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Abstract: We study the connection between the phase and the amplitude of the wave function and 1

the conditions under which this relationship exists. For this we use model of particle in a box. We 2

have shown that the amplitude can be calculated from the phase and vice versa if the log Analytical 3

uncertainty relations are satisfied. 4
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Conditions of Log Analytical Uncertainty 6

1. Introduction 7

In classical physics position and momentum are two conjugate variables that determine 8

emotion. It can be said by analogy that amplitude and phase are used in a similar role 9

in quantum mechanics. But the analogy is not perfect. Pauli [1] asked whether the wave 10

function can be constructed from the knowledge of a set of amplitudes only. Lamb [2] 11

argued that from a set of values of amplitude of wave function and their rates of change, 12

the wave function including its phase will be found uniquely. Counter examples were later 13

given [3,4] and now it turns out that the knowledge of amplitude and certain information 14

about the analytical values of the wave function are required together to construct the 15

Quantum States. In the study of Guimaraes and Baseia [5] situations with defined phases 16

for stationary or moving type of fields were produced. 17

Rayleigh [6] showed in the field of classical waves that through the interference be- 18

tween the research wave and the researcher wave, the magnitude and phase of acoustic 19

waves can be determined individually, that is, by finding the minimum and zero values. 20

Mandel and Wolf [7] noted with reference to the ’complex analytic signal’ (an electro- 21

magnetic field with positive frequency components) that the position of the zeros (from 22

which the phase can be determined) and the intensity, represent two groups of information 23

intertwined by the analytical value of the wave. 24

Interference of optical waves is clearly a phase phenomenon; In classical systems this 25

results from the superposition of positive and negative real wave amplitudes. Phase inter- 26

ference can be used in optical systems or material to obtain a type of quantum measurement, 27

known as non-destructible measurements [10, chapter 19]. This is done to make a measure- 28

ment that does not change any value of the system at the expense of other values that may 29

change. In optics, the phase is the one that can act as a test to determine the intensity (or 30

number of photons). The phase may change during measurement, while the number of 31

photons does not change [7]. To conclude this section, we will note the theoretical demon- 32

stration, presented in [9] which shows that any operator (discrete, finite-dimensional) can 33

be constructed using only optical means. 34

The question of determining the phase of a field (classical or quantum, such as a 35

wave function) from a modulus (absolute value, amplitude) of the field along an actual 36
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parameter (for which a single experimental determination is possible), is known as the 37

’phase problem’ [11]. The interactions derived in the next section represent a formal 38

description for determining the phase given the amplitude, and vice versa. 39

In 1984 Berry described his discovery of time-independent phase changes in multi- 40

component states known as a geometric/topological phase or Berry phase [12] based, 41

among others, on Aharonov and Bohm who discovered the topologically acquired phase 42

[13] called on their name. In their discovery, they showed that when an electron moves 43

along a closed path along which the magnetic field is zero, it acquires an observed phase 44

change that is proportional to the "vector potential". The topological aspect, i.e. that the 45

path is within a multi-linked part of space (in physical terms, the closed path cannot be 46

contracted without encountering a magnetic field), has also been shown to be of great 47

importance [14,15], mainly through extensions and applications of phase-change concept 48

Of Aharonov-Bohm [16] which led to a number of developments in many fields of physics 49

[17]. The term "open path phase" denotes a fully non-cyclical development [18,19]. This 50

term, unlike the value of the Berry phase, is not a measurable constant, but is accessible, in 51

part, by experiments. 52

As already noted, the Berry phase and the open path phase indicate changes in the 53

phases of the components of the state, rather than the overall phase change of the wave 54

function, which belongs to the "dynamic phase" [12, 20]. In some cases the presence of 55

more than one component in the state function is a topological effect. This determination is 56

based on Longuet-Higgins’ theorem "Topological Test for a Intersections" [21], which states 57

that if a given wave function of an electronic state changes sign when it moves around a 58

loop in a nuclear configuration space, then the state must be degenerate with another state 59

at some point in a loop. 60

To summarize , regarding the effects of the phase in complex states, we will look at 61

the two ways in which it is possible to arrive at a complex description of a phenomenon 62

that takes place in the real world: 63

First, the time-dependent wave function is necessarily complex due to the shape 64

of the Schrödinger equation that is time-dependent for real states, which includes the 65

square root of minus one i. Second, there are also defined functions that do not include 66

the i (such as the Schrödinger equation that is independent of time). Here, too, the wave 67

equation can be complex by having some of the variables obtain complex values. This 68

allows for the removal of possible ambiguities that arise in the solution at a singular point 69

that can be infinite. In addition to this it can often be useful to refer to a number of physical 70

parameters that appear in theory as a complex quantity and that the wave function will 71

include analytical values in relation to them. This formal procedure may even include basic 72

constants such as e, h, and so on. 73

Yahalom and Englman [22] presented an analytical formulation of a onedimensional 74

scattering process of a microscopic wave package, which is returned from an infinite 75

potential barrier. It has been found that under conditions suitable for the electron, there is 76

a reciprocal relationship (Kramers–Kronig) between the phase and the amplitude of the 77

wave function of the propagating particle. These interrelationships show the analytical 78

part (phase) uniquely from within the modulus. 79

The physical basis for this relationship was clarified in [23] and [24], as stemming from 80

the lower delineation of energies. When the analytical conditions are not fully met, for 81

example due to being zero points in the wave function, the phase can still be calculated from 82

the amplitude, which is given as a function of the composite time with the introduction of 83

the conditions of Toll [25]. When the underlying analytical conditions are fully met, then 84

they are sufficient to calculate the amplitude as a function of time, i.e. along the actual 85

t-axis. 86

Following Yahalom and Englman’s research, the present study will seek to expand 87

their analysis and present a reciprocal relationship between the modulus-log and the phase 88

of superposition of the two energy levels of the particle in an infinite potential well at the 89

center of which there is a finite barrier. 90
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2. The wave function 91

The wave function for a time independent single dimensional Hamiltonian is given by 92

the equation: 93

Ψ(x, t) =
∞

∑
n=0

Anψn(x)e−i En
h̄ t (1)

When ψn(x) are the eigenfunction of the Hamiltonian, En are the eigenenergies of the 94

Hamiltonian, h̄ is a plank constant divided by 2π, x and t are space and time respectively, 95

An are coefficients that express the placement of different energy levels. The normal wave 96

function satisfies: 97∫ ∞

−∞
|Ψ(x, t)|2dx = 1 (2)

3. Kramers–Kronig Relations Theory 98

The wave function is a complex function and therefore the following relationship is 99

satisfied: 100

ln [Ψ(x, t)] = ln |Ψ(x, t)|+ iφ(x, t) (3)

Where |Ψ(x, t)| Is the amplitude and φ(x, t) = arg[Ψ(x, t)] is the phase. If proper analytical 101

conditions are met the phase and amplitude are related by the Kramers-Kronig relations 102

[26]. An analysis of ln [Ψ(x, t)] in the lower half of the t-plane is required to use the Cauchy 103

theorem to link the real and the imaginary parts of ln [Ψ(x, t)] on the real axis. For all 104

complex times z within a closed contour C in the lower half of the t-plane, Cauchy theorem 105

gives: 106

ln [Ψ(x, z)] =
1

2πi

∮
C

ln [Ψ(x, t′)]
t′ − z

dt′ (4)

Provided that ln [Ψ(x, t)] is analytical inside the contour. 107

Figure 1. The lower half of the complex time plane

We assume that the contour C can be chosen to include the real t-axis and a large 108

infinite semicircle in the lower half of the plane. In case the logarithm of the wave function 109

vanishes on the circle half at infinity, the Cauchy integral can be written as follows: 110

ln [Ψ(x, z)] =
1

2πi

∫ ∞

−∞

ln [Ψ(x, t′)]
t′ − z

dt′ (5)
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Taking the limit as a complex time approaching the real axis from below, we write z = t + iδ 111

in (5): 112

ln [Ψ(x, t + iδ)] =
1

2πi

∫ ∞

−∞

ln [Ψ(x, t′)]
t′ − t− iδ

dt′ (6)

Taking the limit δ → 0 we may contain the point inside the trajectory by drawing a tiny 113

semicircle over point t. The denominator can be formally written as: 114

1
t′ − t− iδ

= P
(

1
t′ − t

)
+ πiδ

(
t′ − t

)
(7)

Where P is the principal value. The delta function is used to describe the contribution from 115

the small semicircle that goes in against the clock direction over the pole at t′ = t. Using (5) 116

and simply rearranging turns (6) into: 117

ln [Ψ(x, t)] =
1

πi
P
∫ ∞

−∞

ln [Ψ(x, t′)]
t′ − t

dt′ (8)

The real and imaginary parts of this equation are: 118

ln |Ψ(x, t)| = 1
π P
∫ ∞
−∞

φ(x,t)
t′−t dt′

φ(x, t) = − 1
π P
∫ ∞
−∞

ln |Ψ(x,t)|
t′−t dt′

(9)

The Kramers–Kronig Relations expresses the relation between the real part and the imag- 119

inary part of the logarithm of the wave function. As stated, the relation expressed in 120

equation (9) is true only in the case where the function is log-analytic in the lower half of 121

the plane. This means that the function will have neither singular points nor zeros in the 122

lower half of the plane. 123

4. Checking Zeros and Singular Points in the Lower Half of the Complex Time 124

Our wave function (the general solution for the Schrödinger equation that is time- 125

independent) is given in formula (1) where ωn = En
h̄ and also holds: 126

ω1 ≤ ω2 ≤ ω3 ≤ · · · ≤ ωn ≤ · · · (10)

We want to test analyticity in the lower half of the complex time t = tr + iti so we will 127

write: 128

e−iωnt = e−iωn(tr+iti) = e−iωntr eωnti (11)

We will write the function (1) as follows: 129

Ψ(x, t) = e−iω1t ∑
n

Anψn(x)e−i(ωn−ω1)t (12)

When ∆ωn ≡ ωn −ω1 ≥ 0, it is clear that the function has no singular points in the lower 130

half of the plane and therefore we will concentrate on identifying the zeros if any. We will 131

define: 132

Ψ̃(x, t) = ∑
n

Anψn(x)e−i(ωn−ω1)t = ∑
n

Anψn(x)e−i∆ωnt = ∑
n

Anψn(x)e−i∆ωntr e∆ωnti (13)

We will calculate a limit of Ψ(x, t) when the imaginary part of time approaches to minus 133

infinity: 134

Ψ∞(x, t) ≡ lim
ti→−∞

Ψ(x, t) = A1ψ1(x)e−iω1t (14)

We will now define an asymptotic wave function: 135
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Ψ̂(x, t) =
Ψ(x, t)

Ψ∞(x, t)
=

∑n Anψn(x)e−iωnt

A1ψ1(x)e−iω1t = ∑
n

(
Anψn(x)
A1ψ1(x)

)
e−i∆ωnt (15)

We need a log analytic function i.e. a function that does not accept values of zero or infinity 136

in the lower half of the complex time plane. Moreover, it is required that the function 137

approaches unity on the infinity circle so that the logarithm vanishes on this circle. Thus we 138

will use the asymptotic function. We have not yet proved that this function is log analytical 139

and this can only be proved with respect to individual cases where the Kramers-Kronig 140

relations exists. We will first deal with the superposition of two eigenfunction 141

Ψ̂(x, t) = 1 +
A2

A1

ψ2

ψ1
e−i∆ωt (16)

When ∆ω = ω2 − ω1 > 0. In order for the wave function to be log analytical so that 142

ln [Ψ(x, t)] is not diverging at any point, we must find the condition under which there 143

are no zeros in the complex plane of time. This is a prerequisite for the Kramers-Kronig 144

relations to be satisfied. That is, since
∣∣e−i∆ωt

∣∣ < 1 then we require that
∣∣∣ A2

A1

ψ2
ψ1

∣∣∣ < 1. 145

Assuming that the placement coefficients are equal A2 ∼= A1 the condition for the absence 146

of zeros is: 147∣∣∣∣ψ2

ψ1

∣∣∣∣ < 1. (17)

Therefore if condition (17) is met
∣∣∣Ψ̂(x, t)

∣∣∣ > 0 at each and every point in the lower part of 148

the complex plane. 149

5. The Principle of Log Analytical Uncertainty 150

The eigenfunctions can be written as follows: 151

ψ1(x) = ψ(x, E1), ψ2(x) = ψ(x, E2). (18)

Where E2 = E1 + ∆E and ∆E is the difference in eigenenergies levels. Thus we can write to 152

first order in ∆E: 153

ψ2(x) = ψ(x, E2) = ψ(x, E1 + ∆E) = ψ(x, E1) + ∆E
dψ1

dE1
(19)

Then following equation (19) we have: 154∣∣∣∣∣∣ψ1 + ∆E dψ1
dE1

ψ1

∣∣∣∣∣∣ =
∣∣∣∣∣∣1 + ∆E dψ1

dE1

ψ1

∣∣∣∣∣∣ < 1 (20)

Hence: 155√√√√√
1 +

∆E dψ1
dE1

ψ1

1 +
∆E dψ∗1

dE1

ψ∗1

 < 1 (21)

This can be written to first order approximation as: 156√√√√√
1 + ∆E

 dψ1
dE1

ψ1
+

dψ∗1
dE1

ψ∗1

 < 1 (22)

And by using Taylor first order approximation
√

1 + x ' 1 + x
2 we may write: 157
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1 +
∆E
2

 dψ1
dE1

ψ1
+

dψ∗1
dE1

ψ∗1

 < 1 (23)

And obtain: 158

∆ERe

 dψ1
dE1

ψ1

 < 0 (24)

∆ERe
(

d ln ψ1

dE1

)
< 0 (25)

Since the energy difference must be positive we obtain: 159

Re
(

d ln ψ1

dE1

)
< 0 (26)

d ln |ψ1|
dE1

< 0 (27)

Simplify the above according to the chain rule: 160

d ln |ψ1|
d|ψ1|

d|ψ1|
dE1

< 0 (28)

1
|ψ1|

d|ψ1|
dE1

< 0 (29)

Since the amplitude of the function is positive it follows that: 161

d|ψ1|
dE1

< 0 (30)

We will test equation (30) in a specific model which is the Double Potential Well Model to 162

be described below. 163

6. Combining a Double Potential Well Model 164

We consider a potential well as depicted in figure 2. A particle is moving to the right 165

from the left hand side of a finite-sized barrier located in the center of the well at x = a. 166

The wave function of the particle is represented as the superposition of the two energy 167

levels of the particle in a double well. Quantum mechanics predicts that the particle will 168

be returned after encountering the barrier with high probability. However there is also a 169

probability of tunneling through the barrier and towards the right side of the potential well 170

as shown in Figure 2: 171

Figure 2. Symmetrical Double Potential Well
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The eigenfunctions of the double well are given in equation (31): 172

ψ(x, E) =


A sin (kx), 0 < x ≤ a

A
{

sin (ka) cosh [q(x− a)] + k
q cos (ka) sinh [q(x− a)]

}
, a < x ≤ a + b

AIm
[
eik(x−a−b)

(
αbeika − βbe−ika

)]
, a + b < x ≤ 2a + b

(31)

When k =
√

2m
h̄2 E and q =

√
2m
h̄2 (V0 − E). The expression for energy as a function of the 173

wave-number k is given in the formula 174

En =
h̄2k2

n
2m

(32)

And will be related to q according to equation: 175

En = V0 +
h̄2q2

n
2m

(33)

Following equation(30) and using the chain rule we obtain the following inequality as a 176

condition for the Kramers Kronig relations to hold: 177

d|ψ1|
dk1

dk1

dE1
< 0 (34)

Since the derivative dk1
dE1

> 0 is positive it will not affect the derivative of the wave function 178

and therefore we obtain the condition: 179

d|ψ1|
dk1

< 0 (35)

In order to establish the domain without zero points we will use equation (35). In the 180

domain left to the barrier we have according to equation (31): 181

d|ψ11|
dk1

=
d sin (k1x)

dk1
= x cos (k1x) < 0 (36)

Since x is positive then we are left with the cosine function which is negative provided that: 182

π
2 < k1x < 3π

2 , we will note that it is not possible to reach the upper limit and therefore it is 183

irrelevant. The momentum is given by the relation: 184

p = h̄k. (37)

Therefore the result is: 185

p1x >
h̄π

2
(38a)

or 186

p1x >
h
4

(38b)

If those condition is met, the function is a log analytical and satisfies the Kramers–Kronig 187

relations, meaning that the amplitude can be calculated using the phase and the phase 188

can be calculated by using the amplitude. When the condition is not met it is not possible 189

to calculate the phase from the amplitude and the amplitude from the phase, so we have 190

uncertainty about the second magnitude given the first magnitude. For this reason the 191

above inequality, is denoted the principle of log analytical certainty. Thus, it can also be 192
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said that there is uncertainty in the relationship between the phase and amplitude in the 193

field in which the following condition is met: 194

p1x <
h̄π

2
(39a)

or 195

p1x <
h
4

(39b)

According to inequalities (39a) and (39b) the larger the momentum (or energy) of the 196

particle, the smaller the x area where the uncertainty between the phase and the amplitude 197

takes place, and the greater the area where certainty exists. Things can also be presented 198

differently if we look at the distance d between the barrier and the measuring point (see 199

figure 3): 200

Figure 3. Distance between the measuring point and the barrier

d = a− x (40a)

x = a− d (40b)

p1(a− d) <
h
4

(40c)

p1a− p1d <
h
4

(40d)

p1a− h
4
< p1d (40e)

d > a− h
4p1

(41)

This condition means that as p increases (i.e., as energies increase) so, the area of certainty 201

adjacent to the barrier increases and then the area of uncertainty decreases. It is also seen 202

that as the width of the well increases,d (the range of certainty) increases. We will multiply 203

the two sides of inequality (41) by p1 and use equation (37) to obtain: 204

p1d > h̄k1a− h
4
= h

(
k1a
2π
− 1

4

)
(42)

The k1a product is constant under single potential well conditions (without a barrier), 205

whereas in the case of a double well it increases moderately with the increase in a (for 206

example, with doubling a the product increases by 4.55%, and by taking four time of a 207

times the product increases by 6.95%). The above inequality is reminiscent in its form of 208

Heisenberg’s principle of uncertainty ∆p∆x ≥ h̄
2 . It can be seen, however, that Heisenberg’s 209

inequality does not define a range in which the uncertainty or uncertainty exists, but rather 210
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defines a minimum magnitude to which the product of standard deviations of momentum 211

and position of the particle wave function is equal. So as the standard deviation of the 212

momentum increases so we will talk about a smaller initial standard deviation of the 213

position. Whereas in the present case inequality describes the condition for being in an 214

area were there is an uncertainty in the relationship between phase and amplitude. We see 215

that near the barrier we have certainty in the sense that the amplitude and phase can be 216

reconstructed from each other while at a distance exceeding the value derived the phase can 217

not be reconstructed from the amplitude and vice versa. In the domain within the barrier 218

(the second domain) it can be seen according to figure 4 that there is no uncertainty since 219

the derivative will always be negative. That is, at each point there is a phase-amplitude 220

relationship. 221

7. Areas of Certainty and Uncertainty beyond the Barrier 222

The expression for the energy eigenfunction in the third domain (the domain to the 223

right of the barrier) is: 224

ψ3,1(x) = cos [k1(x− a− b)]
[

cosh (q1b) sin (k1a) +
k1

q1
sinh (q1b) cos (k1a)

]
+ sin [k1(x− a− b)]

[
cosh (q1b) cos (k1a) +

q1

k1
sinh (q1b) sin (k1a)

] (43)

We will define x′ = x− a− b and simplify the function as follows: 225

ψ3,1(x, E) = a1 cos
(
k1x′

)
+ b1 sin

(
k1x′

)
(44)

Where: 226

a1 = cosh (q1b) sin (k1a) +
k1

q1
sinh (q1b) cos (k1a) (45)

b1 = cosh (q1b) cos (k1a) +
q1

k1
sinh (q1b) sin (k1a) (46)

Taking a derivative of the function in equation (44) by equation (35): 227

dψ3,1

dk1
=

da1

dk1
cos

(
k1x′

)
− x′a1 sin

(
k1x′

)
+

db1

dk1
sin
(
k1x′

)
+ xb1 cos

(
k1x′

)
=

(
db1

dk1
+ x′a1

)
sin
(
k1x′

)
+

(
da1

dk1
− x′b1

)
cos

(
k1x′

)
= a2 sin (k1x) + b2 cos (k1x)

(47)

When: 228

a2 =
da1

dk1
− x′b1 (48)

b2 =
db1

dk1
+ x′a1 (49)

In equations (48) and (49) we will neglect the terms x′b1 and x′a1 (we examined a number of 229

concrete cases and saw that the neglection is indeed justified). As the log analytic condition 230

requires that: 231

dψ3,1

dk1
< 0 ⇒ a2 sin

(
k1x′

)
+ b2 cos

(
k1x′

)
< 0 (50)

Dividing by a positive cosine and a positive b2 the following inequality is obtained as a 232

condition for log analyticity: 233
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tan
(
k1x′

)
< − a2

b2
(51)

Note that the cosine is negative when x > π
2k1

. It can be seen that the log analytical principle 234

does not hold and this is because inequality is reversed. Thus: 235

k1x′ < tan−1
(
− a2

b2

)
(52)

We will denote: 236

F1(k) ≡ tan−1
(
− a2

b2

)
(53)

Therefore, the principle of certainty in the third domain of the well is: 237

p1x′ < h̄F1(k) =
h

2π
F1(k) (54)

The condition for uncertainty involves reversing the sign of inequality: 238

p1x′ > h̄F1(k) =
h

2π
F1(k) (55)

It can be said that these inequalities are similar to Heisenberg’s uncertainty principle. 239

From this it can be deduced that in the third domain that provided that the higher the 240

eigenenergies the larger the value on the inequality right side. It will also follow that under 241

the same conditions the area of certainty increases and therefore the area of uncertainty 242

decreases. 243

A concrete example is given in figure 4. Where we illustrate that the areas of certainty 244

and uncertainty as derived from our numerical calculations. The following parameters of 245

the double well are assumed: depth V0 = 0.6eV, width of each of the two wells a = 30Å, 246

and barrier width b = 7.5Å. 247

Figure 4. The double well with specific well dimensions, areas of certainty are colored in red and
uncertainty in blue.

8. Finding the Phase-Amplitude Relationship 248

Once we have identified the certainty area, we will also check numerically, for the sake 249

of demonstration specific conditions. We will use equation (15) to make an Kramers-Kronig 250

integral and thus test the relationship between phase and amplitude in the following 251

equations: 252

ln
∣∣ψ̂(x, t)

∣∣ = 1
π

P
∫ ∞

−∞

arg
[
ψ̂(x, t′)

]
t′ − t

dt′ (56)

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 5 January 2022                   doi:10.20944/preprints202201.0036.v1

https://doi.org/10.20944/preprints202201.0036.v1


Version January 4, 2022 submitted to Entropy 11 of 18

arg
[
ψ̂
(

x, t′
)]

= − 1
π

P
∫ ∞

−∞

ln
∣∣ψ̂(x, t′)

∣∣
t′ − t

dt′ (57)

Where P denotes the principal value. Now let’s take the first two eigenenergies levels 253

assuming the parameters: V0 = 0.6eV, a = 30Å, b = 7.5Å, m = me = 0.5109906× 106eV/c2, 254

h̄ = 6.582122× 10−16eV × sec, c = 2.99792458× 1018 Å/sec. For such conditions the lowest 255

energy levels are E1 = 0.034886eV and E2 = 0.036074eV, we also assume that the placement 256

of those levels are equal (at room temperature). And we also take into account that the 257

wave numbers are kn =
√

2m
h̄ En and qn =

√
2m
h̄ (V0 − En). Figure 5 shows the quotient of 258

the absolute eigen functions in each domain of the double well (domains are depicted in 259

figure 4) and according to the parameters given above, in which it is possible to see where 260

there are no zeros in the complex time plane as the amplitude of the quotient is smaller 261

than one. Throughout the double well it can be seen that phase-amplitude Kramers-Kronig 262

correspondence is expected to take place exclusively in the vicinity of the barrier (i.e., left 263

and right sides close to the barrier and also inside the barrier) 264

Figure 5. Quotient of the absolute eigen functions in the double well. The top graph depicts the first
(left) domain of the well. The middle graph depicts the second domain (inside the barrier) and the
lower graph depicts the third domain (right). In each graph one can see where the Kramers-Kronig
relations are valid and it is obvious that on both sides of the well the Kramers-Kronig relations takes
place only in the vicinity of the barrier, while inside the barrier they take place at all points. For any
value of the absolute quotient which is greater than 1 there is uncertainty about the relations between

phase and amplitude in the sense that they cannot be deduced from each other.
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9. Testing Phase-Amplitude Relations 265

We will now examine whether the Kramers-Kronig relations hold. We will look at the 266

first domain of the well and consider the uncertainty relation described in the equation 267

(39). Let us take a point closest to the barrier (because this is the domain where the phase- 268

amplitude relations should be satisfied), for example x = 25 Å. We will use equation (56) 269

and write the principal value explicitly: 270

ln
∣∣ψ̂(x, t)

∣∣ = 1
π

[∫ t−ε

−∞

arg
[
ψ̂(x, t′)

]
t′ − t

dt′ +
∫ ∞

t+ε

arg
[
ψ̂(x, t′)

]
t′ − t

dt′
]

(58)

ε = 10−3 is selected. We compare a graph for the amplitude logarithm derived by a 271

standard straight forward calculation to the Kramers-Kronig integral of the phase we 272

obtain that the graphs are the same as can easily be verified in figure 6. The graph of the 273

amplitude for a longer period of time is shown in Figure 7. 274

Figure 6. The Graph of the amplitude logarithm in the first domain as a function of time for x = 25.
The duration 0− 1 is depicted. The figure on the left depicts the straight forward calculation, which

can be seen to be identical to the Kramers-Kronig integral presented in the right.

Figure 7. The graph of the amplitude in the first domain as a function of time. This is a graph for
x = 25 where you can see that the amplitude has no zeros on the time line and also no zeros under

the time line. The duration is 0− 10.

Now we will do an Inverse transform to find the phase according to equation (57) 275

and use the principal value as we did in equation (58), then we will draw a phase graph 276

as a function of time for straight forward phase calculation and for the Kramers-Kronig 277

calculated phase and obtain the graphs for both cases shown in Figure 8. 278
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Figure 8. A phase graph in the first domain as a function of time for x = 25 for the duration 0− 1.
On the left the direct evaluation is depicted and on the right is the Kramers-Kronig integral. The two

graphs are identical so the mathematical analysis is valid

And now we study the barrier, we know that the barrier domina is certain, that is, 279

there are no zeros at all in the complex time plane (see figure 9). We will use the transform 280

(56) and draw graphs in figure 10. 281

Figure 9. The amplitude as a function of time inside the barrier for x = 37 Å for the duration 0− 10.
Here, too, it can be seen that the amplitude has no zeros neither on the timeline.

Figure 10. The graph of the amplitude logarithm as a function of time in the barrier for x = 37 Å. On
the left is the direct calculation and on the right is the calculation via the Kramers-Kronig integral. It

can be seen that the theory predictions are correct.

And now we turn to equation (57) which is an inverse transform and draw a graph for 282

the phase shown in figure 11. 283
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Figure 11. The phase as a function of time inside the barrier at point x = 37Å for the duration 0− 1.
On the left is the direct calculation and on the right the calculation via the Kramers-Kronig integral.

The graphs are identical and therefore the mathematical development is valid.

And now we will turn to the third domain of the well in which the uncertainty in 284

described by equation (55). In this domain we choose a point close to the barrier that 285

satisfies the conditions of certainty, for example x = 38 Å. We will refer to equation (56) 286

and draw graphs of the amplitude and its logarithm in Figures 12 and 13. 287

Figure 12. The graph of the amplitude time dependence in the third domain for x = 38 Å. Here it can
be seen that the amplitude has no zeros on the timeline in the duration 0− 10.

Figure 13. The graph of the amplitude logarithm as a time dependence in the third area for x = 38 Å.
On the left is the direct estimation and on the right is the calculation via the Kramers-Kronig integral.

The plot corroborates the theory.

And now we turn to equation (57) and draw a graph depicted in figure 14. 288
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Figure 14. The graph of the phase as a function of time in the third domain at the point x = 38Å for
the duration 0− 1. On the left is the direct evaluation and on the right is the calculation via the

Kramers-Kronig integral. The graphs are identical and therefore the mathematical analysis is valid.

And from the graphs we have obtained it can be seen that indeed the relations between 289

phase and amplitude exists according to equations (56) and (57) but only at points where 290

there are no zeros in the complex time plane. For completeness, we will make a Kramers- 291

Kronig evaluation at points that do not meet the conditions of certainty (points where there 292

is no phase-amplitude relations). For example, we take x = 67 Å and draw a graph of the 293

amplitude logarithm as a function of time depicted in figure 15. 294

Figure 15. Graphs of amplitude logarithm as a function of time at point x = 67 Å. The right plot is
derived according to direct evaluation and left according to Kramers-Kronig formal. Here it can be
seen that there is no Kramers-Kronig relations between phase and amplitude because at the above

point there are zeros in the time plane.

And a graph of the phase as a function of time in Figure 16. 295

Figure 16. Phase as a function of time for x = 67 Å. Right: direct calculation and left Kramers-Kronig
evaluation. Here you see that the graphs are the same, indicating that the uncertainty relation is

sufficient but not necessary for the Kramers-Kronig relations to hold.

We plot the temporal dependence of the amplitude of the wave function for x = 67 296

Å and observe that the amplitude has zeros on the time axis and hence there is no phase- 297

amplitude relations in figure 17. 298
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Figure 17. The graph of the amplitude as a function of time for x = 67 Å. Here it can be seen that the
amplitude has zeros on the timeline and therefore there is uncertainty.

10. General Properties of a Shannon’s Entropy in the Case of Tunneling 299

We shall now discuss briefly the concept of the phase of a wave function and its 300

relationship to Shannon’s entropy associated with the wave function. Let us investigate the 301

time evolution of the entropy [27]. We shall find it beneficial to describe the evolution of a 302

wave function Ψ using the amplitude-phase description: 303

Ψ = |Ψ|e
iΦ
h̄ , φ =

Φ
h̄

(59)

The amplitude and phase can be used to define Madelung’s density and velocity field as 304

follows: 305

ρ ≡ |Ψ|2, ~u ≡ 1
m
~∇Φ. (60)

Those quantities satisfy the continuity equation: 306

∂tρ + ~∇ · (ρ~u) = 0, (61)

and the Euler equation: 307

∂t~u + (~u · ~∇)~u = − 1
m
~∇(Q + V), Q ≡ − h̄2

2m

~∇2√ρ
√

ρ
(62)

in the above Q is the quantum potential. Those real equations are mathematically equivalent 308

to Schrödinger’s complex equation for a single quantum particle. In terms of the probability 309

density the entropy takes the simple form: 310

S(t) = −
∫
V

ρ ln ρ d3x (63)

Taking a temporal derivative of the above quantity we obtain: 311

∂tS(t) = −
∫
V

∂tρ(ln ρ + 1) d3x. (64)

Using the continuity equation (61) results in: 312

∂tS(t) =
∫
V
~∇ · (ρ~u)(ln ρ + 1) d3x. (65)

The above expression can be integrated by parts and using Gauss theorem we obtain: 313

∂tS(t) =
∮

Σ
d~A · ρ~u(ln ρ + 1)−

∫
V
~u · ~∇ρd3x. (66)

If the surface Σ is chosen such that there is no probability flux on this surface we are left 314

with: 315
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∂tS(t) = −
∫
V
~u · ~∇ρd3x = − 1

m

∫
V
~∇Φ · ~∇ρd3x = −2h̄

m

∫
V
|Ψ|~∇φ · ~∇|Ψ|d3x. (67)

Or also as: 316

∂tS(t) = −
2h̄
m

∫
V
|Ψ|2~∇φ · ~∇ ln |Ψ|d3x = −2h̄

m

∫
V

ρ~∇φ · ~∇ ln |Ψ|d3x. (68)

Now the connection between entropy increase and tunneling discussed in [27] can be also 317

understood in the framework of the Kramers-Kronig relations which are prominent in and 318

in the vicinity of the barrier and imply correlation between phase and amplitude. 319

11. Discussion 320

Following Yahalom and Englman [22] who found the existence of a reciprocal rela- 321

tionship (Kramers-Kronig) between the phase and amplitude of a wave package returned 322

from an infinite potential barrier, we proved that in the case of a wave package with two 323

energy levels moving left to right in a double potential well, Kramers-Kronig relations exist 324

in the area close to the barrier on both sides and in the barrier itself. That is, it is possible to 325

predict the amplitude from the phase in these areas and vice versa. In the other two areas 326

there is more information because the amplitude and phase each holds an independent 327

amount of information. 328

12. Conclusion 329

We have established the connected between amplitude and phase through the Kramers- 330

Kronig relations showing that they hold only when certainty conditions are valid. It turns 331

out that the conditions hold only in and in the vicinity of the barrier. We have also show 332

how phase and amplitude correlations are related to the rate of entropy increase and the 333

development of quantum chaos. 334

In a future study, it is worth examining the existence of the interrelations between 335

phase and amplitude in very cold temperature conditions. In this case the two placement 336

levels will be different so that the lower level of energy will be more populated. In this 337

case it is expected that the Kramers-Kronig relations will take place in a broader domain. 338

Another direction of future research is to generalize the current results for additional energy 339

levels. 340

References 341

1. Pauli, W. General Principle of Quantum Mechanics; Springer-Verlag: Berlin, 1980. 342

2. Lamb, W. E. Jr. An Operational Interpretation of Non-relativistic Quantum Mechanics. Phys. Today 1969, 22, 23–28. 343

3. Gale, W.; Guth, E.; Trammell, G. T. Determination of the quantum state by measurements. Phys. Rev 1968, 165, 1434–1436. 344

4. Royer, A. Measurement of quantum states and the Wigner function. Found. Phys. 1989, 19, 3–32. 345

5. Guimaraes, Y.; Baseia, B.; Villas-Boas, C. J.; Moussa, M. H. Y. On the generation of the phase state. Phys. Lett. A 2000, 268, 260–267. 346

6. Rayleigh, J. W. S. The Theory of Sound Volume II; Dover: New York, 1945, section 282. 347

7. Mandel, L.; Wolf, E. Optical Coherence and Quantum Optics; University Press: Cambridge, 1995, section 3.1. 348

8. Grangier, J. A.; Levenson, J. A.; Poizat, J-P. Quantum Non-Demolition Measurements in Optics. Nature 1998, 396, 537–542. 349

9. Reck, M.; Zeilinger, A.; Bernstein, H. J.; Bertani, P. Proposal for Direct, Local Measurement of Entanglement for Pure Bipartite 350

Systems of Arbitrary Dimension. Phys. Rev. Lett. 1994, 73, 58–61. 351

10. Susskind, L.; Glogower, J. Quantum Mechanical Phase and Time Operator. Phys. Fiz. 1964, 1, 49–61. 352

11. Mandel, L.; Wolf, E. Optical Coherence and Quantum Optics; University Press: Cambridge, 1995, section 3.1. 353

12. Berry, M. V. Quantal Phase Factors Accompanying Adiabatic Changes. Proc. Roy. Soc. A 1984, 392, 45–57. 354

13. Aharonov, Y.; Bohm, D. Significance of Electromagnetic Potentials in the Quantum Theory. Phys. Rev. 1959, 115, 485–491. 355

14. Peshkin, M.; Talmi, I.; Tassie, L. J. The Quantum Mechanical Effects of Magnetic Fields Confined to Inaccessible Regions. Ann. 356

Phys. 1961, 12, 426–435. 357

15. Simon, B. Holonomy, the Quantum Adiabatic Theorem, and Berry’s Phase . Phys. Rev. Lett. 1983, 51, 2167–2170. 358

16. Peshkin, M.; Tonomura, A. The Aharonov Bohm Effect; Springer-Verlag: Berlin, 1989. 359

17. Wu, T. T.; Yang, C. N. Concept of nonintegrable phase factors and global formulation of gauge fields. Phys. Rev. D 1975, 12, 360

3845–3857. 361

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 5 January 2022                   doi:10.20944/preprints202201.0036.v1

https://doi.org/10.20944/preprints202201.0036.v1


Version January 4, 2022 submitted to Entropy 18 of 18

18. Jain, S. R.; Pati, A. K. Adiabatic geometric phases and response functions. Phys. Rev. Lett. 1998, 80, 650–653. 362

19. Pati, A. K. Geometric Aspects of Noncyclic Quantum Evolutions. Phys. Rev. A 1995, 52, 2576–2584. 363

20. Aharonov, Y.; Anandan, J. Phase Charge During a Cyclic Quantum Evolution. Phys. Rev. Lett. 1987, 58, 1593–1596. 364

21. Longuet-Higgins, H. C. The Intersection of Potential Energy Surfaces in Polyatomic Molecules. Proc. Roy. Soc. A 1975, 344, 365

147–156. 366

22. Yahalom, A.; Englman, R. Phase-Modulus Relations for a Reflected Particle. J. Phys. Chem. A 2003, 107, 7170–7174. 367

23. Khalfin, L. A. Contribution to the Decay Theory of a Quasi-Stationary State. Sov. Phys. JETP 1958, 6, 1053–1063. 368

24. Perel’man, M. E.; Englman, R. Phase-Modulus Relations for a Reflected Particle. Mod. Phys. Lett. B 2000, 14, 907–917. 369

25. Toll, J. S. Causality and the Dispersion Relation: Logical Foundations. Phys. Rev. 1956, 104, 1760–1770. 370

26. J. D. Jackson, Classical Electrodynamics, Third Edition. Wiley: New York, (1999). 371

27. Ofir Flom, Asher Yahalom, Haggai Zilberberg, Lawrence Horwitz, and Jacob Levitan "Tunneling as a Source for Quantum Chaos". 372

(arXiv:1507.04842 [quant-ph]). Quantum Information and Computation, Vol. 19, No. 3 & 4 (2019) 0222-0236 © Rinton Press. DOI: 373

https://doi.org/10.26421/QIC19.3-4 374

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 5 January 2022                   doi:10.20944/preprints202201.0036.v1

https://doi.org/10.20944/preprints202201.0036.v1

	Introduction
	The wave function
	Kramers–Kronig Relations Theory
	Checking Zeros and Singular Points in the Lower Half of the Complex Time
	The Principle of Log Analytical Uncertainty
	Combining a Double Potential Well Model
	Areas of Certainty and Uncertainty beyond the Barrier
	Finding the Phase-Amplitude Relationship
	Testing Phase-Amplitude Relations
	General Properties of a Shannon's Entropy in the Case of Tunneling
	Discussion
	Conclusion
	References

