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The exact similarity solutions (also called as special exact solutions) of two dimensional laminar
boundary layer were obtained by Blasius in 1908, however, no similarity solutions for two dimensional
turbulent boundary layers have been reported in the literature. With the help of dimensional
analysis and invariance principle, Prandtl mixing length ¢ = ky for one dimensional turbulent
boundary layer is extended to £(z,y) = ky(1 — %),/ for the two dimensional turbulent boundary
layers, furthermore, with a similarity transformation, we successfully transform the two dimensional
turbulent boundary layers partial differential equations into a single ordinary differential equation
A+ B = A+ 62 —n)2f"|f"|) = 0. As an application, similarity solutions of the two
dimensional turbulent boundary layer on a flat plate at zero incidence have been studied in detail.
To solve the ordinary differential equation numerically, a complete Maple code is provided.
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INTRODUCTION

Turbulence encountered in different natural and man-
made systems is a ubiquitous phenomenon and one of the
greatest unsolved mysteries of classical physics [1-19].

Different from bulk homogenous turbulence, when the
flow is confined by the presence of solid walls or bound-
aries, the wall-bounded turbulence is demodulated by the
walls and characterized by anisotropic properties. Name-
ly, there is a net mean flow in the streamwise direction
along the wall and different flow structures form depend-
ing on their distance to the wall [20-25].

The importance influence of solid walls on the flow
was studied and a revolutionized concept of boundary
layer was introduced by Prandtl in 1904 [20], who the-
orized that an effect of friction was to cause the fluid
immediately adjacent to the surface to stick to the sur-
face - in other words, he assumed that frictional effects
were experienced only in a boundary layer, a thin re-
gion near the surface. Outside the boundary layer, the
flow was essentially the inviscid flow that had been stud-
ied for the previous two centuries [14]. The approxima-
tion of Navier-Stokes equations based on the boundary
layer leads to boundary layer equations, which exhibit
a completely different mathematical behavior than the
Navier-Stokes equations. The boundary layer equation-
s have parabolic behavior rather than the elliptic one of
the Navier-Stokes equations. The parabolic nature of the
boundary layer equations affords tremendous analytical
and computational simplification. They can be solved
step-by-step by marching downstream from where the
flow encounters a body, while for the elliptic equation-
s, the complete flow field must be solved simultaneously
[2, 3, 14].

Within the boundary layers, the flow can be either lam-
inar or turbulent motion. For the 2D laminar boundary

layers, in 1908 Blasius introduced a similarity transfor-
mation and found its similarity solutions [21] (which are
called as special exact solution by [26]). In 1921 Prandtl
discovered that almost all flow motion in the boundary
layers are turbulent rather than laminar [22]. However, to
the best of the author’s knowledge, for the 2D turbulent
boundary layers, no similarity solutions have even been
obtained [2, 3]. Although Prandtl [24] and Townsend [7]
studied a similarity solutions for the free shear turbulent
flows, but free turbulence is not the turbulent boundary
layers flows, since this kind of flows have no fixed walls.
The question is wether or not the similarity transforma-
tion that used to solve the 2D laminar boundary layers
could be extended to the 2D turbulent boundary layers.
If it were possible, how to formulate and what conditions
must be hold. Those questions remain open.

In the light of both Prandtl’s pioneer work, in this s-
tudy, the Prandt]l mixing length that is for the 1D laminar
boundary layer is modified to facilitate the 2D turbulent
boundary layer, the partial differential equations of the
two dimensional turbulent boundary layers is successful-
ly transformed into a single ordinary differential equation
by a similarity transformation. To numerically solve the
ordinary differential equation, a Maple code is provided.

FORMULATIONS OF TWO DIMENSIONAL
TURBULENT BOUNDARY LAYERS

A thin flat plate is immersed at zero incidence in a u-
niform stream as shown in Fig.1, which flows with speed
U(x) and is assumed not to be affected by the presence of
the plate, except in the boundary layer. The fluid is sup-
posed unlimited in extent, and the origin of coordinates is
taken at the leading edge, with  measured downstream
along the plate and y perpendicular to it. Assuming that
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the turbulent flow is steady with pressure gradient along
the x axis. The pressure gradient drives the against the
shear stresses at the wall.

RER2RR,

FIG. 1: Turbulent boundary layer. p is the dynamical viscos-
ity, p is the flow density, §(z) is "boundary layer thickness".
Strictly speaking, d(x) is not the boundary layer thickness,but
rather a scaled measure of the boundary layer thickness which
is equal to the boundary layer thickness up to some numerical
factor [26].

The Reynolds-averaged Navier-Stokes equations [1] of
the two dimensional turbulent boundary layers flow un-
der gradient, dp/dz, are reduced to

ou  0v
L2 =0 1
o "oy " (1)

1 )
_7@ dv =0, (2)

pOy dy

ou o 1dp d*u  du'v'
_du _ou_ lap au 3
“ax+”ay pdx de2 dy ’ 3)
and boundary conditions:

y=0:a=9=0,u"=0,v =0, (4)
y=0(z): u=U(x), v =0,v =0, (5)

where @ is the mean velocity, v is the kinematic viscosi-
ty, p is flow density, p is pressure, v’ and v’ are velocity
fluctuation component, U(z) is outer of boundary lay-
er potential flow velocity. The pressure gradient must
be negative, namely dp/dx < 0, to maintain the flow
motion. For a curved boundary layers, the coordinates
(z, y) should be replaced by (s, n), where s is arc length
and n is normal to the curve layers.
Integration of Eq.(2) yields
2 Lo Pe (6)
PP

where p. is a function of z only [2]. Because v'2 can
be neglected comparing with pressure p, then dp/0x =
dpo/dzx. From Bernoulli equation, we have relation: p, +
1pU? = constant., leads to %= = pU4. The boundary

equations are reduced to following:

ou Ov
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Introducing a stream function ¥(x,y) and express the
velocity components as follows

G g
a:a—, @:—a—, (9)

with the relation in Eq.(9), the mass conservation Eq.(7)
is satisfied, and the momentum conservation Eq.(8) be-
comes

U oV _oVov U BV dy
Oy 0xdy  Ox 0y2  dx dy? dy ’
and boundary conditions
ov ov , ,
=0: —=0,— = = = 11
y=0: 5 =05 =0 =02=0, (1)
y=0(x): 88—?\1; =U(x), v =0,v =0, (12)

The Eq.(10) can be solved if u/v” can be expressed by
the mean velocity.

EXTENDED PRANDTL MIXING LENGTH

Regarding the formulation of w/v’, Prandtl [3, 24] as-
sumed a greatly simplified model of the fluctuations, ac-
cording to which the individual fluid elements are dis-
placed in a mean distance (the mixing length) [ by the
fluctuations, perpendicular to the main flow direction,
but still retaining their momentum. The element that
was initially at y, and is now at y 4 [, has a higher veloc-
ity than its new surroundings. The velocity difference is
a measure of the fluctuation velocity in the z direction:
u =aly+1)—aly) = lfil—;‘ and v’ ~ u'. Therefore, the
Reynolds stress is proposed to be

—__ du,du —dudu du, du

L= —pu'v = pl—I— = pl2— — = pl?|—|—
Toy = —PUV = Pl = P T Idydy,
(13)

where (2 = 12, @ is the mean velocity, p is the flow density,
and u’ and v’ are the velocity fluctuation components.
The Prandtl mixing length design rule is that: a. the
mixing length ¢ must have a length scale; b. the mixing
length ¢ must satisfies the boundary condition at fixed
walls £],—o = 0, which stems from the fact of v’ = v =0
at walls.

After the formulation of the Reynolds stress in Eq.(13),
Prandtl [24] applied it to two problems: pipe flow and
free turbulence, for the pile flow Prandtl proposed the
mixing length to be proportional to [(a — r)(a + 7)]%/7
where a=pipe radius; and he proposed the mixing length
¢ = cx for the free turbulence, the flows without confin-
ing walls, x being the distance from the point where the
mixing starts. The Prandt]l mixing length ¢ = cx of the
free turbulence was revisited and confirmed by Townsend
in 1976 [7].
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Although there is no universal mixing length, Prandtl
[24] provided a general framework of the mixing length
theory. Different situations will have different mixing
length. What is the mixing length of a specific question
? it must be analyzed in detail.

For instance, for plane turbulent flows, since the only
quantity with length scale is the coordinate y, by dimen-
sional argument, the mixing length is proposed as ¢ = ry,
where £ is a numerical constant, namely, the von Karméan
constant.

To include one wall damping effect in the plane tur-
bulent flows, the mixing length is modified to be ¢ =
ky[l — exp(—y/A)] by [27], where A is a constant de-
pending the frequency of oscillation of the plate and kine-
matic viscosity v of the fluid. For Poiseuille turbulen-
t flow, to include both walls’ boundary conditions and
damping effects, Sun [29] obtained a universal high-heels
profile of mean velocity by proposing a mixing length as
€= ry[l—y/(2h)][1 - exp(—y/A)][1 — exp(—(2h—y)/A)].

From publications such as [2, 3, 5-8, 10, 11, 13, 27-29],
it is surprised to see that the mixing length ¢(y) = xky that
is proposed to the plane turbulent flows has been adopt-
ed to deal with the two dimensional turbulent boundary
layers flows, without any modification. The question is
whether or not we can come out with a specific mixing
length that includes the dimensions of all quantities in the
two turbulent boundary layers, namely, not only includes
the coordinate y but also the potential flow velocity U(z),
the kinematic viscosity v as well as the boundary layer
thickness d(z). In other words, how to extend the 1D
mixing length £(y) for the plane turbulence flows to the
2D mixing length ¢(z,y) for the 2D turbulent boundary
layers.

In the history of fluid mechanics, Prandtl eventually
able to deduce difficulty problems came from the clever
and repeated use of dimensional analysis [20, 22]. Fol-
lowing Prandtl’s foot step, according to the boundary
conditions, £(0) = £(4) = 0, the mixing length dedicated
to the two dimensional turbulent boundary layers flows
can be formulated by the dimensional arguments [18] as
follows

A
o) =1 =) (52) = w1 = Dies. (14

v
where Res = U75, and A is a constant. In the following,
A= —% can be determined by invariance principle. The

proposed mixing length is called the extended Prandtl
mixing length of the two dimensional turbulent boundary
layers flows.

Since the wall at y = 0 is fixed, according to Driest [27],
a damping function, [1—exp(—y/d)] should be introduced
to moudify the mixing length, hence we have

LY

A
o) = rt = Dl - e (). )
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From our numerical calculations, the results f(n), f'(n)
based on the mixing length with damping in Eq.(15)
agrees with the results based on the mixing length in
Eq.(14) very well, except minor difference on f(n). In
this paper, all calculations are carried out based on the
mixing length in Eq.(14). The Maple code can easily
modified and to deal with the problem based on the mix-
ing length in Eq.(15).

SIMILARITY SOLUTIONS OF TWO
DIMENSIONAL TURBULENT BOUNDARY
LAYERS FLOWS

In the analysis of differential equations, it is often use-
ful to examine some special solutions, which allow us to
make conclusions about the main properties of the phe-
nomena in question. Such solutions can sometimes be
found by dimensional analysis, which can reduced the
number of independent variables adopted to characterize
the question. Thereby, in some situations, the number
of independent variables can be reduced and partial dif-
ferential equations can even be replaced by ordinary d-
ifferential equations. The simplest case allowing for the
construction of special solutions is that of a problem with
the so-called property of self-similarity. This means that
there is a system of independent variables and unknown
functions which, being introduced into the original equa-
tions describing a given phenomenon, reduces the equa-
tions to a form that is invariant with respect to affine
transformations. A characteristic feature of self-similar
problems of the boundary layer theory is that velocity
component profiles for the flow form a family of homoth-
etic curves [10, 16, 21, 30].

According to Blasius laminar boundary similarity the-
ory [3, 21, 26], the system has no characteristic length,
we can assume that the velocity profiles at different dis-
tances from the leading edge are affine or similarity to
one another, i.e. that the velocity profile u at different
distances = can be mapped onto each other by suitable
choice of scaling factors for @ and y. A suitable scaling
factor for u could be the free stream velocity U(x), while
for y, "boundary-layer thickness" &(x), which increases
with distance x, could be used. The similarity law of the
velocity profile can thus be written as u/[6(z)U] = f(n)
with n = y/d(x), where the function f(n) is independent
of z.

Introducing following transformations

¥ = U(@)o(2) f(n), (16)
1= S (7)
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thus the velocity components become

df
- _ o4 1
a Ud777 (18)
_ au dd ds df
U__<Mﬁx+Uﬂm_”qmm)' (19)
Substituting Eqgs.(18) and (19) into Eq.(16), we have
daf d2f df 6 d—
cJ 2% - 2
where the coefficients are
§dUS 9 du
= = 21
T VA b= v odx (21)

According to the Prandtl mixing length theory [24], and
applying the extended Prandt]l mixing length in Eq.(14),
we have

o0, AU du

2% U5)2)\|du du
dy'dy

2
()1 = P G

(22)
with the Eqgs.(18), the above relation can expressed as
follows

uv = —

Uo d’f d*f
ol — 202202201 2 2L 80T 9
u'v' = —r"US(— =) (1 =) a7y (23)
hence Eq.20 can be reduced to
d* f d*f df \o
W‘f‘afding‘f'ﬁ[l_(dfn) ]
Us\'* 4 dA2f d>f
2 e _ 2 1 — 27 — | =
e (2 dppa-wrfhigti-o
(24)
and its three boundary conditions:
df
=0:f=0, — = 2
n=0:f=0, 2= (25)
daf
=1:=>==1. 2
U a (26)

General speaking, for a arbitrary A, the coefficients
a, B and Ud/v are the functions of x, then the Eq.(24)
changes as the coefficients vary. So that there are no
similarity solutions.

From the self-similarity and scaling nature of fully de-
veloped turbulence [9, 16, 17, 31-37], it would be a natu-
ral attempts to search for similarity solutions in the fully
developed turbulent boundary layers.

According to invariance principle of nature [16, 17, 34,
36, 37], to be invariant of Eq.(24), the scaling exponent
714 2X\” in the 3rd term of Eq.24 must be zero, name-
ly 1+ 2\ = 0, then leads to A = —%. Therefore, we
have determined the extended Prandtl mixing length as
follows:

14

Ue,y) = my(1 = D/ 75 (27)
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If the coefficient o and S are assumed to be constant,
then we have the function U(x) as follows

_ B
20— 3
With the obtained U(x), we have the boundary layers

thickness §(z) = ”ﬁ glem,

we set a = 1, we have

(28)

Without loss generality,

2 vz

o(x) = — 29
(«) - (29)
and similarity variable
Ly m+1 2
N=S=U e (30)

and the extended mixing length

14+m 1/4
eV
Finally, we have successfully transformed the partial

differential equations in Eq.(10) and its boundary condi-
tions into a single ordinary differential equation as follows

d3f f df

Uay) = Ry(1— D (3

g T (G
d d?f d?
R e e SR D U RES

and boundary conditions (25) and (26).

The equation Eq.(32) can be reduced to the Falkner-
Skan equation of laminar boundary layers flows when
k = 0. The parameter § = 12+—mm can be determined
once the potential flow velocity U(z) = Cz™ is given. If
m # 0, i.e., for boundary layers with outer flow U(z) # 0,
different wedge flows, stagnation point flow, convergen-
t/divergent channel flow and free jets can be studied by

Eq.(32) [3, 26].

TWO DIMENSIONAL TURBULENT BOUNDARY
LAYER ON A FLAT PLATE AT ZERO
INCIDENCE

In the case of two dimensional turbulent plate bound-
ary layers, m = 0 then 8 = 0, flow velocity U(z) = U,

the function §(z) = /%%, and the extended Prandtl

U
mixing length £(z,y) = rky(1 — §) (55— y1/4,
The similarity differential ordlnary equation 32 is re-

duced to

a3 f d? f o d o o d? a*f d? a*f
—_— — 33
This equation can be numerically solved. The f(n), %

and ‘;27’; are depicted in Fig.2.
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FIG. 2: f(n), d—{] and Zg, in which f”(0) = 32712[‘77:0 =

1.08997. The Blasius solutlons data of the laminar boundary
layer (LBL) are from [21], TBL stands for turbulent boundary
layer.

Mean velocity profile: With the U(z) and §(z), we have
the velocity components as follows

= U (). (34)
o =[5 s )~ F)L (3)

Shear stress and drag: The shear stress is given by

P — @_ .Uf@_ VUoof//()
W= oy T s@an P’ V"
pUgo 7
= . 36
2= ) (30
U

where Re, =
The wall shear stress 7, () = 74,(0) is given by

2 624pU32
ru(z) = 2 prgy = 002005 g
V2Re, Re,

where the numerical value for f”(0) = 0.883 was com-
puted by the Maple code. The skin-friction coefficient
with the reference velocity U, is given by

Tw(x)  1.249

= === 38

The drag on one side of a plate of length L and unit
breadth is then

L
D = / Twdx = 1.249pUso\/ v LU &, (39)
0

Then we have the drag coefficient is

D 2496
(1/2)pLU%, ~ VRe’

UgL
-

Cp =

(40)

where the Reynolds number Re =
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Displacement layer thickness: There is no unique
boundary layer thickness, since the effect of the viscosi-
ty in boundary layer decreases asymptotically as moving
outwards from the wall. If we define the boundary layer
thickness to be the position where @ = 0.99U, we fund
that n = 0.9926. Therefore, a physical sensible measure
for the thickness of the boundary layer id the displace-
ment thickness d,,. The definition is

& i 1 .
o= [[0= Gty =) [ (1= 1)an

2ux ve
=0.47704y/ — = 0.6746, | — 41

Uoo Uoo’ ( )
where f(1) = 0.52296 is used.

Velocity fluctuation: The velocity fluctuation in x di-
rection is give by

u —Ed—uz FUo

dy — V2Re,

Reynolds stress: The Reynolds stress is given by

n(1 —n)f"(n). (42)

B du|d£| 2U2
Pt dy'dy' = V2Re, "

’
Ty =

(L =n)*(f"(m))*. (43)

For comparison studies, the results of laminar and tur-
bulent boundary layer on a flat plate at zero incidence
are shown in Table I

TABLE I: Laminar vs. turbulent boundary layer.

Laminar Turbulent
Mixing length L(y) = Ky Lz, y) = ky(1 — %) &%
0.332pU2 0.624pU?2
Wall shear stress |7, = e Tw = e
Skin-friction coeff.| cf(x) = \()/'1?74 cp(z) = \1/'12{%
Drag coeff. Cp = 713568 Cp = 2.4;)5

With the extended mixing length, Table I show that all
of quantities of the laminar and turbulent boundary layer
possess non-zero wall values or near-wall peaks - follow

a universal 1/v/ Re defect law.

CONCLUSIONS

To the best of the author’s knowledge, within the frame
of the Prandtl mixing modelling, the similarity solution-
s of the 2D turbulent boundary layers are obtained for
the first time. This study may help facilitate a better
understanding of turbulence phenomena.
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5(2)(1925)136-

A complete Maple code to solve the Eq.32 under the
boundary conditions Eqs.25 and 26

restart;with(student);with(plots);beta := O;kappa := 0.4;b :=
1;0de := diff(f(xi), xi, xi, xi) + f(xi)*diff(f(xi),xi,xi)+beta*(1 - dif-
f(f(xi), xi)*(1 - diff(f(xi), xi)) + kappa*kappa*diff(xi*xi*(1-xi)*(1-
xi)*abs(diff(f(xi), xi, xi))*diff(f(xi), xi, xi), xi) = Ojsol := d-
solve(ode, £(0) = 0, D(f)(0) = 0, D(f)(b) = 1, numeric, output
= listprocedure);p0 := plots:-odeplot(sol, [xi, f(xi)], xi = 0 .. b,
color = black, linestyle = [1], thickness = 3, legend = [f(xi)], axes
= boxed);pl := plots:-odeplot(sol, [xi, diff(f(xi), xi)], xi = 0 .. b,
color = blue, linestyle = [2], thickness = 3, legend = ["df/dx1"]
axes = boxed) 2 := plots:-odeplot(sol, [xi, diff(f(xi), xi, xi)|, x-
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i =20 . b, color = red, linestyle = [3], thickness = 3, legend = xi*diff(f(xi), xi)], xi = 0 .. b, color = blue, linestyle = [3], thickness
["d(df/dxi;)/dxi"], axes = boxed);u := plots:-odeplot(sol, [xi, dif- = 3, legend = ["xi;df/dxi"], axes = boxed);plots:-display([p0, pl,
f(f(xi), xi)], xi = 0 .. b, color = red, linestyle = [1], thickness = p2|, axes = boxed);plots:-display([u, v], axes = boxed);

3, legend = ["df/dxi"], axes = boxed);v := plots:-odeplot(sol, [xi,
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