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1. Introduction

The generalized Fibonacci sequence (or generalized (r, s)-sequence or Horadam sequence or 2-step Fi-

bonacci sequence) {W,,(Wo, Wi;r, s)}n>o (or shortly {W,,}n>0) is defined (by Horadam [2]) as follows:
Wo=1rWpn_1+sW,_o, Wo=a,Wi=b, n>2 (11)

where Wy, W, are arbitrary complex (or real) numbers and r, s are real numbers, see also Horadam [1], [3]
and [4].
The sequence {W,,},,>0 can be extended to negative subscripts by defining

Wop ==~ W_(uo1)+ lVV—(n—fz)
S S
for n =1,2,3,... when s # 0. Therefore, recurrence (1.1) holds for all integer n.
For more information on Horadam numbers, see for example, [8] and [9]. For some specific values of
a,b,r and s, it is worth presenting these special Horadam numbers in a table as a specific name. In literature,
for example, the following names and notations (see Table 1 and Table 2) are used for the special cases of

r, s and initial values.
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Table 1 A few special case of generalized Fibonacci sequence.

No  Sequences (Numbers) Notation

1 Generalized Fibonacci Wy} = {W,(Wo, W1;1,1)}

2 Generalized Pell Wy} = {W,,(Wo, W1;2,1)}

3 Generalized Jacobsthal {Wy,} = {W,,(Wy, W1;1,2)}

4 Generalized 2-primes {Wo} = {W,,(Wy, W1;2,3)}

5  Generalized Mersenne Wy} = {W,,(Wo, W1;3,-2)}

6  Generalized p-Mersenne {Wy,} = {W,,(Wo, W1;p,—(p — 1)}
7 Generalized balancing {Wy,} = {W,,(Wy, W1;6,—1)}

8 Generalized Oresme W} = {W,(Wo, W51, -4}

9  Generalized p-Oresme {Wp} = {W,,(Wo, Wr; 1, 71%}

Table 2. Notation tables of a few special case of generalized (r,s) (generalized Fibonacci) sequence

No Name of sequence Notation: W, (Wy, Wi;r, s) OEIS [7]
1 Fibonacci W,(0,1;1,1) A000045
2 Lucas Wn(2,1;1,1) A000032
3 Pell W, (0,1;2,1) A000129
4 Pell-Lucas =W,(2,2;2,1) A002203
5 Jacobsthal =W,(0,1;1,2) A001045
6 Jacobsthal-Lucas =W,(2,1;1,2) A014551
7 2-primes G, =W,(1,2;2,3) A015518
8 Lucas 2-primes H, =W,(2,2;2,3) A102345
9 Modified 2-primes E,=W,(1,1;2,3) A046717
10 Mersenne M, =W,(0,1;3,-2) A000225
11 Mersenne-Lucas H, =W,(2,3;3,-2) A000051
12 Balancing B, =W,(0,1;6,—1) A001109
13 modified Lucas-balancing H, =W,(2,6;6,—1) A003499
14 Lucas-balancing Cn =W,(1,3;6,—1) A001541
15 Modified Oresme G, =W,(0,1;1, —i)

16 Oresme-Lucas H,=W,(2,1;1, —%)

17 Oresme O, = Wn(O,%,l,—i)

Here, OEIS stands for On-line Encyclopedia of Integer Sequences.
Binet’s formula of generalized Fibonacci sequence can be calculated using its characteristic equation (the

quadratic equation) which is given as

v —rz—s5=0. (1.2)
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The roots of characteristic equation are

r4+vVr? +4s 5 r—r?+4s
o= —
2 ’ 2 ’

(1.3)
Binet’s formula can be given as follows:

THEOREM 1. The general term of the generalized Fibonacci sequence W, can be presented by the following

Binet formula:

— a” — Wi — ol 8", if a # B (Distinct Roots Case)
W, = a—p a—f . (1.4)

(nW1 —a(n—1)Wy)an1 , if a =p (Single Root Case)

o0
Next, we give the ordinary generating function Y W,z™ of the sequence {W,}.
n=0

oo
LEMMA 2. Suppose that fw, (x) = >, Wypa™ is the ordinary generating function of the generalized
=0

o0
Fibonacci sequence {Wy}n>0. Then, > Wya™ is given by
n=0

> Wy — rW,
S W = Wot (W11

1.5
1—rz — sx? (1.5)

Now we define two special cases of the sequence {W,,}. (r,s) sequence {G,(0,1;7,s)},>0 and Lucas
(r,s) sequence {H,,(2,7;7,8)},>0 are defined, respectively, by the second-order recurrence relations
Gn+2 = 7”CTYn—i-l + SGna GO = Oa Gl = 13 (16)

Hn+2 = THn+1 + SHn, HO == 2, H1 =T (17)

The sequences {G,, } >0 and {H, },>0 can be extended to negative subscripts by defining

T 1
G_ ——G_(p_ ~G_(p—
n S -(n-1) + 5 —(n-2);

T 1
H—n ——H_ n— -H_ n—2)»
-1 T o Ho(n-2)

for n =1,2,3, ... respectively. Therefore, recurrences (1.6) and (1.7) hold for all integer n.

Some special cases of (r, s) sequence {G,(0,1;7,s)}n>0 and Lucas (r, s) sequence {H,(2,7;7, s) }n>0 are

as follows:
(1) G,(0,1;1,1) = F,,, Fibonacci sequence,
(2) Hn(2,1;1,1) = L, Lucas sequence,
(3) Gn(0,1;2,1) = P,, Pell sequence,
(4) Hn(2,2;2,1) = Qn, Pell-Lucas sequence,
(5) G»(0,1;1,2) = J,, Jacobsthal sequence,
(6) Hn(2,1;1,2) = j,, Jacobsthal-Lucas sequence.
(7) Gn(1,2;2,3) = G, 2-primes sequence,
(8) Hn(2,2;2,3) = H,, Lucas 2-primes sequence,


https://doi.org/10.20944/preprints202112.0429.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 27 December 2021 d0i:10.20944/preprints202112.0429.v1

4 YUKSEL SOYKAN
(9) G,n(0,1;3,—2) = M,,, Mersenne sequence,
(10) H,(2,3;3,—2) = H,,, Mersenne-Lucas sequence,
(11) G»(0,1;6,—1) = B, balancing sequence,
(12) H,(2,6;6,—1) = H,,, modified Lucas-balancing sequence,
(13) G,(0,1;1, —i) = (@, modified Oresme sequence,
(14) H,(2,1;1, —i) = H,,, Oresme-Lucas-Lucas sequence.

Binet’s formulas of (r, s) and Lucas (r, s) numbers are given as

il if o # B (Distinct Roots Case)
G,=¢ a-p
na"1 | if a = 3 (Single Root Case)

and
a™+ 8", if a # B (Distinct Roots Case)

2a™ , if @ = (Single Root Case)

H, =

Lemma 2 gives the following results as particular examples (generating functions of (r,s) and Lucas

(r, s) numbers).

COROLLARY 3. Generating functions of (r,s) and Lucas (r,s) numbers are

> T
Gpaz" = ——————
Z " 1—rx — sx?
n=0
oo
2—rx
H,2" = —m
Z " 1—rx — sx?
n=0
respectively.
Note that if
n
Kn=) Wi
k=0
then
n+m n+m

n—1
DW= W= Wi=Kupm — Koo
k=n k=0 k=0

In a quite recent preprint, Prodinger [6] proved the following Theorem via generating functions which

gives complete answer the sum problem addressed in [5].

THEOREM 4. (Prodinger) For n > 0, we have

K — Wy + Wi — Wor B (2WOS + Wir 4+ 2Wis — W()’I’S)G B Wi + Wys
" l—-r—s 2(1—r—s) "2l —r—s) "
and
(2WOS + Wir 4+ 2Wis — W()TS) (W1 + W()S)

Ky — Kno1 = — G -
n+m n—1 2(1—7’—8) (Gm+n Gn 1)

H’H’L n_Hn— .
2(1—r—s)( * )
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In the next sections, we extend the results of Prodinger. Note that Prodinger does not consider the case
1 —17 — s =0 which we also deal with this case as well. For example, for the generalized Mersen numbers

(the case r =3 and s = —2), we get 1 —r — s = 0.

2. Extension of Prodinger’s Theorem 4: The Sum Formulas of >}_,z*W}, and 1™ 2*W}, via

Generating Functions

o0
Next, we give the ordinary generating function Y a"W, 2™ of the sequence {z"W,,}.
n=0

o0
LEMMA 5. Suppose that finw, (z) = > a"W,2" is the ordinary generating function of the sequence
n=0

{z" W, tn>o. Then, > x"W,z" is given by

n=0

. Wo + .’E(Wl — T‘Wo)Z

oo
N, 2 = . 2.1
nZ:;)x i 1 —rzz — sx222 (2.1)

Proof. Note that

"W, = 2" (rWyh_1 4+ sWp_5).

Using the definition of generalized Fibonacci numbers, and substracting rzz Y -, 2" W, 2" and sz?2% > 7 2" W,,2"

from Y77 (2" W, 2" we obtain

o0 (o] o0 o]
(1 —rzz — sz?2?) E "W,z" = E "W, 2" —rxz E "W, 2" — sa?2? E "W, 2"
n=0 n=0 n=0

n=0

(o] o0 (o]
= E "W, 2" —r g "I, 2 — s E " T2, 22
n=0 n=0 n=0

o0 o0 o0
= E "W, 2" —r g "W, _12" — s g "W, _92"
n=0 n=1 n=2

= (Wo+azWiz) —raWpz + Z "Wy — Wy — sWy_9)2"

n=2

Wo + (W1 — rWy)z.

Rearranging above equation, we obtain (2.1). O

Lemma 5 gives the following results as particular examples.

o0 o0
COROLLARY 6. Generating functions Y x"Gnpz" and >, ¢ H,z" are

n=0 n=0
> Tz
E z"GpZ" = —
1—rxz— sx*z
n=0
oo
2—rxz
E z"H, 2" = — )
1—rxz— sx*z
n=0

respectively.
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Let

The following theorem presents some sum formulas of generalized Fibonacci (Horadam) numbers with

positive subscripts.

THEOREM 7. Let x be a nonzero complex (or real) number.

(a): If 1 —rx — s2® # 0 then

Wo +x(Wy —rWo)  2Wisx? + 2Wosz + Wyire — Worsz? Wiz + Wosx?
S, = - "Gy — ———2"H,
1—rz— sa? 2(1 —rz — sx?) 2(1 — rz — sx?)
O(z)
—_ 2.2
2(1 — ro — sx?) (22)
where

O(x) = 2(Wo+ (W1 —rWo)x)— (s(2W1 —rWo)z+ (rWi+25Wp ) )" TG, — (W1 +szWo)x" L H,,.
(b): If 1 —rx — s2? = u(x — a)(x — b) = 0 for some u,a,b € C withu # 0 and a # b, i.e., x = a or
x = b, then

where
O1(x) = 2(Wy — rWo) + (—(r + nr + 4sz + 2nsx) Wi + s(—2n + 2rz + nra — 2)Wy)2"G,, —
2"((n+ 1)W1 + sz(n + 2)Wo) H,,.

(c): If 1 —rz — s2® = u(x — ¢)2 = 0 for some u,c € C with u # 0, i.e., x = c, then

_ O(x)
Sn = 4s
where
Oy(z) = (n+ 1)((nr + 4sx + 2nsx)Wy + s(2n — 2rx — nrz)Wo)a" LG, + (n + 1)(na™ " 1W; +
sz™(n + 2)Wo)H,.

Proof.
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(a): Note that using generating functions, we get

> 1 Wy+ SL‘(Wl — ’I"W())Z
S = Sp2" =
(2) ngo : 1—2 1—rzz— sx22?
 Wo+a(Wy —rWy) 1 B QWi sz + 2Wosz + Wirz — Wyrsa? Tz
N l—re—sa?2 1-2z 2(1 — ro — sx?) 1—raez — sx?2?

Wiz + Wysz? 2—rxz
2(1 —rz — sx?) 1 —rzz — sx?22

Wo + 2(Wy — W) QW 522 + 2Wosx + Wirz — Wyrsz?
= n __ nGn n
1—rz— sx? n;oz 2(1 —rx — sx?) nzzom ?
Wiz + Wosa?
_ "H, 2"
2(1—7“x—3x2)nzzom :
Wy + x(Wy — rWy) oWy sx? + 2Wysz + Wire — Worsa? n Wiz + Wysz? " n
— Z — "Gy — —————2a"H, | 2".
1—rx— sa? 2(1 — re — sx?) 2(1 — rx — sx?)

n=0
Comparing on both sides leads to (2.2).
(b): We use (2.2). For x = a and z = b, the right hand side of the above sum formula (2.2) is an

indeterminate form. Now, we can use L'Hospital rule. Then we get (b) by using

n d
1:9(@)
k dzx
a ka—i—' =
kz—o / %(2(1 —rz — sx?)) o
and similarly
- +0(x)
kamk:-i— L dx
kZ:o ! %(2(1 —rx — sx?)) b

(c): We use (2.2). For x = ¢, the right hand side of the above sum formula (2.2) is an indeterminate

form. Now, we can use L’Hospital rule (twice). Then we get (c) by using

n d2
chka-l-j = a2 W@(x) 5
P L (2(1 — ra — sx?))

dx?

.0

We now concentrate on finding expressions for the partial sums

n+m n+m

n—1
Z l‘ka = Z $ka — Zl‘ka = Sn+m - Sn—l-
k=n k=0 k=0
COROLLARY 8. Let x be a non-zero complex (or real) number.

(a): If 1 —ra — sx® # 0 then

Iy
S -S i i =—""
w9~ — sa?)
where
Iy = —(s(2Wy —rWo)z + (rWi1 + 2sWo)) (2™ G — Gro1)a™ — (W + sz Wo) (2™ Hyy oy —

Hn_l)ilin.
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(b): If 1 —rx — s2® = u(x — a)(x — b) = 0 for some u,a,b € C withu #0 and a # b, i.e., x = a or

r = b, then
Iy

Snym — Sno1 = m

where
Iy = (= (r+(n+m)r+4dsz+2(n+m)sz)Wi+s(—2(n+m)+2re+(n+m)rz—2)Wo)x" TG —
(—(r+(n—1r+4sx+2(n—1)sz)Wi +s(=2(n—1)+2rz+ (n— 1)rz —2)Wo)z" LG, 1 — (((n +
m) + D)W + sz((n+m) + 2)Wo)a" T Hy iy + (R — 1) + Wi + sz((n — 1) + 2)Wo)z" ' H,,_1.
(c): If 1 —ro — s2® = u(x — ¢)? = 0 for some u,c € C with u # 0, i.e., x = c, then

I's
Spgm — Sn_1 = ==
+ P

where

I3 = ((n+m)+1)((n+m)r+dsz+2(n+m)sz)Wi+s(2(n+m)—2rz—(n+m)rz)Wo)x" T 1G,y o —
((n—1)+1D(((n—1)r +4dsz +2(n — Dsz)Wy + s(2(n — 1) — 2rz — (n — Dra)Wy)z" %G, 1 +
((n+m)+1)((n+m)z" ™= 1Wy + sa™ ™ ((n+m) + 2)Wo)Hpomn — ((n— 1) + 1) ((n — 1)z 2W; +
sz ((n—1) +2)Wo)H,,_1.

3. The Sum Formulas of >_;_, kz*W; and 3727 ka* W,

Let

Yo=Y ka*Wi.
k=0
The following theorem presents some sum formulas of generalized Fibonacci (Horadam) numbers with

positive subscripts.

THEOREM 9. Let x be a non-zero complex (or real) number. Then
(a): If 1 —ra — sx® # 0 then

ozl —rx— 522)0’ () 4+ z(r + 252)0(z)
Yo = 2(1 — rz — sx?)? (3-1)
AN

2(1 — ra — sx?)?

where ©(z) is as in Theorem 7 (a) and © () denotes the derivative of ©(x) with respect to x, and
Ay = 2x((s2? + 1)Wy — sz(re — 2)Wy) + ((2ns?z3 + rsa® + 3nrsz? + nr?z — 2nsy — dsx —r —
nr)Wy — s(nrsz® + 2sx? + r22% — 2nsa? + nr?z? — 2rz — 3nrz + 2n + 2)Wo)a" MG, + ((nsa® —
sx? +nrez —n — L)Wy + sz(nsz? + nre —n +rox — 2)Wo)a" T H,,.
(b): If 1 —rx — s2? = u(x — a)(x — b) = 0 for some u,a,b € C withu # 0 and a # b, i.e., x = a or
x = b, then

"

450 (x) + 2520 () — (4s2? + 3rz — 2) 0" (z) +z(1 —rz — s22)0
4(—2s + 68222 + r2 + 6rsz)

(z)

Y, =

Ay
4 (—2s 4 68222 + 12 + 6rsz)
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where ©" (z) and ©" () denote the second and third derivatives of ©(x), respectively, with respect
to x, and
Ag = 12s2W1—4s(3ra—2)Wo+((—nr(n+1)%+x((n+2) (n+1) (nr? —2ns—4s)+sz(n+3) (2n?sz+
3n2r+8nsz+Tnr+2r)))Wi+s(—2n(n+1)2+z(r(3n+2)(n+2)(n+1) —x(n+3) (n*rsz+3nr? —2n%s+
n2r? +dnrsr —2ns+2r2 +45)))Wo)a" LG, + ((—n(n+1)% +x(n+2)(nr +n?sx +2nsx +nr —3sz))
Wi+ sz(—(n+1)(n+2)? + x(n + 3)(nsz + n’r + dnsx + 2r + 3nr))Wo)z" L1 H,.
(¢): If 1 —rz — s2® = u(x — ¢)2 = 0 for some u,c € C with u # 0, i.e., x = c, then

1111 1

—4(2r +5sz) O () — (10522 + Tre —4)0"" (z) + z((1 — re — s22)0"" (z)
4852

Y, =

As
1252

1" 1

where ©  (z) and ©  (x) denote the fourth and fifth derivatives of ©(x), respectively, with respect
to x, and

Az = z72(((nz"(2r +5sx)(n+1)(—r+nr+4sz + 2nsz) + 546212 (6305223 + 1872z + 760rsx? —
4505 — 1547))W7 + s(nz™(n + 1)(2n — 2rx — nrz — 2)(2r + 5sz) — 54622 (315rsz3 — 440s22 +
270r%z% — 599rz + 308))Wo) Gy, + ((na™(n — 1) (n+1)(2r + bsx) + 600622 (20522 + 17rz — 14))W; +
sz(na™(n + 2)(n+ 1)(2r + 5sx) + 24570212 (7sx? + 6rz — 5))Wo) H,).

Proof.

(a): We know from Theorem 7 that

Sn = Z:Eka = —@(x)

2(1 — rz — sx?)
where
O(z) = 2(Wy + (W1 — rWo)z) — (s(@W1 — rWo)z + (rWy + 2sWo))2" TG, — (W + seWo)a" T H,,.

By taking the derivative of the both sides of the above formulas with respect to x, we get

522)0’ () + (r + 252)O(x)
2(1 —rz — sx?)?

n 1 _ _
kak_lwk = ( r

i.e.

= (1 —rz — 522)0 (z) + z(r + 2s2)0 ()

Y, k" W, =
k; F 2(1 — ro — sx?)?

Ay
2(1 —rx — sa2)?’
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(b): We use (a). For z = a and & = b, the right hand side of the above sum formula 3.1) is an
indeterminate form. Now, we can use L’Hospital rule (twice). Then we get (b) by using
zn: ka*W,, = %(ﬂt(l —rx — s22)0 (z) + x(r + 2s7)0(2))
" L(2(1 — ra — s22)?)
k=0 dz?

" 1"

450(a) + 2500 (a) — (4sa®> +3ra—2) O (a) + a(l —ra—s5a?)0 " (a)
4(—2s + 6s2a% + r2 + 6rsa)

Yy

r=a

Ay
4(—2s + 6s%2a? + 12 + 6rsa)

and similarly

Yy

n
Z ka* W
k=0
11’

450(b) + 2560 (b) — (4sb® + 3rb —2) ©” (b) + b(1 — b — 5b*)O" (b)
4 (—2s + 6s2b% + 12 + 6rsb) '

(c): We use (a). For = ¢, the right hand side of the above sum formula 3.1) is an indeterminate

form. Now, we can use L'Hospital rule (four times). Then we get (c) by using

Y, = i ka*W,, = d%(m(l - TfEd; 5320 (z) + 2(r + 252)0(z))
k=0 L2 (2(1 — rz — sa?)?) .
4+ 550) 0" (@) — (10522 + Tra — 96" (@) + a((1 — o — 50%)0"" (2)
- 48s?
_ A
o128

We now concentrate on finding expressions for the partial sums

n+m n+m n—1
Z kiL‘ka = Z ka:ka — Z k‘l‘ka = Yn+m — Yn,l.
k=n k=0 k=0

COROLLARY 10. Let x be a non-zero complex (or real) number. If 1 — rx — sx® # 0 then

v

Yogm —Yo1=
* YT 2(1 —ra — sa?)?

where

U = 2z((sz2 + 1)W1 —sx(rz—2)Wo) + ((2(n+m)s?z3 +rsx® + 3(n+m)rsz? + (n+m)r?z —2(n+m)sz —
dsx—r—(n+m)r)Wi—s((n+m)rsz3+2sx?+r2z2—2(n+m)sx?+(n+m)r?z? —2rz—3(n+m)re+2(n+m)+2)
Wo)x" TGy — (22((s22 + 1)W1y —sz(ra—2)Wo) +((2(n—1)s?23 +rsz® +3(n—1)rsz? + (n—1)r’z —2(n—
)sx—dsx—r—(n—1)r)Wi—s((n—1)rsz3+2s2?+r22?—2(n—1)sx?+(n—1)r22? —2rz—3(n—1)rz+2(n—1)+2)
Wo)z" G, 1) + (((n+m)sz? — sz + (n+m)rz — (n+m) — )Wy + sx((n+m)sz? + (n +m)rz — (n+
m) +rx — 2)Wo)z" " H, 0 — ((n—1)s2? —s22 + (n— )rx — (n — 1) — )Wy + sz((n — 1)s2? + (n —
Drz —(n—1) +rz —2)Wy)z" 1 H, 4).
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