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The turbulent Poiseuille flow between two parallel plates is one of the simplest possible physical
situations, and it has been studied intensively. Different mixing lengths are used, but no one, to the
best of our knowledge, has simultaneously considered the boundary conditions of two walls together
with damping effects from both walls. In this paper, we propose an enhanced Prandtl-Driest mixing
length that not only satisfies all of the boundary conditions, but it also includes both walls’ damping
effects as well. With our new formulations, we numerically solve the problem and, moreover, propose
an explicit approximate solution. As applications of our solutions, the total velocity, total shear
stress, energy dissipation density, energy balance, Kolmogorov scale law, and friction of turbulent
Poiseuille flow are studied in detail. The study discovers that the high heels profiles of both mean
and total velocity are universal for all wall-bounded turbulent flows.

Keywords: Turbulent flow, Poiseuille flow, Prandtl mixing length, high heels velocity profile, Reynolds
number

INTRODUCTION

The theory of the turbulence boundary layer dates
back 100 years. In 1921, Prandtl discovered that almost
all of the boundary-layer movements in nature are tur-
bulent rather than laminar [1–12]. The understanding
of fully developed turbulence remains a major unsolved
problem in physics. A challenge is how to use what we
understand of this problem to build up a closure method;
that is, to express the time-averaged turbulent stress ten-
sor as a function of the time-averaged velocity field [1–
3, 13–32].

For the modeling of Reynolds stress, remarkable works
include [15, 16], which shown that the Reynolds stress is
a non local function in space of the time averaged veloc-
ity, involving an integral kernel, an extension of classical
Boussinesq theory of turbulent viscosity. They do not
use Prandtl mixing length but instead an equation for
closure where the boundary condition is a consequence.
Because of that they do not use a Prandtl equation, but
instead an integral equation that reduces to a simpler one
near the boundaries in a neighborhood defined precisely,
a complete model where boundary conditions on the two
walls are taken into account, however [15, 16] have not
included the damping effects from both walls.

For the modeling of mean velocity profiles, notable
works include [17, 18], and all build on the multi-layer
concept of turbulent wall flows. For the Reynolds stress-
es (including Reynolds shear stress and normal stresses),
[19] developed a similar multi-layer model for channels
and pipes by using the symmetry argument. Recent-
ly, regarding the Reynolds-number scaling of near-wall
fluctuations, [20] and [21] proposed the "law of bounded
dissipation" and showed that near-wall peaks of turbu-
lent dissipations, pressure intensities, fluctuation velocity
intensities, etc. are all bounded for asymptotically high

Reynolds numbers, differing from the view of infinite log-
arithmic growth by [22] and references therein.

FIG. 1: Turbulent Poiseuille flow.

The turbulent Poiseuille flow between two parallel
plates as shown in Fig.1 is one of the simplest possi-
ble physical situations, and it has been studied inten-
sively [1, 2]. Among those studies, some have adopt-
ed the Prandtl mixing length, such as Prandtl [9],
who studied the same problem with the Prandtl mix-
ing length by taking into account boundary conditions:
`Prandtl(0) = 0, `Prandtl(2h) = 0, and proposed mix-
ing length as `Prandtl = κy[1 − y/(2h)]6/7. Others used
the Prandtl mixing length with a damping function,
such as Absi, who investigated the turbulent Poiseuille
flow with a van Driest mixing length [combining the
Prandtl mixing length (` = κy) with a damping function
[1 − exp(−y/A)]], namely, `Absi = κy[1 − exp(−y/A)].
However, this model is only valid for the bottom wall at
y = 0, but fails for the top wall at y = 2h.

Therefore, it is still a great challenge to propose a
mixing-length model that can give an accurate predic-
tion in the whole domain of wall coordinates y, which is
the task of this study.

The rest of this paper is organized as follows. In Sec-
tion 2, we propose an enhanced Prandtl-Driest mixing
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length. Section 3 completes formulations and we find
integration solutions and an approximate analytical so-
lution of mean motion. In Section 4, we calculate the
turbulent viscosity, energy dissipation density, and Kol-
mogorov scaling law. Section 5 presents the velocity fluc-
tuations and total velocity field. In Section 6, we inves-
tigate the Reynolds stress and total shear stress and, in
Section 7, we construct the moment of velocity fluctua-
tion and energy balance. In Section 8, we obtain the fric-
tion of the turbulent Poiseuille flow between two parallel
plates. Finally, a discussion is presented and conclusions
are drawn in the last two sections. As the essential part
of this paper, a Maple code is provided.

ENHANCED PRANDTL-DRIEST MIXING
LENGTH

Here, we consider a plane-parallel turbulent flow along
an unbounded smooth plane surface (wall) as shown in
Fig.1, and we take the direction of the flow as the x axis
and the plane of the surface as the xz plane, so y is the
direction orthogonal to the surface. Assuming that the
turbulent flow is steady with the pressure gradient along
the x axis, the y and z components of the mean velocity
are zero, and all of the quantities depend only on y. The
pressure gradient drives against the shear stresses at the
two walls.

According to the Prandtl mixing-length theory [9], the
Reynolds stress is proposed to be

τ ′xy = −ρu′v′ = ρ`2|dū
dy
|dū
dy

, (1)

where ū is the mean velocity, µ the dynamical viscosity,
ρ the flow density, and u′ and v′ the velocity fluctuation
components. The mixing length ` must have a length
scale that should be of a form that satisfies the boundary
condition u′v′ = 0 at both bottom (y = 0) and top (y =
2h) boundaries; hence, we can propose the mixing length
as follows:

` = κyϕ(y)ψ(y), and ϕ(2h) = 0, (2)

where κ is a numerical constant, namely, the von Kár-
mán constant, and ϕ(y) is a dimensionless function that
may take a different format. To satisfy the boundary
condition, the function ϕ can be proposed to be

ϕ = (1− y

2h
)γ =

{
0 y = 0
0 y = 2h

, (3)

where the parameter γ > 0, Prandtl [9] set γ = 6/7; for
simplicity, we set γ = 1 in the present work.

Regarding the determination of function ψ(y), we must
take into account the fixed-wall damping effects. We con-
sider an infinite flat plate undergoing simple harmonic os-
cillation parallel to the plate in an infinite fluid. Accord-
ing to Stokes [33], the amplitude of the motion diminish-
es with increasing distance from the surface (wall) as a

consequence of the bottom-wall factor" ψB = exp(− y
A )"

and top-wall factor "ψT = exp(− 2h−y
A )", where A is a

constant depending the frequency of oscillation of the
plate and kinematic viscosity ν of the fluid. Hence, in
light of van Driest [27], we believe that when the plate
is fixed and the fluid oscillates relative to the plate,
the factor [1− exp(−y/A)][1− exp(− 2h−y

A )] must be ap-
plied to the fluid oscillation to obtain the damping effect
on both bottom and top walls. Furthermore, van Dri-
est pointed out that fully developed turbulent motion
occurs only beyond a distance sufficiently remote from
the wall, and eddies are not damped by the nearness
of the wall. Indeed, near a wall, the damping factor is
"ψ = ψBψT = [1−exp(−y/A)][1−exp(− 2h−y

A )]" for each
mean velocity fluctuation, and the Prandtl mixing length
should be modified to the following,

` = κyϕψ = κyϕψBψT , (4)

to take into account the mean motion all of the way to a
smooth wall, where the bottom-wall van Driest damping
function is

ψB = [1− exp(− y
A

)], (5)

and the top-wall van Driest damping function is

ψT = [1− exp(−2h− y
A

)]. (6)

Introducing dimensionless parameters η = yuτ/ν, u+ =
ū/uτ , Rτ = 2huτ/ν, A+ = Auτ/ν, and friction velocity
uτ =

√
τw/ρ, we have the dimensionless mixing length,

`+ = κηϕ+ψ+, (7)

where

ϕ+ = 1− η

Rτ
, (8)

ψ+(η) = [1− exp(− η

A+
)][1− exp(−Rτ − η

A+
)]. (9)

The `+ in Eq.7 is the mixing length to be used in this
work, which is depicted in Fig.2.

FORMULATIONS AND SOLUTIONS OF MEAN
MOTION

The Reynolds-averaged Navier-Stokes equations [4] of
the turbulent Poiseuille flow under pressure gradient,
dp/dx, are reduced to

ρ
dv′2

dy
+
∂p

∂y
= 0, (10)

µ
d2ū

dy2
− ρdu

′v′

dy
− dp

dx
= 0, (11)
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(a) Normal scale mixing length

(b) Log-rescale mixing length

FIG. 2: Normal and log rescale of mixing-length profile. The
solid line is from Eq.7 and the dashed line is for mixing length
without van Driest damping functions, namely, κη(1−η/Rτ ).

and the boundary conditions, as shown in Fig.1 and 3,
are

y = 0 : ū = 0, u′ = 0, v′ = 0, and µ
dū

dy
= τw (12)

and

y = 2h : ū = 0, u′ = 0, v′ = 0, and µ
dū

dy
= −τw, (13)

where ū is the mean velocity, µ the dynamical viscosi-
ty, ρ the flow density, p the pressure, and u′ and v′ the
velocity fluctuation components. The pressure gradient
must be negative, namely, dp/dx < 0, to maintain the
flow motion. τw is the wall friction force on a unit area
of the surface. This force is clearly in the x direction.
The quantity τw is the constant flux of the x component
of momentum transmitted by the fluid to the surface per
unit time.

Integration of Eq.10 yields

v′2 +
p

ρ
=
p0

ρ
, (14)

where p0 is a function of x only [1]. Because v′2 is inde-
pendent of x (by assumption), ∂p/∂x is equal to dp0/dx.
Both of these gradients should be independent of x to
avoid streamwise acceleration of the flow. Equation11
can be integrated to yield µdūdy − ρu′v′ = dp

dxy + C. Ap-
plying the boundary condition in 13, we have u′v′ = 0,

FIG. 3: Shear stress on the wall: τxy(y = 0) = τw and τxy(y =
2h) = −τw.

leading to C = τw. Hence, we have the following govern-
ing equation:

ν
dū

dy
− u′v′ =

1

ρ

dp0

dx
y +

τw
ρ

, (15)

where ν = µ/ρ is kinematic viscosity. Applying the
boundary condition in 13, we have the relation between
the wall friction and pressure gradient:

dp0

dx
= −τw

h
, (16)

which indicates that the shear stress at the wall is deter-
mined by the pressure gradient and width of the channel
only, which is one reason that this flow is less complicated
than others [1]. Hence, Eq.15 is rewritten as

ν
dū

dy
− u′v′ =

τw
ρ

(1− y

h
). (17)

The first term on the left-hand side of Eq. 17 represents
the effect of viscosity on the mean flow, whereas the sec-
ond term is the Reynolds stress, namely, τ ′xy = −ρu′v′.
In turbulent flow located some distance away from a wall,
the Reynolds stress is of considerably greater magnitude
than the viscous stress; however, the role of viscous stress
increases as the distance to a smooth wall decreases, un-
til, finally, at the wall, viscosity predominates.

Using the mixing length in Eq.2, Eq. 17 becomes
ν dūdy+(κyϕψ)2|dūdy |

dū
dy = τw

ρ (1 − y
h ), which has two for-

mats for different domains of y and each of them has its
own solution.

(a) In the domain y ∈ [0,h], we have dū
dy>0, and the

governing equation is

ν
dū

dy
+ `2(

dū

dy
)2 =

τw
ρ

(1− y

h
). (18)

(b) In the domain y ∈ [h, 2h], we have dū
dy<0, and the

governing equation is

ν
dū

dy
− `2(

dū

dy
)2 =

τw
ρ

(1− y

h
). (19)

So far, in the case of not including the damping functions,
no complete solutions have been obtained for either Eq.
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18 or Eq. 19. Instead, asymptotic solutions have been
constructed in two different regions (or sub-layers) [1, 2]
.

In the inertial sub-layer, the first terms of Eq. 18 and

Eq. 19 are neglected, leading to ρ(κy)2
(
dū
dy

)2

= τw, the
solution of which is a well-known Prandtl logarithmic
law,

ū

uτ
=

1

κ
log(

yū

ν
) + α− 1

κ
logα, (20)

where uτ =
√
τw/ρ and ν = µ/ρ.

According to Nikuradse’s famous experiments [? ], da-
ta fitting gives κ = 0.4 and α = 11.5; hence, the Prandtl
log-law is

ū

uτ
= 5.75 log(

yū

ν
) + 5.5 (21)

This expression becomes infinite at the boundary y = 0
and is inapplicable at very small distances y from the sur-
face, since the effect of viscosity near the surface becomes
non-negligible [3] .

To fix the singularity problem, traditionally a viscous
sub-layer is introduced in which the viscosity of the fluid
begins to be important. The second terms of Eqs. 18 and
19 can be neglected, leading to µdūdy = τw, the solution of
which is the Prandtl linear law: ū = τwy/µ.

Mathematically speaking, the above two segmental so-
lutions, including linear and log-law solutions, are in-
complete, because they are not whole domain solutions.
Rather, it is a local solution of the matching area between
the inertial sub-layer and viscous sub-layer of turbulence.
Between the inertial region and viscous sub-layer, there is
an intermediate region whose empirical solution has not
been obtained [2, 3, 23, 24] . We are going to fix it by
complete integration method instead of the asymptotic
solutions adopted in literature [1–3, 23].

With the dimensionless quantities, Eq.1 can be ex-
pressed as

τ ′xy
ρu2

τ

= (`+)2|du
+

dη
|du

+

dη
, (22)

and Eq. 18 can be rewritten as

du+

dη
+ (`+)2

(
du+

dη

)2

= 1− 2η

Rτ
,

η ∈ [0,
Rτ
2

], (23)

and the boundary condition

η = 0 : u+ = 0. (24)

The solution of Eq.23 valid in the whole domain of η
has never been obtained, while only asymptotic solutions

have been proposed [1, 2], which caused a buffer problem
between segmental solutions.

From Eq.23, we can obtain

du+

dη
=

2(1− 2η
Rτ

)

1 +
√

1 + 4(`+)2(1− 2η
Rτ

)
. (25)

Hence, the singularity-free solution is

u+ =

∫
2(1− 2η

Rτ
)

1 +
√

1 + 4(`+)22(1− 2η
Rτ

)
dη. (26)

Similarly, Eq. 19 can be rewritten as

du+

dη
− (`+)2

(
du+

dη

)2

= 1− 2η

Rτ
,

η ∈ [
Rτ
2

,Rτ ], (27)

and the boundary condition

η = Rτ : u+ = 0. (28)

From Eq.27, we can obtain

du+

dη
=

2(1− 2η
Rτ

)

1 +
√

1− 4(`+)2(1− 2η
Rτ

)
. (29)

Hence, the singularity-free solution is

u+ =

∫
2(1− 2η

Rτ
)

1 +
√

1− 4(`+)2(1− 2η
Rτ

)
dη. (30)

We can combine the derivatives in Eqs. (25) and (29)
into a single form as follows:

du+

dη
=

2(1− 2η
Rτ

)

1 +
√

1− 4(`+)2 | (1− 2η
Rτ

) |
,

η ∈ [0,Rτ ], (31)

which is depicted in Fig. 4, showing that the velocity
gradient is enormous near the wall, but decays rapidly to
almost zero away from the wall. This is why the velocity
profile near the wall must be obtained if we wish have a
better understanding of the turbulence boundary layer.

We can also combine the integral solutions in Eqs.(26)
and (30 into a single form as follows:

u+ =

∫
2(1− 2η

Rτ
)

1 +
√

1 + 4(`+)2 | (1− 2η
Rτ

) |
dη. (32)

To the best of our knowledge, the above integrations in
the integral (32) cannot be completed exactly, but only
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(a) Normal scale velocity gradient profile

(b) Log-rescale velocity gradient profile

FIG. 4: Normal scale and log rescale of flow velocity gradient
profile of turbulent Poiseuille flow.

approximately. One solution can be integrated by parts,
yielding

u+ =

∞∑
n=1

(−1)n

n!
ηn
dnu+

dηn
, (33)

where du+

dη =
2(1− 2η

Rτ
)

1+
√

1−4(`+)2|(1− 2η
Rτ

)|
, and d2u+

dη2 =

d
dη (du

+

dη ),..,d
nu+

dηn = d
dη (d

n−1u+

dηn−1 ). This series solution can
be computed to any order, but the series’ convergence is
poor and will need many terms to have a log law trend.
We will not use this series solution in our computation.

Numerically, the integral (32) can be easily worked out,
and a Maple code was written to compute the integral;
the result is depicted in Fig. 5. This shows that the
flow velocity rapidly increases away from the wall and
decreases close to the center of the channel.

It is worth noting that the log-rescale mean velocity has
a nice high heels profile because the boundary conditions
of both walls are taken into account. One would not see
the high heels profile if only one wall was considered. This
high heels profile has never been seen in the literature
before, to the best of our knowledge, and it is a universal
feature of bounded flows.

Although the integral (32) cannot be completed exact-
ly, we can try to obtain an approximate analytical so-
lution. The author [31] obtained a closed-form solution

(a) Normal scale velocity profile

(b) Log-rescale velocity high heels profile

FIG. 5: Normal scale and log rescale of flow velocity profile
of turbulent Poiseuille flow. The Maple code of the solution
is u+(η)=int( du

+

dη
,eta=0..a,numeric).

for plane turbulent flow: du+

dη + κ2η2
(
du+

dη

)2

= 1, under
boundary condition: η = 0 : u+ = 0., its exact solution
is given by: u+ = 1

κ ln(2κη+
√

1 + 4κ2η2)− 2η

1+
√

1+4κ2η2
.

In light of the above exact solution, we can propose an
approximate solution as follows:

u+ ≈ 1

κ
ln

[
2`+C +

√
1 + 4(`+C)2

]
+

β`+C

1 +
√

1 + 4(`+C)2
, η ∈ [0,Rτ ], (34)

where (C,β) = (9, 9), or (C,β) = (26, 8.8) and

`+C = κηϕ+ψ+
C ,

ψ+
C = [1− exp(− η

C
)][1− exp(−Rτ − η

C
)]. (35)

This approximate analytical solution is valid in the w-
hole domain η ∈ [0,Rτ ], and it has not been seen in the
literature to the best of our knowledge.

The solutions of Eqs. 26, 30, and 34 are depicted in
Figs. 6 and its log rescale is the high heels velocity pro-
file. It is remarkable to see that both the numerical in-
tegral solution and approximate analytical solution per-
fectly agree with both direct numerical simulation (DNS)
solutions [24, 25] and experiments [26] in the domain
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of η ∈ [0, Rτ/2]. They do not have data in another
half-domain [Rτ/2, Rτ ], and hence, their curves are open
rather than closed, as ours.

(a) Log-rescale mean velocity.

(b) Normal scale mean velocity.

FIG. 6: Log-rescale high heels velocity profile of turbulent
Poiseuille flow and comparisons: numerical integration solu-
tion, approximate analytical solution, DNS solutions [24, 25],
and experiments (all data with Rτ )[26].

TURBULENT VISCOSITY, ENERGY
DISSIPATION DENSITY, AND KOLMOGOROV

SCALING LAW

The turbulent viscosity is νT = `2|dūdy | = ν(`+)2|du
+

dη |,

where du+

dη =
2(1− 2η

Rτ
)

1+
√

1+4κ2η2(ϕ+ψ+)2|(1− 2η
Rτ

)|
; hence,

νT =
2νκ2η2(1− η

Rτ
)2|(1− 2η

Rτ
)|

1 +
√

1 + 4κ2η2(ϕ+ψ+)2 | (1− 2η
Rτ

) |
. (36)

This relation reveals that the turbulent viscosity is not
constant, but rather changes with η. It is depicted in
Fig. 7.

According to Landau [3], the mean energy flux density
is < q >= ūτw, and the energy dissipation density in the

(a) Normal scale turbulent viscosity ratio

(b) Log-rescale turbulent viscosity ratio

FIG. 7: Turbulent viscosity ratio.
.

turbulent flow is

ε =
1

ρ

d < q >

dy
=

1

ν
(
τw
ρ

)2 du
+

dη
=
u4
τ

ν

du+

dη

=
u4
τ

ν

2(1− 2η
Rτ

)

1 +
√

1 + 4κ2η2(ϕ+ψ+)2 | (1− 2η
Rτ

) |
, (37)

which gives limη→0 ε =
u4
τ

ν , i.e., a power law u4
τ . In con-

trast, Landau’s energy dissipation density [3], εLandau =

( τwρ )3/2 1
κy =

u4
τ

ν
1
κη , is infinite at the surface η = 0, indi-

cating that maintaining turbulent flow requires supplying
an infinite energy source, which is physically impossible.
The energy dissipation density ratio ε = εν

u4
τ
is depicted

in Fig.8.
According to Kolmogorov [29, 34–36], we have E(k) =

1.5ε2/3k−5/3, namely,

E(k) =
1.5ν−2/3k−5/3u

8/3
τ [2(1− η

Rτ
)]2/3(

1 +
√

1 + 4κ2η2(ϕ+ψ+)2 | (1− 2η
Rτ

) |
)2/3

,

(38)

where E(k) is the kinetic energy per unit mass of fluid
in eddies with wave number k. Hence, at the surface
η = 0, we have E(k)η=0 = 1.5u

8/3
τ k−5/3ν−2/3. Σ =

E

1.5ν−2/3k−5/3u
8/3
τ

is depicted in Fig.9, which shows that
the turbulent energy dissipation is mainly concentrated
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(a) Normal scale of energy dissipation density ratio

(b) Log rescale of energy dissipation density ratio

FIG. 8: Energy dissipation density ratio ε = εν
u4
τ
decreases to

null rapidly as η increases away from the surface.

in a narrow region close to the boundary surface and
decays rapidly away from the surface.

VELOCITY FLUCTUATIONS AND TOTAL
VELOCITY FIELD

In Prandtl mixing-length theory [2, 9], Prandtl as-
sumes a greatly simplified model of the fluctuations, ac-
cording to which the individual fluid elements are dis-
placed in a mean distance (the mixing length) ` by the
fluctuations, perpendicular to the main flow direction,
but still retaining their momentum. The element that
was initially at y, and is now at y+ `, has a higher veloc-
ity than its new surroundings. The velocity difference is
a measure of the fluctuation velocity in the x direction:

u′ = ū(y + `)− ū(y) ≈ `dū
dy

. (39)

Prandtl assumed that the velocity fluctuation component
v′ is the same order of magnitude as u′, namely, v′ ∼ u′,
and therefore we have

v′ ∼ dū

dy
, (40)

Using dimensionless quantities and du+

dη =
2(1− 2η

Rτ
)

1+
√

1+4(`+)2|(1− 2η
Rτ

)|
, we have u′+ ≡ u′/uτ = `+ dū+

dη and

(a) Normal scale of kinetic energy ratio

(b) Log rescale of kinetic energy ratio

FIG. 9: Kinetic energy ratio Σ(η) = E

1.5ν−2/3k−5/3u
8/3
τ

.

v′+ ≡ v′/uτ = α`+ dū+

dη , namely,

u′+ =
2`+|(1− 2η

Rτ
)|

1 +
√

1 + 4(`+)2 | (1− 2η
Rτ

) |
, (41)

v′+ ∼
√

2`+|(1− 2η
Rτ

)|

1 +
√

1 + 4(`+)2 | (1− 2η
Rτ

) |
, , (42)

where the symmetry of fluctuations about η = Rτ/2 has
been applied. The fluctuations u′+ or v′+ are depicted
in Fig.10.

We can verify that both velocity fluctuations satisfy
the Reynolds-averaged conditions u′+ = 0 and v′+ =
0. Since the problem is steady flow, now the Reynolds-
averaged conditions of quantity Φ are defined as follows:

Φ′+ =
1

Rτ

∫ Rτ

0

Φdη. (43)

Substituting Eqs.41 and 42 can prove this statement.
Alternatively, it can be proved by numerical integra-
tion, e.g., by using the following Maple code: int(u′+,
η = 0..Rτ ,nemeric), which yields null and can be inter-
preted easily because of the asymmetry of the velocity
fluctuations about y = Rτ/2.

With the mean velocity and fluctuations, we have the
total flow velocity components U and V in x and y di-
rections, respectively:

U+ = u+ + u′+, (44)
V + = v′+, (45)
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(a) Normal scale velocity fluctuations

(b) Log-rescale velocity fluctuations

FIG. 10: Flow velocity fluctuations u′+.

since v̄ is assumed to be zero, where U+U/uτ and V + =
V/uτ . The total flow velocity U+ and mean velocity u+

are depicted in Fig.11.

FIG. 11: Total flow velocity has a high heels profile and is
slightly larger than the mean velocity due to the contribution
of the fluctuations.

REYNOLDS STRESS AND TOTAL SHEAR
STRESS

The Reynolds stress is given by τ ′xy =

ρu2
τκ

2η2(ϕ+ψ+)2|du
+

dη |
du+

dη . The Reynolds stress ra-

tio τ ′xy
ρu2
τ
is depicted in Fig. 12.

(a) Normal scale of Reynolds stress ratio

(b) Log rescale of Reynolds stress ratio

FIG. 12: Reynolds stress ratio
τ ′xy
ρu2
τ
.

Total shear stress is given by τxy = µdūdy + τ ′xy, namely,

τxy = τw

(
1 + (`+)2|du

+

dη
|
)
du+

dη
, (46)

where τw = ρu2
τ . The total shear stress is depicted in

Fig. 13.
Figure13 reveals that the only difference in between

are near the walls, while away from the walls they are
almost equal.

MOMENT OF VELOCITY FLUCTUATION AND
ENERGY BALANCE

The square of the streamwise flow velocity fluctuation
with the wall distance, i.e., (u′+)2, is given by

(u′+)2 =
4(`+)2(1− 2η

Rτ
)2(

1 +
√

1 + 4(`+)2 | (1− 2η
Rτ

) |
)2 , (47)
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(a) Normal scale total shear stress

(b) Log-rescale total shear stress

FIG. 13: Total shear stress and Reynolds stress.

and (v′+)2, as follows:

(v′+)2 ∼
2(`+)2(1− 2η

Rτ
)2(

1 +
√

1 + 4(`+)2 | (1− 2η
Rτ

) |
)2 . (48)

Both (u′+)2 and (v′+)2 have a profile similar to that

shown in Fig.14, and their square roots,
√

(u′+)2 and√
(v′+)2, are shown in Fig.15
The energy-balance equation can be be derived from

the momentum-balance equation as follows:

(1− 2η

Rτ
)
du+

dη︸ ︷︷ ︸
Ees

=

(
du+

dη

)2

︸ ︷︷ ︸
Edd

+ (`+)2

(
du+

dη

)3

︸ ︷︷ ︸
Etp

, (49)

where Ees is the energy supply, Edd the direct dissipation,
and Etp the turbulence production; all are depicted in
Fig.16

The energy balance in Eq.16 reveals that the power
due to the shear forces is divided into two parts. One is
transformed directly to internal energy via viscous dissi-
pation (Edd), while the second is used to generate turbu-
lent fluctuation energy (Etp).

The turbulence production has a maximum of 0.2447
at η = 10.46. At this distance from the wall, the direc-
t dissipation and turbulence production are equal. For

(a) Normal scale of (u′+)2.

(b) Log rescale of (u′+)2.

FIG. 14: Square moment: (u′+)2.

(a) Normal scale of
√

(u′+)2.

(b) Log rescale of
√

(u′+)2.

FIG. 15: Square root:
√

(u′+)2.

η < 10.46, the direct dissipation dominates, and, for
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(a) Normal scale profile

(b) Log-rescale profile

FIG. 16: Universal energy balance of mean motion.

η > 10.46, the entire energy supply eventually provides
the turbulence production as η → Rτ/2, namely, closing
the center of the channel [2]

The energy balance of the turbulent fluctuations can
also be obtained and are shown in Fig.17.

FIG. 17: Universal energy balance of turbulent fluctuation-
s: Turbulence production+Total diffusion=Turbulent dissipa-
tion.

FRICTION OF TURBULENT POISEUILLE
FLOW BETWEEN TWO PARALLEL PLATES

As an application of the proposed solutions, we now
construct the dependence of the resistance coefficient,
which is defined as λ = 2h∆p/l

(1/2)ρū2 = 2h
2ρu2

τ

h /(ρū2/2) =

8(uτ/ū)2 = 8/(u+)2, which gives

u+ =

√
8

λ
. (50)

The dimensionless Reynolds number is defined as Re =
2hū/ν = (2huτ/ν)u+, and hence, η|y=2h = 2huτ/ν =
2h(ū/uτ )/ν = Re/(2u+) and 2κη|y=2h = κRe/u+. Ap-
plying Eq.50 to the above relation leads to

ηh ≡ η|y=2h =
1

2
Re

√
λ

8
. (51)

The dependence of the resistance coefficient on the di-
mensionless Reynolds Re number is given in implicit form
by the equation√

8

λ
=

1

κ
ln
(

2`h +
√

(2`h)2 + 1
)

+
β`h

1 +
√

(2`h)2 + 1
,

(52)

where

`h = κηh(1− ηh
Rτ

)[1− exp(−ηh
C

)][1− exp(−Rτ − ηh
C

].

(53)
Equation 52 and the Prandtl log-law, 1/

√
λ =

2 log(Re
√
λ)− 0.8, as well as others, are depicted in Fig.

18.

FIG. 18: Resistance coefficient of turbulent Poiseuille flow
between two parallel plates.

CONCLUSIONS

To the best of the our knowledge, the enhanced mix-
ing length is the first complete model that considers the
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boundary conditions of two walls and simultaneously in-
cludes the damping effects from both walls. The study
shows that the high heels profiles of both mean and to-
tal velocitye are universal for all wall-bounded turbulent
flows. The explicit approximate analytical solutions, to-
tal velocity, total shear stress, and friction of turbulen-
t Poiseuille flow between two parallel plates has not be
seen in the literature before. The investigation confirmed
that the correct mixing length formulae must include all
of the boundary conditions together with damping func-
tions by multiplication. This study may help facilitate a
better understanding of turbulence phenomena [28–32].
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