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Abstract: In the dairy industry a fundamental role is played by an efficient milk production, therefore
even a slight shrinking in the production might have a significant consequence both on the industry
profits and on the society. Milk is, in fact, one of the most common foods, and a fundamental support
in the nutrition so that the lacking of milk should be avoided. An efficient milk production depends
on various factors, but in particular it depends on the good health and supply of the dairy cow.
However, in order to increase the milk production, cows are overfeed thus increasing their weight.
Unfortunately, the overweight of the cows might easily damage their bones. In particular, the knee
bones are fragile and they can easily swell and break. In order to analyze the knee bones and to
compute a threshold leading to a damage, in this paper we study a bio-mechanical model of the knee
joint and study the corresponding dynamical system. A novel dynamical model of dairy cow leg is
constructed, in which the knee is represented by a complex structure of sliding and rolling. Then, the
dynamic characteristics of the structure is analyzed by some numerical simulation. The results of
the experiments shows that the solutions of the dynamical system might lead to a chaotic behavior.
The evolution to chaos it explains the rising of various pathological features thus reducing the milk
production.

Keywords: Dairy cow; Lyapunov exponent; bio-mechanical model; Nonlinear dynamics;gait; Weight
scale; Three-link model; Fractals

1. Introduction

In order to get the highest yield and quality of milk for each cow with minimal
investment, the farmers maximally exploit the dairy cows and feed them economically by
preserving good health condition. The early symptoms of common cow diseases are often
reflected in the changes of cow weight, body temperature, excitability, posture and gait.
The changes of excitability and posture are reflected in the changes of gait. Changes in
body weight and gait can cause changes of the signal curve obtained by the pressure sensor
[1]. It is easy to know that the low-frequency component of the pressure sensor signal can
be used to measure the weight of the dairy cow, and the high-frequency information in
the compressive stress signal is able to reflect the changes of temperature, excitement and
gait of dairy cows, which can be employed to analysis the early symptoms of common
diseases of dairy cows[2]. In recent years, many researchers have found that there exists
some bifurcation phenomenon in the dynamic system of cow legs [3]. Generally, the high-
frequency component of the pressure sensor signal should be a chaotic signal and not a
periodic measured from a healthy cow. On the contrary, to an unhealthy cow, such as a
lame one, the chaotic phenomenon will be covered by the periodic component introduced
by the periodic limp. Therefore, the chaotic dynamic leg model of the dairy cow is helpful
to identify various unhealthy cow by means of a weighting system, which is showed in
Figure 1.
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Figure 1. Pressure sensitive passageway
(1) Camera; (2) Slope; (3) Pressure sensors platform; (4) Anklet; (5) Pressure gauge; (6) Computer; (6)
Fence.

Motivated by the widely development of the nonlinear dynamics in various physical
fields. We try to construct a novel nonlinear dynamic model on the dairy cow leg, which can
explain and identify the various walking postures of the cows with different activity and
healthy. The model is sensitive to the initial angular velocity, that is, the different angular
velocity can lead to more different Lyapunov exponents. Therefore, the exponents can be
used to identify the different gait of the cow, which is helpful to detect the physiological
indicators of dairy cows cheaply. In dynamical system theory, a phase space is a space in
which all possible states of a system are represented, with each possible state corresponding
to one unique point in the phase space. For mechanical systems, the phase space usually
consists of all possible values of position and momentum variables. It is the outer product
of direct space and reciprocal space. The concept of phase space was developed in the late
19th century by Ludwig Boltzmann, Henri Poincaré, and Josiah Willard Gibbs [4]. The
phase diagramare useful tools in analyzing all kind of dynamical problems[5,6]. They are
especially useful in studying the changes in motion as initial position and momentum are
changed. Chaos theory is an interdisciplinary scientific theory and branch of mathematics
focused on underlying patterns and deterministic laws highly sensitive to initial conditions
in dynamical systems that were thought to have completely random states of disorder and
irregularities [7]. Chaos theory has been widely used in many research and physical fields
[8]. Styr, B., and I. Slutsky analyze the main types of possible homeostatic failures and
provide the essential conceptual framework for examining the causal link between dysreg-
ulation of firing homeostasis, aberrant neural circuit activity and memory-related plasticity
impairments associated with early AD[9]. In recent years, electromagnetic stimulation
technology has been used to treat neurological diseases. Studies have shown that applying
an external electric field to the nervous system can change the excitability of neurons, so as
to achieve the purpose of curing neurological diseases. By applying external stimulation to
neurons, neuronal membrane There are various discharge modes in the voltage, such as:
resting state, cluster discharge and chaotic discharge [10,11].
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2. Construction of the chaotic dynamic system of cow leg

(a) Original signal (b) Denoised signal
Figure 2. Cow’s weight signal from stepping in to stepping out of the scale

The diary cow’s weight signal from stepping in to stepping out of the scale is showed
in Figure 4. Figure 2a is the original signa and Figure 2a is the denoised signal. The left and
right part of the figures denotes the processes of the cow stepping into and stepping out
of the scale. In these two parts, there are only one or two legs standing on the scale. It is
easy to find that there are many periodic signals with different frequencies are included in
the weight signal, this reminds us that the dynamic system of the cow leg should not be
described as a link model simply. In fact, the sliding structure of the knee has been taken
into account in the design of modern prosthetic structures.

(a) Two-link model (b) three-link model
(c) Two-link with sliding
model

Figure 3. Dynamic system of Cow Leg
In Figure 3, m1 is the mass of eccentric I, the corresponding moment of inertia is

JC1 = 1
4 m1R2

1 to the centroid C1(xc1 , yc1). The angular velocity of the eccentric I is de-
noted as ω, and and the eccentric distance and radius are denoted as l1 and R1, respec-
tively.To the eccentric I I, m2 is the mass, the moment of inertia is JC2 = 1

4 m2R2
2 to the

centroid C2(xc2 , yc2).The velocities of the hinge O2(xo2 , yo2) and the centroid C2 are VO2 and
VC2 ,respectively. the eccentric distance and radius are denoted as l2 and R2,respectively.
Obviously, the above parameters satisfy the following relations:

xC1 = l1 sin(φ0) ẋC1 = l1ω cos(φ0)

yC1 = l1 cos(φ0) ẏC1 = −l1ω sin(φ0)

xO2 = xC1 + R1 sin(φ1) ẋO2 = ẋC1 + R1φ̇1 cos(φ̇1)

yO2 = yC1 + R1 cos(φ1) ẏO2 = ẏC1 − R1φ̇1 sin(φ1)

xC2 = xO2 + l2 sin(φ2) ẋC2 = ẋO2 + l2φ̇2 cos(φ2)

yC2 = yO2 + l2 cos(φ2) ẏC2 = ẏO2 − l2φ̇2 sin(φ2)

To the cow leg dynamic system, the different initial angular velocity can lead to different
phase space trajectory, and our purpose is to test the system response is sensitive to the
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initial condition, so, the angular velocity can be assumed as a constant for simplify, that is,
φ = ωt.

The velocity of the hinge O2 is defined as

V2
O2

=
(
ẋO2

)2
+
(
ẏO2

)2

=
(
ẋC1 + R1φ̇1 cos(φ1)

)2
+
(
ẏC1 − R1φ̇1 sin(φ1)

)2

= (l1ω)2 + (R1φ̇1)
2
+ 2φ̇1l1

(
ẋC1 cos(φ1)− ẏC1 sin(φ1)

)
= (l1ω)2 + (R1φ̇1)

2
+ 2φ̇1l1l2ω cos(ωt− φ1) (1)

The velocity of the centroid C2

V2
C2

=
(

ẋC2

)2
+
(
ẏC2

)2

= (l1ω cos(φ0) + R1φ̇1 cos(φ1) + l2φ̇2 cos(φ2))
2 −

(l1ω sin(φ0) + R1φ̇1 sin(φ1) + l2φ̇2 sin(φ2))
2

=
(
VO2

)2
+ (l2φ̇2)

2
+ 2l1l2φ̇2ω sin(φ0 − φ2) + 2R1l2φ̇1φ̇2ω cos(φ0 − φ2) (2)

The kinetic energy of the system can be calculated as follows

1. The eccentric wheel I rotates as a fixed axis, the kinetic energy is

T1 =
1
2

m1(l1ω)2 +
1
2

JC1 ω2 =
1
8

m1ω2
(

4l2
1 + R2

1

)
2. The eccentric wheel II do the plane movement, the kinetic energy is

T2 =
1
2

m2
(
VC2

)2
+

1
2

JC2(φ̇2)
2

=
1
2

m2

[
(l1ω)2 + (R1φ̇1)

2
+ 2φ̇1l1l2ω cos(ωt− φ1) + (l2φ̇2)

2
+

2 φ̇2l1l2ω sin(φ0 − φ2)] +
1
8

m2(R2φ̇2)
2

The Total kinetic energy is defined as

T = T1 + T2

=
1
2

m2

[
(l1ω)2 + (R1φ̇1)

2
+ 2φ̇1l1l2ω cos(ωt− φ1) +

(l2φ̇2)
2
+ 2φ̇2l1l2ω sin(φ0 − φ2) + 2R1l2φ̇1φ̇2 cos(φ1 − φ2)] +

1
8

[
m1ω2

(
4l2

1 + R2
1

)
+ m2(R2φ̇2)

2
]

(3)

Next, we calculate the potential energy of the system.
In case φ0 = φ1 = φ2 = 0, the potential energy of the system is 0, in other cases, the
potential energy of the system is

U1 = m1gl1(1− cos(ωt))

The potential energy of the eccentric wheel I I is

U2 = m2g[l1(1− cos(ωt)) + R1(1− cos(φ1)) + l2(1− cos(φ2))]

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 22 February 2022                   doi:10.20944/preprints202202.0277.v1

https://doi.org/10.20944/preprints202202.0277.v1


5 of 11

The total potential energy of the system is

U = U1 + U2

= m1gl1(1− cos(ωt)) +

m2g[l1(1− cos(ωt)) + R1(1− cos(φ1)) + l2(1− cos(φ2))]

= (m1 + m2)gl1(1− cos(ωt)) + m2g[R1(1− cos(φ1)) + l2(1− cos(φ2))] (4)

According to definition of the Laplace function, we have

L = T −U

=
1
2

m2

[
(l1ω)2 + (R1φ̇1)

2
+ 2φ̇1l1l2ω cos(ωt− φ1) +

(l2φ̇2)
2
+ 2φ̇2l1l2ω sin(φ0 − φ2) + 2R1l2φ̇1φ̇2 cos(φ1 − φ2)] (5)

Take the Laplace function Equation(5) into the second kind of Lagrange equation, we obtain

d
dt

(
∂L
∂φ̇i

)
− ∂L

∂φi
= 0 (6)

where i = 1, 2.

∂L
∂φ̇1

= m2(R1)
2φ̇1 + m2l1R1ω cos(ωt− φ1) + m2R1l2φ̇2 cos(φ1 − φ2)

∂L
∂φ̇2

=
1
4

m2φ̇2

(
(2l2)

2 + (R2)
2
)
+ m2l1l2ω sin(ωt− φ2) + m2R1l2φ̇1 cos(φ1 − φ2)

d
dt

(
∂L
∂φ̇1

)
= m2(R1)

2φ̈1 −m2l1R1ω(ω− φ̇1) sin(ωt− φ1) +

m2R1l2φ̈2 cos(φ1 − φ2)−m2R1l2φ̇2(φ̇1 − φ̇2) sin(φ1 − φ2)

d
dt

(
∂L
∂φ̇2

)
=

1
4

m2φ̈2

(
(2l2)

2 + (R2)
2
)
+ m2(R1)

2φ̈1 −

m2l1l2ω(ω− φ̇2) cos(ωt− φ2) +

m2R1l2φ̈1 cos(φ1 − φ2)−m2R1l2φ̇1(φ̇1 − φ̇2) sin(φ1 − φ2)

∂L
∂φ1

= −m2gR1 sin(φ1) + m2l1R1ωφ̇1 sin(ωt− φ1)−m2l2R1φ̇1φ̇2 sin(φ1 − φ2)

∂L
∂φ2

= −m2gl2 sin(φ2)−m2l1l2ωφ̇2 cos(ωt− φ2) + m2l2R1φ̇1φ̇2 sin(φ1 − φ2)

Thus, the second kind of Lagrange equation can be rewritten as the nonlinear system of
ordinary differential equations as follows[

a11 a12
a21 a22

]{
φ̈1
φ̈2

}
=

{
b1
b2

}
(7)
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where,

a11 = m2(R1)
2

a12 = m2l2R1 cos(φ1 − φ2)

a21 = a12

a22 =
1
4

m2

(
(2l2)

2 + (R2)
2
)

b1 = m2l1R1ω(ω− φ̇1) sin(ωt− φ1) + m2l2R1ωφ̇2 sin(φ1 − φ2) +

m2l1R1ωφ̇1 sin(ωt− φ1)−m2l2R1φ̇1φ̇2 sin(φ1 − φ2)−m2gR1 sin(φ1)

= m2l1R1ω2 sin(ωt− φ1)−m2l2R1(φ̇2)
2 sin(φ1 − φ2)−m2gR1 sin(φ1)

b2 = −m2l1l2ω(ω− φ̇2) cos(ωt− φ2)−m2l1l2ωφ̇2 cos(ωt− φ2) +

m2l1R1φ̇1(φ̇1 − φ̇2) sin(φ1 − φ2) + m2l2R1φ̇1φ̇2 sin(φ1 − φ2)−m2gl2 sin(φ2)

= −m2l2R1ω2 cos(ωt− φ2) + m2l2R1(φ̇1)
2 sin(φ1 − φ2)−m2gl2 sin(φ2)

Eq.(7) is the dynamic system of the proposed model of dairy cow leg.

3. Dynamical simulation experiments

Qualitative and quantitative methods are usually used to judge whether the system vi-
bration has chaotic components. In the qualitative method, the phase diagram of nonlinear
dynamic model is often taken as the judge tools. The phase diagram of chaotic vibration
system has the characteristics of non-repetition, irregularity and repeated winding. The
typical characterization method is by mean of the Lyapunov exponent, it is well known that
the system can produce the chaotic vibration as the maximum of the Lyapunov exponent is
greater than 0[14–16].

3.1. Phase diagram method

For the convenience of calculation, We first give the calculation formula required for
the phase diagram. Let

A =

∣∣∣∣ a11 a12
a21 a22

∣∣∣∣ B1 =

∣∣∣∣ b1 a12
b2 a22

∣∣∣∣ B2 =

∣∣∣∣ a11 b1
a21 b2

∣∣∣∣
Then, the solution of the system of Eq.(7) can be expressed as

φ̈1 = B1/A φ̈2 = B2/A

And then, let y1 = φ1,y2 = φ2,y3 = φ̇1,y4 = φ̇2, f3(y) = B1, f4(y) = B2,where,
y = [y1, y2, y3, y4]

T .Substituting above expressions into Eq.(7),the state-space model of
Eq.(7) can be obtained as 

ẏ1 = y3
ẏ2 = y4
ẏ3 = f3(y)
ẏ4 = f4(y)

(8)

The phase diagram can be plotted based on the vectors (y1, y3) and (y2, y4), which are
the 2-D lines plot of the data in y3 and y3 versus the corresponding values in y1 and y2,
respectively.

3.2. Calculation of the maximum of the Lyapunov exponent λmax

There are many methods to calculate the Lyapunov exponent λ , such as the calculation
method by means the definition of the Lyapunov exponent, Orthogonalization method
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, Wolf method, and so on. Here we take the definition method to calculate it. Let f =
[ f1 f2 f3 f4]

T , f ⊂ C1, the Jacobi matrix of f with respect to the vector y can be expressed as

J =
∂f(y)

∂y

∣∣∣∣
y=y(t)

=

∣∣∣∣∣∣∣∣∣∣∣

0 0 1 0
0 0 0 1

∂ f3
∂ f1

∂ f3
∂ f2

∂ f3
∂ f3

∂ f3
∂ f4

∂ f4
∂ f1

∂ f4
∂ f2

∂ f4
∂ f3

∂ f4
∂ f4

∣∣∣∣∣∣∣∣∣∣∣
(9)

where, f1(y) = y3, f2(y) = y4.To the state space equation (8), the value of the thee tangent
vector δy(t) with respect to the parameter t is determined by the Linearized form of Eq.(8)
as follows

δẏ(t) = Jδy(t) (10)

Let δyi(t0), i = 1, 2, ..., n, is the initial condition of the Jacobi matrix [9], based on the
definition of the Lyapunov exponent, we have

λi = lim
t→∞

1
t

ln
∣∣∣∣ δy(t)
δyi(t0)

∣∣∣∣ (11)

The Lyapunov exponent is a quantitative expression of the system’s sensitivity to initial
conditions and is an average of the long-term behavior of the system’s local contraction or
divergence. An n-dimensional dynamical system has n Lyapunov exponents. A positive
Lyapunov exponent is a measure of the degree to which the average exponents of two
adjacent orbitals diverge; a negative Lyapunov exponent is a measure of the degree to
which the average exponents of two adjacent orbitals converge. The sum of the Lyapunov
exponents is the average of the volume change rates. Therefore, a dissipative system has
at least one negative exponent, and the sum of the Lyapunov exponents is negative. The
maximum Lyapunov exponent of a chaotic system is generally positive. The calculation
procedure can be described as the Table 1.

Table 1. Calculation procedure of the Lyapunov

Step 1. Initialization. y = y0, t = t0, λold = 0, λmax = 1, time step ∆t = 0.4, k = 1
Step 2. while |λmax − λold| > Ea (Ea is the tolerance)

step 2.1 k = k + 1, t f = k ∗ ∆t
step 2.2 [t,y]=ode45(odefun,tspan,y0)

Integrates the nonlinear system of ODEs (8) by means of the Runge-Kutta method from
t0 to t f with initial conditions y0

step 2.3 Normalized to the vector v1 = [y(4) y(5) y(6)]T , that is
Znorm =‖ v1‖, v′1 = v1

/
‖ v1‖

step 2.4 Calculate the maximum of the Lyapunov exponent
cum = cum + ln(Znorm), λmax = cnum

/
(k ∗ ∆t)

step 2.5 t0 = t f , λold = λmax, [y(4) y(5) y(6)]⇐ v′1
Step 3.Output the maximum of the Lyapunov exponent λmax.

4. Results and Discussion
4.1. Phase diagram

In simulation, the masses of the two cams are m1 = 60, m2 = 60,respectively; l0 =
0.0003; l1 = 1.0003; l2 = 0.02;R = 0.02.The phase diagram of the proposed model are
showed in Figs.4(a~c). With the increase of the angular velocity of the driving wheel, the
phase diagram of the system becomes more and more complex, and the chaotic components
become more and more. To some extent, it also reflects the process of the system from
periodic motion to chaos. This illustrates the proposed method can be employed to identify
the cow’s gait in various physiological state.

The three-link model is the common model used to describe the cow legs.In Ref.[12],Long
believed that the model is also a kind of chaos system. In numerical experiments, we take
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the same initial conditions as that appeared in Ref.[12],that is, m1 = 120.6593, m2 = 11.7621;
l0 = 0.00039; l1 = 1.0002; l2 = 0.002;R = 0.02.The phase diagrams of the three-link model
with different angular velocities are showed in Fig. 4(d). In the case ω = 2π, the phase
diagrams showed in Fig.4(e) are not coincided exactly. In case ω = 10π,the phase diagrams
are almost exactly coincided. The diagram in the middle of the Fig.4(e) is the detail view of
the part domain of left one in red rectangle. This means that the three-link system is almost
a simple harmonic vibration system, and so it is difficult to identify the cow’s health states
exactly.

(a) ω = 20π (b) ω = 10π

(c) ω = 2π (d) ω = 10π

(e) ω = 10π (f) ω = 2π

Figure 4. Variation of the system phase diagramwith the rotational angular velocity of the driving
wheel

4.2. Lyapunov exponents

The largest Lyapunov exponent curve respect to time calculated by above method is
showed in Fig.5, in which the figures 5(a) corresponding to the left columns are obtained
from the three-link model, and the figures 5(b) corresponding to the right columns are
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obtained by the proposed model. The experiment results show that the direction of the
angular velocity has little effect on the Lyapunov exponents. With the increasing of the
angular velocity, the Lyapunov exponents obtained from the proposed method become
bigger and bigger, this shows that the exponents is sensitive to the initial angular velocity.
On the contrary, the Lyapunov exponents obtained from the three-link model are not
sensitive to the angular velocity. As the angular velocity is smaller, the exponents are
greater than 0; as it becomes larger, the exponents are almost equal to 0. The results
are consistent with the phase diagrams, that is, the three-link system is almost a simple
harmonic vibration system, and so it is difficult to identify the cow’s health states exactly.
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Figure 5. The largest Lyapunov exponent curve respect to time

5. Conclusions

The new chaos diary cow leg dynamic model proposed based on the relationship
between period-doubling bifurcation and chaos phenomenon has stronger chaos character-
istics and more relaxed parameter selection compared with the three-link chaos vibration
system studied before. Eccentric wheel has stable kinematics, small vibration and impact,
simple structure and processing technology, and is easy to process and realize. The further
work is to use qualitative analysis theory and optimization theory method to analyze the
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global dynamic structure of the system, and find the optimal value of the system parameters
based on the comprehensive consideration of the power, mechanical strength and chaotic
component spectrum of the system.
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