residual entropy (GCRE), related to
record values of a sequence of independent and identical random variables and with the
relevation transform. Some properties and applications of the GCRE in actuarial risk
measures have been discussed by Psarrakos and Toomaj (2017). Under some assumptions,
Navarro and Psarrakos (2017) proved that the GCRE function of a fixed order n uniquely
determines the distribution function. Consequently, some characterizations of particular
probability models have been obtained from this general result. Di Crescenzo and Toomaj
(2017) obtained some further results associated with generalized cumulative entropy, such
as stochastic orders, bounds and characterization results. Some characterizations for the
dynamic generalized cumulative entropy have also been derived. Recently, Di Crescenzo et
al. (2021) proposed the fractional generalized cumulative entropy, and its dynamic version.

We introduce here generalised CRE and CE which encompass most of the existing
variations of these measures as demonstrated below.

2.1. Generalized cumulative residual entropy

Let X be a non-negative random variable with absolute continuous distribution
function F(x), and F(x) as the survival function. We assume that the mean u = E(X) is
finite.

Definition 1. Let X be a non-negative random variable with absolute continuous distribution

function F. Further, let ¢(.) be a function of X and w(.) be a weight function. Then, the generalized
cumulative residual entropy is defined as

G&(X) = [ w(w)E[p(X) ~ 9(u)|X > u]dF(u), ©)

where w and ¢ can be chosen arbitrarily under the existence of the above integral.
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With different choices of weight function w(.) and ¢(.), we can introduce several
measures of entropy. First, we show that the new measure reduces to the cumulative
residual entropy of Rao et al. (2004) and the weighted cumulative residual entropy of
Mirali et al. (2016) for some specific choices of ¢(.) and w(.).

Using integration by parts, from (1), we obtain (see Balakrishnan et al., 2022)

£(X) = /Ooox[—logF(x)]dF(x)—E(X).

Let us denote the hazard rate of X by

where f is the density function of X. Then, the cumulative hazard function A(x) can be
expressed as

Alx) = /Ox)\(u)du — _log F(x).
Now, with w(u) =1 and ¢(x) = x, the expression in (9) becomes
GE(X) = /O°° E(X — u|X > u)dF(u)
TE(XIX > u) f(u)du — /0°° udF(u)

(u)
()

3
—

xdF(x)du — E(X)

T

AN
I>E\8

u)
(u)

*Jo F
)\(u YdudF(x) — E(X)

dudP(x) — E(X)

o]
X

" x|~ log F(x)}dF(x) — E(X).

I
o\o\o\go\o\
c\c\

Thus, GE(X) reduces in this case to the cumulative residual entropy of Rao et al. (2004).
The weighted cumulative residual entropy defined in (3) can be written as (Balakrish-

nan et al., 2022)
Loiy2

= 3 / ?[~ log F(x)JdF(x) - SE(X?).
If we choose w(u) = 1/2 and ¢(x) = x? and proceed as above, we can show that (9)
becomes

L® 22
GEX) = f/ E(X2 — 12X > u)dF(u)
— Lo iy2
= 3 / log F(x))dF(x) — 5E(X?).

Thus, GE(X) reduces in this case to the weighted cumulative residual entropy, £%(X).
Next, we show that the cumulative residual Tsallis entropy of order « is a special case
of GE(X). An alternative representation of CRT,(X) is (Rajesh and Sunoj, 2019)

CRT,(X) = E(r(X)F* (X)),
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where 7(X) = E(X — x|X > x). If we now choose w(u) = F*~!(u) and ¢(x) = x, (9)
becomes

GE(X) = /Ooo E(X —u|X > u)F* Y (u)dF(u) = E(r(X)F*71(X)).

Chakraborty and Pradhan (2021) expressed weighted version of cumulative residual
Tsallis entropy of order « in (6) as

Y S S Fa—1
WCRT,(X) = | F(i’)/t xE(x)dxF¥ 1 (+)dE(t). (10)
Upon noting that the integral
1 [o0] _ 1 [ee] [ee]
F(t)/t xF(x)dx = m/t x/x dF(y)dx
1 © ry
= m/t /txdxdF(y)
1 o)
= w2 )
= 1E(Xz—t2|X>t),
2
(10) becomes
1

WCRT, (X) = / E(X2 — £2|X > H)E*1(1)dF(¢).
0
Now, for the choices of w(u) = F*~(u) and ¢(x) = 1x?, from (9), we obtain the above
expression. Thus, WCRT,(X) is a special case of GE(X) as well. The special cases of GE(X)
discussed here are all listed in Table 1.
Next, we derive expressions for GE(X) for various distributions.

Consider the exponential distribution with mean A. Then, it is well-known that mean
residual life is equal to mean. So, when w(u) = 1, we have

GE(X) = /0 " w(u)AdF(u) = A.

In general, GE(X) is a constant for any weight function. For the standard exponential,
taking ¢(x) = x2, we have

GE(X) = /Ooo w(u)E(X? — u?|X > u)e "du
= /OOO w(u)(u+1)e "du.

So, GE(X) =2whenw(u) =1and GE(X) = 1.5 when w(u) = F(u).
Consider the standard uniform distribution with pdf f(x) = 1,0 < x < 1. Then,

/01 w(u)l 1 ” /ul(l — x)dxdu

- /Olw(u)z(ll_u)(u—l)zdu
1

= /0 w(u)(1—u)du.

GE(X)


https://doi.org/10.20944/preprints202202.0322.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 25 February 2022

6 of 15

We thus obtain the residual entropy as 1. Also, when w(u) = 1 and ¢(x) = x?/2, we get

GEX) = %/01(1—u)(2u+1)du:35—6,

as given in Example 5 of Balakrishnan et al. (2022).

Table 1: Special cases of generalized residual entropy

Entropy measure w(u)  ¢(x)
Cumulative residual entropy 1 x
Weighted cumulative residual entropy % x?
Cumulative residual Tsallis entropy Flu)  «x
Weighted cumulative Tsallis residual entropy ~ F¥~1(u) %

2.2. Generalized cumulative entropy

In this sub-section, we introduce a generalized cumulative entropy and discuss some
of its properties.

Definition 2. Let X be a non-negative random variable with absolute continuous distribution
function F. Further, let ¢(.) be a function of X and w(.) be a weight function. Then, the generalized
cumulative entropy is defined as

Gee(x) = [ w(w)E[g(n) = ¢(X)|X < u|dF(w), (11)
where w and ¢ can be chosen arbitrarily under the existence of the above integral.

For the choices of w(u) = 1 and ¢(x) = x, (11) reduces to CE(X) (Di Crescenzo and
Longobardi, 2009). Similarly, GCE(X) in (11) reduces to the weighted cumulative entropy
of Mirali and Baratpour (2017) for the choices of w(u) = 1/2 and ¢(x) = x2.

The reversed hazard rate function of X, denoted by (.), is defined as

-5

which yields the cumulative reversed hazard rate function as

Y OO
x) = /x F(u)du = —log F(x).
The cumulative entropy in (2) can be expressed as (see Balakrishnan et al., 2022)
CEX) = / x|~ log E(x)]dF(x) + E(X).
0

So, by using the cumulative reversed hazard rate function, we can express

CEX) = — / x[log F(x)]dF(x) + E(X)

/ /fEdeF)
- /F(u/xdm()

_ /O E(u— X|X < u)dF(u),

do0i:10.20944/preprints202202.0322.v1
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which is the special case of the generalized cumulative entropy in (11) for the choices of
w(u) = 1 and ¢(x) = x. Proceeding similarly, we can show that GCE(X) reduces to the
weighted cumulative entropy (Mirali and Baratpour, 2017) for the choices of w(u) =1/2
and ¢(x) = x2.

Next, we show that the cumulative Tsallis entropy of order « is a special case of
GCE(X) in (11). The mean inactivity time function of a random variable X, at time x, is
defined as

m(x) = E(x — X|X < x) / ydF(y
Using m(x), CTy(X) can be expressed as (Cali et al., 2017)
CTy(X) = E(m(X)F*"1(X)).
Now, for the choices of w(u) = F*~1(u) and ¢(x) = x, (11) yields

GCE(X / Pl () E [~ X|X < u]dF(u) = E(m(X)F* (X)),

An alternative expression for the weighted cumulative Tsallis entropy of order « is given
by (Chakraborty and Pradhan, 2021)

WCT, (X / ) / (x)dxF\(£)dE(t). (12)
As in Section 2, simple algebraic manipulations yield
WCT, (X) = 5 / — X2|X < HFS L (D)dF(h).
Again, for the choices of w(u) = F¥~1(u) and ¢(x) = 1x2, (11) yields
GCE(X) = %/Om E[? — X2|X < u] B (w)dF (u)

Thus, WCT,(X) is a special case of GCE(X). In Table 2, we list the cumulative entropies
derived from GCE(X).

Table 2: Special cases of generalized entropy

Entropy measure w(u)  ¢(x)
Cumulative entropy 1 x
Weighted cumulative entropy % x?

Cumulative Tsallis entropy el x
Weighted cumulative Tsallis entropy ~ F*~1(u) X;

Next, we derive expressions for GCE(X) for different distributions. Consider the
standard exponential distribution with mean A = 1. Then, for the choices of w(#) = 1 and
¢(x) = x, we have

GeE(X) = /Ooo 1_1e_u / "1 = x)edxdF (u)

/Ooo L —(u—(1—e*)e "du

1—e

oo 1 2
= / 7 eiuue_”du—lz%—l.
0 1—
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Consider the standard uniform distribution with pdf f(x) =1,0 < x < 1. Then, for
the choices of w(u) = 1 and ¢(x) = x, we obtain

1 u
GCEX) = /0%/0 (u — x)dxdu
1
= %/0 udu =1/4.

These two examples have been presented by Balakrishnan et al. (2022).

2.3. Generating function

We now introduce generating function related to generalized entropy measures dis-
cussed in the preceding sections.

Definition 3. Let X be a non-negative random variable with absolute continuous distribution
function F. Further, let ¢(.) be a function of X and w(.) be a weight function. We then define a
generating function for the generalized cumulative residual entropy measure as

Gfrel(t) = /0°° w(u)E([exp(p(X)) — exp(tp())]|X > 1) dF(u). (13)

Being a function of ¢, we can interpret Gf,.(t) as a generating function for the general
entropy measure introduced in Section 2. If we differentiate the expression in
(13) with respect to t once, we obtain

Ghre(t) = [~ wE(10(X) exp(9(X)) ~ 9(u) exp(tp(1))]|X > u) dF(u).

Now, setting t = 0 in the above expression, we obtain the generalized entropy measure in (
9). We, therefore, refer to it as generalized cumulative residual entropy of order 1. Higher-
order derivatives with respect to t would similarly give rise to generalized cumulative
residual entropies of orders 2, 3, and so on. For example, the generalized cumulative
residual entropy of order 2 is given by

Gfre(2) = /0°° w()E(¢2(X) — ()| X > u)dF(u). (14)

For the choice of w(u) = 1/2 and ¢(x) = x, Gfr(2) reduces to the weighted cumulative
residual entropy of Mirali et al. (2016).

In a similar manner, we define the generating function for the generalized cumulative
entropy as follows.

Definition 4. Let X be a non-negative random variable with absolute continuous distribution

function F. Further, let ¢(.) be a function of X and w(.) be a weight function. We then define the
generating function for the generalized cumulative entropy as

Gfeelt) = [~ w()E([exp(t(u) = exp(tp(X))]|X < u)dF(u). (15)
Once again, differentiating (15) with respect to t once and setting t = 0, we obtain the

generalized cumulative entropy (of order 1) measure in (11). From (15), we can similarly
obtain the generalized cumulative entropy of order 2 to be

GFe() = [ wwE(¢2(u) ~ g*(X)|X < u)dF(u). 16)
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The weighted cumulative entropy of Mirali and Baratpour (2017) can be obtained from
(16) for the choices of w(u) = 1/2 and ¢(x) = x. Naturally, higher-order derivatives with
respect to t would give rise to generalized cumulative entropies of orders 3, 4, and so on.

3. Sharma-Taneja-Mittal entropy

In this section, we introduce the cumulative (residual) versions of Sharma-Taneja-
Mittal (STM) entropy. We then show that these are indeed special cases of the generalized
residual and the past entropy introduced in Section 2.

Sharma and Taneja (1975) and Mittal (1975) independently introduced an entropy of

the form . -
Sup= gp ) U0 FP)dx @ p >0, (@) # (11) (17)

For different choices of « and B, from (17), we obtain some entropy measures discussed in
the literature. For more details, see Lopes and Machado (2020) along with Table 1 of Ilic et
al. (2021).

3.1. Sharma-Taneja-Mittal cumulative residual entropy

In this sub-section, we introduce the cumulative residual version of the STM entropy.

Definition 5. Let X be a non-negative random variable with absolute continuous survival function
F. Then, the cumulative residual STM entropy is defined as

1
a—p

We also introduce the weighted cumulative residual STM entropy as follows.

SR,p = /OOO(F“(x) ~EB(x))dx, &, B> 0, (,B) # (1,1). (18)

Definition 6. Let X be a non-negative random variable with absolute continuous survival function
F. Then, the cumulative weighted residual STM entropy is defined as

SRW, 5 = “lﬁ /Ooo x(F*(x) — FP(x))dx,, a, >0, (a,B) # (1,1). (19)

Next, we show that SR, g and SRW, 4 are indeed special cases of G (X). Consider

SRyp = /0 " (F*(x) — FB(x))dx

= [0 P — () — P () 20)

Now, consider
/O Y (E(x) — FP(x))dx = /O T E(x)(1 = B (x))dx
- /O°° F(x) /Ox(/%— 1)FE-2(1)dF()dx

(B—1) /0 T2 [ F(x)dxdE(t)

= 6-1 Fﬁl(t)p(lt) tOOF(x)dxdF(t)
_ (/3—1)/000 EB-1(1)r(1)dE(#)

I
=
\
—_
lyp!
=
S I
e
o~
AN
>
Nt SN—

(21)
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Similarly, we obtain
/Ooo F(x)—F*(x) = (a—1)ErX)F*1(X)). (22)
Upon substituting (21) and (22) in (20), we obtain
SRep = =E(rOO((B-DPI X~ - DFI))). @)

Now, for the choices of w(u) = ﬁ((ﬁ —1)FFY(u) — (a —1)F* (u)) and ¢(x) = x, from
(9), we obtain SR, g.

Following the same steps as done for (23), the cumulative weighted residual STM
entropy can be expressed as

1
a—p

Again, for the choices of w(u) = ﬁ((ﬁ —1)FF1(u) — (a = 1)F*(u)) and ¢(x) = x2/2,
from (9), we arrive at (24).

SRW, 5 = /O°° E(X2 = 22|X > x)((B—1)FP 1 (x) — (a = )P (x) ) AF(x). (24)

3.2. Sharma-Taneja-Mittal cumulative entropy

In this sub-section, we introduce cumulative and weighted cumulative STM entropies,
and then show that they are indeed special cases of the generalized entropy.

Definition 7. Let X be a non-negative random variable with absolute continuous distribution
function F. Then, the cumulative STM entropy is defined as

5Py = aiﬁ [T ) = PP, @, >0, () # (1,1), (25)

In this case, the weighted cumulative STM entropy is defined as follows.

Definition 8. Let X be a non-negative random variable with absolute continuous distribution
function F. Then, the cumulative weighted STM entropy is defined as

SPW, 5 = /Ooo x(F*(x) — FF(x))dx, o, >0, (, B) # (1,1). (26)

a—p

Following the same steps as those used to obtain alternative expressions for SP, g and
SPW, g, we can express SP, g and SPW, g, respectively, as

Sy = E(nOO((B- VP00 - (1 0P (X)),

1
a—p
Now, let w(u) = ﬁ((ﬁ —1)FF~1(u) — (w —1)F*~1(u)). Then, from (11), we obtain SP, g
and SPW, 4 in (27) and (27) by taking ¢(x) = x and ¢(x) = x*/2, respectively.

SPW, 5 = /O°° E(? = X2|X < x)((B—1)FF ' (x) = (1 —a)P* 7 (x) ) dF(x). (27)

4. Connection between entropy and extropy

Apart from entropy, extropy and its properties have also been studied for quantifying
the uncertainty associated with a random variable X. Using the new entropy measures
introduced in the preceding sections, we establish some relationships between entropy and
extropy measures in this section.
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For a non-negative random variable X, extropy is defined as (Lad et al., 2015)

1% = =5 [ @i

Now, we briefly discuss some recent developments associated with extropy measures.
Jahanshahi et al. (2020) defined the cumulative residual extropy as

CRI(X) =~ / " P2(x)dx, (28)

0

while the cumulative extropy is defined as (Tahmasebi and Toomayj, 2020)

CT(X) = —% /0 "1 = P(x))dx. (29)

Sudheesh and Sreedevi (2022) discussed non-parametric estimation of CRJ (X) and C.7 (X)
for right censored data.

Recently, Balakrishnan et al. (2020), Bansal and Gupta (2021) and Sathar and Nair
(2021a, 2021b, 2021c) introduced different weighted versions of extropy. The weighted
version of the survival extropy is given by (see Sathar and Nair, 2021b)

J(X,w) = —% /OOO xF?(x)dx.

These authors also introduced the weighted version of the cumulative extropy as
1 [o¢]
H(X,w) = —5/ x(1— F?(x))dx,
0

and Sathar and Nair (2021c) subsequently defined dynamic survival extropy as

Ji(X) = L. /too F?(x)dx.

2F2(t)
For various properties of J;(X), one may see Jahanshahi et. al. (2020). Sudheesh and
Sreedevi (2022) proposed simple alternative expressions for different extropy measures. Us-
ing these alternative expressions, they established relationships between different dynamic
and weighted extropy measures, and reliability concepts. In particular, they expressed
]t (X ) as

J(X) = —%E(min(Xl,Xz) — tmin(X1, Xa) > £). (30)

Thus, —2J;(X) is the mean residual life function of a series system having two identical
components.
Sathar and Nair (2021b) defined weighted dynamic survival extropy as

Ji(X,w) = _Zlfi(t) /too xF?(x)dx.

Kundu (2021) introduced dynamic cumulative extropy as

Hy(X) = _21-";(15) /Ot F2(x)dx,

while Sathar and Nair (2021b) defined the weighted dynamic cumulative extropy as

Hy(X,w) = _21-"21(x) /Ot xF?(x)dx.
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Sudheesh and Sreedevi (2022) expressed H;(X) as
Hi(X) = —%E(t — max (X7, Xp)| max(Xq, Xp) < t). (31)

Thus, —2H;(X) is the mean past life function of a parallel system having two identical
components, where the mean past life function of a random variable X is defined as
E(t—X|X <t).

Next, we establish some connections between different entropy and extropy measures.
For the choice of w(u) = F(u) and ¢(x) = x, from (9), we obtain
o

GE(X) = /

A F(u)F(u)du:/O F(u)du—/o F2(u)du.

Thus, using (28), we have the relationship
GE(X) =2CRJI(X) + E(X).

Again, for the choices of w(u) = F(u) and ¢(x) = x2, from (9), we obtain

GE(X) :/OOOZuF(u)F(u)du:/

ZuF(u)du—/ 2uF?(u)du.
0 0

For a non-negative random variable X, we have

[ee] o0 _
E(X?) = / x?dF(x) = / 2xF(x)dx.
0 0

So, in this case, we obtain the relationship
GE(X) =4CRJ (X, w) + E(X?).

For the choices of w(u) = —F(u) and ¢(x) = x, from (12), we obtain
GCE(X) = — /O E(u)F(u)du. (32)

Using the identity 1 — F?(x) = F(x) + F(x)F(x), from (29) and (32), we have the relation-
ship
GCE(X) =2CT (X) + E(X).

Also, for the choices of w(u) = —F(u) and ¢(x) = x?, from (12), we obtain

GCE(X) = — /°° 2uF () F(u)du.

0

Thus, in this case, we obtain the relationship
GCE(X) = 4CT (X, w) + E(X?).

Let X; and X; be two independent and identical random variables having the same
distribution function F. Let Z = min(Xj, X3) be the lifetime of a series system having two
identical components. Using (9), we define the generalized residual entropy associated
with Z as

GE(Z) = /2w(u)E[4>(z) — p()|Z > u| F(u)dF(u), (33)

where ¢(.) is a function of Z and w(.) is a weight function. Now, for the choices of
w(u) = —; and ¢(z) = z, from (33), we obtain

GE(Z) = —%/E[min(Xl,Xz) — u min(X;, Xz) > u] F(u)dF(n).
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So, the generalized residual entropy associated with Z is the weighted average of the
dynamic survival extropy in (30).

Next, let Z = max(Xj, Xy) be the lifetime of a parallel system having two identical
components. Then, the generalized cumulative entropy associated with Z is defined as

GCe(Z) = /0 ” zw(u)E[<p(u) —p(X)|X < u]F(u)dP(u). (34)

Again, for the choices of w(u) = —} and ¢(z) = z, from (34), we obtain

GCE(Z) = —% /0°° E [u — max (X1, Xp)| max (X, Xp) < u]F(u)dp(u).

Thus, the generalized cumulative entropy associated with Z is the weighted average of the
dynamic cumulative extropy in (31).

5. Concluding remarks

In this work, we have introduced two general measures of entropy, viz., generalized
cumulative residual entropy and generalized cumulative entropy. Several entropy mea-
sures known in the literature are all shown to be special cases of these measures. The
cumulative residual entropy, weighted cumulative residual entropy, cumulative residual
Tsallis entropy and weighted cumulative residual Tsallis entropy are all special cases of the
generalized cumulative residual entropy, while the cumulative entropy, weighted cumula-
tive entropy, cumulative Tsallis entropy and weighted cumulative Tsallis entropy are all
special cases of the generalized cumulative entropy.

We have presented a generating function approach to obtain generalized measures of
higher-order. We have shown that the generalized cumulative residual entropy of order
2 reduces to the weighted cumulative residual entropy of Mirali et al. (2016). Moreover,
the weighted cumulative entropy of Mirali and Baratpour (2017) is a special case of the
generalized cumulative entropy of order 2. We have also established some relationships
between entropy and extropy measures.

In information theory literature, conditional entropy is the amount of information
required to describe the outcome of one random variable Y, given the value of another
random variable X. Conditional entropy, as a measure of information, can be defined
through any measure, such as Shannon entropy measure (denoted by H(Y|X)). The
conditional entropy defined through Shannon entropy measure is given by

HY|X) = — /Ooo /Ooof(x,y) log fjg](cgg) dydx.

In this way, we can define the conditional entropy measures even in a generalized form.
The generalized versions we have introduced in the present work can thus be extended to
conditional entropy notions. However, we plan to carry out a detailed study of this as our
future work. It will be of interest to develop some inferential methods for these measures,
as well.
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Abbreviations

The following abbreviations are used in this manuscript:

CE Cumulative entropy
CRE Cumulative residual entropy
STM Sharma-Taneja-Mittal

WCRTE  Weighted cumulative residual Tsallis entropy
WCTE  weighted cumulative Tsallis entropy
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