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The turbulent Poiseuille flow between two parallel plates is one of the simplest possible physical
situation, which has been studied intensively in literature. Different mixing lengths are used, however
no one has simultaneously considered boundary conditions of two walls together with damping
effects from two walls. In this paper, we propose an enhanced Prandtl-Driest mixing length that
not only satisfies all boundary conditions but including both walls’ damping effects. With our new
formulations, we numerically solve the problem and even further propose an explicit approximate
solutions. As applications of our solutions, the total velocity, the total shear stress, the energy
dissipation density, the energy balance, the Kolmogorov scale law and friction of turbulent Poiseuille
flow are to be studied in detail. The study discoveries that the high heels profiles of both mean and

total velocity are universal for all wall-bounded turbulent flows.
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I. INTRODUCTION

The theory of the turbulence boundary layer dates
back to 100 years ago. In 1921, Prandtl discovered that
almost all boundary-layer movements in nature are tur-
bulent rather than laminar [1-12]. The understanding
of fully developed turbulence remains a major unsolved
problem of physics. A challenge there is how to use
what we understand of this problem to build-up a closure
method, that is to express the time averaged turbulent
stress tensor as a function of the time averaged veloci-
ty field [1-3, 13-31]. For the modeling of mean velocity
profiles, notable works include [16, 17], all building on
the multi-layer concept of turbulent wall flows. For the
Reynolds stresses (including Reynolds shear stress and
normal stresses), [18] develop a similar multilayer model
for channels and pipes by using the symmetry argument.
Recently, on the Reynolds number scaling of near wall
fluctuations, [19] and [20] propose the ‘law of bounded
dissipation’ and show that near wall peaks of turbulen-
t dissipations, pressure intensities, fluctuation velocity
intensities, etc, are all bounded for asymptotical high
Reynolds number, differing from the view of infinite log-
arithmic growth by [21] and references therein.

The turbulent Poiseuille flow between two parallel
plates as shown in Fig.l is one of the simplest pos-
sible physical situation, which has been studied inten-
sively [1, 2]. Among those studies, someone adopt the
Prandtl mixing length, such as Pomeau and Le Berre
[15] studied the same problem with the Prandtl mix-
ing length by taking into account boundary conditions:
Cpomean(0) = 0, pomean(2h) = 0, and proposed mix-
ing length as pomean. = KY[1 — y/(2h)]; and others use
the Prandt]l mixing length with damping function, such

FIG. 1: Turbulent Poiseuille flow.

as Absi investigated the turbulent Poiseuille flow with a
van Driest mixing length (combining the Prandtl mixing
length (¢ = ky) with damping function [1 —exp(—y/A)]),
namely £aps; = kY[l — exp(—y/A)], however this model
is only valid for the wall at y = 0 but fails for the wall at
y = 2h.

After validation, we found that both models [14, 15] are
not able to provide a trustable prediction in the range
of both buffer and sub-inertial. Therefore, it is still a
great challenge to propose a mixing length model that
can give an accurate predication in the whole domain of
wall coordinates y, which is the task of this study.

The content of this paper is organised as follows, after
introduction in Section 1; Section 2 propose an enhanced
Prandtl-Driest mixing length; Section 3 completes for-
mulations and find integration solutions and approximate
analytical solution of mean motion; Section 4 calculates
the turbulent viscosity, energy dissipation density and
Kolmogorov scaling law; Section 5 presents the velocity
fluctuations and total velocity field; Section 6 investi-
gates the Reynolds stress and total shear stress; Section
7 constructs the moment of velocity fluctuation and ener-
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gy balance; Section 8 obtains the friction of the turbulent
Poiseuille flow between two parallel plates. Finally, a dis-
cussion is presented, and conclusions are drawn. As the
essential part of this paper, a Maple code is provided.

II. AN ENHANCED PRANDTL-DRIEST
MIXING LENGTH

We consider here a plane-parallel turbulent flow along
an unbounded smooth plane surface (wall) as shown in
Fig.1, and take the direction of the flow as the x axis
and the plane of the surface as the xz plane, so y is the
direction orthogonal to the surface. Assuming that the
turbulent flow is steady with pressure gradient along the
x axis, the y and z components of the mean velocity are
zero, and all of the quantities depend only on y. The
pressure gradient drives the against the shear stresses at
the two walls.

According to the Prandtl mixing length theory [9], the
Reynolds stress is proposed to be

dy'dy’

! Toyl — 2
sz——puv —pg‘

(1)
where @ is the mean velocity, p is the dynamical viscos-
ity, p is flow density, ' and v’ are velocity fluctuation
component. The mixing length ¢ must have length scale
who should be a form that satisfy the boundary condi-
tion u/v’ = 0 at both bottom (y = 0) and top boundary
(y = 2h), hence we can propose the mixing length as
follows

t=ryp(y)Y(y), »(0)=0 and ¢(2h)=0. (2)
where k is a numerical constant, namely, the von Karméan
constant, ¢(y) is a dimensionless function that may take
different format. To satisfy the boundary condition, the
function ¢ can be proposed to be

e=t-2r={0 17 )

where the parameter v > 0, Prandtl [9] set v = 6/7,; for
simplicity, we set v = 1 in this paper.

Regarding the determination of function ¢ (y), we need
to take into account the fixed wall damping effects. We
consider an infinite flat plate undergoing simple harmonic
oscillation parallel to the plate in an infinite fluid. Ac-
cording to Stokes [32], the amplitude of the motion di-
minishes with increasing distance from the surface (wal-
1) as a consequence of the bottom wall factor" ¢¥p =
exp(—4%)" and top wall factor "¢ = exp(f%T_y)",
where A is a constant depending the frequency of oscil-
lation of the plate and kinematic viscosity v of the fluid.
Hence, in light of van Driest [26] we believe that when
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the plate is fixed and the fluid oscillates relative to the
plate, the factor [l —exp(—y/A)][1—exp(— 2hA_y)] must be
applied to the fluid oscillation to obtain the damping ef-
fect on the both bottom and top wall. Furthermore, van
Driest pointed out that fully developed turbulent motion
occurs only beyond a distance sufficiently remote from
the wall, and eddies are not damped by the nearness
of the wall. Indeed, near a wall, the damping factor is
" = Yptbr = [1—exp(—y/A)][1 - exp(— 252" for cach
mean velocity fluctuation, and the Prandtl mixing length
should be modified to the following

{ = kypy = KypYpYT, (4)

in order to take into account the mean motion all the
way to a smooth wall, where the bottom wall van Driest
damping function

v = [1—exp(—4), (5)

and the top wall van Driest damping function

2h —y
) (©)

b =[1 —exp(—

Introducing dimensionless parameters n = yu, /v, u™ =
w/ur, Ry = 2hu, /v, AT = Au,/v and friction velocity
Ur = \/Tw/p, we have dimensionless mixing length

0t = knetyT, (7)
where
_ n
§0+ =1- Ea (8)
Ut = [1 = exp(—)IL - exp(-— D] (9)

The ¢+ in Eq.7 is the mixing length to be used in this
paper, which is depicted in Fig.2

III. FORMULATIONS AND SOLUTIONS OF
MEAN MOTION

The Reynolds-averaged Navier-Stokes equations [4] of
the turbulent Poiseuille flow under pressure gradient,
dp/dx, are reduced to

a7 op

=0 10
Pay oy =Y (10)

2u du'v dp
- = 11
MaE P dy T dn 0, (11)

and boundary conditions as shown in Fig.1 and 3:

Ji
y=0:u4=0,u =0,v =0, and ud—u:Tw, (12)
Yy
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FIG. 2: The normal and log-rescale of mixing length pro-
file. Solid line is from Eq.7, and dashline is for mixing length
without van Driest damping functions, namely xn(1 —n/R;).

and
~ , , du
y=2h:u=0,4v =0,v =0, and M@Z—Tw, (13)

where # is the mean velocity, u is the dynamical viscosity,
p is flow density, p is pressure, v’ and v’ are velocity
fluctuation component. The pressure gradient must be
negative, namely dp/dx < 0, to maintain the flow motion.
Tw 18 the wall friction force on a unit area of the surface.
This force is clearly in the x direction. The quantity 7,
is the constant flux of the = component of momentum
transmitted by the fluid to the surface per unit time.

Ty

|

FIG. 3: Shear stress on the wall: 7,4 (y = 0) = 7 and 75y (y =
2h) = —Ty.

Integration of Eq.10 yields

Ry ] (14)
PP
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where py is a function of x only [1]. Because "2 is inde-
pendent of x (by assumption), dp/dx is equal to dpy/dzx.
Both of these gradients should be independent of x to
avoid streamwise acceleration of the flow. Eq.11 can be
integrated to yield MZ—Z — pu/v' = %y + C. Applying the
boundary condition in 13, we have v/v/ = 0 and leads to
C = 7,. Hence we have governing equation as follows:
du

7 1 (i])O Tw
bt T — v
de +

uv' = ——

pdz’ " p
where v = p/p is kinematic viscosity. Applying the
boundary condition in 13, we have the relation between
the wall friction and the pressure gradient:

; (15)

dpo _ _Tw

dr  h’
which indicate that the shear stress at the wall is deter-
mined by the pressure gradient and width of the channel
only, which is one reason why this flow is less complicated
than others [1]. Hence the Eq.15 is rewritten as

(16)

v =T - Yy, (17)

The first term on the left-hand side of Eq. 17 represents
the effect of viscosity on the mean flow, whereas the sec-
ond term is the Reynolds stress, namely 7,, = — pu/v'. In
turbulent flow located some distance away from a wall,
the Reynolds stress is of considerably greater magnitude
than the viscous stress; however, the role of viscous stress
increases as the distance to a smooth wall decreases until
finally, at the wall, viscosity predominates.

Using the mixing length in Eq.2, Eq. 17 becomes
V%+(/€y<p¢)2|§—’;|‘é—z = (1 — §), which has two for-
mats for different domain of y and each of them has its
own solution.

(a) In the domain y € [0, k], we have ‘;—Z>0, the gov-
erning equation is

du

du . 5 _ Tw Y
oy ) =—0-7), (18)

2 (—
+ (dy p h

(b) In the domain y € [h, 2h], we have %<07 the govern-
ing equation is

du du y

— (=) =20 -2). 19

Vo - PG = T2 (19)

With the dimensionless quantities, Eq.1 can be expressed
as

Tw

T; dut dut
lzy _ (g+)2|L « (20)
puz dn  dn
and Eq. 18 can be rewritten as
+ +1\ 2 9
T e (Y 2
dn dn R

neo . (21)


https://doi.org/10.20944/preprints202201.0240.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 17 January 2022

and the boundary condition
n=0:u"=0. (22)

The solution of Eq.21 valid in whole domain of 1 has n-
ever been obtained while only asymptotic solutions have
been proposed [1, 2], which caused a buffer problem be-
tween segmental solutions.

From Eq.21, we can obtain

dut _ 20— &) . (23)
dr 1+\/1+4 +)2

Similarly, Eq. 19 can be rewritten as

e (Y
dn dn R’
R,

776[7

and the boundary condition

, R, (25)

n=~R.:ut =0, (26)
From Eq.25, we can obtain
dut - R*n) (27)
1y w —4(E)(1 - F)

hence the singularity-free solution is

mo
n. (28)
)21 - )

/1+\/1—

We can combine the derivatives in Eqgs. (23), (27) into a
single from below:

dut _ 2(1 - *)
11—y (1— 2|
n € [0, R;], (29)

which is depicted in Fig. 4. It shows that the velocity
gradient is enormous near the wall, but decay rapidly to
almost zero as away from the wall. That is why the veloc-
ity profile near the wall must be obtained if we wish have
a better understanding of turbulence boundary layer.

We can also combine the integral solutions in Eqs.(24)
and (28 into a single from as follows:

+ 20— &) d 30
u = ’ )
/1+\/1+4(e+)2|(1_}2;j)|77 |

d0i:10.20944/preprints202201.0240.v1

0:5

du™ L
o W
-05

0 500 1000 1500 2000
n

(a) The normal scale velocity gradient profile
1

05
du™

dn
-0.5

R R TR
10 10 10 10 10 10
n
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FIG. 4: The normal scale and log-rescale of flow velocity gra-
dient profile of turbulent Poiseuille flow.

To the best of the author’s knowledge, the above integra-
tions in the integral (30) can not be completed exactly
but approximately. One solution can be integrated by
parts, yields

n dn+

= Z ) (31)

+ 2(1—21) 2.+
where ddL = L and d =
n Ly/1-4(64)2| (1= 32)| n
n, + n—1,+ . . .
d’f?(d;‘n ),..,% = %(’idn%). This series solution can

be computed to any order, however the series’ conver-
gence is poor and will need many terms to have a log law
trends, we will not going to use this series solution in our
computation.

Numerically the integral (30) can be easily work out,
the author wrote a Maple code to compute the integral,
the result is depicted in Fig. 5. It shows that the flow
velocity is rapidly increase as away from the wall and
decrease as close to the center of the channel.

It is worth to note that the log rescale mean velocity
has a nice high heels profile because of taking into account
the boundary conditions of both walls. You would’nt see
the high heels profile if you only consider one wall. This
high heels profile has never been seen in the literature
and is a universal feature of bounded flows.
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FIG. 5: The normal scale and log-rescale of flow velocity pro-
file of turbulent Poiseuille flow.The Maple code of the solu-
tion: u*(a):int(%,eta:O..a,numeric).

Although the integral (30) can not be completed exact-
ly, we can try to get a approximate analytical solution.
In light of author’s previous work [30], which obtained
a closed form solution for plane turbulent flow and pro-
posed an approximate analytical solution, we can propose
an solution as follows

wt~ il {zeg +4/1+ 4(53)2]
K

+ ﬂfé

1+ 4/1+4(¢5)2

n € [0, k], (32)

where
ts = ket Y,

U = [1 = exp(= 2L — exp(—

(C,8)=1(9,9) or
R, —n
C )]7

(C, B) = (26,8.8)

(33)

This approximated analytical solution is valid in whole
domain 7 € [0, R;], and has not been seen in the litera-
ture.

The solution of Eq. 24, Eq.28 and Eq. 32 are depict-
ed in Figs. 6 and its log-rescale—the high heels velocity
profile. It is remarkable to see that both the numerical
integral solution and approximate analytical solution are

: 17 January 2022
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perfectly agree with both DNS solutions [23, 24] and ex-
periments [25] in the domain of € [0, R;/2]. They do
not have data in another half domain [R,/2, R,], hence
their curve are open rather than close as us.

Mean velocity profile
1
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(a) The log rescale mean velocity.
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(b) The normal scale mean velocity.

FIG. 6: The log-rescale high heels velocity profile of turbulen-
t Poiseuille flow and comparisons: the numerical integration
solution, the approximate analytical solution, the direct nu-
merical simulation (DNS) solutions [23, 24] and experiments
(all data with R,)[25] .

IV. THE TURBULENT VISCOSITY, ENERGY
DISSIPATION DENSITY AND KOLMOGOROV
SCALING LAW

The turbulent viscosity is vy = (ky)?(1 —
. + +
57 )?| % = vr?n*(1 — 71;77 )2 —d;‘n ,  where —d;‘n =
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2(17%) )
202 (rt oyt )2 2n v’
Ly 1H4r2n2 (o )2 (1= 32|

hence,

wkPn?(1 — L)2|(1 — 22
vy — n (1= 7)7( = 7))l G

L 1+ 4r2m2 (ot g)? | (1 - 21) |

This relation reveals that the turbulent viscosity is not
constant but rather changes with n. It is depicted in Fig.
7.
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FIG. 7: The turbulent viscosity ratio.

According to Landau [3], the mean energy flux density
is < ¢ >= ury,, and the energy dissipation density in the
turbulent flow is

4 2(1 — 21
= & ( RT) y (35)
VLT ARt et | (L= ) |

4
which gives lim,_,oe = "7*, i.e., a power law u?; in con-

trast, Landau’s energy dissipation density [3|, eLandau =

Tw\3/2 1 w1 .. . T

(Tw)3/2 > = 2z 2 " ig infinite at the surface n = 0, indi-
P KY [l

cating that maintaining turbulent flow requires supplying

an infinite energy source, which is physically impossible.

The energy dissipation density ratio e = =% is depicted

in Fig.8.
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FIG. 8: The energy dissipation density ratio e = 7 decreases
to null rapidly as 7 increases away from the surface.

According to Kolmogorov [28, 33-35], we have E(k) =
1.5e2/3k=5/3 namely,

150~ 2/3=5/343/3[2(1 — )2/
E(k) = . 3
/37
(14 1+ am22(erpt)2 [ (- 31) )
(36)

where F(k) is the kinetic energy per unit mass of fluid
in eddies with wave number k. Hence, at the surface
n = 0, we have E(k),— = 150 3k=5/3-2/3 % =
m is depicted in Fig.9, which shows that
the turbulent energy dissipation is mainly concentrated
in a narrow region close to the boundary surface and
decays rapidly away from the surface.

V. THE VELOCITY FLUCTUATIONS AND
TOTAL VELOCITY FIELD

In Prandtl mixing length theory [2, 9], Prandtl assumes
a great simplified model of the fluctuations, according to
which the individual fluid elements are displaced in a
mean distance (the mixing length) ¢ by the fluctuations,
perpenticular to the main flow direction, but still retain
their momentum. The element that was initially at vy,
and is now at y + ¢, has a higher velocity than its new
surrendings. The velocity difference is a measure of the
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FIG. 9: The kinetic energy ratio X(n) = 2
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fluctuation velocity in the x direction:

du

Au=1u(y +¢) — u(y) zédy.

(37)
Prandtl assumed that the velocity fluctuation component
v’ is the same order of magnitude as u’, namely v’ ~ u/,

therefore we have

v = a€;. (38)

where a ~ 1/4/2 is introduced by the calculation of [36]
and in page 528 of [2].

. . . . +
Using dimensionless quantities and ddLn =
2(1_2J .

o we have u't = v/ /u, = E‘*‘ld%? and

1414402 ] (1= 22

vVt =0 fu, = aE*%, namely
207|(1 - 7))
+)2 _2n
1+\/1+4(4) (1 2n) ]
V20H|(1 - 71|

' = ) (40)
L [T+ 4(e4)2 ] (1 22) |

-

where the symmetry of fluctuations about n = R, /2 has
been applied. The fluctuations u'* or v/t are depicted
in Fig.10.

0 500 1000 1500 2000
n
(a) The normal scale velocity fluctuations
0.97
0.8
0.77 PRIy
0.6 % St
/
0.57 \\ I
! \ I
0.41 ! Wi
/
0.37 ]
0.2 //
0.14 74
0 !
-2 -1 0 1 2 3
10 10 10 10 10 10
n

(b) The log rescale velocity fluctuations

FIG. 10: Flow velocity fluctuations, where ® stands for either
w'T or o/t

We can verify both velocity fluctuations are satisfy the
Reynolds-averaged conditions w'* = 0 and v'T = 0. S-
ince the problem is steady flow and now the Reynolds-
averaged conditions of quantity ® is defined as follows

1 (B
Pt = — ddn. 41
R/o n (41)

T

Substituting Eqs.39 and 40, can prove this statement.
Alternatively, prove it by numerical integral, for instance
using Maple code: int(u'*, n = 0..R, nemeric) yields nul-
1, which can be interpreted easily because of the asym-
metry of the velocity fluctuations about y = R, /2.

With the mean velocity and fluctuations, we have the
total flow velocity components U and V in = and y di-
rection, respectively.

Ut = ut +u", (42)
vt =" (43)
since ¥ is assumed to be zero, where UTU/u, and V1 =

V/u,. The total flow velocity U™ and mean velocity u™
are depicted in Fig.11.
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FIG. 11: Total flow velocity has a high heels profile and is
slight larger than the mean velocity due to the contribution
of the fluctuations.

VI. REYNOLDS STRESS AND TOTAL SHEAR
STRESS

given by 7, =

The Reynolds stress ra-

The Reynolds

1 dut
puZ P (ot )2 G 4
Ty
puz

stress is

tio

is depicted in Fig. 12.
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FIG. 12: The Reynolds stress ratio ;jg .

Total shear stress is given by 7., = ,ufl—z + Tg'ﬁy, namely
dut \ du™

oy = Tw | 1+ () —| ) — 44

= (14 PG ) S

where 7,, = pu2. The total shear stress is depicted in
Fig. 13.

which is depicted in Fig.13.
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(b) The log rescale total shear stress

FIG. 13: Total shear stress and the Reynolds stress.

The Fig.13 reveals that only difference in between are
near the walls, away from the walls, they are almost e-
qual.

VII. THE MOMENT OF VELOCITY
FLUCTUATION AND ENERGY BALANCE

The square of the streamwise flow velocity fluctuation
with the wall distance, i.e., (u/*)2 is given by

4(€+)2(1 _
(14 /1+aen2 0= 2)1)

and (v'1)? as follows

2
7))’

u't)? = (45)

27

201 _ 2n\2
(V)% = 2070 R . (46)

(14 1+ae2 10— 2 |)2
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Both (u/*)? and (v'*)? have similar profile as in Fig.14
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and their square root (v'*)? are shown
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FIG. 14: The square moment: (u'*)? or (v'*+)2.

in Fig.15
The energy balance equation can be be derived from
the momentum balance equation as follows:

2n | du+ du+\? du+\*
- () e () e
—_——— —_— ——

Ees Ead Eyyp

where E.; is energy supply, F44 is direct dissipation, and
E4p is turbulence production. They are depicted in Fig.16

The energy balance in Eq.16 reveals that the power
due to the shear forces is divided into two parts. One is
transformed directly to internal energy via viscous dissi-
pation (Fy4) while the 2nd is used to generate turbulent
fluctuation energy (Eip).

The turbulence production has a maximum of 0.2447
at 7 = 10.46. At this distance from the wall, the direct
dissipation and the turbulence production are equal. For
1 < 10.46 the direct dissipation dominates, and for n >
10.46 the entire energy supply eventually provides the
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turbulence production as n — R, /2, namely closing the
center of the channel [2]

The energy balance of the turbulent fluctuations can
also be obtained and shown in Fig.17.

VIII. FRICTION OF THE TURBULENT
POISEUILLE FLOW BETWEEN TWO
PARALLEL PLATES

As an application of our solutions, let us now to
construct the dependence of the resistance coefficient,

which is defined as A\ = (QII;QA)Z{;Q = Qh%/(,mf/?) =

8(u,/u)? = 8/(u™)?, which gives

ut = \/f. (48)

The dimensionless Reynolds number is defined as Re =
2hu/v = (2hu,/v)u*, hence n|y—on = 2hu,/v =
2h(u/u,)/v = Re/(2u't) and 2kn|y—2n = kRe/ut. Ap-
plying the Eq.48 into the above relation, and leads to

1 A
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FIG. 17: Universal energy balance of the turbulent fluctu-
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The dependence of the resistance coefficient on the di-
mensionless Reynolds Re number is given in implicit form

d0i:10.20944/preprints202201.0240.v1

by the equation

8 1 5£h
— = _ / 2 [
\/: o 11’1 (2£h + (2Eh) 1) 1

(205)2 +1
(50)

where

O = knp(1 — %)[1 — exp(—%h)] - exp(—%]

05 1

[— s paper Absi == Pomeau —— Prandil log law |

FIG. 18: Resistance coefficient of the turbulent Poiseuille flow
between two parallel plates.

IX. CONCLUSIONS

To the best of the author’s knowledge, the enhanced
mixing length is the first complete model be ever pro-
posed to consider both walls boundary conditions. The
study shown that the high heels mean and total motion
profile is universal for all wall-bounded turbulent flows.
The explicit approximate analytical solutions, the total
velocity, the total shear stress and the friction of turbu-
lent Poiseuille flow between two parallel plates have not
be seen in literature before. The investigation confirmed
that the correct mixing length formulae must include all
boundary condition together with damping functions by
multiplication. This study may help to have a better
understanding of turbulence phenomena [27-31].
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