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Abstract: We construct a novel family of summation-integral type hybrid operators in terms of shape
parameter « € [0, 1] in this paper. Basic estimates, rate of convergence, and order of approximation
are also studied using the Korovkin theorem and the modulus of smoothness. We investigate the local
approximation findings for these sequences of positive linear operators utilising Peetre’s K-functional,
Lipschitz class, and second-order modulus of smoothness.
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1. Introduction

The theory of linear positive operators deals with question that arise in the approximate
representation of an arbitrary function by the simplest one. In the recent past the operator theory
is a growing and fascinating field of research in approximation theory with the advent of computer.
Several researchers constructed new sequences of linear positive operators to investigate the rapidity
of convergence and order of approximation in different function spaces in terms of several generating
functions. Recently, Chen et al. [11] constructed a sequence of new linear positive operators known as
the a-Berstein operators of order m:

Tualery) = L3 () o) 01, )

«)

for ¢ € C[0,1],m € Nand a € [—1,1], where pgixo) =1-y, pgrl =yand p;, .(y)

_ [(1 —a)y (m - 2) L)1y ("7__22) +ay(1—y) (’:‘)] yra-y" L@

1

m > 2.

Remark 1. One can note that for « = 1, the relation (1) is reduced to classical Bernstein operators [§].
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These operators are restricted for the space of continuous functions only. To approximate
the wider class than the class of continuous function, i.e., space of Lebesgue integrable functions,
Mohiuddine et al. constructed Kantorovich-type of a-Bernstein operators [19] and Stancu-type
«-Bernstein-Kantorovich operators [18]. Cai et al. [10] introduced a generalization of classical Bernstein
operators based on shape parameter « € [0,1]. These operators are termed as «—Bernstein operators
of degree m and defined as:

m

Tina(&Y) = 2.8 (,;) Pmi(y), (v €[01]), 3)

i=0

where p% (y) is defined by (2).

Remark 2. Note that, p;, ; in the relation (3) is called a-Berstein polynomials of order m and the binomial

coefficients
!

p
(p) _ ) aprr 0s4sp

q 0 otherwise.

Later on, Aral and Erbay [6] introduced the parametric form of Baskakov-Durrmeyer operators
as:

Lna(gi0) = é (g (5 )

m

where f € Cg[0,0) := {g € C[0,00) : ||g|l = sup |g(x)| < oo},m >1,w € [0,00) and for a € [0, 1]

0<x<oo
w1 aw (m+s—1 m+s—3
Pisg(w) = (1+w)m+5—1{1+w< s )—(1—a)(1+w)< s—2 >

+ (1—a)w<m+:1>} )

with (m_33) = (m:12) = 0. The sequences (4) are restricted for the space of continuous functions only.

Motivated by the above development, we construct a sequence of hybrid operators to approximate in
a wider class, i.e., the space of Lebesgue integrable functions, as follows:

A* (g/w) — iplx (w)mSJr/Hl/oo ts+)\efmtg(t)dt’ (5)
ot T (s +A+1) Jo

()

where Py, s (w) is given by (4) and the gamma function as:
T'(w) :/ 0" e dw, T(w) = (w—1)T(w—1) = (w—1).
0

In the subsequent sections, we establish basic lemmas, rate of convergence, order of approximation
locally and globally in terms of modulus of smoothness, Peetre’s K-functional, second modulus of
smoothness, Lipschitz space maximal function and weighted modulus of smoothness. Lastly, we study
the g-statistical convergence. For more basic concepts and related articles we refer to see the published
article [3,5,9,17,21-24,26]

Remark 3. One can note that, for « = A = 0, the operators constructed by us in (5) reduced to the classical
Baskakov-Durrmeyer operators [7].
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2. Basic Estimates and approximation

Lemma 1. [6] For m € N, the a-Baskakouv operator has the following identities:

Lno(Lw) = 1,
2
Lpa(b,w) = w+—=(a—1Nw
m
A —
Lo (2w) = w2+a73w2+%(m+4a—4).

Lemma 2. For test function e;(w) = w',i € {0,1,2}, we have the following identities:

Al (o) = 1,
Al ale;w) = w+2(p¢_1)w+%
A plew) = w2(1+4"‘—3>+Z(2A+3+4a_4+(2A2+3)(a—1)>
m m m
+ M/

m2

where m € Mand « € [—1,1].

Proof. In view of Lemma 2, for ¢g = 1, we have

mstA+1
I(s+A+1)

B e s+/\+1 (S+)\+1)
= L@ e

:1.

A% o (e0;2) 2 P2 () / gt mi gy

For e; = t, we have

S+A+l ) Y ;
_— 5T e dt
I'(s+A+1) / ¢

mstA+1
I'(s+A+1)

LK
P
_ i ms AL T(s+ A +2)
L
¥

[e9)
/ ts+/\+lefmtdt

T(s+A+1) ms+A+2

1 (s+A+1)
mF(s+/\+1)
s /\—I—l

m

I'(s+A+1)

2 A+1
= z+4+ — (oc—l)w—i—i
m m
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For e; = #2
00 s+)x+l © o ‘o
* . — . s —m
Analew) = Z F(s+A+1 /Ot e " edt
oo s+/\+l )
= 2: AAAAAAAAAA,L/' AT 2t gy
= I'(s+A+1)
B i ms AL T(s+ A+ 3)
& F(s—l—)\—l-l) ms+A+3
B i mAL (s A+ 2)(s+A+1)(Ts+A+1)
& I(s+A+1) mstA+3
2 s+A+2)(s+A+3)
= LB g
2 + (20 +3)s+ (A2 4+ 31 4 2)
- ; =
> 52 (2/\—|—3)s A2 43142
= Z 7+ 2
=0 m m
—3)w? 4o —4) 20+3 2(a—1
Ay (ew) = w2+(4“ 3w +z(m+2a )—i- + <w—|—(‘x )w)
4 m m m m
A2 +3A+2
PR s
m
_ w2< 4a—3)+w<2)\—|—3+4a—4+(2/\2—|—3)(¢x—1)>
m m m
A2 +3A+2
Tk
m
O

Lemma 3. Let 17j(w) = (t — w)l,j € {0,1,2}. Then,

Ap(o;w) = 1,

. 2A—Dw  A+1
Am,a(nl;w) = ( m ) + m
A (1125 w)

0(7711) (w2 +w+1).

Proof. In the light of linearity property of A}, ,(.;.) and Lemma (2), we get the desired Lemma (3). [

Definition 1. The modulus of continuity for a uniformly continuous function f on [0,00) is defined as

w(f;0) = sup |f(tr) = f(t)], 6 >0, t1,tz € [0, 00).

|t1—t2]| <6
Also, we get
< (h—t)? s
() = f(t)] < (14 5= |w(f:0).
Theorem 1. Suppose that Qp, = ¢ : w > 0, 1(” g;)z converges when w — oo } Then, for any ¢ €

C[0,0) N Qy, the operators A}, ,(.;.) given by (5) converges to function ¢ uniformly.
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Proof. Taking into account the property (vi) of Theorem 4.1.4 [4], it is enough to show that

A alej;w) — ej(w), if j=0,1,2.
From Lemma 2, we get A}, ,(¢j;w) — ¢j(w) for j = 0,1,2 when m — oo. Which gives the prove of

Theorem 1. [

Theorem 2. (See [27]) Let L : Ca, b] — Bla, b] be a linear and positive operator and f € Cg[a, b]. Then for
6>0

(LX) = F@] < [FE(Leo)(x) — 1]
+{(Leo) (x) + 671/ (Leo) () (L4) (x) Yo (5)

where
ox(t) = |t — x|, (x,t) € [a,b] x [a,b].

Theorem 3. Forany g € Cg[0, ), the sequence of operators A, ,(.;.) defined by (5) verify the inequality

A (&5 w) — g(w)] < 2w(g;0),

where § = | Ay, ,(112; w) and Cg|0, o) stands for space of all continuous and bounded functions on the interval
[0, 00).

Proof. In the light of Lemma 2, Lemma 3 and Theorem 2, it is easy to obtain

| A (870) = g(w)] < {14671/ Ao (2 w) bo* (8 6).

On taking 6 = |/ A}, , (172, w), we arrive at the required result. [

3. Local and Global Approximation Results

The Peetre’s K-functional is defined by
Ky(g,8) = inf{|lf —hll +8|["|| - b € C§[0,c0)},

for any f € Cg[0,00) and 6 > 0, where C3[0,00) = {h € Cp[0,00) : i, € Cp[0,00)}. From DeVore
and Lorentz [[13], p.177, Theorem 2.4], there exists an absolute constant C > 0 such that

Ka(f;8) < Cwa(f; V6).
To prove Theorem 5, we define the auxiliary operator A, ,(g; w) as:
~ . 2 A+1
Ay (§50) = Aialgi0) +8(0) =g (w0 (o= Do+ 52 ). ©
Theorem 4. For g € C% [0,00), w>0andi,A >0, « € [0,1],one gets

| Ama(giw) —g(w)| < Enllg"ll,
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where
~ 2 A+1
E0 = Apa((t —w)?w;w) + (m(a —Dw+ m>'
Proof. From the auxiliary operator (6), we get that
Apa(eg;w) =1, Ay (w);w) = 0and [Ay,e(g;w)| <3 @)
From Taylor series expansion, for any g € C3[0,c0), we have
t
g(t) = g(w) + (t—w)g (@) + [ (t = p)g"(p)de. ®
z
On operating Ay, . (f;w) in (8), we obtain
t
Ama(gw) —g(w) = g'(W)Ana(t —w;w) + Ana ( / (t— p)g”(P)dp;W) :
w
Therefore in the view of (7) we get,
t
Ana(gw) —g(w) = Awa ( / (t— p)g”(p)dp;w)
w
t
= A ( / (= p)g”(p)dp;Z)
w
w—&-%(zx—l)w—l—% A
1
— / <z+(a—1)w+;— ) "(0)dp
w
t
[Ana(gw) —gw)| < | A, ( / (t=p)g" (p)dp; w) ‘ ©)
w
w+ 2 (a—1)w+A%1 441
+ / <w+(a—1)w+nt—9>g”(9)dp'
w
Since
t
J(t=p)g"(e)dp| < (t =) I " . (10)
w
Then
wt 2 (a—1)w-+2AEL 441
2a- Arl "
(w + @D+ — p>g (p)dp‘ (11)
w

2 A+1\?,
< (Z(a— e .
< <m(w Dw+— ) 18" |
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Combining the equalities (9), (10) and (11), we see that

2
-~ ~ 2 A+1
[Ama(giw) = g(w)| = {Am,a((f —w)%w;w) + (m(lx —Dw+ m) }Ilg"II
= ulg”l,
which completes the proof. [J

Theorem 5. For any g € C3[0,00), there exists a positive number C satisfying the inequality

| Anna(80) = g(w) [< Cw3 (8 V) + w(gs Ama (15 w)),
where 7, is given by Theorem 4.

Proof. Leth € C3[0,0) and g € Cp[0, ). Then using the definition of Ay, (.;.), we get

|Ana(gw) —g@)| < |Ama(g = w)| + (g — 1) (w)| + |Dj,(w) — h(w)]

+ ‘g(w+i(a1)w+}\;l) —g(w)|.

In view of Theorem 4 and the relations (7), one has

[Ana(giw) = @) < 4llg =l + 1A, w) — h(w)]
2 A+1
+ g(z+a(zx—1)w+—m )—g(w)‘
< Allg il En (@) 1] 4 0 (g A (1))

Using the definition of K-functional, we obtain

| A (g50) = 8(w)] < Caw3 (3 1/Em(w)) + @™ (8 Ay (11;2))-
This gives the proof of Theorem 5. [J

For any fixed two real positive numbers s; and s;, the Lipschitz-class of functions [25] is defined

by:
11751/52 |t — wlﬁ
Lipji(B) = {g € Csl0,0) : [g(t) = g(w)| < C 7wt e (0,0)},
(t +sqw + 52w2)7
with the positive constant Cand 0 < g < 1.
Theorem 6. Let g € Lip3;™ (). Then it follows that
B

(12)

A (g — glan)] < [ A1)}
MRS - 51z + 5522
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where z > 0.

Proof. For § =1, we have

[Ana(gw) —gw)| < Ap,(lg(t) = g(w)];w)

CA;, el ).
(f + 5w+ Sz’w2)7

for every w € (0, 0), we get that

IA

: 1 1
Since t+s1w+srw? s w+srw?’

M

|Aa(8w) —g(w)] < ——— (AL, ((t — w)%w))
(s1w + spw?)2

1
C <A;1,1x(772; w) ) ’
— | -
$1Z + Spw

Thus the Theorem 6 holds good when = 1. Next, on choosing 0 < B < 1 and applying Holder’s

N|=

IN

inequality for p; = % and py = ﬁ, we have

N
A% W (g0) — g(w)| < (A;,mg(t)g(wn;z)ﬁ)

g

t—z? ’

YU (N L i b I
M< m'a<(t+512+5222)'z>>

for every w € (0,0), we get

IN

1 < 1
t+s1z+8p22 51248722

Since

g
Afn,a((lt—WIz;W)> ’

* . _ <
‘Am,a(g/w> g(w)| = C( Slw+52w2

Thus, we get the proof of Theorem 6. [

To obtain the local type approximation results in 7 order, the Lipschitz-maximal function (see
Lenze [16]) is given by

w,(gw) = sup M, w e [0,00)and 0 < r < 1. (13)
t£w,te(0,00) |t — wl

Theorem 7. Let w € [0,00) and ¢ € Cg[0,00). Then for any r € (0, 1], we have

. - 3
A a(80) = ()] < @r(gw) (Anal(lt—21%52)) .
Proof. Since we know that

[Ama(gw) = g(@)] < Apa(Ig(t) — g(w)];2).
Therefore, from equality (13), we get

| A (85 w) — g(w)] < @r(gw) Apya ([t — 2" 2).
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Using the Holder’s inequality with p; = % and pp = %, we have

A a(g5w) — 8(w)] < @r(g5w) (Ae(It —21%2)) %,
which gives the desired result. [J

From [15], we recall some notation. For the weight function 1 + x?and 0 < x < co, we denote
By 2[0,00) = {f :|f(x)| < Mf(1+ x?), Mgy is a constant depending on f}

||

Cri2l0,00) = {f € Cl0,00) : || fll142 = sup 5 < oo}
x€[0,00) 1+x
and )
x .
C1+x2[0 o) ={f € C;2[0,00) : xh_r)r;o T = k, where k is a constant}.

Note that C;_ 2[0,00) C By ,2[0,00). Moreover, the modulus of smoothness for any function ¢ on
closed interval [0, 1], u > 0 is defined by:

wy(¢,0) = sup sup [P(t) —P(w)|.

[t—w|<éw,te(0,u]

Theorem 8. Let wy 1 (¢;6) be the modulus of smoothness defined on [0,y + 1] C [0,00). Then for all
47 € C1+w2 [0' 00)

| A (9:2) = P(w) o) < 6Mp(1+ 1) (1) + 25,1 (93 \/ S (1)),
where m (1) = Ay o (172 ).

Proof. Forallw € [0, ] and t € [0, ), one has

)~ o) < sMy(1-+ )0 - w0 + (14 5 w00,

On applying the operators Ay, ,, we see that

Apa ([t

Aina70) = 9(@)] < 6M(1+12) 450 w0) + (14 2D ),

Thus, for w € [0, u], applying the Lemma (2), we get

o .
| Apar0) — (@) < 6My(1+ )0 (1) + <1+ j;””) Wl (930).
Taking 6 = 6,,(pt), we get the desired result. [

Theorem 9. Suppose the operators Ay, ,(.;.) acting from Ck

k
Cler2

14020,00) to By [0, 00). Then, for ¢ €

[0, c0), we have
lim HAm (@) — ¢”1+w2 =0.

m—o0

Proof. For the results of Theorem 9, we have to show that
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n%gl}o ||A;’kn,¢x<€i) — w’||1+w2 = 0, 1= 0, 1,2

By using the Lemma 2, it is enough to show

|A:;1,1x (eO; w) - 1|

||A*, (30)—“’0”1 2 = sup =0fori=0.
m,n +w wel00) 1+ w2
Fori=1,
2 (g —1)w+ AL
||A*, (61) —Z(]l”l 2 = sup m m
m,u +w we[0e) 1+ w2

2 w A+1 1

= —(a—1) sup + sup ,
m we(0,00) 1+w? m we[0,00) 1+ w?

which gives us || A} ,(e1) — w!||; 42 — 0asm — oo. Fori =2,

w2<4a—3> +w<2/\+3+4a4+(22\j3)(u1)>‘
m m m
A* — 2 -
1A (€2) = [l 402 S T
A2 43042
"2
+  sup ———
weloe) LW
_ 4a-—3 su w?
M pefoe0) 112
2A+3  4da—4+ 22+ 3) (e —1
+ ( + + all 2+ )( )> sup 5
m m welo) L T W
A+D(A+2 1
+ —(+)(2+) sup ——,
m we[0,00) 1+w

and we get ||A;, ,(e2) — w?|1 2 — 0as m — co. Hence we get the result. [

Here, we study the approximation of locally integrable functions belongs to C’lc S [0, 00). Such
type of result is investigated by Gadjiev [15].

Theorem 10. Suppose ¢ € C’l‘ +210,00). Then for any 6 > 0, we have

b e @)l —o@)
m—00 we[OEo) (1 + w2)1+0 .
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Proof. Let wy be the fixed positive real number. Then
p s @) —0@) g —p(@) | A@)| -~ g()
wel00) (1 + w?)1+0 = <y (1+ w?)1+0 w0, (1+22)1+40
< A (@) = @(w)llcioz)
| AR (1+ £w)| [¢(w)]
+ su - + sup ———==55
Pl S0P 0yt P i
= L+ DL+ (say). (14)

Since [¢p(w)| < [|¢ll142(1 +w?), we get
_ _lp@)|
I = ;;50 (1+ w?)1+0

1+ w?
o up [9hse1 0D 9lhge
wswp (1 +w?) (14 w?)

For an arbitrary real number € > 0, in view of Theorem 1, there exists m; € N satisfying

L (1_’_1_(/02)9”(P”1+w2 (1+w2+m) for all my > m,
< M% + g, for all m; > m.
This implies that
L+ < 2% + g
For any sufficiently large number wy, we have L'ﬂi;‘;ﬁ < %,

L+1I3< %forallml > m.
In the light of Theorem 9 and for any m; > m, one has
€
L = ”A:n,,x@)} w) — ¢||C[O,Zo] < 3 for all mpy > m.

Take m3 = max(my, my) and taking (14) by values of I, I, I we easily get

| A (f; )| — ¢p(w)
(1 + wZ)lJrG

sup <e.

we[0,00)
Thus, the proof of Theorem 10 is completed. [

4. q-Density and q-statistical convergence

Recently, the g-analog of density and statistical convergence are studied in [2]. Let £ C N (the set
of natural numbers). Then the g-density is defined by

. T . q 1 . q
6(€) = 5(:;7 (€)= hmnlggo(clxg)n = hmnlggok; DK g=>1,
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where C!(q) = (c}, (4" ))pk—o is the g-Cesaro matrix (see [1], [2]) defined by

4 k<,
C}lk(qk) — { [n+1], -

0 otherwise.

which is regular for ¢ > 1, where the g-integer (g > 0) of any positive integer n is defined by

1—4g"
[n]—mq—{ =g 17

n, g=1

A sequence 77 = (77) is said to be g-statistically convergent to the number L if §; (L) = 0, where
Le={k<n:|g—1| > e} forevery ¢ > 0. Thatis,

i L k1 _
hlgnm#{kgn.q e —1| >¢e} =0

and we write St; — lim . = [.
If 6() = 0 for an infinite set £ then §;(£) = 0, hence statistical convergence [14] implies
g-statistical convergence but not conversely (c.f. [2, Example 15]).

Theorem 11. For ¢ € C’fﬂzm [0, o), we have
Sty — lir{ln | Ay (P;w) — @l g24a =0, forall A > 0.
Proof. For A = 0, it is easy to get that

Sty — lir{ln | Ao (ei;w) — eilly 12 = 0, fori € {0,1,2}.

From Lemma 2, we see that

w |2
|Ana(er) =@l = sup |2 (a—1)]
m,u +w wel0,) 1+ w?lm
1 A+1
+ sup 7‘7‘
we[olw)l—sz m
2
= —(a—1) sup
m weloeo) L+ W
A+1 1
+ —— sup —/——>
m we[o,oo)l—i—w

Now, for a given positive € > 0, let

My = {m: A et w) — ] > }

M, = {m:i(zx—l)zg},
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This implies that M; C M |J M3 which shows that d;(M;) < 6;(Mz)+ d;(M3). Hence, we have

Stq - hnl;n HA:;La(el;w) - w”l-i—w2 =0.

For i = 2 in the view of Lemma 2, we get

HA:n,oc (62; w) — w? ||l+w2 sup

’ <4oc - 3>
w
wel0,00 m

w(u}:s +40z—4+(2’j;2—|—3)(1x—1)) . (/\+1n)1(2)\+2)

)1+w2

~ 4a-—3 su w 2A+3 su w?
N m we[ogo)lerz m wE[O,p0°)1+w2
4o —44+ (20 +3) (e — 1) w
" sup —
A+1)(A+2
(A+ )(2 +2) sup 5
m we[o,w)l—i—w

For a given positive € > 0, let

m:

2
N

=
SN
w

IV
=] m
—

3

m:

T4 =

4o —4+ (21 +3)(a — 1) S €
m? 4

T5 =

m2

{
{ :
— {:ZA,:BEZ}'
{
{

m:@“)““)i}.

Then Ty € T, U T3 U T U T5, and we get

(Sq(Tl) < 5q(T2) —|—5q(T3) +5q(T4) —|—5q(T5).

Letting m — oo, we have

Stg — hrlnn ||A:n,uc(62;w) - w2||1+w2 =0.
This gives the desired proof of Theorem 11. [
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