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Abstract: The human ankle is a complex joint, most commonly represented as talocrural and
subtalar axes. It is difficult to locate and take in vivo measurements of the ankle joint. There are
no instruments for patients lying on a bed or the floor; that can be used in outdoor or remote
sites. We have developed a "Turmell-meter" to address these issues. We started with the study of
ankle anatomy and anthropometry, then we used the product of exponentials’ formula to visualize
the movements. Furthermore, we built a prototype using human proportions and statistics. For
pose estimation, we used a trilateration method by applying tetrahedral geometry. Additionally,
we computed the axis direction by fitting 3D circles, plotting the manifold and chart as an ankle
joint model. We presented the results of simulations, a prototype comprising 45 parts, specifically
designed draw-wire sensors, and electronics. Finally, we tested the device by capturing positions
and fitting them into the bi-axial ankle model as a Riemannian manifold. The Turmell-meter is
intended to be a hardware platform for human ankle joint axis estimation, it is adjustable and
has an easy setup. The proposed model has the properties of a chart in a geometric manifold, we
provided the details

Keywords: anthropometry; biomechanics; coordinate measuring machines; in vivo; kinematics;
mechanical sensors; sensor arrays; human ankle model, operational amplifiers; pose estimation;
position measurement; rehabilitation robotics; biomedical informatics; product of exponentials
formula; Riemmanian manifolds

1. Introduction

In this work, we present a device intended for the study of the human ankle joint
(HAJ). Modeling and measuring this lower limb joint is essential in physiology, biome-
chanics, and rehabilitation (also in humanoid robotic limb development).

The HAJ is fundamental for human locomotion. And the ankle joint sprain is
the most common lower limb injury in sports[1], football[2], basketball[3], high school
sports[4], military academy][5], service[6] and physical training[7]. It causes chronic
ankle instability[8], and is costly for the healthcare system[9]. Treatment and healing
require measuring the range of motion.

Similar to other characteristics, the HAJ model is unique for each person. Individual
variations and anthropometric measurements depend on gender, age, and phenotype.
There are few types of equipment for in vivo ankle joint measurements on reduced spaces
such as beds or for patients laying on the floor in remote places.

© 2022 by the author(s). Distributed under a Creative Commons CC BY license.
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We present the model of the Human Ankle Joint through the Product of Exponential
(PoE) formula. This method only requires two reference frames: the shank and the foot.
We used this method instead of the Denavit-Hartemberg convention, which requires
internal measurements in bones. The mathematical foundations are coherent with screw
theory, introduced by Ball[10]; included in books[11-19], applied to multi-body systems,
and geometric representation in [20-29]. Modern robotics used the product of expo-
nential mapping to rigid body kinematics [30]. Studies on the human jaw [31,32], and
the human knee [33-35], applied screw theory. Also, works dedicated to tracking limb
position used inertial units [36—42].

There are different HAJ] models in the literature; we focus on the two-axes approach.
The International Society of Biomechanics (ISB) recommendations included it [43], also
in anatomy and biomechanics books [44—48], and simulation software [49]. We found
models of the ankle joints in several articles [50-56]. Contributions to the study of the
ankle joint axes are in [57-60]. Finally, we found interesting research about the subtalar
axis [61-68] and other functional representations [69].

Draw-wire sensors (DWS) are in robotics applications [70-72], also in linear position
tracking [73], and easy robot programming [74]. Inertial measurement units (IMU) were
post-processed and complemented with other sensors [75-79]. We shall employ our
device for the HAJ bi-axial measurements and for other models too [80,81]. Biodex™
and Humacnorm™ manufactures general kinetics machines

The Product of Exponentials (PoE) formula requires the body’s initial pose; we use
DWS and trilateration to find the position. Also, for tracking the foot position, we use
IMU. They integrate the acceleration in real-time, which causes position estimation drift.
Therefore, we combine IMU with DWS to accuracy enhancing. And the trilateration
method solves the initial position problem.

A description of the anatomy and biomechanics of the two axes HAJ is in appendix
A.In Fig. Al, we realize that the HAJ has parallel chains joined by nontrivial surfaces
in contact. Also, in living people, it is difficult to localize the reference frame of human
bones. There are other methods for HAJ axes characterization; our device is an alterna-
tive method when we cannot use cameras or other optical devices because of obstacles,
space, or illumination issues.

For the device’s design and implementation, we start with anatomy, statistics,
proportions, and anthropometry. Then we simulate ankle joint movements by using the
PoE formula. We describe the trilateration method to find the platform pose. We also
show the device’s entire design and implementation process. Also, we calibrate and test
the device in a healthy patient and model the axis and represent the HA] movements as
a manifold chart.

2. Materials and Methods

In this section, we detail the design and implementation of the device. First, we
show the simulation using anthropometric values and the PoE formula. Using the
simulation plots, we estimate the DWS maximal length. Next, we present the device’s
geometrical design and the trilateration method. Additionally, the computer-aided
design (CAD) of electronics and mechanical parts. Additionally, we implement the
firmware and visualization software, and finally we compute the axis position by circle
fitting and modeling the ankle joint as a manifold chart.
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2.1. Ankle Joint Simulation
For the simulation with the PoE formula, we adapt the data from [82], proportions
from [83,84], and statistics from [85].

2.1.1. References Assignation
Figure 1 presents the reference points and the mean distances taken from [82].
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Figure 1. Reference points from anthropometric values K, L, O, and P.

A, B, and C are the triangle’s vertices in a platform fixed to the foot, the K, L, and O
distances from the most medial and lateral points from the black-filled to the white-filled
marker. M and M, define the TC axis. We show top-transverse and right-lateral views
in Figure 2 with distances Q, W, and w. Nj and N, determine the ST axis.

| .
A 7~ B.C
Figure 2. Q, W, and w distances from lateral and transverse views.

Table 1 enumerates the mean values of Figures 1 and 2.

Table 1. Mean values of anthropometric measurements .

Variable K(m) L(m) O(m) P(mm) Q(cm) R=W/w
Mean 1.2 1.1 1.6 1.0 0.5 0.54

In Figure 3, we show the ST and TC axes from several viewpoints. The TC axis
refers to the sagittal plane and the ST to the transverse plane.
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Sagittal plane

Talocrural axis

Figure 3. Q, W, and w distances from lateral and transverse views.

2.1.2. Anatomical and Geometrical Correspondence

We define the sagittal (lateral) plane as the X-Z plane (perpendicular to the y-
axis). The coronal (frontal) plane is the Y-Z plane (x-axis is normal to it); the transverse
(axial) plane is the X-Y plane (perpendicular to the z-axis). Figure 4, left, shows this
corresponding references.

Corong

Figure 4. Planes, axes, and points corresponding references.

With this reference frame, we can define the TC axis orientation from a unitary
vector in the z-direction. We first rotate it -80° around the x-axis; then we turn it -6°
around the z-axis. A unitary vector in the x-axis direction defines the ST axis, rotating
41° about the y-axis, followed by a 23° rotation around the z-axis.

We show the fibula, tibia, talus, calcaneus 3D position, reference points, TC, and ST
axes in Figure 4, right.

In this image, Ao, By, and Cy are the vertices from the platform fixed to the foot,
and Py is the triangle’s center. S1, Sy, and S3 are fixed to the shank relative to the origin
point Py. M1 and M; define the TC axis; N1 and N correspond to the ST axis. We define
r1 and r; as the sagittal plane intersection with the TC and ST axes.
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2.1.3. Size and Dimensions

We estimate the device dimensions from anthropometric proportions in [83] and
use the segments proportions shown in Fig. 5.
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Figure 5. Body segment proportions [83].

We select the origin of coordinates between the knee and the ankle, d, is the
distance from Py to Pp. This distance is proportional to the body’s height H. To do so,
we define dy, as follows:

0.285 — 0.039

den = [IPo — Pra| = | 2222

+0.039| -H=0.162-H, 1)

and, according to [85], the mean height H of an adult male is 175 cm; by substituting
this value into the equation, the knee-ankle distance is 28.35 cm. The distance dp1»
between points r| and rp about the TC and ST axes on the sagittal plane is:

dpi2 = |1 — 2| = Q, 2)
the projection of the most medial point (MMP) on the sagittal plane is:

Pvme = (xmmp, 0, zvmmp), ®)
and for the most lateral point is:
Pyvip = (xmep, 0, zmip)- 4)

The point My, is the projection of M on the sagittal plane; we calculate it from the
P and O values.
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My = (xmmp — B0, zymp — O), (5)

also, My, is M; we estimate the projection from L and K through:
MZP = (XMLP —L,0,zprp — K) (6)

Therefore, the segment MM has the sagittal projection MapMjp; it has the same
proportional relation R = W/w in respect to Mppry, then:

M, —M; W
—_— = = R, 7
M2 — I w ( )
solving for ry gives the following:
I =M2— 7M2_M1. (8)

R

By knowing the distance Q projected in the sagittal plane and rq, the angle 41° we
calculate rp from

rp = Q[cos(41°),0,sin(41°)] + 11, 9)

The distance from the origin P to the plantar surface of the foot is dim, we choose
a circumscribed equilateral triangle with vertices Ay, By, Cy as the platform base. The
coordinates of A0 are

AO = (rp/ 0/ 7dm); (10)
for By are:
By = (rpcos 37, 1psin 377, —dm), (11)
and for Cy:
Co = (rpcos —27, rpsin—37, —dm), (12)

Where r}, is proportional to H, then:
rp =3 H. (13)

In summary, we estimate Py, r1, rp; and the platform’s vertices Ag, By, and Cy. They
aren’t arbitrary selected, on the contrary, we employed anthropometry, statistics, and
proportions.

2.1.4. Product of Exponentials Formula

In this section, we employ the PoE formula. We follow the intuitive concept that
inter-bone contact surfaces determine HAJ movements. Therefore, we represent these
movements as a Special Euclidean group SE(3) in matrix form:

R pr }
= , 14
g [ O1s 1 (14)
where Rs3y 3 is the rotation matrix and pr is the translation vector.
For the initial point Ay:
I A
94(0) = [ o } (15)
1x3
for By:
Iz Bo ]
0) = , 16
gB( ) |: 01><3 1 ( )

and for C
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I Co ]

0) = 17

se0) = | 7% G )

We define @1 = (wyq, wy1, w;1) as a unitary vector for the TC axis direction given

by:
M, — M,
W] = T, (18)
M =M

and a directed vector #; from Pg to rq is:
f1 =11 —Po, (19)
then, an orthogonal vector to 1 and @ is:
Dgypp, = —1 X By, (20)

together, @ and ﬁgmz compound the six-dimensional vector §1:

f = ( Z}l ) (21)

In the same way, there are correspondent vectors for the TC axis:

. N2 —N;
W) = T (22
N Nl )
f) =1, - Po, (23)
) = —wy X 1y, (24)
and:
£ ﬁz
a-(2) 25)
We compute R for each joint i = 1,2 from the Rodrigues’ formula:
e %) = I3 5+ Qsing; + 0%(1 — cos ), (26)
where () is the skew symmetric matrix:
0 — Wy wy,-
Q= Wi 0 —wyi |- (27)
—Wyi Wy 0
The exponential formula is:
0:6;
GO — | € }
esivi = , 28
[ O1x3 1 @)
and, T; is translation vector:
7 = (Taxs = )@ x 0+ 0,0 036, (29)

Points A, B, and C have invariant relative positions, and there are two rotating
joints; the PoE formula for A is:

A A R 2
aa = ehtieitg 0= | P, 0)
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where p 4 is the instantaneous position vector of A, the PoE for B:
o5 = ilngs0) = | B P ], &)
and the PoE for C is: _ _
o = ifebtage(0) = | & P ], ©2)

6 is the TC rotation angle from the zero position, and 6; is the ST rotation from the
zero position. For the sake of clarity, we show the section of the ankle with the vectors
1, @1, 71 and fy ; also the points A, B, C and Pg in Figure 6.

.PO

Figure 6. Vectors and points on the sagittal plane.

2.1.5. Forward Kinematics

In this subsection, we show the simulation of the movements of the ankle by using
the measurements and the PoE. The code is in SageMath Computer Algebraic System
(CAS), it let us manage symbolic notation, and interactive plotting in a Jupyter notebook,
the listings are in appendix B. We show the SageMath simulation complete codein 1. In
B2 is the code in Asymptote for visualization and printing.

The simulation plot for the platform’s central point is in Figure 7(a). We show the
points Po, Ag, By, Co, 11, 12, and the surfaces representing each group of movements.
The forward kinematics with 601,41ge = 02range = [—15,15] and 61 = 6 = 10° is in Figure
7(b). For 01yange = 02range = [—10,10] and 6; = 6, = 5° is in Figure 7(c).

Such representation lets us compute the ankle joint ROM in all directions. Groups
of A, B, C, and PM movements are smooth surfaces or geometric manifolds. They have
two DOF, with a limited domain due to the axes ROM.
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Figure 7. Forward kinematics for (a) initial position and (b) 01,416 = 027ange = [—15,15],01 = 62 = 10° and (c) 81range =
62mnge = [—10, 10],91 =06, =5°

2.1.6. Geometric Design and Trilateration Method

Based on the forward kinematics we show a geometric design in the Figure 8(a) the
platform center, and in Figure 8(b) are the vertices.

@ (b)

Figure 8. Geometric design: (a) is the platform center, base and r1, 2 and (b) platform vertices with talocrural and subtalar
axis.

By considering the distances between the origin and the vertices, we estimate the
DWS maximal length in every module.
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lmax = max[||pA(91, 92) — A” + I'm] (33)

Here, [0y is the maximal possible length from the triangular inequality, p 4 is the
positions group in g4, 7 is the module’s radius, and Ag is the base point.

The main design requirement is the localization of three points attached to the foot.
We estimate the actual position employing an array of DWS in a tetrahedral structure to
find the apex, which is a platform vertex. In Figure 9 we show the design structure.

z

Figure 9. Geometric design of the DWS arrays.

Po and Py are the base and platform reference frames. The platform has known
dimensions and the number of sensors is seven. First, we compute Ap from three
distances: [41 = ||[Ap — Aq|, a2 = ||[Ap — Az||and I 43 = [|Ap — A3]|. Then, we compute
By, and B, apexes after A, employing two DWS.

2.2. Finding the Apex in Tetrahedron A

In this section, we compute the tetrahedron T with base Ay = [A1, Ay, A3] and
apex Ap. Figure 10 shows the method we use.
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- 2

Figure 10. Finding the apex Ap.

In Figure 10 we see that triangles A132 = [Al, A3, Ap132] and A231 = [Az, A3, Ap231]
are two sides of the tetrahedron Ty developed on the base plane.

We compute the Ap13> and App31 orthogonal projection on each adjacent side of
the module base triangle A[A1, Ay, A3] by tracing a circle centered on A; with radius
|Ap — Az|| and the circle centered on Az with radius [|Ap, — As||; resulting in Ap13; and
Ap131 intersection points. In addition, the circle centered on A, with radius [|Ap — Az ||
intersects the circle centered in Az at points App3; and Appsp. The segment from Apy3;
to Ap131 intersects the so defined by points Apzs1 and Apzsy at Apxy. In the case of
tetrahedron Ty, we determine Apxy = (Apx, Apy,0) as A projection on the base plane.
It is easy to realize that the height of T is the absolute value of the ApZ coordinate. Then,
we can find the distance from Ay to Az as a triangle A[Apxy, Az, Ap] side ; the other is
Ay, and the hypotenuse is the distance [43 = ||Ap — Aszl|, then, Ap; is:

Apz = \/11243 - (Apxy - A3)2 (34)

2.3. Tetrahedrons B and C Apexes

In this subsection, we show that, by knowing A, the point B, needs two sensors to
be found. To determine the result of the tetrahedron T, we consider the Figure 11(a) the

base of a triangle A [By, B3, Ap].
We compute the angle a from the XY plane to a normal vector 71 4,5:

A = B3~ Ap) x (B3 — Ap)
PP l(Bs — Ap) x (B3 — Ap)|”

(35)
and, the angle « is:

a = acos(fiapp - A1), (36)

where 71, is the unitary vector normal to the XY plane.

The tetrahedron sides are the lengths IB1 = ||Bp — B1||, IB3 = ||Bp — B3|| and
dapsp = ||Bp — Ap||. The rotation axis is in the direction B1 — B3. The Bpr is Bps rotated
« in angle about this axis. In Fig 11(b), we show how to find the Bpr apex, similarly to
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Figure 11. Rotation of a angle about the axis B; — Bj: (a) original tetrahedron, Tp (b) rotated tetrahedron.

that of a tetrahedron T . Finally, when Bpr is found, the contrary rotation about the axis
B1 — B3 gives the Bps.

There are two possible apex values: Bpsl over, and Bps2 below of the XY plane. We
show the Bpr apex below the XY plane in Figure 12.

z

A

Figure 12. Finding the apex Bp,.

We use the same method to solve the T¢ apex. For the correct apex selection, the
condition when the side of the platform distance dc,p), is:

deBp = HBPS - Cps||. (37)
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2.4. Computer Aided Designs

In this section, we design DWS to measure the lengths of the tetrahedrons sides;
they are arranged as structural parts. Their maximal length estimation is from the
forward kinematics simulation. We design the shank attachment from the dimensions,
proportions and statistical data.

2.4.1. Draw-wire Sensor

We use flat springs. They aren’t exposed to a high load against gravity, and are in
two or three concurrent groups. In Figure 13 we depict the design, composed of three
3D printed parts, potentiometer, flat spring, bolts, and nuts.

Double winch
Flat spring

Figure 13. Draw-wire sensor design.

A two-coil winch drives the potentiometer; a flat spring retracts a wire attached to
the winch. When we pull the wire, the spring retracts it. The value of each turn is from
the nominal value of the potentiometer, R, = 2.2k(}, divided into ten turns, that is 2200}
per turn. The diameter is D = 3.8cm, the spring could be compressed in four turns. The
maximal length is as follows:

lmax:4'D'7T (38)

Which is 47.75 cm approximately, this value is greater than /4y for all groups of
movements.

2.4.2. Mechanical Parts

The attachment on the calf has a size according to the simulation. We use the mesh
model of a leg to guide the shape of the calf support, as in Figure 14(a). Also, we scale
and divide his structure into seven parts for 3D printing. An aluminum tube is the
support structure as in 14(b), and a neoprene band attaches the shank to the support
with Velcro fabric.

Threaded rod ('Q

Electronics
Sensor plate -\§
Nuts & washers</Q ¢

@

‘Aluminum tube

Figure 14. Mechanical attachment: (a) calf support, and (b) aluminum tube structure.
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All the DWS modules are in a plate, the A module has three DWS, B and C modules
has two DWS as in Figure 15(a). The design of the foot attachment is from standard
measurements to adjust the foot’s length and width, as in Figure 15(b).

DWS module C Heel Shoelces Width adjust

} Length adjust
platform support

Sensors base

(a) (b)

Figure 15. Base and platform: (a) DWS modules support (b) platform with foot’s size
adjustment.

2.4.3. Electronics

Two operational amplifiers in instrumentation configuration are the base block of
acquisition system, as the Figure 16 shows. We employ the KiCad software for the circuit
design.

V+

R1 R2

100k 100k
V2
5

R6 R9
880 200

£2 B p

+

Vi > U1E

12| LM324
>

= >
A

.tran .1m 100m
.control

Figure 16. Two Op. Amp. instrumentation amplifier.

The voltage gain in the instrumentation amplifier is:

. Vo o - Rz ZRZ
Av = vi {1_R1+ Rl],

By selecting Ry = 100k(), Ry = 1kQ}, and Rg = 5k(), the voltage gain is 141. With
34mV as voltage input, we get:

(39)

Vo = Ay - vi = 4.794V (40)

The final acquisition circuit has seven instrumentation amplifiers, with bias and
gain trimmers for calibration. We design the printed board circuit as an ™Arduino Mega
2560 Shield. And assemble the components to the board by throw-hole soldering. We
feed the circuits with a power system with two 18650 Li-Ion batteries in series, a backup
pack, a Battery Management System (BMS); a 5V buck and a 12V boost converters. The
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Figure 17 shows the schematics. Finally, we add connectors for the MPU’s, OLED and
Bluetooth module.

[* 811
r Battery_Cell
SW3
1y swspoTmsm  F1
[+ a1 Polyfuse
r Battery_Cell
lonn_01x02_Male
L

[* 513
r Battery_Cell

+

[* a14 3
Battery_Cell afrelJack_Switch

Figure 17. Power system with backup, BMS, boost and buck converters.

2.4.4. Electronics casing.

We export the KiCad printed circuit design to FreeCAD StepUp to design the case
containing all the components, focusing on a compact configuration design. The two
main electronic components are the Arduino Mega 2560 and the Orange Pi One single
board computer. We place the components such as the Dual Pole Dual Throw (DPDT)
toggle switches symmetrically on the box sides. The Figure 18 shows the main sides and
the final assembly of the electronics case.

Figure 18. Modular electronics casing.

Each box has attached components to optimize the space. We test every component,
and then install the support structure.

2.4.5. Final mechanical assembly

The prototype consist of 45 3D printed parts, the union of main components is by an
8 mm steel threaded rod. The sub-assemblies uses M3 bolts and nuts. Figure 19 shows
the assembly CAD.

2.5. Calibration and Validation Software

Calibration is with the Arduino board connected to the PC, running a calibration
program in Processing. The basic program requests the IMU readings from the ac-
celerometer and gyroscope data, and capture readings from the ADC inputs. The raw
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Initial position
reference DWS module

Leg

~ attachment
Aluminum structure
Platform
DWS modules
support (
e
S8
Electronics ‘
C 4 D 1 ~ J)

Figure 19. Complete prototype.

data are signed integer values 2 bytes wide, the two 1-byte registers converted to 2-byte
integers. An exponentially weighted moving average (EWMA) program, filter the raw
signals and send via a serial port to the PC. The lengths compute are from the initial
values plus the scaled sensor inputs with:
limj = dimj + m,ZM.], (41)
SiMj

here, [;; is the length in cm from the i wire to the j module, d;y; is the initial
distance, m;); is the measured digital value, and s;) is the scale factor in digital units
per cm.

We present a rendered image with a scaled 175 cm model in the Figure 20.

2.5.1. Procedure for Finding the Platform Positions

The shank and the foot must be fixed to the base and platform. Then we mark the
MMP and the MLP. To do so, we design a detachable reference point from the module A.

Initially, we capture and register the MMP and MLP. In the Figure 21 is the detailed
view.


https://doi.org/10.20944/preprints202202.0080.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 7 February 2022 d0i:10.20944/preprints202202.0080.v1

17

Platform

Draw-wire_sensors

Base

Figure 20. Rendered image with a 175 cm height patient.

Figure 21. Assembled Structure.

We compute the platform position from the seven sensor lengths. The main steps
for capture data series is:

1.  Capture the initial position at horizontal relative position from dr = IMU2 — IMU1
readings;

2. Computejerk jrk = |dr; —dr;_4];

3. Move the foot continuously until jerk cross zero again.

First, we start capturing by activating a button in the computer software. Every time,
we compute the absolute difference from IMU2 to the IMU1 readings. If the differences
are constants, then, there is not platform-base relative movement. We compute the jerk
by relative acceleration finite differentiation. The data captured finish when the jerk
cross zero coordinates. It means that detection of jerk change, actives the capture of the
IMU'’s data.

The symbolic equations to find Ap, By and Cp, from the captured data, were found
by the SageMath CAS. By using the prototype dimensions, and the sensor lengths, we
compute the platform’s position and orientation. In this case, the origin is from the initial
DWS lengths Ip1ip, where M is the module A, B or C; and i is the sensor number i=1,2,3.
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After MLP and MMP registering, we attach the apex of the module A to the platform.
And define the sagittal plane perpendicular to the ABC base plane and intersecting the
A point. By implementing the trilateration method before mentioned, we compute the
points Ay, By, and Cy.

The Figure 22(a) illustrate the points positions with the device in the initial portable
configuration. The apexes’ computation are in Figures 22(b), 22(c) and 22(d).

(@ (b)

(0) (d)

Figure 22. Computed positions from sensor lengths at portable configuration: (a) the rest position, (b) apex A, (c) apex B
and (d) apex C.

2.5.2. Computing the axis position and direction

To compute the initial TC axis position, we employ dorsal and plantar movements,
because the TC axis is most dominant in such movements. An initial approximation, is
from the MMP and MLP points. The sagittal plane intersection with the M; M, segment
is 1. We estimate the initial TC axis approximation with:

My, = MLP — [L,0,K], (42)
and
My, = MMP — [—-P,0,0]. (43)
from these values, we solve for r; from the intersection of the line:
_ _  (Mp—My)
U A (44)

and the plane y = 0.
The ST axis sagittal intersection r; initial point is:

r =+ %[Q,0,Q] (45)

This is a statistical initial estimation, we use for comparison with the orientation
captured by doing circle fitting to A, B and C trajectories. First, we found the TC axis
orientation w; by registering several trajectories. For each trajectory, we have a list of
data points P = [x,y, z|, which pertain to a plane:
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ax+by+cz+d=0, (46)
or in all n data is in a # X 3 matrix, solving for z we have
X0 Yo 1 Z0
X1 1 1 a
AR B 1 . @7)
: : e
Xp—1 Yn-1 1 Zn—1
which has the form:
Ax =B (48)
there are more equations, the pseudo inverse is A* = (ATA) "1 AT, and the normal
vector is:
a
b| = (ATA)TATB (49)
c

By using the Rodrigues’ formula we found the rotated points to the XY plane by
the product v = n x k, with k = [0,0,1]T

P, = Pcos(0) + (v x P)sin(0) +v(v - P)(1 — cosb). (50)

where 0 = arccos (ﬁ) .

The circle in XY plane can be rearranged by

(x = x)* + (y — yo)? = r?
Qx)x+ (2ye)y + (P =22 —y7) = X+ (51)
CoX + 1y +c2 = x2+y2
where ¢ = [cg, c1,c2]T with ¢g = 2x, ¢1 = 2y, and ¢ = > — x2 — 2.
By taking the rotated points, P, we have a linear system
) Yo 1 x§ + y§
x1 vy 1] |¢0 X{+y
S .[q= P (52)
: : e .
Xn—1 Yn-1 1 X1t Y
has the form
Ac=1b (53)

Again, we have more equations than unknowns, then, we search for the c values
that minimize the squared difference ||b — Ac|?.

argmin||b — Ac|?. (54)
cER3

We found the center point C, = [x, yc] and radius r by solving:

2xc = ¢
PATR = 0 . (55)
Pox- = o

Finally, we apply a rotation to the center in respect to the original plane. This point
pertain to the TC axis, for each trajectory A, B, C we get three planes, and three centers,
the TC line direction is parallel to the planes normal vectors. The information is complete
by knowing the plane orientation. The estimation of the ST axis is similar, but employing
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trajectories from inversion movements. This is a basic estimation, by doing optimization
to the product of exponential formula, we enhance the accuracy of the axis position
estimation.

2.5.3. Ankle Joint movements as a Manifold

In this subsection we explain how the centers 1, rp and directions wy, wy defines
a manifold representing the HAJ movements. The circle center points calculated per-
tain to the TC and ST axis, they are the initial data to fit the product of exponential
formula. In the Figure 23(a) we show the complete platform’s center point manifold. It
is topologically similar to a torus.

PO PO

50 50 50 20

100 100 100 100

—150

(b)

Figure 23. Simulation of the platform central point with variations in the mean statistical values: (a)Platform’s center point
manifold, (b) Manifold chart and a geodesic.

A manifold chart represents the range of motion limits, we show an example of
geodesic as a trajectory on the manifold in the Figure 23(b); it explains how to map ankle
coordinates, and a straight trajectory with initial velocity and no external forces action.
We have the data necessary for the line intersection with the sagittal plane, the center
points and the direction gives a line:

pr=1Io+1d, (56)

where p is the parametric line point, le is a known point in the line, and d € A,
replacing the parametric equation in the plane equation:

(P —po) - (Ap) =0, (57)
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where f is a known point in the plane, and i, is the plane’s normal vector.
solving for d, gives:

P i‘ 5
g Po—lo):A (58)
[-7
and replacing in the TC axis line equation:
r =c¢1+wid (59)

where 77 is the TC axis intersection with the sagittal plane. The point c; is the
center, and the axis direction wy, both were found by circle fitting. Also, packing in six
dimensional Pliicker line coordinates, we have:

ﬁ11 =711 X Wwq, (60)

and the I six dimensional vector is:

11 = [(le : wly LWy, cmy mly : mlz] (61)

We include those data for the PoE formula simulation and the manifold representa-
tion.

3. Results

We organize this section as follows: first we show the simulation, second the final
prototype, third, the trilateration, the axis orientation, and finally an ankle manifold
representation.

3.1. Simulation Results

In this subsection, we put different values from the table 1 to estimate the work-
space and range of motion. First, we show the variation of mean values results, and
second the platform position simulation by changing range of movement and angles.

3.1.1. Changing statistical mean values

The Figure 24(a) shows the complete manifold, taking to account intervals 61,6, €
[—180°,180°). It also shows the platform’s initial position, the TC axis reference, the
initial ST reference, the initial orientation and a parametric trajectory with equal angle
rate variation. In the figure 24(b), is the attaching point A simulation, the Figures 24(c)
and 24(d) depicts the simulations of B and C, respectively.

In the Figure 25(a) we show the platform’ central point simulation with variations
in 10% below the statistical mean values; Figure 25(b) we show the simulation changing
10% over the statistical mean values; Figure 26(a) is the attaching point A simulation
adding the 10% of the mean values, and 26(b) is subtracting 10% of the mean values.
Figures 27(a) and 27(b) are the results for the platform attaching point B.

Finally, by changing the range of angles and values, two examples capture of the
simulation are in Figures 29(a) and 29(b).

We show the results for the attaching point C in Figures 28(a) and 28(b)

3.2. Final Prototype

In this section, we describe the results of the TM design, which are the assembled
device and calibration. We try several designs and finally the CAD model is in [86]. First,
we show images of the connected electronics parts. Second, we assemble the structure
and perform calibration. Third, the device calibration results and probe the device in a
healthy patient to validate the prototype adaptability. We print the structural parts using
ABS, the draw-wire sensor using PLA; PETG is in the supports and the case.
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(@ (b)

(0 (d)

Figure 24. Simulation of all points: (a) platform’s central point (b) attachment a, (c)
attachment b, and (d) attachment c.

3.2.1. Printed and Connected electronics

We place the electronics in each side. In Figure 30, then connect the box sides; and
charge the batteries.

3.2.2. Printed and Assembled Structure

We assemble all structural components carefully, and putting together with stainless-
steel threaded rods; then we put the draw-wire sensors, the acquisition board, connec-
tions, and final structure for calibration. The Figure 31 shows the assembly.

3.2.3. Calibration Results

We calibrate the system by using a personal computer. The resulting calibration,
and measures of the lengths are in Figure 32. The lecture, is at the initial position, then
we compare with the SolidWorks model measurements.
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(@ (b)

Figure 25. Simulation of the platform central point with variations in the mean statistical
values: (a) 10% below, and (b) 10% over.

(@ (b)

Figure 26. Simulation of the platform’s attaching point A: (a) mean values plus 10% (b)
mean values minus 10%.

(@ (b)

Figure 27. Attaching point B simulation: (a) adding 10% to the statistic mean values, (b)
subtracting 10%.
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(a) (b)

Figure 28. Simulation results for C: (a) mean values plus 10% (b) mean values minus
10%.

min @y 2% min 8 12

max 8y 21 max 8y ]

minéy 15 min 8y il

max gy % . max 6y 7

Value 8 4 Value 81 s 7

Value 9 7 Value 83 %

(b)

Figure 29. Position and orientation examples: (a) for 6 € [—26,21], 8, € [—15,28] in
position [0y, thetay] = [4,7] (b) for 6, € [—12,14], 6, € [—11,7] in position [0y, thetay] =
[_Sr _6]

Figure 30. Connections and electronics.
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Figure 31. Assembled Structure.
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CalibrationProcessing | Processing 4.0b2

File Edit Sketch Debug Tools Help

Console
ReadSensors | Arduino 1.8.15

File Edit Sketch Tools Help

ReadSensors
Serial.begin(9600) ;
while (!Serial) {

// wait for serial port to connect, Needed for native USB port only

}
establishContact(); //send a byte to establish contact until receiver responds
}

void loop() {

// if we get a valid byte, read analog ins:
if (Serial.available() >0) {

// get incoming

inByte = Serial.read

Arduino Mega or Mega 2560, ATmega2560 (Mega 2560) on /dev/ttyACMO

1

Figure 32. Processing calibration interface.

404 The Table 2 shows the calibration results.

Table 2. Calibration results with digital lectures and real measurements

Sensor ID 1M1 12M1 13M1 11M2 12M2 11M3 12M3

239 330 246 265 177 252 242
6.9 13.0 8.4 7.8 11.5

BCD value
Measure,cm 8.0 5.3

The Figure 33(a) shows the length with SolidWorks Measurement tool for module
A, sensor 1; the lecture for sensor 2 is in Figure 33(b). In Figure 33(c) is the sensor 3

length.
The Table 3 shows the error measured in real prototype and in SolidWorks.

Table 3. Error compared with SolidWorks CAD measurements.

Sensor ID 1M1 12M1  I13M1

SW measure 7.622 5.33 6.384
Error in cm 0.38 -0.030 0.52
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Figure 33. Measuring in SolidWorks: (a) sensor 1 (b) sensor 2 (c) sensor 3

3.3. Trilateration Results

In this section we use the measurements from the sensors to compute trilateration,
then we compare with the simulation results. The foot and shank fit in the adjustable
platform and support structure, respectively, as is shown in the initial procedure shown
in the 21. By introducing the lengths” data to the virtual model, we compute the position
for different values. In the Table 4, we show positions computed from the sensor lengths.
The resulting figures for each trilateration computation are in 34(a), 34(b), 34(c), and
34(d).

Table 4. Sensor lectures and position points

SensorID 11M1 12M1 13M1 11M2 [12M2 1IM3 12M3 A B C

Posl.,cm 110 126 125 148 108 152 119 (-11.7,-1.03,-11.0) (5.97,-9.94,-8.93) (4.88,9.90,-10.12)
Pos2.,cm 102 117 116 152 113 155 122 (-12.1,-0.85,-102) (5.57,-9.99,-9.40) (4.65,9.89,-10.4)
Pos3.,cm 940 108 108 156 117 158 125 (-12.4,-0.66,-9.39) (5.14,-10.0,-9.84) (4.39,9.87,-10.6)
Posd.,cm 856 989 995 160 122 160 127 (-12.7,-0.48,-853) (4.67,-10.0,-10.2) (4.12,9.86,-10.8)

@ (b)

(0) (d)

Figure 34. Trilateration results: (a) position 1 (b) position 2 (c) position 3 (d) position 4

3.4. Axis Orientation

In this section, we show the results of model fitting to solve the axis orientation.
First, we show the TC axis, and then the ST axis.
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3.4.1. TC Axis Circle Fitting

The results of circle fitting for trajectories A, B, and C are in the Table 5, correspond-
ing to ankle joint plantar/dorsiflexion movements.

Table 5. TC Axis Circle Fitting

Trajectory center direction radius
A (0.8649,21.38,-67.12)  (-0.089,-0.95,0.31)  76.66

B (6.713,55.31,-78.24)  (-0.089,-0.95,0.31)  52.46

C (-2.442,-26.69,-53.15)  (-0.089,-0.95,0.31)  72.06

PM (1.552,16.42,-66.83)  (-0.089,-0.95,0.31)  53.75

The figures 35(a), 35(a), 35(b), and 35(c) depicts the circle fitting for trajectories A, B,
C and PM, respectively.

(@) (b)

(0 (d)

Figure 35. TC axis circle fitting: (a) trajectory A (b) trajectory B (c) trajectory C (d) trajectory PM

3.4.2. ST Axis Circle Fitting

The results of ST circle fitting for trajectories A, B, C, and PM are in the Table 6,
corresponding to ankle joint inversion movements.

Table 6. ST Axis Circle Fitting

Trajectory center direction radius
A (44.44,18.25,-90.08)  (-0.75,-0.28,0.60)  24.28
B (17.57,6.768,-69.25)  (-0.75,-0.28,0.60)  65.67
C (1.578,1.819,-58.07) ((-0.75,-0.28,0.60)  69.35

PM (20.87,8.882,-72.81)  (-0.75,-0.28,0.60)  38.75



https://doi.org/10.20944/preprints202202.0080.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 7 February 2022 d0i:10.20944/preprints202202.0080.v1

29

The figures 36(a), 36(b), 36(c), and 36(d) depicts the circle fitting for trajectories A,
B, C and PM, respectively.

(a) (b)

L

(0) (d)

Figure 36. ST axis circle fitting: (a) trajectory A (b) trajectory B (c) trajectory C (d) trajectory PM

3.5. Ankle Manifold representation

In this section, we show the results in the software SageMath Manifolds. We load the
model and visualize it as a manifold, we show the axis and the sagittal plane intersection.
With the model parameters loaded, 11, 12, w1, wy, and the origin established in the center
of the base modules. We apply the equation:

FL=Co+hp-d (62)

where ¢ is the median center computed from trajectories A, B and C center fitting,
and 7 is the median planes normal vectors containing the circles. The Table 7 shows
values for the TC axis in PM chart.

Table 7. Axis Estimation Data

Axis median center median normal r w

TC  (19.2,7.83,-71.0)  (-0.750, -0.280, 0.600) (-1.74, 0.000, -54.3) (-0.750, -0.280, 0.600)
ST (1.21,18.9,-67.0)  (-0.0890, -0.950, 0.310)  (-0.562, 0.000, -60.8)  (-0.0890, -0.950, 0.310)

“an In the Table 8, we show the Plucker coordinates for the TC and ST axis.
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Table 8. Plucker Line Coordinates

Axis Plucker Line Coordinates

TC [-0.750 : -0.280 : 0.600: -15.2: 41.7: 0.487]
ST [-0.0890: -0.950: 0.310: -57.8: 5.59: 0.534]

Finally, the Figure 37(a) shows the ankle manifold, and the Figure 37(b), the chart
representing the range of movement, and angle coordinates.

(a) (b)

Figure 37. Ankle Joint Manifold (a) Manifold for PM (b) chart with ankle axis coordi-
nates

4. Discussion

In this work, we addressed the ankle model with an alternative approach. We used
statistical measurements for the design and implementation of a new device, specially
designed to capture the human ankle joint movements. In animal joints, it is difficult to
put encoders and linear sensors to measure the range of movement of complex joints
in each internal living reference frame. The product of exponential functions formula
uses only tho frames, and it is useful in this case application. Also, in our work we
used an original trilateration method for finding the device’s platform position, as an
analytic method, avoiding numerical approximations that can diverge. We proposed
the Ankle joint model as a Riemannian manifold. We can define a chart as a subset
of such manifold with angle coordinates for measuring the range of movement. Our
presented device is lightweight, is non-invasive, and can be used in remote places, on
beds or on the floor. By characterizing the ankle parameters, symmetry studies can
be done by correlating the left and right ankle joints. The device configuration can be
enhanced in future versions, the draw wire sensors used can be changed from analog to
digital encoders connected by a CAN bus, reducing wiring, space, weight, and energy
consumption. In the future, the model will be used for the synthesis and reconfiguration
of an ankle parallel rehabilitation robot. By employing the axis location and the screw
theory, forces and torques can be studied as reciprocal screws to the axis location in
a re-configurable platform. The robot will be lightweight because of the use of cable
driven actuators, inspired in antagonistic muscles; working with reciprocal inhibition
for energy optimization. The structure will be reconfigured taking into account the ankle
joint as a central mast, and referenced with MMP and MLP markers. The Figure 38
shows a schematic of the re-configurable approach.
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Re-configurable distance

ST Joint
TC Joint

Cable-driven

Actuator

Reciprocal screws

Figure 38. Re-configurable cable-driven robot concept.

Other applications are, for example, by visualizing the platform trajectories one
can explain how the calcaneal Achilles insertion is near to the platform’s A point. The
platform’s normal vector changes abruptly near to this region, as was depicted in
Figures 24(b), 26(a), and 26(b). Also, Riemannian models, has different properties. We
will explore diagnosis and treatments based on this model and metrics by employing
machine learning algorithms. This approach can be applied to other joints in humans
and other animals, by designing specialized re-configurable hardware and software.
Tracking the parameters in different ages and weight conditions, and comparing the
ankle models in healthy and injured people.

5. Conclusions

The ankle is the most commonly injured joint of the lower limb, fundamental in
fine body balance; it is important to measure the range of motion by in vivo methods
for patients laying down in reduced or remote places. We proposed a device based on
the ankle anatomy and anthropometry. Additionally, we used a model of a Riemannian
manifold, which can be characterized by the device captured data. The simulations en-
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abled us to design the size of the device and maximal length of the wires. We presented
a trilateration method by using tetrahedrons projected on the base as an efficient alterna-
tive to 3D sphere intersections. The draw-wire sensors are modular and a structural part
of the device, which is lightweight and portable. The assembly of the electronics is also
modular, and other single-board computers and microcontroller boards can be used. The
TM will also be used for ankle characterization and diagnosis for rehabilitation robotics,
prosthesis, and orthosis design.

6. Patents

We are working in newer device version, with compact design and digital draw wire
sensors. A more powerful single board computer, with machine learning capabilities,
will be used for diagnosis and rehabilitation.
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Abbreviations

The following abbreviations are used in this manuscript:

HAJ  Human Ankle Joint

ISB International Society of Biomechanics
DWS Draw-wire Sensors

IMU  Inertial Measurement Units

PoE Product of Exponentials

DoF  Degrees of Freedom

RoM  Range of Motion

BMS  Battery Management System

Appendix A. The Ankle Joint

In this section, we start with the ankle description, which presents a complex
movement. First, we study the shank, ankle, and foot bones. Then, we analyzed the
ankle movements based on the anatomic spatial and functional representation.

Appendix A.1. Bones

We start with an understanding of inter-bone contact surfaces when studying ankle
movements. In Fig. Al, we identify the names of the bones of the left and right feet.
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Figure A1l. Foot and Ankle Bones.

In Fig. A2, we use the right-hand rotation convention and present the movements
systematically. Also, we organize those movements into two rows, corresponding to
pronation and supination. In addition, we show the hindfoot and midfoot are the most
involved segments in ankle movements.

Dorsiflexion

Adduction

Plantarflexion

Abduction

Eversion

Inversion

Figure A2. Ankle movements relative to the x, y, and z axes.

Appendix A.2. Kinematic model

The most accepted approach for modeling the ankle joint is the biaxial movement.
It results from the interaction of several bones, such as the fibula, tibia, talus, calcaneus,
navicular, cuboid, and three cuneiform bones. As shown in Fig. A3, the first axis
corresponds to the rotation from the talus regarding the tibia-fibula fixed joint.
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Figure A3. Talocrural rotation.

However, the mathematical model of the ankle is a representation of two hinge
joints in series, as presented in Fig. A4.

Subtalar axis

N

Talocrural axis

Figure A4. Human ankle joint biaxial model.

We denote the first axis as the talocrural (TC) axis. Some sources name this joint
?mortise? and ?tenon? because it is similar to this architectonic structure. The second
axis is the subtalar (ST) joint. The bones involved in this rotation are the talus, the
calcaneus, the navicular, and the foot’s cuneiform bones. To identify the TC and ST axes,
we should define each ankle joint bone’s reference frame.

Appendix B. Listings
The SageMath code in listing B1 can be copied and executed directly in a SageMath
Cell https:/ /sagecell.sagemath.org/
#Ankle joint forward kinematics by using Product of Exponentials Formula

from sage.plot.plot3d.shapes2 import *

# Rotation axis in a unitary vector and angle in degrees
def rot_ax_ang(u,a):
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6 #degrees to radians
7 alpha=a*pi/180

8 na=(1-cos(alpha))

9 ca=cos (alpha)

10 sa=sin(alpha)

11 #rotation matrix

12 R=matrix ([[u[0]~2*na+ca, ulO]l*ul[l1]l*na-ul[2]*sa, ul[O0]l*ul[2]*na+ull1]l*sal,
13 [ul0]*ul[1]l*na+ul[2]*sa, ull]~2*na+ca, ulll*ul[2]*na-ul0]*sal,
14 [ul[2]*u[0]l*na-ul1]l*sa, ul[2]*ul1]*na+u[0]l*sa, ul[2] "2*na+call)

15 return R

17 #Talocrural direction

18 vIC=rot_ax_ang([0,0,1], -6)*rot_ax_ang([1,0,0], 80)*vector ([0,0,1])
19 #Subtalar direction

20 vST=rot_ax_ang([0,0,1], 23)*rot_ax_ang([0,1,0], 41)*vector([1,0,0])

2 #Anthropometric values

» vK=12;vL=11;v0=16;vP=1;vQ=5;vR=0.54 #anthropometric measurements
24 H=1750 #heigth in mm

5 d_m=(0.285-0.039) *H/2 #knee-ankle half distance

2% d_p=0.039%H #ankle-foot

27 z_p=—(d_m+d_p) # z initial position

8 r_p=0.055*xH*2/3 #platform radius

29 ae=2%pi/3 #auxiliar angle

30 PO=vector ([0,0,0]) #0rigin at middle shank

32 #initial platform position

33 A0=vector ([r_p,0,z_pl)

32 BO=vector ([r_p*cos(ae) ,r_p*sin(ae) ,z_pl)

35 CO=vector ([r_p*cos(-ae),r_p*sin(-ae),z_pl)
3 PMO=(A0+B0+C0) /3 #center of the platform

38 #marker representation

39 dot=point3d ((0,0,0) ,size=5,color=’red’,opacity=.5)
1 dP0O=dot.translate (P0O)

41 dAO=dot.translate (AO)

» dBO=dot.translate (BO)

43 dCO=dot.translate (CO)

11 dPMO=dot.translate (PMO)

46 r_l=vector ([0,0,-d_m]) #intersection point between the talocrural axis and the sagittal plane
17 ap=0.039*H
55 1p=0.152%H

50 #points on the malleolar medial and lateral
51 M_1=r_1-ap*vR*xvTC

5 M_2=r_1+ap*(1-vR)*vTC

53 tht=41%pi/180

55 #intersection between the subtalar axis and the sagittal plane
s r_2=vQ*vector ([-cos(tht) ,0,-sin(tht)])+r_1

58 #points from the hindfoot to the midfoot
59 N_1=r_2+0.6%1p*vR*vST
60 N_2=r_2-0.3*%1p*VvR*vST

2 #representation of the kinematic chain
63 lrt=1ine ([PO,r_1])

6+ lm12=1ine ([M_1,M_21)

65 ln12=1ine ([N_1,N_2])

o lrA=line ([r_2,A0])

7 lrB=1line ([r_2,B0])

6s lrC=1line ([r_2,C0])

70 #markers representation
71 drli=dot.translate(r_1)
7 dr2=dot.translate(r_2)
73 dM1=dot.translate (M_1)
72+ dM2=dot.translate (M_2)


https://doi.org/10.20944/preprints202202.0080.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 7 February 2022 d0i:10.20944/preprints202202.0080.v1

36

75 dN1=dot.translate (N_1)
76 dN2=dot.translate (N_2)

78 #reference labels

79 plbl=vector ([0,0,8])

© 1lbp = text3d(’P0’,PO+plbl)

g1 1bp += Text(’A0’,color=’black’).translate (AO++plbl)
© 1bp += text3d(’B0’,BO++plbl)

&5 1bp += text3d(’C0’,CO++plbl)

8¢ lbp += text3d(’PMO’,PMO++plbl)
85 #axes labels

86 1bf = text3d(’M1’,M_1++plbl)

57 1bf += text3d(’M2’,M_2++plbl)
88 1bf += text3d(’N1’,N_1++plbl)
89 1lbf += text3d(’N2’,N_2++plbl)
90 1bf += text3d(’rl’,r_1++plbl)
91 1bf += text3d(’r2’,r_2++plbl)

94 #finding the twist unitary vectors
95 wl=n((M_1-M_2)/abs(M_1-M_2))
96 w2=n((N_1-N_2)/abs(N_1-N_2))

98¢ #the perpendicular component
9 vi=n(-wl.cross_product(r_1))
100 v2=n(-w2.cross_product(r_2))

102 #angles for the talocrural and subtalar rotations
103 thetal=var (’theta_1)
104 theta2=var (’theta_2’)

106 #six dimensional vector xi mapping
107 xil=matrix ([v1[0],v1[1],v1[2],w1[0],w1[1],w1[2]]).transpose ()
08 xi2=matrix ([v2[0],v2[1],v2[2],w2[0],w2[1],w2[2]]) .transpose ()

110 #transformation of exponential matrix of rotation
111 Rexpl=rot_ax_ang(wl,thetal)

#rotation matrix component of the homogeneous transformation
114 vexpl=(matrix.identity (3)-Rexpl)*(wl.cross_product(vl))

116 #conformation of the homogeneous transformation matrix
117 MTH1=(Rexpl.augment (vexpl)) .stack(vector ([0,0,0,1]))

119 #components for the subtalar axis

120 Rexp2=rot_ax_ang(w2,theta2)

121 vexp2=(matrix.identity (3)-Rexp2)*(w2.cross_product (v2))
122 MTH2=(Rexp2.augment (vexp2)) .stack(vector ([0,0,0,1]))

124 #transformation matrix representing the initial position

125 gstOA=matrix([[1,0,0,A0[0]],[0,1,0,A0[1]1],[0,0,1,A0[2]1],[0,0,0,111)

126 gstOB=matrix([[1,0,0,B0[0]],[0,1,0,B0[1]],[0,0,1,B0[2]1],[0,0,0,111)

127 gstOC=matrix([[1,0,0,C0[0]],[0,1,0,C0[1]],[0,0,1,C0[2]],[0,0,0,111)

s gstOPM=matrix ([[1,0,0,PMO[0]],[0,1,0,PMO[1]],[0,0,1,PMO[2]],[0,0,0,1]])

130 #product of exponential matrices for all the points
131 MTHA=MTH1*MTH2*gstO0A

132 MTHB=MTH1*MTH2*gst0B

133 MTHC=MTH1*MTH2*gstO0C

132 MTHPM=MTH1*MTH2*gstOPM

136 #components of the group of rigid movements for the central point
137 £ _xpm=MTHPM [0] [3]

138 f_ypm=MTHPM[1] [3]

139 £_zpm=MTHPM [2] [3]

140 #orthogonal direction vectors

141 f_spm=vector ([MTHPM[0] [0] ,MTHPM [1] [0] ,MTHPM [2] [0]])

12 f_npm=vector ([MTHPM[0] [1] , MTHPM [1] [1] ,MTHPM [2] [1]])

115 f_apm=vector ([MTHPM[0] [2] ,MTHPM [1] [2] ,MTHPM [2][2]1])
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145 #components of the three vertices of the plattform
146 f_xA=MTHA [0] [3]
147 £_yA=MTHA [1] [3]
115 £_zA=MTHA [2] [3]
119 £_xB=MTHB [0] [3]
150 £_yB=MTHB [1] [3]
151 £_zB=MTHB [2] [3]
152 £_xC=MTHC [0] [3]
153 £_yC=MTHC [1] [3]
152 £_zC=MTHC [2] [3]

156 #saving symbolic expressions to file output

157 tx, ty =var(’t_x’ ,’t_y’)

155 pmx=f_xpm.subs (thetal==tx, theta2==ty)

150 pmy=f_ypm.subs (thetal==tx, theta2==ty)

160 pmz=f_zpm.subs (thetal==tx, theta2==ty)

161 ax=f_xA.subs(thetal==tx, theta2==ty)

12 ay=f_yA.subs (thetal==tx, theta2==ty)

163 az=f_zA.subs(thetal==tx, thetal2==ty)

16+ bx=f_xB.subs (thetal==tx, theta2==ty)

165 by=f_yB.subs (thetal==tx, thetal2==ty)

166 bz=f_zB.subs (thetal==tx, theta2==ty)

167 cx=f_xC.subs (thetal==tx, thetal2==ty)

s cy=f_yC.subs(thetal==tx, theta2==ty)

169 cz=f_zC.subs (thetal==tx, thetal2==ty)

170 exportg = [[pmx,pmy,pmz],[ax,ay,az],[bx,by,bz]l,[cx,cy,cz],
171 [A0.n() ,BO.n(),C0.n(),PMO.n ()],

172 [r.1.n(),r_2.n(),N_1.n(),N_2.n(),M_1.n(),M_2.n()]]
173 with open("output.txt", "w") as f: f.write(str(exportg))

175 #scaled position vectors
176 arl=arrow3d (PO,r_1,40,color=’cyan’)
177 ar2=arrow3d (P0,r_2,40,color="magenta’)

175 awl=arrow3dd(r_1, r_1 + 40%*wl,40, color =’red?’)

179 aw2=arrow3dd(r_2, r_2 + 40*w2,40, color = ’blue’)

180 avli=arrow3d(r_1, r_1 + 40*vl/abs(r_1),40, color =’orange’)
181 av2=arrow3d(r_2, r_2 + 40*v2/abs(r_2) ,40, color =’purple’)
192 scrws = arl +ar2+ awl+aw2 + avl + av2

184 #platform initial position

155 pltf= polygon([AO,B0,CO0],color=’gray’,opacity=0.7)

186 #showing the initial position

157 gr = dP0+dA0+dB0+dCO+dPMO

188 gr+= 1lrt+1lml12+1n12+1rA+1rB+1rC

159 gr+= dM1+dM2+dr1+dr2+dN1+dN2

100 gr+= 1lbp+lbf+scrws+pltf

191 gr.show(aspect_ratio=1,frame=true,figsize=(1024,1024),
192 projection=’orthographic’, axes = true)

194 #changing the angular parameters interactively

195 @interact

196 def _(timin=slider (-90,-1,label=r’min $\theta_1$’, default=-15),
197 timax=slider (1,90, label=r’max $\theta_1$’, default=15),

198 t2min=slider (-90,-1,label=r’min $\theta_2$’, default=-15),
199 t2max=slider (1,90, label=r’max $\theta_228’, default=15)):

201 @interact

202 def _(txi=slider(timin,tlmax, step_size=1, label=r’Value $\theta_1$’, default=0),
203 tyi=slider (t2min,t2max, step_size=1, label=r’Value $\theta_2$’, default=0)):
204 #substitute values

205 pmxs=pmx.subs (tx==txi, ty==tyi)

206 pmys=pmy.subs (tx==txi, ty==tyi)

207 pmzs=pmz.subs (tx==txi, ty==tyi)

208 axs=ax.subs (tx==txi, ty==tyi)

209 ays=ay.subs (tx==txi, ty==tyi)

210 azs=az.subs (tx==txi, ty==tyi)

211 bxs=bx.subs (tx==txi, ty==tyi)

212 bys=by.subs (tx==txi, ty==tyi)
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213 bzs=bz.subs (tx==txi, ty==tyi)

214 cxs=cx.subs (tx==txi, ty==tyi)

215 cys=cy.subs(tx==txi, ty==tyi)

216 czs=cz.subs (tx==txi, ty==tyi)

217 #plotting

218 dp=10 #data points

219 cpm=parametric_plot3d ([f_xpm, f_ypm, f_zpm],(theta_1, timin, tlmax),
20 (theta_2, t2min, t2max),plot_points=[dp,dpl)
21 cA=parametric_plot3d([f_xA, f_yA, f_zA], (theta_1, timin, tlmax),
22 (theta_2, t2min, t2max),plot_points=[dp,dp]l)
23 cB=parametric_plot3d([f_xB, f_yB, f_zB], (theta_1, timin, timax),
224 (theta_2, t2min, t2max),plot_points=[dp,dp])
25 cC=parametric_plot3d ([f_xC, f_yC, f_zC], (theta_1, timin, tilmax),
26 (theta_2, t2min, t2max),plot_points=[dp,dp]l,texture="red")
227 #create vectors

228 ptpm=vector ([pmxs ,pmys ,pmzs])

29 spms=vector ([f_spm[0].subs(thetal==txi, theta2==tyi),

230 f_spm[1].subs(thetal==txi, theta2==tyi),

231 f_spm[2].subs(thetal==txi, theta2==tyi)]).n()

232 apms=arrow3d (ptpm, ptpm + 40*spms,40, color =’red’)

233 spmn=vector ([f_npm[0].subs(thetal==txi, theta2==tyi),

234 f_npm[1].subs(thetal==txi, theta2==tyi),

235 f_npm[2].subs(thetal==txi, theta2==tyi)]).n()

236 apmn=arrow3d (ptpm, ptpm + 40*spmn,40, color =’green’)

237 spma=vector ([f_apm[0].subs(thetal==txi, thetal2==tyi),

238 f_apm[1].subs(thetal==txi, theta2==tyi),

239 f_apm[2].subs(thetal==txi, theta2==tyi)]).n()

240 apma=arrow3d (ptpm, ptpm + 40*spma,40, color =’blue’)

241 pta=vector ([axs ,ays,azs]) .n()

242 ptb=vector ([bxs,bys,bzs]) .n()

243 ptc=vector ([cxs,cys,czs]) .n()

244 ptf=polygon([pta,ptb,ptc]l,color=’green’,opacity=0.7)

245 #plotting

246 fkin=dPO+apma+apmn+apms+ptf+1lbp+cA+cB+cC+cpm

247 fkin.show(aspect_ratio=1,frame=true,figsize=(1024,1024),

248 projection=’orthographic’, axes = true)

Listing 1: Sagemath Forward Kinematics

For visualization and interactive view in ® Acrobat Reader, we exported the symbolic code to Asymptote, the listing
B2 can be executed in http:/ /asymptote.ualberta.ca/

| settings.outformat="pdf";

> settings.prc= false;

3 settings.render = 0;

4+ import three;

5 import graph3;

6 size (200, 0);

7 currentprojection=orthographic (30,30,30);
s xaxis3("$x$",0,100,red,0utTicks (2,2));

9 yaxis3("$y$",0,100,red,OutTicks (2,2));

0 zaxis3("$z$",-300,0,red,O0utTicks (2,2));

12 //range of motion

13 real tcmin=-180, tcmax = 180, stmin = -180, stmax = 180;
14 //actual position

15 real thetal = 0, theta2 = 0;

18 //initial points

9 triple po = (0, 0, 0);

20 triple a0 = (64.1666666666667, 0.000000000000000, -283.500000000000) ;
21 triple bO = (-32.0833333333333, 55.5699634095015, -283.500000000000) ;
» triple cO = (-32.0833333333333, -55.5699634095015, -283.500000000000) ;
23 triple pmO = (0.000000000000000, 0.000000000000000,

24 -283.500000000000) ;

5 triple r1 = (0.000000000000000, 0.000000000000000, -215.250000000000) ;
(-3.77354790111386, 0.000000000000000, -218.530295144953) ;
(56.0996689565118, 25.4146727215185, -275.072086499470) ;
(-33.7101563299267, -12.7073363607592, -190.259399467694) ;

2% triple r2
27 triple nil
2% triple n2
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29 triple ml = (3.79386995439788, 36.0962614380663, -221.649803587915) ;
30 triple m2 = (-3.23181514633894, -30.7486671509453, -209.798315462147) ;

3 //parametric functions

% triple pm(pair t) {

34 return (-16.48474746562729%cos (1/180*pi*t.x + 1/180*pix*xt.y) - 10.166838471101048%*cos(-1/180*pi*t.x +
1/180*pi*t.y) + 25.431588522123675*cos (1/180*pi*t.x) - 1.0075390222555773*cos (1/180*pi*t.y) -
30.07656063465307*sin(1/180*pi*t.x + 1/180*pi*t.y) + 6.799869652374312*sin(-1/180*pi*t.x + 1/180*pi
*t.y) - 29.968498301984226*sin(1/180*pi*t.x) + 4.11787048538047*sin(1/180*pi*t.y) +
2.227536436860234, -3.5988642455907733*cos(1/180*pixt.x + 1/180*pi*t.y) - 0.1574203300851842%*cos
(-1/180*pi*t.x + 1/180*pix*t.y) - 7.851215460082017*cos (1/180*pi*xt.x) - 9.586093459590682*cos (1/180%*
pi*t.y) + 5.9580368183586465*sin(1/180*pi*t.x + 1/180*pixt.y) - 2.4772749693983664*sin(-1/180*pixt.
x + 1/180*pi*t.y) - 1.4096266870201895*sin(1/180*pi*t.x) + 39.17892057319622*xsin(1/180*pi*t.y) +
21.193593495348665, -30.070693601917178%cos (1/180*pi*t.x + 1/180*pi*t.y) - 6.914891650849512%cos
(-1/180*pixt.x + 1/180*pi*t.y) - 29.206425431552418%cos (1/180*pi*t.x) + 1.6995974893975312%*cos
(1/180*pi*t.y) + 15.774905204951304*sin(1/180*pi*t.x + 1/180*pi*t.y) - 9.941327559108188%*sin
(-1/180*pi*t.x + 1/180*pi*t.y) - 25.716232764059498+*sin(1/180*pi*t.x) - 6.946353624049991*sin
(1/180*pi*t.y) - 219.00758680507846) ;

40 //initial position

© path3 iplatform = (a0--b0--cO--cycle);

i3 draw(po--r1~"po--r2-"nl--n2""mi--m2);

1 draw(surface(iplatform) ,greentopacity (0.3));
45 dot(po--a0--b0--cO--pm0O--r1--r2--n1--n2--mi--m2, 3+red);
6 label ("$\rm{P_0}$",po,NE);

1 label ("$\rm{A_0}$",a0,2SW);

s label ("$\rm{B_0}$",b0,3SE);

19 label ("$\rm{C_0}$",cO,NW);

50 label ("$\rm{P_{MO}}$",pmO0,NE);

51 label ("$\rm{N_13}$",n1,NE);

5> label ("$\rm{N_23}$",n2,NE);

53 label ("$\rm{M_13}$",m1,NE);

51 label ("$\rm{M_23}$",m2,NE) ;

55 label ("$\rm{r_13}$",r1,NW);

56 label ("$\rm{r_2}$",r2,8E);

58 //compute surface
59 pen p=rgb(0.2,0.5,0.7)+opacity(0.2);
0 surface spm=surface(pm,(tcmin,stmin),(tcmax,stmax) ,36,36,Spline);

2 // surface & mesh
63 draw(spm,lightgray+opacity (0.1) ,meshpen=p,render (merge=true));

Listing 2: Asymptote code

The simulation of the real position is in the listing B3.

I from sage.plot.plot3d.transform import rotate_arbitrary
> from sage.plot.plot3d.plot3d import axes

3 #centroid of the base

. cb=vector ([116.666,97.905,0]1)

5 angrot =(79.91/2) *(pi/180)

6 mrotz = rotate_arbitrary((0.0,0.0,1.0),angrot)

7 #base sensor modules centerpoints

s A= vector ([0,0,0])

9 A= mrotzx*A

10 ApO= vector ([30,-0.67,-50.5]) + A #initial platform A point
11 1bl = text3d(’A’,A+vector ([10,10,10]))

12 B=vector ([562.268,293.716,0])

15 B= mrotzx*B

4 Bp0 = vector([-26.4,-92.6,-50.5]) + B

15 1bl += text3d(’B’,B+vector ([10,10,10]))

16 C= vector ([297.73,0,0])

17 C= mrotzx*C

18 Cp0 = vector ([-25.67,90.99, -50.5]) + C
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19 1bl += text3d(’C’,C+vector ([10,10,10]))
20 #base points
21 rtb=32.76 #radius of the tethraedron base
2 btilA=vector ([31.9,-7.44,0])
2 bt2A=vector ([-9.51,31.5,0])
21 bt3A=vector ([-22.39,-23.91,0])
25 Al=btl1A+A
2% 1bl += text3d(’Al1’,Al+vector ([10,10,10]))
27 A2=bt2A+A
28 A3=bt3A+A
29 btlB=vector ([32.52,3.92,0])
3 bt2B=vector ([-19.66,26.21,0])
31 bt3B=vector ([-12.87,-30.13,0])
32 B1=bt1B+B
3 1bl += text3d(’Bl’,Bl+vector ([10,10,10]1))
32 B2=bt2B+B
35 B3=bt3B+B
3 btiC=vector ([27.44,-17.9,0])
% bt2C=vector ([1.79,32.71,0])
33 bt3C=vector ([-29.42,-14.81,0])
39 C1=bt1C+C
0 1bl += text3d(’C1l’,Ci+vector ([10,10,10]1))
41 C2=bt2C+C
42 C3=bt3C+C
5 tl=polygon ([A1,A2,A3,A1],color="red’)
14 t2=polygon([B1,B2,B3,B1],color="red’)
5 t3=polygon([C1,C2,C3,C1],color="red’)
46 tp=polygon ([ApO,Bp0,Cp0,Ap0])
47 1Al1=1line ([ApO,A1])
s 1A2=1ine ([ApO,A2])
19 1A3=1ine ([ApO,A3])
50 1B1=1ine ([BpO,B1])
51 1B3=1ine ([Bp0,B3])
5> 1C1=1ine ([CpO,C1]1)
53 1C2=1ine ([Cp0,C2])
54+ tb=1line ([A,B,C,A])+1bl+axes (100)+t1+t2+t3+tp+1A1+1A2+1A3+1B1+1B3+1C1+1C2
5 tb.show(viewer=’threejs’, figsize=1000, frame_aspect_ratio= [1,1,1], aspect_ratio=[1,1,1], axes=’true’)

Listing 3: Real dimensions
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