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The exact similarity solutions of two dimensional laminar boundary layer were obtained by Bla-
sius in 1908, however, for two dimensional turbulent boundary layers, no similarity solutions (special
exact solutions) have ever been found. In the light of Blasius’ pioneer works, we extend Blasius sim-
ilarity transformation to the two dimensional turbulent boundary layers, and successfully transform
the two dimensional turbulent boundary layers partial differential equations into a single ordinary d-
ifferential equation. By author’s Maple code, we numerically solve the ordinary differential equation
and produce some useful quantities.
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I. INTRODUCTION

The theory of laminar boundary layer (as shown in
Fig.1) dates back to almost 120 years ago [1, 2]. Howev-
er, in 1921, Prandtl discovered that almost all boundary-
layer movements in nature are turbulent rather than lam-
inar [3–8]. The understanding of fully developed turbu-
lence remains a major unsolved problem in classic physics
[9–19].

FIG. 1: Turbulent boundary layer.

For the laminar boundary layers, Blasius introduced a
similarity transformation and found its solution [2]. The
corresponding turbulent problem, i.e., the 2D turbulent
boundary layers have been studied intensively [3, 4] by
numerical integrations. Although [9] proposed a simi-
larity solutions for the free shear turbulent flows, such
jets. Since those free flows have no fixed walls, it means
that the free shear turbulent flows are not the turbulent
boundary layers flows. Therefore, to the best of the au-
thor’s knowledge, no similarity solutions, which are called
as special exact solutions by [4], have even been obtained.
The question is if the similarity transformation that used
to solve the 2D laminar boundary layers could still be ex-
tended to the 2D turbulent boundary layers. If it were
possible, how to formulate and what conditions must be
hold. Those questions remain open.

In this paper, in the light of Blasius’s pioneer work, we
extend Blasius similarity transformation to the two di-
mensional turbulent boundary layers, successfully trans-
form the two dimensional turbulent boundary layers par-
tial differential equations into a single ordinary differen-
tial equation. To solve and numerically solve the ordinary
differential equation, the author wrote a Maple code.

After introduction in Section 1, the rest of this paper
is organized as follows. In Section 2, we formulate the
2D turbulent boundary layers and introduce a similarity
transformation. Under special conditions, the partial d-
ifferential equations of the 2D turbulent boundary layers
can be reduced to a single ordinary differential equation.
In Section 3, we write a Maple code to numerically solve
the ordinary differential equation. In Section 4, some
useful quantities are obtained. Finally, a discussion is
presented, and conclusions are drawn. As the essential
part of this paper, a Maple code is provided.

II. FORMULATIONS AND SIMILARITY
TRANSFORMATION

A thin flat plate is immersed at zero incidence in a u-
niform stream as shown in Fig.1, which flows with speed
Ux) and is assumed not to be affected by the presence of
the plate, except in the boundary layer. The fluid is sup-
posed unlimited in extent, and the origin of coordinates is
taken at the leading edge, with x measured downstream
along the plate and y perpendicular to it. Assuming that
the turbulent flow is steady with pressure gradient along
the x axis.

The Reynolds-averaged Navier-Stokes equations [5] of
the two dimensional turbulent boundary layers flow un-
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der gradient, dp/dx, are reduced to

∂ū

∂x
+
∂v̄

∂y
= 0, (1)

−1

ρ

∂p

∂y
+
dv′2

dy
= 0, (2)

ū
∂ū

∂x
+ v̄

∂ū

∂y
= −1

ρ

dp

dx
+ ν

d2ū

dy2
− du′v′

dy
, (3)

and boundary conditions:

y = 0 : ū = v̄ = 0, u′ = 0, v′ = 0, (4)
y = δ(x) : ū = U(x), u′ = 0, v′ = 0, (5)

where ū is the mean velocity, ν is the kinematic viscosity,
ρ is flow density, p is pressure, u′ and v′ are velocity
fluctuation component, U(x) is outer of boundary layer
potential flow velocity. The pressure gradient must be
negative, namely dp/dx < 0, to maintain the flow motion.

Integration of Eq.2 yields

v′2 +
p

ρ
=
pe
ρ

, (6)

where pe is a function of x only [3]. Because v′2 can
be neglected comparing with pressure p, then ∂p/∂x ≈
dp0/dx. From Bernoulli equation, we have relation: pe +
1
2ρU

2 = constant., leads to dpe
dx = ρU dU

dx . The boundary
equations are reduced to following:

∂ū

∂x
+
∂v̄

∂y
= 0, (7)

ū
∂ū

∂x
+ v̄

∂ū

∂y
= U

dU

dx
+ ν

d2ū

dy2
− du′v′

dy
, (8)

Introducing a stream function Ψ(x, y) and express the
velocity components as follows

ū =
∂Ψ

∂y
, v = −∂Ψ

∂x
, (9)

with the relation in Eq.9, the mass conservation Eq. 7 is
satisfied, and the momentum conservation Eq. 8 becomes

∂Ψ

∂y

∂Ψ

∂x∂y
− ∂Ψ

∂x

∂Ψ

∂y2
= U

dU

dx
+ ν

d3Ψ

dy3
− du′v′

dy
, (10)

According to Blasius laminar boundary similarity theo-
ry [2, 4], the system has no characteristic length, we can
assume that the velocity profiles at different distances
from the leading edge are affine or similarity to one an-
other, i.e. that the velocity profile ū at different distances
x can be mapped onto each other by suitable choice of
scaling factors for ū and y. A suitable scaling factor
for u could be the free stream velocity U(x), while for
y, "boundary-layer thickness" δ(x), which increases with

distance x, could be used. The similarity law of the ve-
locity profile can thus be written as u/[δ(x)U ] = f(η)

with η = y/δ(x), where the function f(η) is independent
of x.

Introducing following transformations

Ψ = U(x)δ(x)f(η), (11)

η =
y

δ(x)
, (12)

thus the velocity components become

ū = U
df

dη
, (13)

v̄ = −
(
δf
dU

dx
+ Uf

dδ

dx
− ηU dδ

dx

df

dη

)
. (14)

Substituting Eqs.13 and 14 into Eq. 11, we have

d3f

dη
+ αf

d2f

dη2
+ β[1− (

df

dη
)2]− δ

νU

d

dη
u′v′ = 0, (15)

where the coefficients are

α =
δ

ν

dUδ

dx
, β =

δ2

ν

dU

dx
. (16)

According to the Prandtl mixing length theory [8], the
Reynolds stress is proposed to be

τ ′xy = −ρu′v′ = ρ`2|dū
dy
|dū
dy

, (17)

where ū is the mean velocity, ρ is flow density, u′ and v′

are velocity fluctuation component. The mixing length `
must have length scale who should be a form that satisfy
the boundary condition u′v′ = 0 at both bottom (y = 0),
hence Prandtl proposed the mixing length as follows

` = κy, (18)

where κ ≈ 0.4 is the von Kármán constant. Hence we
have

u′v′ = −`2|dū
dy
|dū
dy

= −(κy)2|dū
dy
|dū
dy

, (19)

with the Eqs.13 and 14, the above relation can expressed
as follows

u′v′ = −κ2U2η2|d
2f

dη2
|d

2f

dη
, (20)

hence Eq.15 can be reduced to

d3f

dη
+αf

d2f

dη2
+β[1−(

df

dη
)2]+

κ2Uδ

ν

d

dη
(η2

d2f

dη2
|d

2f

dη2
|) = 0

(21)
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and its three boundary conditions:

η = 0 : f = 0,
df

dη
= 0, (22)

η = 1 :
df

dη
= 1. (23)

General speaking, the coefficients are the functions of
x, then there is no similarity solution. However, in the
3rd term of Eq.21, if set Uδ as a constant, ie., Uδ = C,
leads α = 0 and

β =
1

ν
δ(
dδU

dx
− U dδ

dx
) = −1

ν
Uδ

dδ

dx
=
C

ν

dδ

dx
, (24)

if the coefficient β is assumed to be constant, then we
have the function δ as follows δ(x) = ν βCx+B, where B
is an integration constant. Since δ(0) = δ0, thus B = δ0,
hence we have

δ(x) = ν
β

C
x+ δ0. (25)

With the obtained δ(x) we have U(x) = C
δ(x) . Set U(x) =

U0 is the velocity at x = 0, then we have C = U0δ0, hence

δ(x) = δ0A(x), U(x) =
U0

A(x)
, (26)

where A(x) =
(

1 + νβ
U0δ20

x
)
.

According to [4], U(x) = U0/A(x), which is the outside
the boundary layer for convergent (β < 0 ) or divergent
(β > 0) radial motion between intersecting planes, re-
spectively. The negative and positive sign indicates that
the motion is towards to and away from the line of in-
tersection. The laminar boundary layer motion due to
convergent flow was discussed by Pohlhausen (1921) [20].

Finally, we have successfully transformed the partial d-
ifferential equations in Eq.10 and its boundary conditions
into a single ordinary differential equation as follows

d3f

dη3
+ β[1− (

df

dη
)2] + κ2

d

dη
(η2

d2f

dη2
|d

2f

dη2
|) = 0 (27)

and boundary conditions:

η = 0 : f = 0,
df

dη
= 0, (28)

η = 1 :
df

dη
= 1. (29)

Up to now, there is only parameter β still to be given.
For different constant β, the corresponding similarity so-
lutions can be obtained from Eq.27. The constant β is a
dominate parameter, which directly influence the proper-
ty of the unknown function f(η). Without loss generality
and same time for simplicity, we set β = 1 in all our nu-
merical studies.

III. SERIES SOLUTION AND NUMERICAL
STUDIES

If the boundary layer partial differential equations can
be reduced to a single ordinary differential equation, sim-
ilarity solution can be found. This similarity can further
be related to different coordinate planes, (x, y) or (x, η),
depending on which of the two coordinates transforma-
tions treated in the last section. We therefore have the
following possibilities for similarity solutions.

Series solutions: The series solution can be expressed
as : f(η) =

∑∞
n=0 an+2η

n, we have a0 = 0, a1 = 0,
hence f(η) =

∑∞
n=2 anη

n. Substituting it into Eq.27 and
to determine coefficients under boundary condition. We
are not going to solve the problem in the series owing to
its poor convergency, we will solve it numerically.

Numerical solutions: A complete Maple code for solv-
ing the Eq.27 under the boundary conditions Eqs.28 and
29 is provided below:

restart; with(student); with(plots); beta := 1; kappa := 0.4;
lambda := 1; ode := diff(f(xi), xi, xi, xi) + beta*(1 - diff(f(xi),
xi)*(1 - diff(f(xi), xi)) + kappa*kappa*diff(xi*xi*abs(diff(f(xi), xi,
xi))*diff(f(xi), xi, xi), xi) = 0; sol := dsolve(ode, f(0) = 0, D(f)(0)
= 0, D(f)(lambda) = 1, numeric, output = listprocedure); p0 :=
plots:-odeplot(sol, [xi, f(xi)], xi = 0 .. lambda, color = black,
linestyle = [1], thickness = 3, legend = [f(xi)], axes = boxed); p1
:= plots:-odeplot(sol, [xi, diff(f(xi), xi)], xi = 0 .. lambda, color
= blue, linestyle = [2], thickness = 3, legend = ["df/dxi"], axes
= boxed); p2 := plots:-odeplot(sol, [xi, diff(f(xi), xi, xi)], xi = 0
.. lambda, color = red, linestyle = [3], thickness = 3, legend =
["d(df/dxi;)/dxi"], axes = boxed); u := plots:-odeplot(sol, [xi, dif-
f(f(xi), xi)], xi = 0 .. lambda, color = red, linestyle = [1], thickness
= 3, legend = ["df/dxi"], axes = boxed); v := plots:-odeplot(sol,
[xi, xi*diff(f(xi), xi)], xi = 0 .. lambda, color = blue, linestyle =
[3], thickness = 3, legend = ["xi;df/dxi"], axes = boxed); plots:-
display([p0, p1, p2], axes = boxed); plots:-display([u, v], axes =
boxed);

The f(η), df
dη

and d2f
dη2

are depicted in Fig.2.

FIG. 2: f(η), df
dη

and d2f
dη2

, in which f ′′(0) = d2f
dη2
|η=0 = 1.4278.
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IV. SOME USEFUL QUANTITIES

Mean velocity profile: With the U(x) and δ(x), we have the
velocity components as follows

ū =
U0

A(x)

df

dη
, (30)

v̄ =
νβ

U0δ0

U0

A(x)
η
df

dη
. (31)

For a given distance x, the mean velocity profiles ūA(x)
U0

=
df
dη

and U0δ0
νβ

v̄A(x)
U0

= η df
dη

are depicted in Fig.3.

FIG. 3: Mean velocity profile in the case β = 1. The red solid
line is ūA(x)

U0
= df

dη
, and blue dashline is U0δ0

νβ
v̄A(x)
U0

= η df
dη
.

Shear stress and drag : Introducing Re0 = U0δ0
ν

and Rex =
xU0
ν

, the function A(x) becomes

A(x) = 1 + β
Rex
Re2

0

. (32)

The shear stress is given by

τxy = µ
∂ū

∂η
=

µ

δ(x)

∂ū

∂η
= µ

U(x)

δ(x)

d2f

dη2

= µ
U0

δ0

1

A2

d2f

dη2
= ρU2

0
Re3

0

(Re2
0 + βRex)2

d2f

dη2
. (33)

The wall shear stress

τw = τxy(0) = ρU2
0

Re3
0

(Re2
0 + βRex)2

f ′′(0), (34)

The above relation indicates that τw ∼ x−2 decreases when
distance x away from the origin.

The drag on one side of a plate of length L and unit breadth
is then

D =

∫ L

0

τwdx = ρU2
0Gf

′′(0), (35)

where G = ν
βU0

Re3
0

(
1
Re20
− 1

Re20+βRe

)
, and the Reynolds

number Re = U0L
ν

.
Then we have the drag coefficient is

CD =
D

(1/2)ρLU2
0

= 2
G

L
f ′′(0)

=
2

β

Re3
0

Re

(
1

Re2
0

− 1

Re2
0 + βRe

)
f ′′(0), (36)

The above relation reveals that the drag coefficient is not only
dependent on the Reynolds number Re but also thee ratio
Re0, owing to convergent/divergent nature of the flow.

Velocity fluctuations and total velocity field : In Prandtl
mixing-length theory [4, 8], Prandtl assumes a greatly sim-
plified model of the fluctuations, according to which the in-
dividual fluid elements are displaced in a mean distance (the
mixing length) ` by the fluctuations, perpendicular to the
main flow direction, but still retaining their momentum. The
element that was initially at y, and is now at y+`, has a high-
er velocity than its new surroundings. The velocity difference
is a measure of the fluctuation velocity in the x direction:

u′ = ū(y + `)− ū(y) ≈ `dū
dy

. (37)

Prandtl assumed that the velocity fluctuation component v′

is the same order of magnitude as u′, namely, v′ ∼ u′, and
therefore we have

v′ ∼ `dū
dy

, (38)

Using the the coordinate transformation 11

u′ = Uκη
d2f

dη2
, (39)

v′ ∼ Uκη
d2f

dη2
, , (40)

With the mean velocity and fluctuations, we have the total
flow velocity components U in x and y directions, respectively:

u = ū+ u′, (41)

The flow velocity ratios are depicted in Fig.4.

FIG. 4: Flow velocity ratios, in which the blue dot-line is
ū/U , black solid line is u′/U and red long dashline is u/U .

Moment of velocity fluctuation: The square of the stream-
wise flow velocity fluctuation with the wall distance, i.e., (u′)2,
is given by

(u′)2 = U2κ2η2

(
d2f

dη2

)2

. (42)

The result in Fig.5 indicate the square of the streamwise
flow velocity fluctuation can be approximately expressed in a
simple form (u′)2 ≈ U2(0.025η2 + 0.06η).
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FIG. 5: Eu = (u′)2/U2.

Displacement layer thickness: A physical sensible measure
for the thickness of the boundary layer id the displacement
thickness δu. The definition is

δu =

∫ δ

0

(1− ū

U
)dy

= δ0A(x)

∫ 1

0

(1− f ′)d]dη = 0.5505δ0A(x). (43)

V. CONCLUSIONS

To the best of the author’s knowledge, with the frame of
Prandtl mixing modelling, the similarity solutions that are
called as special exact solutions by [4], and all related quan-
tities of the 2D turbulent boundary layers are obtained for
the first time. This study may help facilitate a better under-
standing of turbulence phenomena.
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