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Abstract: This paper presents an approach to the two-dimensional analysis of elastic isotropic deep beams using the
finite difference method (FDM). Deep beams are subjected to in-plane loading and present a shear span to height ratio
of less than 2.50; consequently, Euler—Bernoulli beam theory and Timoshenko beam theory do not apply. Deep beams
analysis is generally conducted using numerical methods such as the finite element method and to a lesser extent the
FDM; the strut-and-tie model and the stress field method are also widely utilized. Analytical approaches usually make
use of the Airy stress function, where stresses are formulated in terms of the stress function; however, the exact solution
of this function satisfying all of the boundary conditions can hardly be found, even for simple cases. In this paper, deep
beams were analyzed using the FDM. The FDM is an approximate method for solving problems described with
differential equations. The FDM does not involve solving differential equations; equations are formulated with values at
selected nodes of the structure. Therefore, the deep beam was discretized with a two-dimensional grid, and additional
nodes were introduced at the boundaries and at positions of discontinuity (openings, brutal change of material
properties, non-uniform grid spacing), the number of additional nodes corresponding to the number of boundary
conditions at the node of interest. The introduction of additional nodes allowed us to apply the governing equations at
boundary nodes and satisfy the boundary and continuity conditions. An Airy stress function approach and a
displacement potential function approach were considered in this study whereby strong formulations of equations
(equilibrium, kinematic, and constitutive) were set. Stress and stability analyses were carried out with this model;
furthermore, deep beams of varying stiffness, layered beams, and beams having openings were analyzed. For slender
beams, the results obtained with the Airy stress function approach showed good agreement with those of the
Euler—Bernoulli beam theory, and for deep beams, the shapes of stress distributions were in good agreement with a
proper understanding of the behavior of structures. On the other hand, the displacement potential function approach
delivered unsatisfactory results, probably due to the use of an inefficient equation solver; a more powerful tool will be
needed in future research for this purpose.
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1. Introduction

This paper describes the application of Fogang’s model [1] based on the finite difference method (FDM),
used for the Euler—Bernoulli beam, to the isotropic deep beam. Deep beams are essentially subjected to in-plane loading
and present a shear span to height ratio is less than 2.50; consequently, Euler—Bernoulli beam theory and Timoshenko
beam theory do not apply. The analytical approach to deep beam analysis is based on the Airy stress function method,;
this method developed in 1862 by G.B. Airy [2] consists of introducing a new function, the Airy stress function. The
stresses were formulated in terms of this new function and a new differential equation, a biharmonic equation, was
obtained. The problem of determining the stresses was then reduced to that of finding the stress function solution of the
biharmonic equation which satisfies the boundary conditions. Neau [3] developed a scheme for applying doubly infinite
power series to the Airy stress function for isotropic bodies; problems in which boundary stresses can be described by
means of power series are solvable by this method. Jayne et al. [4] solved the characteristic fourth-order partial
differential equation for two-dimensional elastic anisotropic and orthotropic materials, using a doubly infinite power
series. Ahmed et al. [5] used an ideal mathematical model, based on a displacement potential function, to formulate the
problem; displacements and stresses were formulated in terms of this potential function and a new differential equation,
a biharmonic equation, was obtained.
However, the exact solution of the differential equation satisfying the boundary conditions can hardly be found, even for
simple cases. Numerical methods permit therefore to overcome solving the differential equations. Ismail et al. [6]
performed a series of nonlinear finite element to evaluate the different design approaches available in the literature for
design of reinforced concrete deep beam with large opening; three finite element models were developed and analyzed
using the computer software ATENA.Vilar et al. [7] proposed a numerical solution to deep beams using the layerwise
displacement theory; a finite element solution for deep beams based on a layerwise displacement field considering the
full stress/strain tensors was provided. Sri Harsha et al. [8] gave the analytical investigation of reinforced concrete deep
beams reinforced with horizontal and vertical web reinforcement; a formula using nonlinear finite element method by
ABAQUS was proposed to define the shear strength of deep beams.
For the design of structural concrete, Schlaich et al. [9] proposed a generalization of the truss analogy in order to apply
it in the form of strut-and tie-models to every part of any structure; it was described how strut-and tie-models, which
condense all stresses in compression and tension members and join them by nodes, can be developed by following the
path of the forces throughout a structure. Liu et al. [10] proposed a model for deep beams with rectangular openings that
stems from a two-parameter kinematic theory for solid beams; the model was established based on an analysis of the
shear behavior and failure modes of test specimens using nonlinear finite element and strut-and-tie models. Silveira et
al. [11] proposed a solution based on the stress field method for the analysis, design, and detailing of deep beams. The
stress field method, an alternative method to strut-and tie-method for concrete structures subjected to discontinuities,
consists of finding the stresses acting in discrete area elements whereby non-linear elastic-plastic stress fields are used.
De Mello et al. [12] presented the stringer-panel method, an alternative procedure to strut-and-tie method; the structure
is divided on two distinct elements: stringers, which absorb normal forces, and panels, which absorb shear forces by

membrane action. Then the overall structure behavior is investigated by means of non-linear analysis.


https://doi.org/10.20944/preprints202202.0070.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 4 February 2022 d0i:10.20944/preprints202202.0070.v1

Stress Analysis of Isotropic Deep Beams Using the Finite Difference Method

In the classical analysis using the FDM, points outside the deep beam are not considered; the boundary conditions are
applied at the beam’s boundaries and not the governing equations. Consequently, the non-application of the governing
equations at the boundaries have led to inaccurate results, making the FDM less interesting in comparison to other
numerical methods such as the finite element method. In this paper, a model based on FDM was presented. This model
consisted of formulating the differential equations with finite differences and introducing additional nodes outside the
beam and at positions of discontinuity (openings, brutal change of stiffness’s, non-uniform grid spacing). The
introduction of additional nodes allowed us to apply the governing equations at the boundaries and to satisfy the
boundary and continuity conditions. An Airy [2] stress function approach and a displacement potential function
approach of Ahmed et al. [5] were considered whereby strong formulations of equations (equilibrium, kinematic, and
constitutive) were set. In the Airy stress function approach stresses were formulated in terms of the Airy stress function
whereas in the displacement potential function approach displacements and stresses were formulated in terms of the

potential function.

2. Materials and methods
2.1 Governing equations of deep beams

2.1.1 Equations of the theory of elasticity

In this section the equations of the theory of elasticity are recalled. Figure 1 represents a deep beam with the axis

convention (X, Y).

'y

Figure 1 Deep beam with axis convention X, Y

Displacements in x- and y- directions are denoted by u(x,y) and v(x,y), respectively. The axial strains &xx and &yy and

the shearing strain yxy are related to the displacements as follows:

_au ov v

=—, £, =—, g +—.
"~ o W " oy Py = oy T ox

Combining Equations (1a-c) yields the following compatibility condition between axial strains and shearing strain

527/Xy B 625 528

xx+ yy

ooy oy ox

& (1a, b, c)

(1d)
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Assuming a plane stress distribution, the relationships between stresses and strains are given by

O O o) o 7,
y
=By X g =Wy Tm g (2, b, ¢)

G

where E is the Young’s modulus and v is the Poisson’s ratio. Combining Equations (1a-c) and (2a-c) yields

E ou oV E ov ou
O = > X +V_— | Oy = X =TV
1-v OX oy 1-v oy OX

E ou ov
z-xy :G}/xy = X +—
2(1+v) oy ox

(3a, b, )

The equations of static equilibrium on an infinitesimal beam element of dimensions dx, dy, and thickness d are given by

0 0 0
aO'XX N Ty ip _0, Oy + Ty n py -0 (4a, b)

OX oy oy OX

where Py and Py are body forces [KN/m?]. Substituting Equations (3a-c) into (4a-b) yields

o°u o°u oV . p,
2y+(1—1/)y+(1+1/)axay+2 D :O,
2 2 2
28—\2/+(1—v)8—\2/+(1+v) Ou P =0, D=_E >
oy ox oxdy D 1-v

(5a, b, ¢)

where D is the axial rigidity of the deep beam. The solutions considered in the present study and presented thereafter

involve a two displacement function, an Airy stress function, and a displacement potential function.

2.1.2 Two displacement function

The two displacement function approach is governed by Equations (5a-b) which are applied at any node of the structure
whereby the displacements are the unknowns. The geometric boundary conditions are directly formulated whereas stress

related boundary conditions are satisfied using Equations (3a-c).

2.1.3 Airy stress function

G. B. Airy [2] introduced a function (I)(x,y), defined in terms of stress components, to formulate the analysis. In the

absence of body forces on the structure, this function was related to the axial/shearing stresses as follows

2 2 2
:% _8¢ __ﬁ (6a, b, c)

o , Oy,=—"5, T,
* oy’ W ox? Y oxoy
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It is noted that Equations (6a-c) satisfy the equilibrium equations (4a-b). Substituting Equations (6a-c) into (2a-c), and

the result into (1d) yields the following condition to be satisfied by the stress function ¢(x,y)

4 4 4
0 giﬁ+ 5 o' ¢ N 0 ¢45 0 -
OX 0X20y? oy

Combining Equations (1a-b), (2a-b), and (6a-b) yields the following relationship between the Airy stress function (ASF)

and the rates of change of displacements

2 2

o _1(0% 0%

ox E{oy OX
(8a, b)

ov 1(0% 0°¢

Cw= 20T F 2 V2

oy E | ox oy

The analysis is then reduced of determining one single function, the ASF. However, satisfying the geometric boundary

conditions is not easy with this solution since the displacements are not specified in terms of the stress function. If

constant body forces Py and Py are applied, Equations (6a-c) can be modified using Sackel [13] as follows

2 2 2
xxz%i JWZZT?, Txy:_%_ypx_xpy (8c)

o)
2.1.4 Displacement potential function
In case no body forces were applied on the structure, Ahmed et al. [5] introduced a displacement potential function
(DPF) w(x,y), defined in terms of displacement components. However, the Cartesian coordinates X, y and the

displacements u(x,y) and v(x,y) of Ahmed et al. [5] have to be inverted in order to be consistent with the axis
convention of the present study. Therefore, the displacements are related to the potential function are as follows
2 2

1 o’y 0w ow
u(x, y)=—m{(1—v) =2 +2 o } v(X, y):ﬁ (9, b)

Equations (9a-b) satisfy automatically the equilibrium equation, Equation (5b). Equation (5a) implies that the following

condition be satisfied by v (x,y)

4 4 4
81//+2 v +81//:0

o' “oaxeoyr oy )
Substituting Equations (9a-b) into (3a-¢) yields the axial/shearing stresses as follows
3 3 3 3
Ow =~ & 2>{al/3/+(2+v) al'”2:|’ Oy = & 2X(8W2_Val/3/J
(1+ V) OX oxoy (1+ V) oxoy OX
E Oy 0
Ty = 5 x[v 2"[/ - (/:j (9d, e, 1)
(1+v) ox°dy oy
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Similarly to the solution using the ASF, the analysis is reduced of determining one single function, the DPF;
interestingly, the satisfaction of boundary conditions is facilitated in this solution, since displacements and stresses are
specified in terms of the potential function.

If constant body forces Py and Py are applied, Equations (9a, b) of Ahmed et al. [5] can be modified as follows

1 o 0 Py P
u(x,y):—m (1-v) axl/zj+28yl/2/ —zp[X) X, v(x,y):—vl——yy2 (99)

The expression of the shearing stress is unchanged whereas that of axial stresses becomes

E 0’ o
O-xx:_ 2>< l/3/+(2+v) l//Z _XpX_Vypy’
(1+v)" [ OX OX0y
E & &° o
o, = X v 14 V- ypy —VXP,

" (v oxoy?  ox°

2.2 Finite difference approximations for a deep beam

2.2.1 Fundamentals of finite difference approximations
The two displacement function approach will not be considered further for the stress analysis since two equations (the
governing equations (5a-b)) have to be set at any node, whereas only one equation is set at any node for the solutions

using the Airy stress function (ASF) and the solution using the potential function. First, Equation (7) is the governing
equation for the ASF approach. This equation has fourth order derivatives; consequently, the stress function ¢(x,y) is
approximated around the node of interest I as a fourth degree polynomial in each direction. The unknown at any node
being the value (I)i of the stress function, the corresponding finite difference approximation (FDA) is denoted by
ASF-FDA. Second, Equation (9c) is the governing equation in case the DPF y(X,y) is considered. The unknown at any

node being the value \;j of the potential function, the corresponding FDA is denoted by DPF-FDA

2.2.2 Airy stress function finite difference approximation
Given the grid spacings Ax = h and Ay = Ah in x- and y-direction, respectively. The stress function ¢(x,y) is
approximated around the node of interest I as a fourth order polynomial in each direction; however, for simplification
purpose, the first and second partial derivatives in x-direction and the mixed partial derivative 62¢/8x6y are expressed

using a second order polynomial hypothesis for d)(x,y). The FDAs are then given by
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1 0 -1
0° 0° 0° . — 20 + @ 0° 1
? — ? — f :¢|1 ¢;| ¢|+1’ ¢ — 5 O [0] 0 X[¢]
OX“| , OX°|  ox°| h oxoy| 44h
i—- i i+ i _1 0 1
-3 4 -1
T
(104, b, ¢)
o¢ 8¢| 0¢ :i -1 0 1 x[¢5]
ox|, ox| ox|l,| 2h
1 -4 3

In the stencil notation the factor associated to the node of interest is in brackets. The partial derivatives in y-direction are

formulated similarly. The FDAs of the fourth order partial derivatives in x-direction are given by

ﬂ — ﬂ — 04¢ _ 04¢ — ﬂ _ ¢i—2 _ 4¢i—1 + 6¢i _ 4¢i+1 t Pz

ox’ ox’ ox*|  ox* ox*|, h?
1 1+ (11)

i—2 i-1 i+1

The FDA of the term 84¢/6x28y2 defined using Equation (10a) is expressed by means of the following stencil

o' . 1 -2 1
= -2 [4] -2|x[¢] (110)
aXZ 2 /12h4
Nl 1 -2 1
2.2.3 Displacement potential function finite difference approximation

The partial derivatives 6y/ox*, d*ylox?oy?, 6*ylox? and 6°yldxdy are expressed similarly to the ASF approach.
Using a fourth order polynomial hypothesis for y(x,y), the third derivatives 83\|f/8x3 at different nodes are expressed in

terms of values of y(x,y) as follows

) 5 18 -24 14 -3| [w.,]
e (|30 126 1y,
| = o -1 2 0 -2 1 x|, (12a)
v 1 -6 12 -10 3| |,

_Wi(f%_ |3 14 24 18 5 | |y,

Using Equations (10a, c), the FDAs of the partial derivatives 63\|1/6x6y2 and 63\|1/6x26y are given by
(12b)
, -1 1 -1 2 -1
oy | 1
2| 213
oxy’|,  24°h

-1 1 1 -2 1
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2.2.4

Finite difference approximations at an interior node

Figure 2 shows the node distribution of a deep beam having equidistant nodes with spacings Ax and Ay in x- and y-

direction, respectively. The node of interest k and the surrounding nodes are represented, whereby n, s, e, and w stand

for the directions north, south, east, and west, respectively, according to the directions in the stencil. The node k may

even be at the boundary of the beam, however being not at angles.

Ay

Ay
Ay
Ay
Ay
Ay
Ay

Ay

Ax Ax Ax Ax Ax Ax Ax Ax
/A N e
ﬁﬁ/f; ] B
( nw n he n
\ Il
i wl ok e il
\\ SW S se //
J) (
%gﬂtz___ vV
i/ \

Figure 2 Point of interest K and its surrounding points

The FDAs for the Airy stress function approach and the displacement potential function approach are determined.

2241

Airy stress function FDA at an interior node

Given the grid spacings Ax = h and Ay = Ah. The governing equation (Equation (7)) at a given node can be expressed by

means of a stencil using Equations (11) and (11a) as follows

14
4 4
At
6 8
A7
4 4
e

=0 (13)
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The axial/shearing stresses at a given node are expressed using Equations (6a-c) and (10a-b) as follows;

(14)
1 1 -1
_ 1 2 _1 1|12 1 __ 1 0
0wz (A4 oy =51 [ Do) o= [0 4
1 -1 1
Introducing following modified displacements,
. Eh . Eh (15)
U (X, y)ZTXU(Xi y)! \Y (X, y)ZTXV(X! y)!
the displacements are calculated using Equations (8a-b), (10a, ¢) and (15) as follows
i 1 | i v | (16)
A7 e
« « 2 L 2v
-U,+U, =|-v 21/—? —v|x[g], -V, +V, =1|1 —2+? 1|x[¢]
1 1%
! A7 | RV EE
2.2.4.2 Displacement potential function FDA at an interior node

The governing equation (Equation (9¢)) can be expressed by means of a stencil using Equations (13). At node i the FDA

of u(x,y) and v(x,y) are formulated using Equations (9a-b) and (10a-b) as follows

i 2 i (17)
1 8 4 .
ui:_iI;;SE? 1-v [—Q(I—V)—}?} 1-v |x[y], V= 0 [0] O |x[y]
5 -1 0 1
e

The FDA of the axial/shearing stresses are formulated using Equations (9d-f) and (12a-b) as follows

I 2+v 2+Vv
R 12
E 4+2v 4+ 2v
o, =————| -1 2+ 0] —2- 1(x
2+v 2+Vv
2 22 |
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1 1

a7 a2

E 2 2
= -2 of 2v—— - (18)
Oy 2h3(l+v)2 |4 V+— [] |4 PE |4 X[V/]

1 1

a7 a2

_ . _
2%
1% 2 2v 1%

E
Txy - 2h3 (1+V)2 [O] ><['7”]
1% 2 2v 1%
A A2 A
1
i A° il
225 Finite difference approximation in the vicinity of beam angles

2.25.1 Airy stress function in the vicinity of beam angles

Figure 3 below represents one angle of the beam; regular nodes (k; e; ee; eee; s; se; ss...) and additional nodes (nw; n;
ne; w; sw...) are shown. The unknown at each point, regular node or additional node, is the value of the stress function.
The number of additional nodes associated to an edge node corresponds to the number of boundary conditions at the

node of interest: therefore, three additional nodes are introduced at the angle node k and two additional nodes at the

other edge nodes (e; ee€; s; SS ...).
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W k el ed eee

ss \
$SS }

Figure 3 Beam angle with regular nodes () and additional nodes (x)

ASF Finite difference approximation at node k

Equations (11) are used for the terms 6*F/ox* and &*F/ay* while Equation (11a) is used for 6*F/ox%0y?. The

governing equation (Equation (7)) of the beam at node k is then described with the following 13-point stencil

2 4 1 2 ]
p A D
4 8 4 4
1-— [—4 ?_?} 6-— 4 1
1 2 4 6 2 _ 19
I e lol=0 -
4
-
1
v

For other angle points of the structure, the governing equations are determined using the same principle, and are
presented in Appendix A. The axial/shearing stresses are expressed using Equations (14); therefore the stress related
boundary conditions are formulated.

In case of geometric boundary conditions i.e. u = 0 at the node Kk, u- displacements are introduced at nodes k, e, and ee;

for v = 0 at the node K, v- displacements are introduced at nodes k, n, and nn, as represented in Figure 4.
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e T 1 7

x X n \
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e €e
b pad > et Py
had el >

Figure 4 Beam angle with regular nodes (e) and additional nodes (x)

For u = 0, Equation (8a) is applied at nodes k, e, and ee using Equations (10c) and (15a) as follows

2 2 2 2
ur AUl UL =aeK| S8 TR o sl S8 OF
oy oxX” |, oy oxX” |,
2 2
U7 —4u+307 = A x| S0 9 F g so 0
oy OX e

The terms at the right-hand side of Equations (20a-c) are formulated using the stencil of Equation (16a). Likewise,

Equation (8b) is applied at nodes k, n, and nn using Equations (10c) and (15b) as follows

2 2 2 2
V., =4V +3V. = AAX® x g E—Va E , V, =V = AAX® x 0 E—Va E
OX oy |, OX oy” |
2 2
B VA VAV =/1Ax2>{a F /0 f} . V=0
OX oy® | (21)

whereby the terms at the right-hand side of Equations (21a-c) are formulated with the stencil of Equation (16b).

Governing equation, moments, and Kirchhoff shear forces at nodes e, s

The equations of interior nodes applied.
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2.2.5.2 Displacement potential function in the vicinity of beam angles
The node distribution is the same as that of the ASF-FDA, as shown in Figure 3.

DPF Finite difference approximation at node k
The FDA of the governing equation (Equation (9c¢)) is expressed with Equation (19), and that of u(x,y) and v(x,y) using

Equations (17). The FDAs of the axial/shearing stresses are formulated using Equations (9d-f) and (12a-b) as follows

2+vVv 2+vVv
L PE
- OV S T T T
2h3(1+L0 A y)
2+vVv 2+vVv
E JE
_ _ 22
1 1 (22)
7 el
E 2 2
= 3v+— [-10v] 12v -5 -6
ny 2h3(1+V)2 V+/12 [ V] 4 /12 v v X[l//]
1 1
37 rel
R 3 2v v ]
—_ _+_ —_
A Y A A
-10
5
Sppp—_— A N VA A Y
Yo2nt@+v) | 2 A a4
6
=
1
el

For other angle nodes of the structure, the governing equations are determined similarly, and are presented in

Appendix A. The axial/shearing stresses expressed using Equations (12a-b) are displayed in Appendix B.

Governing equation, moments, and Kirchhoff shear forces at nodes e, s

The equations of interior nodes applied.
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2.2.6 ASF-FDA and DPF-FDA at skew edges

Figure 5 shows a skew edge with regular and additional nodes. The outer normal N to the skew edge makes an angle a
with the +x-axis. Two additional nodes are associated to each edge node; therefore, governing equations can be applied

at the edge nodes and boundary conditions be satisfied.

_ i{_,,-»""“_'__’ —_'_‘-_""-—-...H____ /_1
!
/ nn
-
{ nw n ne
N
WwWeoow k el ee
\ sw/ s| se a X
/ 88
/ [
. t

yv "

Figure 5 Plate skew edge with regular nodes (e) and additional nodes (x)

The governing equations (Equation (7) or (9c)) can be expressed using Equation (13). Let the axial stresses normal to

the skew edge and the shearing stresses tangential to the skew edge be denoted by G\, and Ty, respectively. The
equilibrium equations on an infinitesimal edge element yield the following widely known relationship between &,/

and the axial/shearing stresses in Cartesian system

_ 2 -2 .
0, =0,C0s"a+0o,sIn“a+7, SN2 23)

7, =7, (c0s’ a—sin’ @)+ (o, — 0, )sinacosa

The axial/shearing stresses in Cartesian system are expressed using Equations (14) for the ASF approach and Equations

(18) for the DPF approach. The boundary conditions depend on the displacements and the axial/shearing stresses G, and

Ty; at a free skew edge i.e. they are given by 6, =0 and T; = 0.
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2.2.7 Finite difference approximations of loadings
Let us determine the FDA of the distributed load in the case of a varying distributed load per unit area g(x). The FDA,

denoted by ;, can be taken as the average load around the node of interest and is then expressed as follows:

1 i+1/2
qi :EI_?!./Zq(X)dX (24)

The load Q; is used to satisfy the boundary conditions, namely Gyy = - {; at the node of interest.

2.3 Analysis at positions of discontinuity

Positions of discontinuity are positions of application of concentrated forces, supports, openings, and springs.

2.3.1 Concentrated force P at node i

The concentrated load P acting in y-direction can be converted into a load per unit area g; at the node of interest

g, =P/Ax/d, (25)

d being the thickness of the beam. The boundary condition Gyy; = - (; is applied at the node of interest.

2.3.2 Support or spring at node i

2.3.2.2 Airy stress function FDA

In case of a support, the boundary conditions (u = 0, v = 0) are satisfied using Equations (20) and (21). In case of a

concentrated spring of stiffness Kyy acting in y- direction i.e, the boundary condition is given by

O i X Axxd =-K,, xV, (26a)

and in case of an elastic Winkler foundation of stiffness Kyy in y- direction i.e, the boundary condition is given by
O i = —k,, % V. (26b)

The axial stress Gyy;j is calculated using Equation (14b), and the displacement V; using Equations (21a-c).

2.3.2.3 Displacement potential function FDA

In case of a support, the boundary conditions (u = 0, v = 0) are satisfied using Equations (17). In case of a concentrated

spring or an elastic Winkler foundation Equations (26a-b) applied further, whereby the axial stress Gyy; is calculated

using Equation (18b) and the displacement V; using Equations (17b).
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2.3.3 Local grid refinement
A local grid refinement can be considered at positions where a concentrated load is applied, or at a concentrated support
or spring. Refinement nodes (o) are then introduced around the node of interest k, as represented in Figure 6 for
ASF-FDA and DPF-FDA. Furthermore, additional nodes (x) are introduced and the FDAs and derivatives are obtained
using Lagrange interpolating polynomials (Equation (27b)).

Figure 6 Grid refinement with regular nodes (e), refinement nodes (o), additional nodes (x)

Governing equations (Equations (7) for ASF-FDA and (9c) for DPF-FDA) are applied at regular nodes (e) and at
refinement nodes (o). However, the Lagrange interpolating polynomials would have to be considered since the grid
spacings are not constant in the vicinity of the point of interest.

The Airy stress function and the displacement potential function, represented by F(x,y), can be described in x-direction
i.e. with values at grid points as follows:

27
F(6Y) = Fyx fy (04 Fax f (0 +Fx ()4 Fux fa(0+Fpx f,00,

whereby the shape functions fj(x) (1 =1-2; i-1; 1; i+1; i+2) are expressed using the Lagrange interpolating polynomials:

i+2

X=X
f,0=]]—% (27b)
ElZX
#]
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2.3.4 Deep beams with openings
A deep beam having an opening is represented in Figure 7 for the ASF—FDA and DPF-FDA, together with regular
nodes (o) and additional nodes (x); the number of additional nodes corresponds to the number of boundary conditions at
the node of interest. The unknown at regular nodes and additional nodes is the value of the stress function or the
potential function. The additional nodes associated with node k are denoted by ka and kb. It is assumed that different

nodes may be at the same geometrical position, i.e. nodes 2a and 8a, 3a and 8b, ...in Figure 7.

1 Tnw 1,'1r| UL ne
7 7e
* v
2a 3a 4a Sa 6a 11 113\
X X X X X »> 4
8a b 11b 112
2b 3b 4b 5b 6b 12 12e
> > > > > L 4 -
da Sb 12b 128 /
0 1 1 1 1
J oo Jo e 1 I

Figure 7 Beam with opening for ASF-FDA and DPF-FDA with regular nodes (e), additional nodes (x)

The function F represents the Airy stress function or the displacement potential function in the following. Particular
attention must be taken by the formulation of the governing equations, especially the term 84F/8x28y2 in the vicinity of
angle nodes. The mixed partial derivative 84F/6x28/y2 is expressed using Equation (11a), whereby for angle nodes 1 and
7 the expressions (Fp, + Fga)/2 and (Fga + F114)/2 are considered in the stencil; furthermore, at node 2 i.e. it
involves the nodes 8, 2a, and 3a, and at node 8 it involves the nodes 2, 8a, and 9a.

The term 6*F/ox* at nodes k (k = 8, 9, 10, 11, 12, 13 ...) involves nodes ka and kb, while the term &*F/ay” at
nodes i (i =2, 3, 4, 5, 6) involves nodes ia and ib. The boundary conditions are not applied at angle nodes
1 and 7, and they are applied at other nodes using Equations (14) or (18). Especially by the formulation of
boundary conditions, the terms 6°F/x? and 8°F/éx® involve at nodes k (k = 8, 9, 10, 11, 12, 13 ...) the nodes ka
and kb, while 6°F/éy? and 5°F/oy* at nodes i (i = 2, 3, 4, 5, 6) involve nodes ia and ib.


https://doi.org/10.20944/preprints202202.0070.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 4 February 2022

Stress Analysis of Isotropic Deep Beams Using the Finite Difference Method

2.4  Analysis of isotropic deep beams of variable stiffness
The axial rigidity D (Equation (5¢)) may vary continuously throughout the beam, and is then denoted by D(X,y).

Substituting D(x,y) into Equations (3a-c) yields the axial/shearing stresses as follows

O =D(X,y)x M, , o, =D(Xy)x NN ,
OX oy oy OX (28)
=5 DOy e
2 oy OX

The substitution of Equation (28) into (5a-b) yields the following governing equations

i D(X,y)x a—u—i-vg +i ]-_—VD(X,y)X a_u+@ +px:0

5x_ OX oy | oyl 2 oy ox |

9 D(X,Yy)x @Wa_u +£ 1_—VD(x,y)>< 5_“+@ +p, =0 (29)
ay_ ay aX 1 GX_ 2 ay 5X |

Equations (29) are developed and the corresponding FDAs are formulated as described in previous sections. The

analysis continues similarly to that of beams of constant stiffness.

2.5 Analysis of layered beams

A layered beam presents an abrupt change of material properties apart from a line, as represented in Figure 8.

Figure 8 Deep beam with different material properties apart from line i

do0i:10.20944/preprints202202.0070.v1
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The model developed by Fogang [1] is applied: an opening is realized in the beam along the line i (nodes i1, i2, ..., i9)
and additional nodes (x) are introduced in the opening, as represented in Figure 9. The Airy stress function approach

and the displacement potential function approach are considered.

2.5.1 Displacement potential function FDA

The node distributions are represented in Figure 9.

(a)
x X X X
x X X x
i*lucx Iu l2u I3u l4u I5u I6u I7u I8u 19u xi‘3uc
i1ub x itua ¢ i2a>< i3a>< i4a>< i54:-|>< iEia>< i?a>< iaa>< i90§< xigub
isz i3b>< i.«.l:.>< i5t>>< iest>>< i?bx iBbx
i2§ i3>|ac i4>e.; iS}e< il:‘;;ac i?; iS}r—.; (b)
i‘I)c(id i1 de i2>c< is):;( i4§ i5>c( is)::( i7>c< ia).;( igg(o i9;1<d
igélf i Ads i1g i2g i3g 49 59 i6g 79 igg i9g ig;’(e i‘-";f
X x x X
> > > >

Figure 9 Opening in the beam with regular nodes (e) and additional nodes (x): (a) upper part, (b) lower part

The unknown at any node, regular or additional, is the value of the potential function. The number of additional nodes
associated to a node in Figure 8 corresponds to the number of continuity equations at the node of interest; therefore,
seven additional nodes are introduced at angle nodes i1 and i9 and four additional nodes at interior nodes. The

governing equations, Equation (19) and Appendix A, at angle nodes i1d and i9d are modified as follows to take into
account the nodes i1df and i9df.
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i 2 4 1 2 i
7 Tz
4 8 4 4
R {6+?—?} 4 1
2 4 6 2 _ (30a)
oA TR CHN o L a
4
e
1
=

The continuity equations express the continuity of the displacements and the equilibrium of the axial/ shearing stresses.
Nodes i1u, 19u, I11d, and 19d: The governing equations are formulated with Equation (19) and Appendix A, and (30a).

The axial/ shearing stresses are expressed using Equation (22) and Appendix B, while the displacements are formulated

using Equations (17). Alternatively for nodes ild and i9d the axial stresses can be expressed using Equations (18a-b).

The continuity equations between nodes I1u and i1d i.e. are as follows

Uiy = Uirg Vitw = Ving (30b)

Oty = O’ Oyx,itd = O’ o = Gy,ild | T = O, T =0

y,ilu Xy,ilu Xy,ild

Nodes i2u, 13u, ..., 18u, and i2d, 13d, ..., and i8d: The governing equations (Equation (13)) are applied. The axial/

shearing stresses are expressed using Equation (18), and the displacements using Equations (17). The continuity

equations are as follows

Uisy =Uizgr Viou =Vizar  Oyiiou =O0yiadr  Txyiizu = Txylizd (30c)

The abrupt change of material properties may occur through a vertical line; in this case a vertical opening is realized and

additional nodes are introduced, as represented in Figure 10.
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Figure 10 Vertical opening in the beam with regular nodes (e) and additional nodes (x)

The governing equations at angle nodes f1 and Il are modified as follows to take into account the nodes fld and Ild.

24
2 4 4 2
Y L L
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Y L L
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The continuity equations between nodes il and ir i.e. are as follows

(31b)
z-xy,ir

Uy = Uiy Vy =Vis O =0 r

XX, il XX,ir 1 xy,il

Seven continuity equations between nodes fi and fr and between |1 and Ir are applied. No loading is assumed applied at

node f. The continuity equations between nodes fl and fr i.e. are as follows
Ug =Ugq, Vg =Vg

ny,fl - O’ O-yy,fr - O’ O-xx,fl - XX, fr? z-xy,fl - O’ 2-xy,fr - 0 (31C)

2.5.3 Airy stress function FDA
The node distribution is the same as that of the displacement potential function approach, and the governing equations
are applied similarly. Since the Airy stress function is not directly related to the displacements, the geometric continuity
conditions are not easily formulated; for a horizontal separation line they are satisfied as follows:

e u- displacements are introduced at nodes i1u, i2u, ..., 19u, and I1d, i2d, ..., and 19d. Equations (20a-c) are
applied at these nodes

o v-displacements are introduced at nodes in three lines in upper and lower part of the separation line. Equations
(21a-c) are applied at these nodes

e Equations (30b-c) are applied
The analysis is conducted in the same manner for a vertical separation line.

2.6  Buckling of deep beams

Fogang [14] derived equations for the buckling analysis of isotropic plates, one of which was as follows

_ 1 _
14
i_yxyi _4_4_7/yi 2+7/xyi
AP 22 At At A7 A* 22
_ 5 8
4 TR 4
1 _4_?_“ 2, —4—?—;/Xi 1|x[wW]=0 (32a)
2y, + PE
i_i_}/xyi B 4 B 4 i i_?/xyi
A% 22 At At A7 A% 22
1
B At i
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where the grid spacings were Ax = h and Ay = Ah in x- and y-direction, respectively, and w was the out-of-plane
displacement. The parameters at a node i were defined as follows
xyi

T =T AT Ywi =T T 1209

_ngh’® _nh’ n,h* Ed® (320)

where Nyj, Nyj, and Nyy; were the axial/shearing forces per unit length at node i, D was the flexural rigidity, and d was

the plate thickness. The axial/shearing forces per unit length are related to the stresses of the present study as follows

nxi =dx O i » rIyi =dx nyi d If]xyi =dx z-xyi (32¢)

Therefore, the axial/shearing forces per unit length at any node are determined according to the present study. Thereafter

the buckling analysis of the deep beam, in fact a plate buckling analysis, is carried out using Fogang [14].

3  Results and discussions
3.1 Two point supported deep beam and subjected to a distributed load

A deep beam resting on a fixed and a rolling support and subjected to a uniformly distributed load per unit area p =1.0

kN/mz2, as shown in Figure 11, was analyzed. An 8 x 8 grid was considered, such that a = 10.0m = 8Ax and b = 8Ay.

p [KN/m2]
VWLLLLLLLLLLLLLL
3 5
13 15
23 25
33 35
b 43 45
53 55
63 65
73 75
83 85
. =

Figure 11 Deep beam subjected to a distributed load with regular nodes (e)
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The axial stresses Oxx at nodes 5, 15..., and 85 and the shear stresses Txy at nodes 3, 13..., and 83 are listed in Tablel

and Table 2, respectively, depending on A = b/a = Ay/Ax. The calculations are conducted using the Airy stress function
(ASF) and the displacement potential function (DPF). Results with ASF are also displayed in graphs. Details of the

results are presented in the Supplementary file “Two point supported deep beam subjected to a distributed load.”

Table 1 Axial stresses oyy at mid-span of the beam

A=10 1/1.50 1/2.0 1/10.0 1/15.0 1/250 1/35.0

ASF DPF ASF DPF ASF DPF ASF DPF ASF ASF ASF

Node5 152 -1.15 -1.63 -090 -3.02 320 -6294 -059 -120.38 -367.58 -845.11
Node1l5 0.92 -0.64 -091 -243 -236 858 -48.09 -2055 -88.31 -275.39 -634.03

Node25 0.12 -0.45 -0.57 -166 -157 435 -32.63 -40.44  -56.81 -182.42 -422.58

Node35 -0.72 0.58 -042 -218 -1.02 768 -16.91 -61.00 -23.48 -93.36 -211.07

Node45 -1.00 0.83 -0.17 -230 -040 819 -081 -82.46 9.42 -1.95 0.86

Node55 -1.08 -0.06 020 -294 027 6.02 1556 -102.65 43.03 90.23 213.23

Node65 -0.22 0.96 075 -0.77 106 563 3239 -123.14 77.55 181.25  425.83

Node75 1.08 0.45 169 282 209 307 4948 -14136 11141 27344 639.30

Node85 3.39 -0.83 290 422 365 307 6697 -158.70 146.04 365.82 852.62

Euler—Bernoulli beam y=b 75.00 168.75  468.75  918.75

1,20 -
1,20 4

S ——1/10.0
1/1.50 —1/15.0
—1/20 ——1/250
0,40 1/35.0

U T

5,00 -1000 -500 0 500 1000
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Table 2 Shearing stresses Txy at position x = a/4 of the beam

do0i:10.20944/preprints202202.0070.v1

A=10 1/1.50 1/2.0 1/5.0 1/10.0 1/15.0 1/25.0 1/35.0
ASF ASF ASF ASF ASF ASF ASF ASF
Node 3 -0.05 0.01 -0.24 1.23 -0.14 -0.59 2.21 -0.13
Node 13 -0.36 0.26 0.44 2.20 1.40 2.18 3.55 5.22
Node 23 -0.55 0.43 0.74 2.85 2.51 4.15 4.45 9.04
Node 33 -0.23 0.53 0.87 3.14 3.18 5.37 4,94 11.34
Node 43 0.31 0.51 0.87 3.08 3.41 5.82 4.98 12.11
Node 53 0.67 0.41 0.73 2.71 3.21 5.51 4.50 11.36
Node 63 0.76 0.28 0.51 2.07 2.58 4.42 3.51 9.10
Node 73 0.45 0.07 0.20 1.16 1.50 2.59 2.00 531
Node 83 0.03 0.04 0.01 0.00 -0.01 0.00 -0.04 0.01
1,20 1,20 -
1,00 S\
0,80 -
——1/10.0
0,60 - ——1/15.0
\ ——1/25.0
0,40 0,40 1 1/35.0
0,20 0,20 -
——0,0 ——0,00— : : .
-1,00 500 0,00 500 10,00 15,00

As Table 1 shows, the results obtained using the ASF are reliable; the stresses change sign and for slender beams (A =

1/10; 1/15; 1/25; 1/35) the stress distribution across the section is linear, what is in agreement with Euler—Bernoulli or

Timoshenko beam theory. At the other hand the DPF delivered unreliable results; the stresses do not change sign across

the section, therefore I OxxdA = 0 instead of zero as it should be. In Table 2 the shear stresses for slender beams present

a parabolic distribution across the section, what is in agreement with Euler—Bernoulli beam theory; however, the top and
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bottom surfaces are not shear free as it should be. In any case, an efficient equation solver is needed for the ASF and

DPF approach to have overall reliable results.

3.2 Two point supported deep beam with an opening and subjected to a distributed load
A deep beam with an opening resting on a fixed and a rolling support and subjected to a uniform load per unit area p =1.0
kN/m2, as shown in Figure 12, was analyzed. An 8 x 8 grid was considered, such that a = 8Ax and b = 8Ay. Details of the

calculation are presented in the Supplementary file “Two point supported deep beam with opening subjected to a

distributed load.” Table 3 displays the axial stresses oy at mid-span of the beam, at nodes represented in Figure 12.

p [KN/m2]

VLLLDLLLILLLLL

75
85

a

Figure 12 Beam with opening for DPF FDA with regular nodes (e)

Table 3 Axial stresses oxx at mid-span of the beam

A=10 1/1.50 1/2.0 1/5.0 1/10.0 1/15.0 1/25.0 1/35.0

ASF ASF ASF ASF ASF ASF ASF ASF

Node 5 -1.39 -3.73 -3.04 -23.25 -93.22 -210.15  -584.48 -1146.01
Node 15 -0.01 0.04 -0.91 -5.03 -21.08 -47.87 -133.62  -262.25
Node 25 0.80 2.59 0.68 10.67 42.94 96.97 269.99 529.54
Node 35 -0.14 -1.16 2.50 7.96 33.07 74.88 208.63 409.24
Node 75 -0.17 -0.08 -0.08 1.19 4.99 11.25 31.26 61.26

Node 85 0.40 0.40 0.40 0.40 0.40 0.40 0.40 0.40
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The results are in agreement with the structural behavior of the deep beam. The slender beam (A = 1/10; 1/15; 1/25;
1/35) can be regarded as a portal frame with supports connected with a tie. Therefore, the upper part (nodes 5, 15, 25,

and 35) performs like a beam with compressive and tensile zone, while the lower part (nodes 75 and 85) acts like a tie.

3 Conclusion

The finite difference method based model developed in this paper provided a solution to the stress and stability analyses
of deep beams. This model consisted of formulating the differential equations with finite differences and introducing
additional nodes outside the beam and at positions of discontinuity (openings, brutal change of stiffness’s, non-uniform
grid spacing). The introduction of additional nodes permitted to apply the governing equations at the boundaries and to
satisfy all of the boundary and continuity conditions. An Airy stress function approach and a displacement potential
function approach were considered together with strong formulations of equations (equilibrium, kinematic, and
constitutive). By the Airy stress function approach, stresses were formulated in terms of the stress function but
geometric boundary conditions were not directly formulated; as result, stresses throughout the structure and
displacements in the vicinity of supports were delivered. In the displacement potential function approach, displacements
and stresses were formulated in terms of the potential function; so all of the boundary conditions, stress related and
geometric, were conveniently expressed. Deep beams of varying stiffness, layered beams, and beams having openings
were analyzed with the model. The results obtained using the Airy stress function approach were in agreement with a
proper understanding of structural behavior; unfortunately, the displacement potential function approach delivered
unsatisfactory results, probably due to the use of an inefficient equation solver.

The following aspects were not addressed in this study but could be analyzed with the model in future research:

v Vibration analysis of deep beams using the two displacement function approach

v Beams with anisotropic material behavior such as reinforced concrete beams in high reinforced regions

v" Comparison of the results with those of various beam theories namely Euler—Bernoulli, Timoshenko, and other
high-order shear deformation theories

v Calculation of the shear correction factor for beams with rectangular cross-section

v' Kirchhoff plates with openings

However, some study limitations should be acknowledged

v' Large deformation theory

Supplementary Materials: The following files were uploaded during submission:
. “Two point supported deep beam subjected to a distributed load,”

. “Two point supported deep beam with opening subjected to a distributed load.”
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Appendix A Airy stress function FDA at nodes e, s, and se at angles

The governing equation (Equation (8)) of the beam at angle nodes E, S, and SE, as shown in Figure 13, is described with
the following 13-point stencils

E
S SE
Figure 13 Deep beam with angles E, S, and SE
Node E ~ _
2 4 1 2
Y R Y
4 8 4 4
1 -4 6—? [_“?_F} 1—?
1 2 4 6 2
it il L <= |x|¢]|=0 Al
- PE Tt /12 [4] (A1)
—4
A
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2 4 1 2
Y L Y
Appendix B Displacement potential function FDA at nodes e, s, and se at angles

The axial/shearing stresses of the beam at angle nodes E, S, and SE, as shown in Figure 13, are formulated with the
following 13-point stencils

Node E
[ 2+v 2+v |
e 12
E 4+ 2v 4+ 2v
o,=—|1 6 12+ -10| 3- x|y B1
2h3(1+v)2 12 [ ] PE [ ] (B1)
2+v 2+v
e 12
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The shearing stress is formulated using Equation (22c).
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The FDAs of the axial stresses are formulated using Equations (22a-b). The shearing stress is as follows
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The FDAs of the axial stresses are formulated using Equations (B1) and (B2), and that of the shearing stress using (B3).
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