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Abstract: As an implementation of inverse Radon transform, the Second-order Divided-difference
Back Projection (SDBP) technique has been proposed in this paper, by which the accurate CT recon-
struction can be theoretically realized. A computational model for CT reconstruction filter expres-
sions has been derived on the basis of SDBP technique. The method reveals the correlation between
the convolution kernel for data restoration and the filter expression. By substituting kernel functions
into the computational model, the amplitude sequences of a variety of filters can be calculated. On
the proposed filter construction method, the decomposition form of filters has been discovered,
where a series of basic filters have been acquired. The properties of any filter depend on the decom-
posed basic filters. Basic filters can be used to compose filters in actual needs.
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1. Introduction

Computed tomography (CT) technology is a commonly used nondestructive testing
method [1,2]. Techniques related to reconstruction algorithms are the research focuses in
the field of CT imaging. In the view of mathematical analysis, the CT reconstruction is
essentially an inverse problem of the Radon transform [3]. Therefore, the properties of
Radon transform have always been the research topic in the CT field [4-6]. Among all
algorithms based on the inverse Radon transform, the filtered back projection (FBP) tech-
nique is a typical case [7], which is efficient and convenient to implement. However, due
to the divergence of the ideal ramp function, FBP technique can not be equivalent to the
rigorous Radon inverse transform. An accurate and effective inverse Radon transform
method is essential to the theoretical research of CT reconstruction. On the known deri-
vation process, this paper has proposed an inverse Radon transform formula in the form
of second-order divided-difference back projection (SDBP). Different from FBP technique,
SDBP technique calculates the functional second-order difference instead of filtering in
the projection data preprocessing. Theoretically, SDBP is an accurate reconstruction
method for dense sampling.

For discrete projection data, the performance of the CT reconstruction filter is an im-
portant factor that affects CT image quality. Presently, the most commonly used filters in
FBP are R-L filter [8] and S-L filter [9]. The CT image reconstructed by R-L filter has clear
contour and high spatial resolution, but the image is affected by obvious Gibbs phenom-
enon [10]. Compared with R-L filter, the CT image reconstructed by S-L filter has lighter
Gibbs phenomenon and less grayscale error, but the sharpness of the contour edge is
lower. Not all filters can be obtained by the traditional design method, which is realized
by inverse Fourier transform after windowing the ramp function in frequency domain.
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For that reason, scholars have also studied some designing methods of CT reconstruction
filters [11-13].

In this paper, a generalized construction model of CT reconstruction filters has been
proposed. It begins with the discrete projection data being restored into a continuous
function by convolution with kernel function. By applying the SDBP formula to the re-
stored second-order difference projection function, the relationship between the filter
function and the kernel function has been revealed. As an application, a variety of filters
can be acquired by applying different kernel functions to the proposed model. In particu-
lar, R-L filter and S-L filter can be acquired respectively with sinc kernel and rectangular
kernel. Based on the derived theorem, it has been proved that any filter can be decom-
posed into a linear combination of basic filters. Through simulations of CT reconstruction
for the Shepp-Logan phantom, some characteristics of the basic filters have been demon-
strated, which provide guidance for the filter design. This study has provided a theoretical
foundation for the analysis of CT reconstruction filters.

2. Inverse Radon Transform with SDBP Technique

SDBP technique is a method for realizing inverse Radon transform. For the projection
data sets of linear continuum, SDBP technique is a practicable way to achieve accurate
analytical reconstruction of the target function. SDBP technique also provides an ap-
proach for CT reconstruction with discrete sinogram, even if the sampling is not equidis-
tant.

2.1. Radon Transform
Each e refers to a variable, and each ® refers to a function. Given a target real
function f(e), for ¥=(x, y)T e€R?, assume that f (Sc') satisfies the following condi-

tions:
Hypothesis 1.

1. f(X) is continuous;

T—

2. The double integral ﬂ' s )| d’xX extending over the whole plane, converges;
N ¥ ¥
3. For any arbitrary point ¥ on the plane, 111{)1 J-OM f (}4-2}1(/; =0 , where
&e—0, g
¢ =(cos @,sin go)T .

Definition 1. The Radon transform of f (Sc') is a linear integral transform in the plane [3],

which is defined as

R[f](r.0): jf r¢+T¢L)dr 1)
where, r is the distance of straight line {L:(o'r)_c'—rz()} from the origin;
- . T
¢, =(sinp,—cosp) .

The Radon transformed functions defined in equation (1) and the original functions
constitute a function space of bijections.
2.2. SDBP Technique

For reR and ¢e(0, 27r] , given the Radon transform R[ f ](r,(o) of the target
function f(¥) to be solved, assume that R[f](r,¢) satisfies the following conditions:
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Hypothesis 2.
1.  The integral IR|R[ f ](r,w)ldr converges;
2. £11)%Af [R[/](r.0)](5)=0, where Al[®](s) of seR is the second-order differ-

ence operator for variable r, and more specifically

A [RU1(r-0)](s) = R[S 1(r=5.0)=2R[f1(r-0) + R[/1(r+5.0);

3.  The first partial derivative agR[ f](r.p) is continuous, or only has removable dis-
v
continuities;
2
4. The second partial derivative ;—Z’R[ f](r,9) is continuous, or only has removable
r
or jump discontinuities.
On the premise of the Radon transform R[ f ](r,(o) meeting Hypothesis 2, the for-

mula of SDBP technique for inverse Radon transform is shown as follows:

Theorem 1. For XeR?, reR, seR, ¢e[0,27),

. dsdg. )

r=¢ X

1(8)=- et L0

N

If s—0, the integrand is equal to the mean value of second partial derivatives of
R[ f ](r,(p) on both sides of the index position, as

A [RIA1(0)](5)

lim . —%[:%R[f](mw)+§—;73[f](ra¢’)}

50 K

Proof of Theorem 1. In order to facilitate the subsequent proofs, some properties of Fou-
rier transform are introduced primarily. The rules of functional relations of Fourier trans-
form are shown in the Appendix [14].

For the target [ (Sc') , on the promise that f (Sc') satisfies Hypothesis 1, then accord-

ing to the properties of Fourier transform, there is
F(#) =7 [AUE) = [[L AL E) oo 2 2) 078,

where, F, [®](E ) is the 2-D Fourier transform for independent variables ¥; E = (5, (//)T
are the independent variables in frequency domain corresponding to X; ]—"E'l [®](52) is

the inverse 2-D Fourier transform for independent variables g Replace variable

PP — E , and combined with Jacobian determinant, there is

4*é

cosp —psing
sing  pcose

dpde = pdpde .

The orthogonal direction integral of rectangular coordinate system is transformed into the
rotation direction integral of polar coordinate system. According to the central slice theo-
rem [15], there is
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%)= [ 7 [RIA)0))(p)-exp(27ip5 3) | oldpdo, ©

where F, [®](p) is the Fourier transform for variable ». For |p| in Equation (3),

there is
lp|= psgn(p)=-isgn(p)-ip,
where sgn (0) represents the Sign function. According to Rule 6, there is

5(0)=F0(0)= %[ o) = £ o)

r

where & (0) represents the Dirac delta function. Combined with the principle of parity

invariance,

By inverse Fourier transform, there is

F, [~isen(p)](r) ==, @)

r

where }'p’l [®](r) is the inverse Fourier transform for variable p in frequency domain.
According to Rule 5, there is

7 [ip-Z[RUN0)](0)](1) = 3 R I (rv0)- ©

By substituting Equation (4) and Equation (5) into Equation (3), and according to Rule 1
and Rule 7, the inverse Radon transform formula in the form of Hilbert transform is ob-
tained, as

1 27r

18 =4[ 1 R0 |0

where H_ [®](r) is the Hilbert transform for variable 7.

In Equation (6), the derivative term in the Hilbert transform makes the radon inverse
transform formula very sensitive to the small error in the projections, which is not condu-
cive to accurate reconstruction. Combined with the definition of convolution, the Hilbert
transform defined using the Cauchy principal value (marked with p.v.) is given by

| ZR[1)(0)|ir)=

o d. 6)

5, RNz p)dz. 7)

On the basis that the anomalous integral in Equation (7) converges, the right side of Equa-
tion (7) can be transformed by the partial integration, as

J-l R/](r.0)de R[f](r,g0)+C_J.R[f](z',(/))+CdT.

r—1 01 F—7 (r—z')2

(8)

where C is a constant. To ensure the validity of the partial integration, the convergence
of the integral on the right side of Equation (8) must be guaranteed, so there is
C =-R[f](r.¢) . Equation (6) is further equivalent to

f(?c): pove [ R[/] ”((P;) :[f](f .0)

s drde. ©)
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Eliminate the singularity of the integrand in Equation (9), then replace variable s<r-7.
Equation (2) is obtained, which is the formula of SDBP technique. Theorem 1 has been
proved. o

3. Computational Model for Filter Expressions

On the basis of SDBP technique, we have proposed a filter construction method. Im-
plemented in spatial domain, the method reveals the relationship between the filter func-
tion and the convolution kernel, which can be used to restore discrete sampling data into
continuous functions by convolution.

3.1. Projection Data Preprocess
For the target f(¥), on the premise that the projection of f(¥) atany angle is sys-

tematic sampling data, it is assumed that the known conditions are:
Hypothesis 3.

The sampling interval of the detectoris d, deR_;

2. The projection angles are discrete at equal intervals, and A is the number of total
projections;
3. For meN and neZ, the projection value is defined as

P, (n):z IRR[f](r,wm)-é(r—nd)dr,

where ¢, =27zm/M .

In order to acquire the continuous second-order difference projection function at any
angle whose domain is R, the discrete projection signal should be converted into a con-
tinuous function. Construct the continuous second-order difference projection function

Al [}Bm}(ﬁ) of §eR via projection values P,(n), where § is the normalized variable

of s as §=s/d.The constructed A’ [}Bm J(ﬁ) is expressed as:

Definition 2. For meN, neZ, veZ, seR,
2 [2)6)= S8 [R]0)kG-v), )

where k(o) represents the convolution kernel function, and k($) of §eR satisfies the

following conditions:

Hypothesis4. For veZ, seR,

1. k(8) is piecewise continuous, and the integral ij(ﬁ)dﬁ =1;
2. k(8)=k(=5), k(v)|,.,=0,and limk(5)=0;
3. k(§) is differentiable atany §=v #0;

16

ds?

v#0

4. The second derivative

L k()

ds?

is continuous in the deleted neighbourhood of any

s=v =0, an

converges on both sidesof any §=v #0.

3.2. Conwersion relation between convolution kernels and filter functions

The reconstructed value f (55) of ¥e R’ can be approximated by
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F(%)=2 ZIZ( P, (|#n%/d+1/2|-n)-h(n)), (11)

m=0 neZ

where, ¢, = (cos ®,,sing, )T ; LOJ represents the floor function, which gives the largest
integer no greater than the input real number; #(n) is the amplitude sequence of CT

reconstruction filter, which can be obtained by k(§) as follows:
Theorem 2. For neZ\{0}, r R, thereis

g {M}(n); (12)

0 = 27d? dr

h(n)

if n=0, thereis

0)=-3 ()

neZl

0 * (13)

For any given kernel function, its corresponding filter is uniquely determined. On the
other hand, the kernel function corresponding to any given h(n) is not unique.

Given the analytic function (not unique) of h(n)

which is A(7) of 7eR,

where 7 isthe normalized variable of r as 7 =r/d, the corresponding convolution ker-

n#0 7

nel of h(#) is as follows:

Theorem 3. For seR, reR, thereis
k(3)=27d’H, [ [h(r)dr (3). (14)

By applying the above computational model of filters, a variety of new filters can be
obtained by designing the interpolation functions. Conversely, according to Equation (14),
the kernel functions corresponding to some commonly used filters have been revealed.
Therefore, the form of CT reconstruction filter is closely related to the restoration process
of projection signal.

Proof of Theorem 2. For the discrete projections, according to the SDBP technique, the
inverse transform can be approximately expressed as

A [R[f 2.)](5)

ds.

r=pn%

f(¥)=- HHZI -
2xM

Replace variable § < s/d, then replace the second-order difference with A’ [f’m ](§ ) in

Equation (10). The estimation formula of reconstructed f (Ec’) can be acquired, as

lim
2mxdM e0+ e=t s

EIFRIE A
> w{f“ (15)

d 2

7(3)=-

According to Equation (10), Equation (15) can be further transformed into
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m=0veN, VIR

f()?): Y }Lrgiz Z [A2 [R,](v) J‘ k(‘;z—f)dz-J ”{#EJJ . (16)

In the light of the operational characteristics of discrete convolution, Equation (16) can be
transformed into Equation (11), in which

h(n)
By performing partial integral in Equation (17), there is

h(n) L dk(n=r)

=——pv.| —-
"0 2 xd? PV)e pas dr

Combined with the definition of Hilbert transform, Equation (12) can be acquired. Since

the sum of all the P, (n) coefficients in Equation (16) is zero, Equation (13) holds, there-

1 n T
20 2d2 p J. )dT (17)

T.

fore Theorem 2 has been proved. o

Proof of Theorem 3. Inversely, if the analytic function h(§) of §eR is given, then

h($) satisfies Equation (17), as

R 1 k (§ - r)
h(s):—zﬂzd2 -p.V.J.]R = dr.
By Fourier transform and according to Rule 7, there is

1

EP) =5 £ () %] £ ](0): )

T

T

For F [ }(/3) according to Rule 5, there is
7?
7| 2| 6)=5| -2 (0 =itz | )= 2wl )
|72 I odr\r

By substituting Equation (19) into Equation (18), the following equation is acquired after
performing inverse Fourier transform, as

k(§)=d*F; [%J(@). (20)

In Equation (20), there is

Z.[h(4) F[1)(p)
————=-2zmisgn(p . 21
E (P)=0is (21)
According to Rule 5,
F,[W)(p)=27ip- F[ [n(r)dz |(5). (22)
By substituting Equation (22) into Equation (21), it can be deducted that
F.|h
& =-2risgn(p Uh dr}( ). (23)

||

According to Rule 7 and combined with Equation (4), the following equation is acquired
after performing Fourier transform on both sides of Equation (23), as
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N AT IS LG
7 (= ns e “

By substituting Equation (24) into Equation (20), and combined with the definition of Hil-
bert transform, Equation (14) can be acquired. Theorem 3 has been proved. o

It can be clearly observed that there is a reciprocal relationship between filter function
h(e) and kernel function k(e), which can be realized by Hilbert transform, shown as

follows:

27dH, [ [(e)dr (o)
h(e —NW k(e).
27d? H’[ dr }(.)

Based on the principles above, the mutual conversion between filter function and
kernel function can be realized. It shows the correlation between the filter design and data
restoration.

4. Illustration with Examples

To verify the validity of the proposed method of constructing filters, we have applied
some common kernels to the proposed model as examples, by which some known filters
have been derived. We also compared the reconstruction errors of different filters.

4.1. R-L filter: sinc(e) kernel

If Ai [f’m J(§) of §eR is the Whittaker-Shannon interpolation of Ai [Pm](v) , then

the convolution kernel is the normalized sinc function, as
k(8)=sinc(x$).
The derivative of normalized sinc function is

rcos(7zr)—sin(77) .

d .
d—rsmc(ﬁr) = p

According to Equation (12), there is

dr=——>—~—.
T’ (n - T) ‘ 27°n*d?

1 J-chos(ﬂr)—sin(ﬂr) 1-(-1)"

hsinc ( n )

= -p.v.
"0 oxd? P

By Equation (13),

B (0)=—— y ED 71 _3(2)

2d* 5 n’ C27kdd 4dY

2
where g(O) represents the Riemann zeta function, and g(2) = % Therefore, the filter

corresponding to normalized sinc kernel is

hsinc (n) = 1_(_1)n (25)
2n’d? n#0

Equation (25) is the expression of R-L filter [8].

4.2. S-L filter: TI(e) kernel
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If A}[P,](5) of §eR is the proximal interpolation of A;[P,](v), then the kernel

function is the unit rectangular function, as
k(8)=T1(3),

where TI(e) represents the unit rectangular function. The generalized derivative of unit

rectangular function is

%H(r) =6(r+1/2)-6(7-1/2).

According to Equation (12), there is

1 J 5(1+1/2)—§(1—1/2)dr__ 2

0 " o rd? = z(n-r) - 7rzc¢72(4n2 —1) .

Iy (n)

By Equation (13),

4 1 2
hH(O): 2 Z 2 =

od S A’ -1 dt
Therefore, the filter corresponding to unit rectangular kernel is

2
—”zdz , n=0

hy ()= 2 . (26)
- n=#0
7d? (4112 —1)

Equation (26) is the expression of S-L filter [9].

4.3. Delta filter: 5(e) kernel

If A [Pm](§) of §eR is the sampling function with each amplitude A.[P,](v),

then the convolution kernel is the unit delta function, as
k(5)=5(5).

According to Equation (12), there is

1 dé'(r) 1 1 5(1) 1

hy = . dr=- dr=-

5 (7)o 27d? 'LR dr  7(n-71) ! 27d? J.]Rﬂ'(n 1)2 ‘ 27 n’d?
By Equation (13),

s(2) 1
2d2 ZN: e Zdz T6d”
Therefore, the filter corresponding to unit delta kernel is
hy (n) = | . (27)
, nz0
27r nzd2

The expression of delta filter shown in Equation (27) was firstly proposed by Yuchuan
Wei and Ge Wang [16], which was introduced as a practical filter to approximate the ideal
filter.

4.4. Imaging tests


https://doi.org/10.20944/preprints202201.0199.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 14 January 2022 d0i:10.20944/preprints202201.0199.v1

The Shepp-Logan phantom of 1024x1024 pixels was used to test CT imaging perfor-
mance of different example filters. The number of projections was set to 720, and the sam-
pling interval of the detector was equal to the pixel size of the phantom. For further com-
parison, Gaussian white noise of standard deviation o was added to the sinogram to
test the performance of the filters in noise. The reconstructed images are shown in Figure

1.
(a) (b) ()
(d) (e) (f)
Figure 1. Reconstructed Shepp-Logan phantom images by exemplified filters: (a) R-L filter without

noise; (b) S-L filter without noise; (c) Delta filter without noise; (d) R-L filter in noise of o =5; (e)
S-L filter in noise of o =5 ; (f) Delta filter in noise of o =5.

To reflect the reconstruction accuracy more intuitively, we used the root mean square
error (RMSE) to evaluate the error between the reconstructed image and the original im-
age. The RMSE of CT image is defined as follows:

where, f,  isthe gray value of the original image pixel in row u and column v; fu‘

is the gray value of the reconstructed image pixel in row # and column v; N is the
maximum value of # and column v. By calculation, the RMSE table of reconstructed
images is shown in Table 1, which shows that the reconstructed image of delta filter has
the smallest RMSE under each noise intensity.

Table 1. RMSE of reconstructed images.

Noise Density R-L Filter S-L Filter Delta Filter
=0 0.2672 0.2508 0.2431
o=1 0.3231 0.2919 0.2784
o=5 0.6544 0.5886 0.5332

5. Analysis of Basic Composition of Filters
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In order to make further explorations in the rules of the filter properties changing
with the kernels, we have discussed the basic components of CT reconstruction filters,
that the amplitude sequence of any filter can be decomposed into a linear combination of
those of basic filters, similar to Fourier transform. The properties of basic filters provide
guidance for the design of kernel functions.

5.1 Decomposition of kernel functions

A generalized function can be described by Schwartz-distribution. As for the kernel
function k& (0) , its Schwartz-distribution is defined by

(k%)= [ k(z)-%(r)dr, (28)

where ¥(e) represents the test function.

By performing discretization, the local function in a definite interval is regarded as a
delta function whose amplitude is equal to the interval integral. In this way, the kernel
function can be decomposed to a combination of delta functions. Assume that the interval
between any adjacent integers is equally divided by piecewise intervals, then the discre-
tized kernel function can be defined as follows:

Definition 3. For veZ, AeN_, 7eR,

/zA(r):z[a(f_Z;Zl) ij(r)-H[Ar—zvz”jer- @9)

vel

Considering when A — «, by applying Equation (28) to Equation (29), there is

~ . 2v+1 2v+1
<kA,T>|AHw:/1\1_r£§[T( ;Z j.IRk(r)~H(AT—VT+de].

If T(O) is continuous within its domain, according to the first mean value theorem for

definite integrals, the discretized kernel &, () when Ao and the original kernel

k(e) have the identical Schwartz-distribution,

IO e | T P B T

To describe the basic elements of kernel functions, the delta_2 function o, (0, /1) has been

defined, which is described as:

Definition 4. For 1eR, reR,

52(r,l):z%(&(r—l)+§(r+l)), (1)
where A represents the displacement of the delta functions from the origin.

According to the conditions in Hypothesis 4, &, (z) can be expressed in the following

form, as

=

ky(7) = Z[m (v)-5, (r, 2;;1D (32)

where a,(v) is the amplitude of delta_2 function,


https://doi.org/10.20944/preprints202201.0199.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 14 January 2022 d0i:10.20944/preprints202201.0199.v1

According to Hypothesis 4, a(v) satisfies:

LY a,(v)=1;

veZ
2.a,(v)=a,(-v);
3. For a finite fixed value of A, lima, (v) =0.

V—>0

5.2 Filters of Basic Type

In the definition of Schwartz-distribution, the delta_2 function is the basis function
of any kernel. According to Equation (12) and Equation (31), if 0, (r,/l) is the kernel

functionof reR and AeR\Z, thereis

1 ¢ 6(c=2)+8(r+4) 1 1 1
hy (n,A)|,00 =— dr=- .
5 (15210 4rzd’ IR z(n-z) T (n—/1)2+(n+/1)2 %9
By Equation (13), the following equation can be acquired,
1 1 d 1
hy (0,0)=—————— | — .
s 0= [dr”é(mrj} - (54

The partial fraction decomposition of cotangent function is used to calculate the exact
value of %(0):For reR\Z, the sum of the sequence in Equation (34) is

= t .
2 zeot(zr)

Therefore,

1 1 1
h, (0,1)= _ .
% ( ) 2d? (sin2 (7[/1) 72'22,2] (35)

Combined with Equation (33) and Equation (35), the filter corresponding to delta_2
function kernel is

L(;;] 0
2d° | sin® (72) oy
hy, (n,/l) = . (36)
- 1 > [ ! >+ ! > ], nz0
ar’d* | (n-2)  (n+4)

Equation (36) is the expression of basic filter series. The operation in Equation (12) satisfies
the expression of Schwartz-distribution in Equation (28). Combined with Equation (30), it

can be concluded that %, (e) and k(e) correspond to the same filter when A — o,

which means

lim &, (n)=h(n).

A—o

where £, (n) corresponds to k, (7). On the basis of the linearity in Equation (12), it can
be derived from Equation (32) that

iy ()= Z(aA (v)-h (n%}j - 37)
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If k(r) is continuous for 7 e (%,VTHJ , then

. . 1 2v+1
fima. ()= tim| 14327 )
Suppose that k(z) is continuous for re€R. According to Equation (37) and Equation
(38), there is
~ 1 2v+1 2v+1
lim A =1li —-k “hy | n, .
bim i, () ILHZ[A (M] (n o D (39)

By means of the definition of integral, it can be obtained by the conversion of Equation
(39) that the filter acquired by k(e) satisfies

h(n)=[ k(2)-hs (n,2)dA. (40)

Under the constraint of Hypothesis 4, it can be proved that Equation (40) is still valid in
the case the kernel function containing finite discontinuities, which include delta function
components.

5.3 Imaging tests

The Shepp-Logan phantom of 1024x1024 pixels was used to test CT imaging perfor-
mance of different basic filters. The number of projections was set to 720, and the sampling
interval of the detector was equal to the pixel size of the phantom. The images of Shepp-
Logan phantom were reconstructed by a number of basic filters with different 4, and
some results are shown in Figure 2.

(a) (b) ()

(d) (e) (f)
Figure 2. Reconstructed Shepp-Logan phantom images by basic filters of different parameters: (a)
A=1/2;(b)A=25/2;(c) A=49/2;(d) A =3/4;(e) 1 =7/8;(f) A =15/16.

In addition to RMSE, we used the average gradient module (AGM) to measure the
sharpness of the CT images. The image sharpness has a positively correlation with AGM.
The computing formula of CT image AGM is as follows,
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The calculated RMSE and AGM of CT images reconstructed by basic filters are shown in
Figure 3 and Figure 4.
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Figure 3. RMSE and AGM of CT images reconstructed by basic filters with different 1 (1 =v/10,
veZ and AgZ\{0}).
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Figure 4. RMSE and AGM of CT images reconstructed by basic filters with different 2 (1=1/2+v
and veZ).

If the parameter A is divided into two parts: integer and decimal, as A=4,+4,
(4, €Z and 4 e(-1/2,1/2]), it can be summarized from Figure 3 and Figure 4 that the
reconstructed image gradually blurs with the increase of A, while 4, is constant, and
the sharpness of the image increases as /4, is closer to 0 while 4, is constant. The RMSE

is minimum only when A =0. The phenomenon has verified that the delta filter has the
characteristic of minimum reconstruction error.
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6. Discussion

The SDBP technique proposed in this paper is a method for accurate inverse Radon
transform. SDBP is more practicable and more valid than that in the form of Hilbert trans-
form. The transform between the filter function and the kernel function has been derived
from the framework of SDBP, which provides a systematic filter design method, that the
form and properties of CT reconstruction filter are determined by the convolution kernel
in data preprocessing. By extension, a decomposition mode of filters has been proposed.
Therefore, filters that meet certain optimal performance indicators can be constructed by
referring to the properties of basic filters.

The kernel mentioned in this paper is basically used for projection data restoration.
Meanwhile, the kernel is the inverse Fourier transform of the filtering window function
in frequency domain. In that sense, the proposed method indicates that the applicable
window function has more possibilities, even that the window function does not neces-
sarily have to converge. Itshows from a side view that the traditional filter design
method does have some limitations.

As a conclusion, any CT reconstruction filter can be decomposed into a linear combi-
nation of basic filters. In other words, any CT image reconstructed via FBP is a linear su-
perposition of the images reconstructed by basic filters. However, there are more proper-
ties of basic filters need to be revealed. Also, the optimal combination method of basic
filters is a subject remains to be studied.
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Appendix. Table of some functional Fourier transform pairs

Rule Number Function Fourier Transform
0 /(%) FLA1E)=[ 1 (x)-exp(-2micx)dx
1 a f(x)+b-g(x) a-F[1](§)+b- 7 [g](£)
2 f(x-a) F[£1(8)-exp(27iag)

1 g
3 f(ax) H’fx [f](;]
4 F[/1(%) f(=¢)
5 () (2ric) £ [11(€)
" )

6 ¥ (3 =) EE @
7 {/*g}(x) FLr1(6)- 7 [2](¢)
8 f(x)-2(x) (£ L/1=7 L]} ()
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