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The laser differential equations are used to transform them into identical coupled maps. Valuable
results are deduced during analytical and numerical studies on cavity loss. Phase and spatiotemporal
synchronized attractors are observed via quasi-chaos under a certain range of controlling parameters,
and symmetry breaking of chaotic attractors due to collision with their basin boundaries, and
transpire differently from the previous attractors. During the numerical simulation, it is found that
the sequence of repeated strange attractors if the coupling strength further increases, which are
orthogonal mirror images (the dynamics of the system is the same at different values of controlling
parameters). Moreover, it can help us to predict future problems and their solutions based on
current issues, if we develop this model in more general.

PACS numbers: 05.45.Gg, 05.45.Pq, 42.60.Jf

I. INTRODUCTION

In the early 1700, a famous scientist Christiaan Huy-
gens discovered a phenomenon of synchronization be-
tween coupled pendulum clocks hanging from a common
support. In many species of synchronous rhythms of cell
apportionment in the organism inform the cell cycle oscil-
lators and circadian are coupled [1]. The biological phase-
locking observed in proliferating mouse fibroblasts ac-
commodates synchronized oscillations between the circa-
dian clock and cell cycle [2]. Synchronization of dynam-
ical systems is crucial and received a substantial range
of curiosity in recent research. Especially, mathematical
modeling to address multispectral imaging of single live
cells in proliferating mouse fibroblasts [2], secure commu-
nication which depends on an array of electronic circuits
and semiconductor lasers [3], synchronized mirror image
orthogonal attractors when the coupling strength of the
coupled laser’s system is complex values [4]. Synchro-
nization in dynamical systems depends on the coupling
strength, which does work as feedback and causes stable
states. If the values of coupling delay adjust with cavity
loss, it can provide ideal results as well as get new com-
plex phenomena. The system goes from synchronized
phase to irregular trajectories when the values of cou-
pling strength increase beyond the critical domain and
cause the crisis [5]. The crisis mean basin boundaries
of the strange attractors collide and another state of the
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system which may be stable or unstable depends on the
value of controlling parameters.

To introduce the cavity decay rate in our dynamical
model, we employed the thermal fluctuation theorem.
After developing the mathematical model for cavity loss
in the form of heat energy, noise, and thermal fluctua-
tions which can cause instability in different lasing sys-
tems and experiments. We will be able to know which
parameters at what value gives the desired results. If V
is the volume of the cavity and l is the length and span S
distinct modes. There must be damping inside the cav-
ity, if the field is transmitted through the mirrors. To
analysis before and after existing damping which causes
to reduce the amplitude of the field propagating into the
cavity. We drive the quality-factor of the ring-cavity
by utilizing some fundamental equations which base on
atom-field and mirror interactions.

In this paper, we develop a mathematical laser system
model which consists of coupling delay as well as cavity
loss. The main purpose of this coupled semiconductor
laser model is to study and investigate the complex phe-
nomena in photonic devices due to coupling delay and
cavity loss. The emerging of complex demeanor, syn-
chronization chaotic attractors in a spatially distributed
and deterministic chaos seen during our numerical and
analytical calculation of the coupled laser system at the
weak values of the coupling strength. The dynamical
model described here serves as a distinct concept for
the entrainment behavior between the strange attractors
of coupled nonlinear oscillators. The chaotic attractors
remain orthogonal phase entrained synchronized at the
fixed values of coupling delay γ, & cavity loss γc, and
at different value of λ, which is the growth rate of our
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FIG. 1: The schematic diagram of ring cavity in which two
waves are propagating in clockwise and anti-clockwise direc-
tions.

dynamical system. The trajectories of coupled units re-
main synchronized even the motion of the whole network
is chaotic. Synchronization and symmetry break when
the values of coupling delay are strong and the whole
trajectory in phase space behaves like irregular as well as
turbulence chaos [7, 8]. Moreover, in the absence of cou-
pling decay, each chaotic attractor behaves like a single
longitudinal and transverse mode [9, 10].

II. TWO-MODE COUPLED LASERS

A ring cavity contains excited atoms with decay rate
γ1, in which the two waves are traveling in clockwise and
counter-clockwise directions [11, 12], as shown in Fig. 1.
The reflectivity of mirrors M1 and M2 is R and a part
of the waves transmitted through these two mirrors. At
the same time, the mirrors M3 and M4 have 100% reflec-
tivity, which causes the reflected amplified light back to
interact with atoms. A complete derivation of a single-
mode laser logistic map is driven by utilizing the interact-
ing Hamiltonian in [13]. Since the two electric waves are
propagating in opposite directions and they interact with
atoms which are kept inside the ring cavity, atom-atom
interaction, their collision, loss of energy in the form of
heat, and other forms. Therefore, a simplified mathe-
matical formulation of two waves that are propagating
inside the ring cavity is written as [14–16],

dE1

dt
=

[
A− C1 −B(|E1|2 + ξ|E2|2)

]
E1,

dE2

dt
=

[
A− C2 −B(|E2|2 + ξ|E1|2)

]
E2,

(1)

These equations are also called nonlinear coupled laser’s
dynamical equations, and represented in the form of dif-
ferential electric field E1 and E2. Here, A, B and C
are the Einstein gain coefficient, nonlinear saturation and

loss of the system respectively and defined as,

A = ωη̄(p2 − p1)µ
2
12T/2ε0ℏ,

B = 2ωF (p2 − p1)µ
4
12T

3/2ε0ℏ3,
C = σi/2ε0,

(2)

Here, ξ is defined as,

ξ =
1

[1 + (∆ωT1)2]
, (3)

here, ∆ω, and T1 are the detuning and natural lifetime
of laser transitions, respectively [15]. Furthermore, ξ for
2, 1, and < 1 corresponds to an homogeneously broad-
ened gain medium, an inhomogeneously broadened gain
medium at the line center, and a detuned inhomoge-
neously broadened laser respectively.

To get the desired dynamical model, we need to mul-
tiply 2E∗

1 and 2E∗
2 by Eq. (1), and the simplification

provides us the following results,

İ1 = 2(A− C1)

[
1− B

(A− C1)
(I1 + ξI2)

]
I1,

İ2 = 2(A− C2)

[
1− B

(A− C2)
(I2 + ξI1)

]
I2,

(4)

here, Ii = |Ei|2 and i = 1, 2, we take only the real part
Re(Ei) of the complex equations. Since the intensity is
directly proportional to the number of photons, therefore,
the above equations can be written as,

ẋ = ṅ1 = 2(A− C1) [1− (n1 + ξn2)]n1,

ẏ = ṅ2 = 2(A− C2) [1− (n2 + ξn1)]n2.
(5)

In the absence of coupling strength, the fractions
(

B

(A− Ci)
)−1 are represented as steady-state photon

numbers and have too small value nearly equal to zero,
so we can cut-down this factor from the Eqs. (6) and get
the simplified model. For further simplification, we are
defining a differential term as dx

dt
=

xj+1 − xj

∆t
, and the

controlling parameters are (A − Ci)∆t = λi. Here ∆t is
the cavity round trip time which represents the period of
the waves propagating in the direction of clockwise and
anticlockwise t+ and t− respectively. Finally, we derived
the general form of laser logistic coupled maps,

xn+1 = xn + 2λ1xn [1− (xn + ξyn)] ,

yn+1 = yn + 2λ2yn [1− (yn + ξxn)] .
(6)

The coupled logistic equations for a two-mode laser sys-
tem with cavity decay are described via thermal fluctua-
tions in the next section.

III. ELECTROMAGNETIC FLUCTUATION IN
A RING CAVITY

Thermal fluctuation effects in a cavity are fundamen-
tal phenomena, which help to improve the characteristics
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of the system. Since, the cavity consists of the spacer,
isotropic and homogeneous medium, mirror-substrate,
and reflective coating, as shown in Fig. (1). The
frequency dependent dielectric ϵ(ω) and magnetic per-
meability µ(ω), are defined as,

D⃗(ω) = ϵ(ω)E⃗(ω) ; B⃗(ω) = u(ω)H⃗(ω) (7)

E⃗(ω) =

∫
eiωtE⃗(r⃗, t)dt, and

E⃗(r⃗, t) = E(t)e−iωtµ(r⃗) + c.c.

(8)

Since V is volume of the cavity, N2 is the number of
excited atoms and A Einstein gain coefficient. Thus, the
total rate of spontaneous emission of photons is AN2, if
these emissions span S distinct cavity modes, then all
exist within the natural linewidth A, and the density of
cavity modes is V/4π3, therefore,

S ≈ V

4π3

(
ω0A

c3

)
4π =

ω0V A

π2c3
(9)

Here, ω0 and µ(r⃗) are the frequency of atomic transition,
and the eigenfunction, respectively. The lost of photons
from the given cavity mode is,

nπ2c3(N2 −N1)

ω2
0V

⩾ n

TL
(10)

The strike rate of the cavity photons with the mirror is
defined as, 1/TL = (c/2l)(1 − R), with the help of eq.
(10), for one cavity mode, the laser oscillation condition
is driven as,

N2 −N1 ⩾ ω2
0A

2π2c2
(1−R) =

2A

λ2
(1−R), (11)

where, λ is the wavelength, and the atomic populations
inversion is directly proportional to the transmissivity of
the output mirror of the cavity, which required for laser
action occur. To describe the characteristic of cavity, we
can drive the formula from the above equation, which is
called cavity Q-factor,

Q =
2πl/λ

(1−R)
=

σ

2ϵ0
(12)

The quality factor of the cavity helps us to measure the
entire damped phase which elapses before the oscillation
reduces in amplitude. The Rabi frequency which is rep-
resented as field amplitude, which can be positive or neg-
ative,

Ω = 2 | µ12 | | E(t) | | µ(r⃗) | /ℏ (13)

For the special case of laser instability, in which the am-
plitude E(t), and transition dipole moment µ12 are con-
taining the real values, the equation of motion for the

field is,
dΩ

dt
+

σ

2ϵ0
Ω =

µ2
12ωη

2ϵ0ℏ

[
sin(kL/2)

(kL/2)

]
γ́2

or

dΩ

dt
+ γcΩ = ωgγ́2,

(14)

here, γc = σ/2ϵ0, and g =
µ2
12ωη
2ϵ0ℏ

[
sin(kL/2)
(kL/2)

]
are the cav-

ity damping rate in the absence of threshold level, and
the coupling rate between field and atoms, respectively.
The coupling-parameter itself causes instability, symme-
try breaking, and time-delay which directly approach dis-
sipation and effect on amplitude and propagation as well
as vanish the synchronization among the strange attrac-
tors when the cavity loss has random values. For pre-
cisely investigation of laser instability and chaos, we need
to solve the above equation with the Bloch equations
in the rotating frame. Our concern is to determine the
damping parameter, so introducing the phenomenologi-
cal damping terms γ⊥γ́2 and γ∥γ́3, and atomic inversion
γ́3. We will get three coupled laser equations, in which
γ́e represents the equilibrium value of γ́3 in the absence
of the field. The damping parameter is calculated at the
laser threshold, in which the gain rate is equal to the lose
rate, i.e., γc = ωgγ́e

γ⊥
. For the further simplification of

the problem from three variables to one we eliminate the
possible certain instabilities. For the complete derivation
and physical significants, please see the chapters 15 and
18 of reference 12. Therefore, modify version of Eq. (6)
with cavity lost can be defined as,

xn+1 = xne
−γc + 2λ1xn(1− xn)− γxnyn = f

(1)
λ1,γ

(xn, yn),

yn+1 = yne
−γc + 2λ2yn(1− yn)− γxnyn = f

(2)
λ2,γ

(xn, yn),
(15)

where, λi, and γ = 2ξλi, (i = 1, 2) are the characteristic
three paramount parameters. The parameter γc is the
cavity decay rate for the two modes laser’s system. If we
take the ideal case of the cavity decay rate and set γc=0,
we obtain the dynamical system outward of the cavity
decay rate. A mapping of bilinear and linear coupling
terms has been shown to exhibit complicated dynamical
behavior including quasi-periodicity, phase locking, inter-
mittency, period adding, long-lived chaotic transitions,
and then periodicity [17–19]. Here, we explain the nec-
essary terms and their symbols used in our later discus-
sion. There occurs a fascinating behavior of the coupled
logistic maps (15) for various values of λi and γi. The
key to understanding the structure of these equations in
XY -space is a careful analysis of the fixed points of the
mapping functions as well as their iterations. Since the
functions f (1) and f (2) are symmetrical, we expect sym-
metrical behavior in x and y.

By fixing γ, γc, and varying λ we have found evidence
for a boundary crisis in our system, like or similar to the
Henon’s map by Grebogi, Ott, and Yorke [18, 20]. A
boundary crisis occurs in our system through the colli-
sion of the chaotic attractor with a basin boundary that
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FIG. 2: Phase space (xn, yn) is plotted by solving Eq. (15),
for γ2=0.09, and (a) λi = 1.2411, which shows that 2P, and
(b) λ = 1.2599 periodic behaviour of 4P, and (c) λ = 1.31290,
which is behaving like a quasi-periodicity. We note that the
system displays a 4P to 8P behavior through period bifurca-
tion using crises. In the plot on the right side, we present
y-axis of the phase space as a function of the number of iter-
ations n.

separate it from the several other coexistent periodic at-
tractors, besides with another chaotic attractor [21, 22].
An increase of λi beyond its critical value for the onset
of crises results in the disappearance of the chaotic at-
tractors and its basin, while the basins of the remaining
attractors undergo a sudden expansion.

We report the chaotic behavior in our system corre-
sponding to various values of the parameters. The behav-
ior of our dynamical system is classified into two cases:
In the first case, we fix γ2=γ= γc=0.09, at the same val-
ues, and vary λi over the range 0.001 ≤ λi ≤ 0.25 for
x0 = 0.1 and y0 = 0.11 [27, 33]. At λi = 0.25, the tra-
jectory in phase space (x, y) converges to a fixed point.
The asymptotic character of the solution is typically 1P.
For the γ2 fixed value, the system shows oscillatory be-
havior between QP and 2P characters up to λi = 1.25.
There is still 2P character for γ2, and in the interval
λi ∈ [1.0444, 1.2511]. At the upper range of this inter-
val, it shows 2P, 4P, and QP 4 Torus, respectively, at
λi = 1.2411, 1.2599, and 1.31290. Periodic bifurcation
phenomena are also observed, as shown in Fig. 2. There
is no chaotic behavior seen, but our coupled system os-
cillates between 4P to 8P through quasi-periodicity. It is
a clarion that if the coupling strength and decay rate re-
main fixed and λi is increased, the periodicity fuses and
comes out of the crisis.

• For λi = 1.31370 and γ2 = 0.09, the four chaotic
attractors grow as any parameter of the coupled lo-
gistic equation increases. They are synchronized (mir-
ror images of each other) as well as orthogonal, and
the trajectory in phase space converges to 8P via QP.
When λi = 1.31470, a transition from 8P to 16P oc-
curs, which shows quasi periodicity in which each at-
tractor displays a curious pattern before settling to the
asymptotic 16P state as shown in Fig. 3(a). They also

FIG. 3: Phase space (xn, yn) is plotted by solving Eq. (15)
for γ2 = 0.09, and (a) λi = 1.31670, which has period 16;
(b) λi = 1.31990, which show quasi-stable behaviour; (c)
λi = 1.3209, stable of 24P. The plots on the right side of (c)
show stability and (b) shows the intermittency state of the
system. Isolated points are part of transient evolution. Here
trajectory and periodicity of our system dramatically change
because of crises. The exterior crises are observed between
two trajectories.

fluctuate and expand due to crises during the interval
λi ∈ [1.31470, 1.3166] and we observed the state of the
system change, which generates a mirror image of laser
attractors beyond this interval. At λi = 1.31670, the
transient solution again shows a curious pattern of torus
before going to the periodic regime. At λi = 1.31770, the
lasing system shows Quasi-chaotic behavior through QP
and the laser attractors in phase space have the exact
mirror image of each other. In laser chaos, there exist
inner crises, a boundary crisis where a strange attrac-
tor collides with unstable fixed points on the boundary
of the basin of attraction, causing the disappearance of
both [20, 23], as shown in Fig. 3(b).

During the numerical simulation, it is observed, when
a boundary crisis happened, the unstable fixed points
disappear, and the shape of the strange attractor change
causes unstable (chaotic behavior) as the parameters in-
creases. In the presence of cavity delay, the behaviour
of our newly developed model reverses as we studied
the model without cavity delay i. e, when λi = 1.3209
each period (line) diffuses from eight to four, and finally
into 24P (24P and 24 attractors) and the chaotic at-
tractors remain mirror images to each other, as shown
in Fig. 3(c). The strange attractors remain phase-
entrained, orthogonal synchronized (a kind of entangled
attractors which depend on coupling strength and cav-
ity delay rate) and stable to quasi-stable state for the
intervals, where λi ∈ [1.2522, 1.3] and [1.3, 1.3209] [24–
26], we can say about this situation of the system showing
spatio-temporal fractals. Furthermore, chaotic attractors
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FIG. 4: Phase space (xn, yn) is plotted by solving Eq. (15)
for γ2 = 0.09, and (a) λi = 1.3263, which shows quasi-
chaotic behaviour (b) λi = 1.3265 represent stable system,
(c) λi = 1.3295, having 24P, and (d) λi = 1.3343, which
shows chaotic behaviour. As we mentioned earlier, isolated
points in (a) to (d) are part of transient evolution. There-
fore, our dynamic system is going from a stable state to an
unstable state through QP because of hysteresis crises.

are mirror images of each other in the interval [1.3177,
1.3222], while the trajectory changes at λi = 1.384 if
the increases above this value, we get different forms of
trajectory due to boundary crises, which is called sym-
metry breaking i. e, chaotic attractors are not mirrored
images [24, 25]. The band emerging in a coupled lo-
gistic map is the coalesce (24C → 8C → 4C) chaos to
chaos analogous [27–29]. Therefore, the periodicity of
the coupled lasing system oscillates (4P to 24P, each line
of period 4 bifurcate, then multi-bifurcation behavior at
λi = 1.3209) 4P to 8P to 24P through QP and chaotic,
as shown in Fig. 3, Which gives the information about
the dynamical at different parameters.

As we are increasing the value of λi, and correspond-
ing to it, we are observing the dynamics of our system
in phase space. The coupled logistic maps become conse-
quential beyond λi = 1.31 and the trajectory dynamically
changes. For λi = 1.3263 and γ2 = 0.09, the dynamics
of our system in phase space behaves like fractal mir-
ror images and quasi-stable system. The isolated points
in phase space are part of the transition, i.e, as the pa-
rameters increase, the basin boundaries of the stranger
attractors expand and cause hysteresis crises, as shown
in Fig. 4(a-d). For λi = 1.3265, our dynamical system
goes to stable and gets the mirror image fractals. The
isolated and occupied points in the phase space play a
paramount role in the dynamical systems [30–32]. How-
ever, for λi = 1.3199 to 1.3290, the system remains in
a quasi-state and then converges in exactly 24 iterations
at λi = 1.3295. Chaoticity and periodicity (24P) oscil-
late in the interval [1.3209,1.3295] and some other com-
plex phenomena have also happened [23, 33]. The cou-

pled logistic maps show the chaotic behavior via a quasi-
stable-state at λi = 1.3343. At the upper range of the
above-described interval, our system shows chaotic be-
havior through a nodal period, QP and 24P. Lasing sys-
tem shows chaotic behavior for a small interval of time
and comes back to its initial state when the coupling
strength reaches its maximum value for small values of
parameters.

The torus represents the quasi-periodic behavior
which consists of two variables amplitudes and phase
even if we take the Poincare section. The described dy-
namical system moves to the chaotic region via quasi-
stable state with increasing value of the growth rate of
coupled maps [17]. We analysis the Poincare section of
two dynamical discrete systems, the sequence from sta-
ble state to chaos is characterized as: A stable limit cycle
corresponds 2P. If the value of λ increase beyond the crit-
ical limit, the limit-cycle goes to unstable and bifurcates
into four-loop limit-cycles and emerges into an eight-loop
torus through a Hopf bifurcation. In the coupled dynami-
cal system which possess the coupling strength negatively
corresponds synchronization and four orbits in phase and
their state can be explained as the four intermittencies
periodic behaviors show when the four characteristic fre-
quencies of the torus are in the ratio of two small inte-
gers [33–35]. When the values of λ1 and λ2 are different
from each other, the four synchronized attractors convert
into two orbits, which show orthogonal mirror images.
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FIG. 5: Bifurcation diagram for the coupled lasers Eq. (15)
with λ1 = λ2 range from 1.28 to 1.38 and γ2 = 0.09. For each
value of λi we used the final point of the previous λi value
and 4000 iterates are plotted. This shows the period-doubling
sequence to chaotic regions.
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The beauty of our dynamical system is exhibited
including multibasin strange attractors, period-doubling
bifurcation, Hopf-bifurcation, and so on. The period-
doubling bifurcation sequence of coupled maps is a stick-
ing mechanism, which sketches the whole distinct dynam-
ics of any dynamical model. The coupled equations have
only two equations which represent a very simple system
but reveal complicated dynamics in the phase space, i.
e., an avalanche of period-doubling routes to chaos were
seen in our lasing system as presented by [36–38]. A two-
mode ring cavity laser’s system is also an interferometer
whose output is investigated through the controlling pa-
rameters, i. e., cavity loss, coupling delay, collision of
atoms to atoms, and field interaction. We analysis our
model via the wide range of two parameters, i. e., λi,
and γ2, where λ is chosen to vary in a small neighbour-
ing of xn, yn in the plotting of the bifurcation diagram
and observed numerically period-three cycles to chaos as
shown in Fig. 5, the same as [39–42].

IV. CONCLUSION

This paper provides a singularity study of coupled laser
equations which consists of coupling delay as well as cav-
ity loss. The numerical results construe the dynamics
of the lasing system transition from stability to chaos
through the torus. It is observed that a nonlinear feed-
back loop helps to control and stabilize the laser system
or beam intensity. Many complex dynamics and behav-
iors are noticed when two signals are propagating with
the finite speed in the opposite direction and their in-
teractions with different things as well as the time de-

lay. To study the collective behavior of a coupled system
that can play the role of a testbed system and helps to
fabricate well-defined working devices. If the dynamical
system is evolved under the influence of quasi-state and
only the growth rate is increasing, causing the unstable-
state with different phase-space dynamics. The system
moves to another newly chaotic regime which is differ-
ent from the previous if and only if the value of growth
rate increases. In our model, we also observed during our
numerical simulations, the symmetry breaking, synchro-
nization vanishing mirror image & phase-entrained dis-
appeared when the values of one controlling parameter
increase beyond the critical range, among the different
parameters.

In case of varying the values of cavity decay rate γ1
and coupling delay γ2, the testbed-system remains stable
and synchronized for the large value of growth rate. The
cyclic crisis phenomena are paramount in the coupled
dynamical system.
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