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6 Abstract

1) We shall discuss what modern interpretations say about the Heisenberg’s uncertainties. These interpretations
explain that a quantity begins to ’lose’ meaning when a conjugate property begins to ’acquire’ definite meaning. We
know that a quantity losing meaning means that it has no fixed value and has an uncertainty . In this paper we
look deeper into this interpretation and the outcome reveals more evidence of the quantity losing meaning. Newer
insights appear.

2) We consider two extreme cases of hypothetical processes nature undergoes, without interference by a measure-
ment: One, a system collapses to an energy eigenstate under the influence of a Hamiltonian instantaneously at a
time t. This is thus what would happen if we would measure the system’s energy. Next, when a particle becomes
localised to a point at a time t0 under the influence of a Hamiltonian. This is thus what would happen if we would
measure the system’s position. We shall prove that both these situations cannot arise under ordinary circumstances
and thus measurement processes cannot be modelled by physical Hamiltonians.
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Abstract

A quantum system has some inherent amounts of hidden data. This data can be determined only via the act of
measurement and thus via disturbing the system. An example of such a measurement process could be simply the
experiment* of measuring the energy, position of a wave . This experiment is in general a discontinous process in
which the wave doesn’t evolve continously. In this experiment, after we conduct it, a)the energy states collapse
instantaneously to a eigenstate, b) the wave spread all across collapses to a single point,

Here we want to study a case where the system is under the effect of a Hamiltionian that performs a and b and
thus mimics the act of the experiment* but does it without disturbing the system via the act of measurement.
That is, if it were possible to mimic the act of measurement by including the presence of a Hamiltonian in the
system, the Hamiltonian being such that it performs a,b while evolving the states analytically ; what physical
characteristics of the final wave would be observed? From these results, we conclude that without disturbing the
system (and thus enact the measurement) : 1) A general normalised statefunction (that is a linear superposition
of energy eigenstates which has probability pi to collapse into the ith energy eigenstate) cannot time evolve into
into the ith eigenstate instantaneously (like happens when we measure the energy) (or infact cannot time evolve
instantaneously into any other general statefunction ). 2) A general normalised statefunction (that is, a linear
combination of continous position eigenstates) cannot instantaneously collapse into a particular position coordinate
x0 on the real line , (like happens when we measure it’s position in the lab) , when it is under the effect of a
Hamiltonian which analytically time evolves and space evolves the state.

In this way, we conclude that the process of measuring a system via experiments in the quantum
world cannot be theoretically modelled using any conceivable Hamiltonian.

We divide this paper into three parts:
1) Rapid building up of energy of a system when one state evolves into another in an infinitesimal time interval.
2) Rapid building up of momentum of a system during rapid localising of a wave.
3) In part 3, in the conclusion, we look into the modern interpretations of the Heisenberg uncertainties; which

state that the uncertainties in the certain quantities in the quantum regime do not arise due to disturbing a system
via measurement. These uncertainties are simply inherent, they are actually there in the quantities! Quantum
physics states that whether we look/measure or not, some quantities exist that simply have no definite value (for
example, the position of a particle isn’t a single value, it’s a probabilistic random variable).

This interpretation is predicted, starting from the definitions of the Hamiltonian operator and the
momentum operator in this paper.

1 Rapid building up of energy of a system when one state evolves into
another in an infinitesimal time interval

1.1

We first note that between two fixed states, there are infinite Hamiltonians that evolve one into the other. It happens
in this way: Let Ψ and Ψ′ be the solutions of two different Schrödinger equations. It may happen that when we plug
in a value of t=1 say , in Ψ and t=2 in Ψ′ the expressions of both the statevectors become the same.

( For example,

Ψ1(x1, t1) = e−x1ei sin(πt1/3) + e−x2
1ei cos(πt1/5)

and
Ψ2(x2, t2) = e−x2ei cos(πt2/12) + e−x2

2ei sin(3πt2/20)
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These are such that they become the same expression at t1 = 1 s and t2 = 2 s respectively.)
Thus, when we are given two fixed states (they contain only the spacial coordinates), each of these states could

have been formed by plugging in different values of the time coordinates present in different statevectors, which are
solutions of different Schrödinger equations(formed by different Hamiltonians).

(For example,take any random Hamiltonian that forms a time dependent state vector. When values t = t1 and
t = t2 are plugged in the statevector, two states are formed. Now consider another Hamiltonian which produces
another statevector. When values t = t′1 and t = t′2 are plugged in this statevector, two states are formed.But these
two states are the same states that were formed when values t = t1 and t = t2 were plugged in the first statevector).

Thus there are infinite Hamiltonians that evolve one fixed state to another, but the time the evolution takes varies.
Now, let us have two fixed states Ψ(x, t1) and Ψ(x, t2) such that

Ψ(x, t1) = Ψ′(x, t′1),Ψ(x, t2) = Ψ′(x, t′2) (1)

where Ψ′ is a sample statevector (it is such that it passes through the two fixed states). We note that
||Ψ(x, t1)- Ψ(x, t2)|| is a constant (as the Hamiltonians are varied).
Let us consider one particular path (one particular Hamiltonian) from one of the states to the other. We shall

prove this inequality :

||Ψ(x, t1)- Ψ(x, t2)|| ≤
∫ t2
t1

√
⟨H2⟩Ψ(x,t)dt/ ℏ (2)

Proof:
We have

iℏ∂Ψ/∂t = HΨ (3)

That is,

Ψ(t+ dt)−Ψ(t) = dtHΨ(t)/(iℏ) (4)

Taking norm on both sides, we get

||Ψ(t+ dt)−Ψ(t)||ℏ =
√
⟨H2⟩Ψ(x,t)dt (5)

Then, for times t1 and t2
||Ψ(t2)−Ψ(t1)|| ≤ ||Ψ(t2)−Ψ(t2 − dt)||+ ....||Ψ(t1 + dt)−Ψ(t1)||
= Σ

√
⟨H2⟩Ψ(x,t)dt / ℏ=

∫ t2
t1

√
⟨H2⟩Ψ(x,t)dt/ℏ Thus,

||Ψ(t2)−Ψ(t1)|| ≤
∫ t2
t1

√
⟨H2⟩Ψ(x,t)dt/ℏ (6)

Hence proved.

1.2 Inferences

1)

||Ψ(x, t1)- Ψ(x, t2)|| ≤
∫ t2
t1

√
⟨H2⟩Ψ(x,t)dt/ ℏ

Now this inequality is an inequality satisfied by each path the initial state takes to evolve into the final state. The
interesting thing to observe is that by Eq(5),

Ψ(x, t1) = Ψ′(x, t′1),Ψ(x, t2) = Ψ′(x, t′2) where the primes denote any other system which passes through the two
fixed states in it’s time evolution by the system’s Hamiltonian. In this other system, the inequality is

||Ψ′(x, t′1)- Ψ
′(x, t′2)|| ≤

∫ t′2
t′1

√
⟨H2⟩Ψ′

(x,t′)dt
′/ ℏ
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That is, the other system’s statevector is Ψ′, it passes through the two fixed states in times t′1 and t′2 respectively.
Here,

||Ψ(x, t1)- Ψ(x, t2)|| = ||Ψ′(x, t′1)- Ψ
′(x, t′2)||

That means, the right hand side of the inequality, the larger term, is always greater than a fixed number, as the
Hamiltonians (and thus the right hand side of the inequality,the integrals) are varied. So if we choose a Hamilto-
nian such that it time evolves one of the states into the other in a short time dt′, the integral will approximately become√

⟨H2⟩Ψ′
(x,t′)dt

′/ ℏ

Even with the term dt′ multiplied , this is larger than the constant. That means√
⟨H2⟩Ψ′

(x,t′)/ℏ

has to be sufficiently large. The energy of the system, to some accuracy is given by this term, and thus, if we need
the system to time evolve from one state to the other in a short time interval , we need the energy to be given to the
system as sufficiently large.

In different words, say we claim that we have indeed found a particular system’s particular state that evolves to
another state via the given Hamiltonian, in infinitesimal time. Then, the state has extremely high energy.

2 Rapid building up of momentum of a system during rapid localising
of a wave

2.1 Question

Let f1(x, t) and f ′
2(x

′, t) be two complex valued functions, each of two real variables x,t and x’,t respectively. Let
them be constructed such that f1(x = 1, t) = f ′

2(x
′ = 2, t) = a1(t) and f1(x = 3, t) = f ′

2(x
′ = 2 + ϵ, t) = a2(t). The

question is will there exist such a function f ′
2, which is analytic, for every ϵ. Clearly it will also depend on a2(t). For

our discussion here, we shall explicitly assume that such functions exist and also use such functions [See section 4].
The question:
Let Ψ(x, t) be a statefunction. Say this particle is majorly spread over coordinates x=1 and x=2 during the

time interval we are interested in. We want to change this statefunction such that the new statefunction is majorly
spread only over a small interval,(x′

1, x
′
2). The new wavefunction is Ψ′(x′, t). The question is then: Find a quantity

depending on the magnitude of the momentum of the particle that needs to be optimised during the time interval in
which the process is happening .

In all our discussions below, Ψ(x) shall mean Ψ(x, t).

2.2 Definitions

Now we shall define the quantities.

⟨P ⟩N = (ℏ/i)
∫ t0
0

Ψ∗|x1(∂Ψ/∂x)|x1dt (7)

||Ψ(x1)||2N =
∫ t0
0

Ψ∗(x1)Ψ(x1)dt (8)

and

⟨Ψ(x1)|Ψ(x2)⟩N =
∫ t0
0

Ψ∗(x1)Ψ(x2)dt (9)

where, the number t0 is a constant positive number.
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2.3 Calculations

We first need to prove that the inner product defined in Eq(9) is a valid inner product. We then need to prove that
the norm defined in Eq(8) is a valid norm.

2.3.1 Eq 9, the new inner product:

⟨Ψ(x1)|Ψ(x2)⟩N =
∫ t0
0

Ψ∗(x1)Ψ(x2)dt
It can be easily seen that there is a conjugate symmetry between the vectors, the inner product is linear in it’s

second argument and ⟨Ψ(x1)|Ψ(x1)⟩N is always real( by conjugate symmetry) and positive, if Ψ(x1, t) is not 0 for all
t uptil t0.

Thus it is a valid inner prooduct.

2.3.2 Eq 8, the new norm

||Ψ(x1)||2N =
∫ t0
0

Ψ∗(x1)Ψ(x1)dt
Here it can be easily verified that ||Ψ(x1)||2N is always greater than 0, is equal to 0 only if Ψ(x1, t) is 0 for all time

uptil t0, in which case we would say that Ψ(x, t) is 0 at x1 for all t uptil t0 but may or may not be zero for all x.
The scaling property is also easily verified. However the triangle inequality can be proved only by using the Shwartz
inequality on the new inner product defined in 3.1.1 .

Proof that the new norm satisfies the triangle inequality:
||Ψ(x1)+Ψ(x2)||2N =

∫
dt(Ψ(x1)

∗
+Ψ(x2)

∗
)(Ψ(x1)+Ψ(x2)) =

∫
dt[(Ψ(x1)

∗
Ψ(x1))+(Ψ(x2)

∗
Ψ(x2))+(Ψ(x1)

∗
Ψ(x2))+

(Ψ(x2)
∗
)Ψ(x1))] = ||Ψ(x1)||2N + ||Ψ(x2)||2N + 2| ⟨Ψ(x1)|Ψ(x2)⟩N | ≤ ||Ψ(x1)||2N + ||Ψ(x2)||2N + 2||Ψ(x1)||N ||Ψ(x2)||N=

(||Ψ(x1)||N + ||Ψ(x2)||N )2

2.3.3

-iℏ∂Ψ/∂x = PΨ (10)

That is,

Ψ(x+ dx)−Ψ(x) = dxPΨ(x)/(−iℏ) (11)

Taking the new norm on both sides, we get

||Ψ(x+ dx)−Ψ(x)||Nℏ =
√

⟨P 2⟩Ndx (12)

Then, for points x1 and x2

||Ψ(x2)−Ψ(x1)||N ≤ ||Ψ(x2)−Ψ(x2 − dx)||N + ....||Ψ(x1 + dx)−Ψ(x1)||N
= Σ

√
⟨P 2⟩

N
dx / ℏ

=∫ x2

x1

√
⟨P 2⟩

N
dx/ℏ . Thus,

||Ψ(x2)−Ψ(x1)||N ≤
∫ x2

x1

√
⟨P 2⟩Ndx/ℏ (13)

Caution: In equations 12 and 13, the
〈
P 2

〉
N is the newly defined expectation value of P 2 ; from Eq(7). Similarly

the new norm is denoted by N

2.4 Answer

We drop the time coordinate t from our notations but include them where used.We have Ψ(x, t) to begin with. It
shall be transformed to Ψ′(x′, t) by an unspecified process. From time 0 to t0, both of the wavefunctions are majorly
spread over the space intervals (1, 2) and (x′

1, x
′
2) respectively. (x

′
2 − x′

1) is an infinitesimal as mentioned in Section 1.
This means that the value of the wavefunctions outside these intervals is negligibly small in the specified time interval.
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We mentioned that Ψ′ has been transformed from Ψ. However we do not know of any other way to relate them.
The process happened under a random unknown Hamiltonian. However the one assumption we may make is:

Ψ(x = 1) = Ψ′(x′ = x′
1) = f

Ψ(x = 2) = Ψ′(x′ = x′
2) = g

We know:

||f − g||N ≤
∫ 2

1

√
⟨P 2⟩Ndx/ℏ

We thus also have :

||f − g||N ≤
∫ x′

2

x′
1

√
⟨P 2⟩Ndx′/ℏ

.
Considering the latter; we get:

||Ψ′(x′
1) - Ψ

′(x′
2)||Nℏ≤

∫ x′
2

x′
1

√
⟨P 2⟩Ndx′ ≈

√
⟨P 2⟩N (x′

2 − x′
1) =

√
⟨P 2⟩Ndx′

Thus, we have;

||Ψ′(x′
1) - Ψ

′(x′
2)||Nℏ≤

√
⟨P 2⟩Ndx′ (14)

where,

〈
P 2

〉
N = (ℏ/i)2

∫ t0
0

Ψ′∗|x′
1
(∂2Ψ′/∂x′2)|x′

1
dt (15)

;
where x′

1 is taken just for convenience. It could be any number between (x′
1, x

′
2)

Now, we have

Ψ′∗|x′
1
(∂2Ψ′/∂x′2)|x′

1
= [ Ψ′∗(∂2Ψ′/∂x′2)]|x′

1

= d(
∫ x

−∞dx’Ψ′∗(∂2Ψ′/∂x′2)) /dx |x′
1
= (dy/dx)|x′

1

where,
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y=
∫ x

−∞ dx′Ψ′∗(∂2Ψ′/∂x′2)

Thus, if u is a small enough number ,

dy/dx|x′
1
= (y(x′

1 + u)− y(x′
1))/u

≊(1)

(1/u)
∫ x′

2

x′
1
[dx′(Ψ′∗(∂2Ψ′/∂x′2)]

≊(2) (1/u)
∫∞
−∞[dx′(Ψ′∗(∂2Ψ′/∂x′2)] = (i/ℏ)2

〈
P 2

〉
/u

where
〈
P 2

〉
is the usual average value of P 2.

Note:
1) ≊(1) is because x′

1 + u is ≊x’2 , since we are considering the wavefunction present in a very narrow region.
2) ≊(2) is because outside (x′

1, x
′
2), the wavefunction is almost 0.

Thus,

〈
P 2

〉
N = (ℏ/i)2

∫ t0
0

dt (i/ℏ)2
〈
P 2

〉
/u

Also, the small number u is approximately = dx′ = x′
2 − x′

1.
Thus squaring Eq(14) gives:

( ||Ψ′(x′
1)−Ψ′(x′

2)||Nℏ)2 ≤
〈
P 2

〉
N (dx′)2

= (
∫ t0
0
[dt

〈
P 2

〉
/dx′]) (dx′)2

Thus we have , when t0 is small, with

(||Ψ′(x′
1)−Ψ′(x′

2)||Nℏ)2 = C0 t0 (16)

=⇒

dx’≥C0 t0 /(
∫ t0
0
[dt

〈
P 2

〉
] ) (17)

=⇒

dx’≥C0/
〈
P 2

〉
(18)

where C0 is a constant. Eq. 16 is because
||Ψ′(x′

1)−Ψ′(x′
2)||2N

=
∫ t0
0

|Ψ′(x′
1)−Ψ′(x′

2)|2dt
≊ |Ψ′(x′

1)−Ψ′(x′
2)|2t0 , when t0 is small and
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C0 = |Ψ′(x′
1)−Ψ′(x′

2)|2
Eq.18 is because∫ t0
0
[dt

〈
P 2

〉
] ≊

〈
P 2

〉
t0.

Thus we have, from Eq(18);〈
P 2

〉
dx′ ≥C0;

which means that the momentum squared, or the kinetic energy is an infinity if the particle exists in an infinitesimal
region.

2.5 Remark

We in our discussion, assumed that the only connection between the waves Ψ and Ψ′ was that their expressions were
respectfully equal at the respective end points. We did not use the properties of the Hamiltonian that time evolves
them. By including this information from well and suitably defined Hamiltonians, we shall be able to conclude our
hypothesis.

3 Conclusions

1) From section 1, we have obtained that for any state Ψ in the presence of a known Hamiltonian to instantaneously
jump into the being of an eigenstate of the Hamiltonian, which is what happens in a measurement process, the energy
of the state would have to be an infinity which contradicts the fact that the expectation value of it’s energy is infact
finite.

2) From section 2, we have gathered that any state Ψ(x, t), in the presence of a known Hamiltonian, simply cannot
”be” localised to a point under ordinary conditions. It can ”be found” to be localised to a point under ordinary
conditions, but for it to be localised somewhere in space, it would have to have an unusually large amount of kinetic
energy.

3.1

We note that the Heisenberg’s uncertainties say this: 1) The time energy uncertainty says that the more precisely we
know the particle’s time of evolution, the more uncertain is it’s energy. 2) The position momentum uncertainty says
that the more precisely we know the particle’s position, the less precisely we know it’s momentum.

Further, from relatively new experiments, we know that this doesn’t need to invoke measurement processes. At
a fundamental level, we know that if the particle is (whether we know it or not) localised in a small region, it’s
momentum will infact not be defined. This means that the momentum will have no definite value, it will have no
meaning . Similarly, if the particle time evolves into another state in infinitesimal time, it’s energy will be undefined,
it will have no meaning.

3.2

However, we have arrived at more illuminating and novel conclusions: In our discussion, we have considered two
extreme cases.

One, when a state evolves into another in infinitesimal time. The Heisenberg uncertainty says regarding this that
the energy of this state is then undefined. The value of energy should have been one number, because the state must
have one value of it’s energy. But, against this intuition, we know that the energy value now has a large uncertainty
associated with it, which means the energy of the state is no longer fixed; basically we cannot speak of an entity
called energy. We derived in this paper that not only is the uncertainty in the energy of the state large, but also that
” the range of values in which the energy lies is large, an infinity.” We claim here that this is the reason why
there is no longer a definition of energy, that it is no longer meaningful.

Two, when a particle is localised at a point. The Heisenberg uncertainty says regarding this that the momentum
of this particle is then undefined. The value of momentum should have been one number, because the state must
have one value of it’s momentum. But against this intuition, we know that the momentum value now has a large
uncertainty associated with it, which means the momentum of the state is no longer fixed; basically we cannot speak
of an entity called momentum. We derived in this paper that not only is the uncertainty in the momentum of the
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state large, but also that ” the range of values in which the momentum lies is large, an infinity.” We claim here that
this is the reason why there is no longer a definition of momentum, that it is no longer meaningful.

4 Acknowledgements

The author would like to thank the excellent courses conducted by MIT on edX. He wishes to thank his professors at
the TIFR for their encouragement and insights.

5 References

1) https://arxiv.org/pdf/quant-ph/9710043.pdf
The maximum speed of dynamical evolution
2) Arbitrary quantum state engineering in three-state systems via Counterdiabatic driving. :
Ye-Hong Chen, Qi-Cheng Wu; Scientific Reports Article number: 38484
3) Quantum speed limits: from Heisenberg’s uncertainty principle to optimal quantum control:
https://arxiv.org/pdf/1705.08023.pdf
4)
a)
8.05 Mastering Quantum mechanics, Barton Zwiebach, MIT.
b)
8.04 Quantum Mechanics: A First Course
5) https://physics.stackexchange.com/questions/680988/varying-the-hamiltonians-between-two-fixed-states/681037681037
6) H. J. Bremermann. Quantum noise and information. In Proceedings of the Fifth Berkeley Symposium on

Mathematical Statistics and Probability, Volume 4: Biology and Problems of Health, pages 15–20, Berkeley, Calif.,
1967. University of California Press.

7) J. D. Bekenstein. Energy Cost of Information Transfer. Phys. Rev. Lett., 46:623, 1981.
8) J. D. Bekenstein. Generalized second law of thermodynamics in black-hole physics. Phys. Rev. D, 9:3292, 1974.
9) Wikipedia: https://en.wikipedia.org/wiki/Measurementinquantummechanics

8

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 31 October 2022                   doi:10.20944/preprints202201.0297.v3

https://doi.org/10.20944/preprints202201.0297.v3

