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Abstract: We present a summary of the main results within the Scale Invariant Vacuum (SIV)
paradigm as related to the Weyl Integrable Geometry. After a brief review of the mathematical
framework, we will highlight the main results related to inflation within the SIV [9], the growth of
the density fluctuations [8], and the application of the SIV to scale-invariant dynamics of Galaxies,
MOND, Dark Matter, and the Dwarf Spheroidals [7]. The connection of the weak-field SIV results to
the un-proper time parametrization within the reparametrization paradigm is also discussed [14].
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1. Motivation
1.1. Scale Invariance and Physical Reality

The presence of a scale is related to the existence of physical connection and causality.
The corresponding relationships are formulated as physical laws dressed in mathematical
expressions. The laws of physics (formulae) change upon change of scale, as a result, using
consistent units is paramount in physics and leads to powerful dimensional estimates on
the order of magnitude of physical quantities. The underlined scale is closely related to the
presence of material content.

However, in the absence of matter a scale is not easy to define. Therefore, an empty
Universe would be expected to be scale invariant! Absence of scale is confirmed by the
scale invariance of the Maxwell equations in vacuum (no charges and no currents - the
sources of the electromagnetic fields). The field equations of General Relativity are scale
invariant for empty space with zero cosmological constant. What amount of matter is
sufficient to kill scale invariance is still an open question. Such question is particularly
relevant to Cosmology and the evolution of the Universe.

1.2. Einstein GR (EGR) and Weyl Integrable Geometry (WIG).

Einstein’s General Relativity (EGR) is based on the premise of a torsion-free covariant
connection that is metric-compatible and guarantees preservation of the length of vectors
along geodesics (4| bl | = 0). The theory has been successfully tested at various scales,
starting from local Earth laboratories, the Solar system, on galactic scales via light-bending
effects, and even on an extragalactic level via the observation of gravitational waves. The
EGR is also the foundation for modern Cosmology and Astrophysics. However, at galactic
and cosmic scales, some new and mysterious phenomena have appeared. The explanations
for these phenomena are often attributed to unknown matter particles or fields that are yet
to be detected in our laboratories - Dark Matter and Dark Energy. Since these new particles
and/or fields have evaded any laboratory detection for more than twenty years then it
seems plausible to turn to the other alternative - a modification of EGR.
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In the light of the above discussion one may naturally ask could the mysterious
phenomena be artifacts of non-zero || 7 ||, but often negligible and with almost zero value
el Eif H ~ 0), which could accumulate over cosmic distances and fool us that the observed
phenomena may be due to Dark Matter and/or Dark Energy? An idea of extension of
EGR was proposed by Weyl as soon as GR was proposed by Einstein. Weyl proposed an
extension to GR by adding local gauge (scale) invariance that does have the consequence
that lengths may not be preserved upon parallel transport. However, it was quickly
argued that such model will result in path dependent phenomenon and thus contradicting
observations. A cure was later found to this objection by introducing the Weyl Integrable
Geometry (WIG) where the lengths of vectors are conserved only along closed paths
(§6]| 7 || = 0). Such formulation of the Weyl’s original idea defeats the Einstein objection!
Even more, given that all we observe about the distant Universe are waves that get to us
then the condition for Weyl Integrable Geometry is basically saying that the information
that arrives to us via different paths is interfering constructively to build a consistent picture
of the source object.

One way to build a WIG model is to consider conformal transformation of the metric
field g, = A%g,y and to apply it to various observational phenomena. As we will see in
the discussion below the demand for homogenous and isotropic space restricts the field
A to depend only on the cosmic time and not on the space coordinates. The weak field
limit of such WIG model results in an extra acceleration in the equation of motion that is
proportional to the velocity of the particle. Even more, the Scale Invariant Vacuum (SIV)
idea provides a way of finding out the specific functional form of A(t) as applicable to
LFRW cosmology and its WIG extension.

We also find it important to point out that extra acceleration in the equations of motion,
which is proportional to the velocity of a particle, could also be justified by requiring
re-parametrization symmetry. Not implementing re-parametrization invariance in a model
could lead to un-proper time parametrization [14] that seems to induce “fictitious forces”
in the equations of motion similar to the forces derived in the weak field SIV regime. Itis a
puzzling observation that may help us understand nature better.

2. Mathematical Framework

2.1. Weyl Integrable Geometry and Dirac co-calculus

The framework for the Scale Invariant Vacuum paradigm is based on the Weyl Inte-
grable Geometry and Dirac co-calculus as mathematical tools for description of nature [1,2].
The original Weyl Geometry uses a metric tensor field g;,,, along with a “connexion” vector
field x;,, and a scalar field A. In the Weyl Integrable Geometry the “connexion” vector field
Ky is not an independent field but it is derivable from the scalar field A.

Ky = —0, In(A) 1)

This form of the “connexion” vector field x, guarantees its irrelevance, in the covariant
derivatives, upon integration over closed paths. That s, § x,dx" = 0. In other words, x;,dx"
represents a closed 1-form, and even more, it is an exact form since (1) implies x,dx# = dA.
Thus, the scalar function A plays a key role in the Weyl Integrable Geometry. Its physical
meaning is related to the freedom of a local scale gauge that provides a description upon
change in scale via local re-scaling I" — A(x)l.

2.2. Gauge change & derivatives. EGR and WIG frames.

The covariant derivatives use the rules of the Dirac co-calculus [2] where tensors also
have co-tensor powers based on the way they transform upon change of scale. For the
metric tensor g, this power is n = 2. This follows from the way the length of a line
segment ds with coordinates dx* is defined via the usual expression ds? = Suvdxtdx".

I'= Mx)l & ds' = Ads = g, = A g
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This leads to g"" having the co-tensor power of n = —2 in order to have the Kronecker §
as scale invariant object (g1 §"f = (55). That is, a co-tensor is of power n when upon local
scale change it satisfies:

= Al Yy — A" )

In the Dirac co-calculus this results in the appearance of the “connexion” vector field «;, in
the covariant derivatives of scalars, vectors, and tensors:

Table 1. Derivatives for co-tensors of power n.

co-tensor type mathematical expression
co-scalar S,y = 9,S — nx,S,
co-vector Ay = dyAy — *FﬁVA,X —nKky, Ay,
co-covector A, =9, AY + T}, A* —nk"Ay.

where the usual Christoffel symbol I', is replaced by *I';, = I'jj + guak” — g% — Saky-
The corresponding equation of the geodesics within the WIG was first introduced by
Dirac in 1973 [2] (u# = dx" /ds):

dut
uhy =0= % +* Tipu"uf + kyutul = 0. ©)

This geodesic equation has also been derived from reparametrisation-invariant action by
Bouvier & Maeder in 1978:

A = 75(0@) - /5(/3ds) — /5(/3;@)617 —0.
15

2.3. Scale Invariant Cosmology

The scale invariant cosmology equations were first introduced in 1973 by Dirac [2], and
then re-derived in 1977 by Canuto et al. [3]. The equations are based on the corresponding
expressions of the Ricci tensor and the relevant extension of the Einstein equations.

2.3.1. The Einstein equation for Weyl’s geometry

The conformal transformation (g;w = )\zg,w) of the metric tensor g, in the more
general Weyl’s frame into Einstein frame, where the metric tensor is g;,,, induces a simple
relation between the Ricci tensor and scalar in Weyl’s Integrable Geometry and the Einstein
GR frame (using prime to denotes Einstein GR frame objects):

!/
Ruw = Ry — Ky — Ky — 268y + 28K Ko — Suviy
R =R’ + 6K"ky — 6K, .

When considering the Einstein equation along with the above expressions, one obtains:

1
Ry = 5 guR = =87GTyy — Agy, @)

1
R;w -5 SR — Ky — Ky — 2500 + 280Kl — Gk Ky =
—8nGTyy — A guv - ®)
The relationship A = A2Ag of A in WIG to the Einstein cosmological constant Ag in the
EGR was present in the original form of the equations to provide explicit scale invariance.

This relationship makes explicit the appearance of Ag as invariant scalar (in-scalar) since
then one has A gy = A*Ag guv = Ag gy
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The above equations are a generalization of the original Einstein GR equation. Thus,
they have even a larger class of local gauge symmetries that need to be fixed by a gauge
choice. In Dirac’s work the gauge choice was based on the large numbers hypothesis. Here
we discuss a different gauge choice.

The corresponding scale-invariant FLRW based cosmology equations within the WIG
frame were first introduced in 1977 by Canuto et al. [3]:

8nGo k a* _Aa A% AgA?
— 4L 4ty BT

5 T2 2Tt s ©)
ki A aA A2 )

These equations clearly reproduce the standard FLRW equations in the limit A = const = 1.
The scaling of A was recently used to revisit the Cosmological Constant Problem within
quantum cosmology [4]. The conclusion of [4] is that our Universe is unusually large
given that the expected mean size of all Universes, where Einstein GR holds, is expected
to be of a Plank scale. In the study, A = const was a key assumption since the Universes
were expected to obey the Einstein GR equations. It is an open question what would
be the expected mean size of all Universes if the condition A = const is relaxed as for a
WIG-Universes ensemble.

2.3.2. The Scale Invariant Vacuum gauge (T = 0 and R’ = 0)

The idea of the Scale Invariant Vacuum was introduced first in 2017 by Maeder [5]. It
is based on the fact that for Ricci flat (R;w = 0) Einstein GR vacuum (T, = 0) one obtains
form (5) the following equation for the vacuum:

Kiv + Ky + 2Ky — 28wy + Suvk“ka = A guy (8)

For homogeneous and isotropic WIG-space 9;A = 0; therefore, only kg = —A/A and
its time derivative ky = —K% can be non-zero. As a corollary of (8) one can derive the
following set of equations [5]:

2 Ao
AR A2 A
or X—Zﬁ, and 123 (10)

One could derive these equations by using the time and space components of the equations
or by looking at the relevant trace invariant along with the relationship %y = —«3. Any pair
of these equations is sufficient to prove the other pair of equations.

Theorem 1. Using the SIV equations (9) or (10) with A = A>Af one has:

A2 o dAp

Corollary. The solution of the SIV equations is: A = ty/t, and tg = /3/Ag withc = 1.

Upon the use of the SIV gauge, first done in 2017 by Maeder [5], one observes that the
cosmological constant disappears from the equations (6) and (7):

8nGo ka4 _aA

(12)

k .. K
—87er:a——|—25+a—+4—. (13)
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3. Comparisons and Applications

The predictions and outcomes of the SIV paradigm were confronted with observations
in series of papers of the current authors. Highlighting the main results and outcomes is
the subject of current section.

3.1. Comparing the scale factor a(t) within ACDM and SIV.

Upon arriving at the SIV cosmology equations (12) and (13), along with the gauge
fixing (11), which implies A = o/t with t( - the current age of the Universe since the Big-
Bang (a2 = 0 and t = 0), the implications for cosmology were first discussed by Maeder [5]
and later reviewed by Maeder and Gueorguiev [6]. The most important point in comparing
ACDM and SIV cosmology models is the existence of SIV cosmology with slightly different
parameters but almost the same curve for the standard scale parameter a(t) when the time
scale is set so that ty) = 1 now [5,6]. As seen in Fig. 1 the differences between the ACDM
and SIV models declines for increasing matter densities.

[ [ [ I | I [ | I
1.0 a(t) —]

0.8l Expansion rate: ACDM & scale invariant

0.6

0.4

0.2}—

Figure 1. Expansion rates a(t) as a function of time ¢ in the flat (k = 0) ACDM and SIV models in the
matter dominated era. The curves are labeled by the values of Q.

3.2. Application to Scale-Invariant Dynamics of Galaxies

The next important application of the scale-invariance at cosmic scales is the derivation
of a universal expression for the Radial Acceleration Relation (RAR) of gops and gpar-
That is, the relation between the observed gravitational acceleration g,s = v?/r and the
acceleration from the baryonic matter due to the standard Newtonian gravity gn by [7]:

o1
8 = 8Nt 5 + 5/ AeNk K, (14)

where ¢ = gobs, SN = Gbar- FOr gn > k? : ¢ — gn but for gy — 0 = ¢ — k? is a constant.

As seen in Fig. 2 MOND deviates significantly for the data on the Dwarf Spheroidals.
This is well-known problem in MOND due to the need of two different interpolating
functions, one in galaxies and one at cosmic scales. The SIV universal expression (14)
resolves this issue naturally with one universal parameter k? related to the gravity at large
distances [7].

The expression (14) follows from the Weak Field Approximation (WFA) of the SIV
upon utilization of the Dirac co-calculus in the derivation of the geodesic equation within
the relevant WIG (3), see [7] for more details:

; 10 1 0®
— — 2 _ 10800 _
gi=—1,90 = 1+2d/c :>F60_§axi =55
>7 GM T d7

a2 = YTT‘FKO(t)W (15)
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Comparison of the RAR with
SIV theory and MOND

104 4

12 MOND ‘ -
/ Iog gbar [m S-Z]
-13 ! 1 1 1 1 1
-14 -13 -12 -11 -10 -9 -8

Figure 2. Radial Acceleration Relation (RAR) for the galaxies studied by Lelli et al. (2017). Dwarf
Spheroidals as binned data (big green hexagons), along with MOND (red curve) and SIV (blue curve)
model predictions. The orange curve shows the 1:1-line for gps and gpar-

where i € 1,2,3, while the potential ® = GM/r is scale invariant.
By considering the scale-invariant ratio of the correction term xo(¢) v to the usual
Newtonian term in (15), one has:

_ KOW2 o HO UTZ o & (rgobs)l/2 ~ 8obs — 8bar

= S = , (16)
GM & GM 4 8bar 8bar
Then by utilizing an explicit scale invariance for cancelling the proportionality factor:
1/2
<gobs — 8bar ) . <gobs — 8bar ) _ (gobs,Z ) (gbar,l ) (17)
8Sbar 2 8Sbar 1 8obs,1 8Sbar,2 ’

by setting ¢ = gobs2, §N = &bar2, and with k = k(y) all the system-1 terms, one has:

1/2 k2 1
g%—l :k(l)%\l = & = 8N 5 o J4gNk? K

3.3. Growth of the Density Fluctuations within the SIV

Another interesting result was the possibility of a fast growth of the density fluc-
tuations within the SIV [8]. This study modifies accordingly the relevant equations like
continuity equation, Poisson equation, and Euler equation within the SIV framework. Here
we outline the main equations and the relevant results.

By using the highlighted notation ¥ = g = —A/A = 1/t, the corresponding Continu-
ity, Poisson, and Euler equations are:

P+ (o0) = x[p+7- Vo], V0 = 20 = 4Gy,
5 % oen. e e
ﬁ_g—l—(v-V)v——Vd)—EVp—i-Kv.
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For a density perturbation o(X,t) = 0,(t)(1+ 6(%,t)) the above equations result in:

§4+V - X=xx-Vé=nx(t)d , V>¥ =41Ga>0y0, (18)
> = 5o\ = ﬁlf >

X+2HX+ (¥- V)X = o +x(t)X. (19)

=0+ (2H— (14+n)x)6 = 4rmGoypd + 2nx(H —x)6. (20)

The final result (20) recovers the standard equation in the limit of x — 0. The sim-
plifying assumption ¥ - Vé(x) = nd(x) in (18) introduces the parameter 7 that measures
the perturbation type (shape). For example, a spherically symmetric perturbation would
have n = 2. As seen in Fig. 3 perturbations for various values of n are resulting in faster
growth of the density fluctuations within the SIV then the Einstein — de Sitter model even at
relatively law matter densities. Furthermore, the overall slope is independent of the choice
of recombination epoch z.. The behavior for different (), is also interesting and is shown
and discussed in details by Maeder and Gueorguiev [8].

T I
w .
)
o
Different values of n
1 h=s53,21
2=
3L
EdS model
4L Dotted lines:
initial z=3000 and
2=500 for n=2.
-5 R 1 1 1 1
3.0 25 2.0 1.5 1.0 0.5
log (1+2)

Figure 3. The growth of density fluctuations for different values of parameter n (the gradient of the
density distribution in the nascent cluster), for an initial value 6 = 1075 at z = 1376 and QO = 0.10.
The initial slopes are those of the EdS models. The two light broken curves show models with initial
(z+1) = 3000 and 500, with same Qp, = 0.10 and n = 2. These dashed lines are to be compared to
the black continuous line of the n = 2 model. All the three lines for n = 2 are very similar and nearly
parallel.

3.4. SIV and the Inflation of the Early Universe.

The latest result within the SIV paradigm is the presence of inflation stage at the very
early Universe t ~ 0 with a natural exit from inflation in a later time ¢4y with value related
to the parameters of the inflationary potential [9]. The main steps towards these results are
outlined below.

If we go back to the general scale-invariant cosmology equation (6), we can identify
a vacuum energy density expression that relates the Einstein cosmological constant with
the energy density as expressed in terms of k = —A/A by using the SIV result (11). The
corresponding vacuum energy density p, with C = 3/(47G), is then:

N 2 A 3/.\72_22
P=87G NP =M8ac Tsmonr 2V
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This provides a natural connection to inflation within the SIV via ) = —A/A or ¢ « In(t).
The equations for the energy-density, pressure, and Weinberg’s condition for inflation
within the standard model for inflation [10-13] are:

1, .
P 1= 3P V(0 | Hiun | < g, @

If we make the identification between the standard model for inflation above with the fields
present within the SIV (using C = 3/ (47G)):

Yp=-A/A, 9= VCy, Ve CUyY), Uy) =ge. (22)

Here U(y) is the inflation potential with strength ¢ and field “coupling” p. One can
evaluate the Weinberg’s condition for inflation (21) within the SIV framework [9], and the
result is:

| Hing | 3(p+1)
= < foru< =2, and t < tg = 1. (23)
R, git2) Jort

From the expression (23) one can see that there is a graceful exit from inflation at a later

1 Lo~ N ng
time fexit =~ 4 /3(n+1)
(21) is not satisfied anymore.

The derivation of the equation (23) starts with the use of the scale invariant energy

conservation equation within SIV [5,9]:

with n = —pu —2 > 0, when the Weinberg’s condition for inflation

d(0a®) ’ adA
- T3pa +(Q+3P)XE_O' (24)
which has the following equivalent form:
a8 A
0+3_(e+p)+ 7 (e+3p) =0. (25)

By substituting the expressions for p and p from (21) along with the SIV identification
(22) within the SIV expression (25), one obtains modified form of the Klein-Gordon equation,
which could be non-linear when using non-linear potential U () as in (22):

$+ U +3Hpgp —2(¢* —U) = 0. (26)

The above equation (26) can be used to evaluate the time derivative of the Hubble
parameter. The process is utilizing (11); thatis, A = to/t, = —A/A =1/t = = —¢?
along with i = In(t) + const and U(¢p) = ge!¥ = gt" when the normalization of the field
1 is chosen so that (tp) = In(ty) = 0 for ty = 1 at the current epoch. The final result is:

_oouo U1 248
Hlnﬂ_¢_3¢_3l/'] - ¥_Tt ’ (27)

. . 2U u” 1 +2 +1
Fipg = — 2 — : - - = 7?2,%,% (28)

For y < —2 the t" terms above are dominant; thus, the critical ratio (21) for the
occurrence of inflation near ¢t ~ 0 is then:

| Hinﬂ | _ 3(.”"'1) =2

P )

d0i:10.20944/preprints202202.0229.v1
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4. Conclusions and Outlook

From the highlighted results in the previous section on various comparisons and
potential applications, we see that the SIV cosmology is a viable alternative to ACDM. In par-
ticular, within the SIV gauge (12) the cosmological constant disappears. There are diminishing
differences in the values of the scale factor a(t) within ACDM and SIV at higher densities as
emphasized in the discussion of (Fig. 1) [5,6]. Furthermore, the SIV also shows consistency
for Hy and the age of the Universe, and the m-z diagram is well satisfied - see Maeder and
Gueorguiev [6] for details.

Even more, the SIV provides the correct RAR for dwarf spheroidals (Fig. 2) while MOND is
failing and dark matter cannot account for the phenomenon [7]. Furthermore, it seems that
within the SIV dark matter is not needed to seed the growth of structure in the Universe since
there is a fast enough growth of the density fluctuations as seen in (Fig.3) and discussed in
more details by Maeder and Gueorguiev [8].

In our latest studies on the inflation within the SIV cosmology [9], we have identified a
connection of the scale factor A, and its rate of change, with the inflation field ¢ — ¢, ¥ =
—A/A (22). As seen from (23) inflation of the very-very early Universe (t ~ 0) is natural and
SIV predicts a graceful exit from inflation!

Some of the obvious future research directions are related to the primordial nucle-
osynthesis, where preliminary results show a satisfactory comparison between SIV and
observations [15]. The recent success of the R-MOND in the description of the CMB
[16], after the initial hope and concerns [17], is very stimulating and demands testing SIV
cosmology against the MOND and ACDM successes in the description of the CMB.

Other less obvious research directions are related to exploration of SIV within the solar
system due to the high-accuracy data available. Or exploring further and in more details
the possible connection of SIV with the re-parametrization invariance. For example, it is
already known by Gueorguiev and Maeder [14] that un-proper time parametrization can
lead to SIV like equation of motion (3).
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