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On strongly correlated electrons in metals

Jacob Szeftel*
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A procedure, dedicated to superconductivity, is extended to study the properties of interacting
electrons in normal metals in the thermodynamic limit. Each independent-electron band is shown to
split into two correlated-electron bands. Excellent agreement is achieved with Bethe’s wave-function
for the one-dimensional Hubbard model. The groundstate energy, reckoned for the two-dimensional
Hubbard Hamiltonian, is found to be lower than values, obtained thanks to the numerical methods.
This analysis applies for any spatial dimension and temperature.
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I. INTRODUCTION

Although the inter-electron interaction in solid mat-
ter is dominated by the Coulomb repulsion, the electron
motion has been so far discussed within three of quite
different frameworks :

e in normal metals, the electrons are known from
specific heat and magnetic susceptibility measure-
ments to behave like a Fermi gas of independent
particles', despite the strong Coulomb force. Be-
sides, due to an efficient screening of the Coulomb
potential, the repulsive Hubbard Hamiltonian? is

believed to describe well the electron motion;

e in the wake of Cooper® and BCS*, the electrons are
mostly assumed to be coupled through an attractive
Hubbard Hamiltonian in superconducting metals;

e in magnetic materials® 7, the electron motion is
usually described with help of the repulsive Hub-
bard, t-J and Heisenberg Hamiltonians.

In addition, a huge numerical effort?589 has been
devoted to the many-electron groundstate and a few
weakly excited states, believed to account for the T=0
and low-temperature properties. Nevertheless, such a
state of affairs is unsatisfactory in several respects :

e since the Coulomb repulsion is known to remain un-
altered at any superconducting or magnetic transi-
tion, using a tailored Hamiltonian for each physical
case is not vindicated;

e lacking a reliable criterion for the existence
of persistent currents, all authors could but
cull arbitrarily a theoretical signature of
superconductivity®>%%%10712 " in order to char-
acterise the outcome of their calculations. Unfor-
tunately those assumptions have been invalidated
by the recent discovery of a thermodynamical
prerequisite for superconductivity'®. Likewise, an

attractive inter-electron coupling has been shown
not to be consistent with persistent currents'4,
thermal equilibrium®®, the Josephson effect'® and
occurrence of superconductivity3:17;

e last but not least, if atoms, molecules and nor-
mal metals are indeed observed at T = 0 in
their groundstate, this is not the case for super-
conductors due to a thermodynamical rationale!?.
Similarly, none of the various magnetic states®
(antiferro-, ferrimagnetism, spin density wave) can
even be an eigenstate, not to mention the ground-
state, of any realistic Hamiltonian, describing the
motion of correlated electrons, such as the Hub-
bard, t-J, Heisenberg ones, which is moreover con-
firmed by small cluster studies®. At last, note that,
if the ferromagnetic state is indeed an eigenstate,
it is never the groundstate in case of an exchange
integral J > 0.

Therefore, this work is aimed at devising a single
model, accounting for the 7' > 0 properties of normal and
superconducting metals, as well. To that end, advantage
will be taken of a previous result'®, in order to extend
a scheme, developed recently for superconductors!®, to
normal metals.

Here is the outline : the concept of the correlated Fermi
gas will be introduced in the following section to account
for the motion of interacting electrons in normal metals
at T = 0, which will enable us to work out the corre-
sponding correlation functions in the third section; ther-
mal properties at 7' > 0 will be analysed in the fourth
section; at last the main results are summarised in the
conclusion.

II. CORRELATED FERMI GAS

Let us consider a d = 1,2, 3 dimensional crystal, con-
taining N sites and 2n itinerant electrons with N >>
1,n >> 1. These electrons of spin ¢ = +1/2 populate
a single band, accomodating at most two electrons per
site (= n < N). The independent electron motion is
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described, in momentum space, by the Hamiltonian Hy

Hy = Ze(k)c',;gck,g ,

k,o

for which €(k), k are the one-electron, spin-independent
energy (= ¢(k) = e(—k)) and a vector of the Brillouin
zone, respectively, and the sum with respect to & is to be
carried out over the whole Brillouin zone. Then ‘32_07 Cho
are one-electron creation and annihilation operators on
the Bloch! state |k, o)

|k, o) = c;g 0) , 10) =ckolk,0) (1)
with |0) being the no electron state. They enable
us to introduce the pair creation and annihilation
opellrautorsw’ls’21

+ o+t

bs,JrK,k = C +CI_(~_71<:,7 )
bt,K,k = CoCK—ko

bs, Kk = CK—k,—Ck,+
bi,k.k = CK—k,0Ck,o

with the subscripts s, t referring to singlet and triplet, be-
cause the spin ( of the corresponding electron pair, pro-
jected onto any axis, is equal to 0, £1, respectively. The
hereabove definitions deserve some further comments :

e those pair operators are neither bosons, nor
fermions, but their algebraic properties play no role
in the following;

e the notation s,t, albeit convenient, is not exact,
because the true singlet and triplet pair states with

¢ =0, read actually (b:—,K,k =+ bj’K,K_k) |0);

e by contrast with singlet pairs for which there is
b:K,k # b:',K’ka = >, = N, triplet pairs are

such that b:K’k = —b:K’ka, which entails ), =
N

PR

Let us introduce now the Hamiltonians H§

¢ _ 2 : 9 +
HK - VK,k,k'bg,K,kbC,K,k’ ’
ke,k!

where the matrix element VK ki defines the inter-
electron interaction. Likewise, the general Hamiltonian,
governing the motion of electrons interacting through a
two-body force on lattice sites, reads finally

H=Hg+Y Hj , (=ts . (2)
¢,K

The particular case of the Hubbard Hamiltonian is then
characterised by Vi, v = U, Vie ) o = 0, VK, k, k' H
operates!? inside the Hilbert space S, subtended by a ba-
sis of Slater determinants, comprising 2n of Bloch states,
whereas Hg + Hf( operates within Sg{ C S, any vector of
the basis of which reads [[,_; bZK,ki |0). By contrast,
So C S is characterised by the property that none of its
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vectors can be written as [[,_; bZFK k, [0). Hence, it
ensues'? finally that S, Sy, S5 are related by

S=5®&S:sdS5 , StZ@KS% , Se=®rS%k
The BCS scheme* was aimed at approximating the
many bound electron (MBE) eigenstate!® Yo of Hg+
H§ which is not a realistic Hamiltonian, because it in-
volves four-electron forces, whenever it is Fourier trans-
formed back into real space. Thus 17} is seen to be of lit-

tle significance, unless it happens to be an eigenstate of H

too. However, due to [HIC(,HIC(/,} = 0, this occurs'® only

in the n = 1 case, corresponding to a single pair®!>17.

Nevertheless, by embedding S into a larger Hilbert space,
it has been shown!? that the eigenspectra of H, H,+ H3;
share indeed common eigenvalues. Hence the significance
of this result will be enhanced by the following theorem,
the proof of which is given in appendix :

To each eigensolution 1&%{ € S’%, e, fulfilling (Hq+Hp ¢ —
5)111%( = 0, there corresponds, within the thermodynamic
limit N — oo, an eigensolution v € S,e of H, such that
(H — &) = 0 with ¢ = ¢S + ¢S and ¢5 € S.

This theorem means that a large part of the eigenspec-
trum of H can be achieved by diagonalising Hy + Hf(,
which is much easier?>2!. Though the eigenvectors € S
cannot be obtained in that way!?, this is unimportant,
because they are highly exzcited states and thence do not
give rise to observable effects. Besides, the eigenspectrum
of Hy+Hj; consists in a continuum® 2! of many-electron
scattering states and a single MBE state, responsible for
superconductivity!®!7. A repulsive interaction (= U > 0
in case of the Hubbard Hamiltonian) being required for
superconductivity to arise!” entails that the correspond-
ing MBE state turns out to be an excited state, which
confirms a conclusion drawn independently'? that the su-
perconducting state is not the groundstate. As a matter
of fact, the U > 0 groundstate energy will turn out be-
low to be the lower bound of the continuum'®. Moreover,
because the BCS variational scheme* has been proved in-
consistent due to the U < 0 assumption'”, an overhauled
version'®!7 will be used below. Since this work is mainly
intended at applying the latter to study the continuum
states, it is in order to recall its tenet. Thus the energy
€ of the MBE state ® € Sf( of the Hubbard Hamiltonian
is given'® by

e = (@] LtHic |§) = 37, o(K, k) ek 4 UA?
e(K k) = (k‘)+e(K k)
nKk_<<I)|bszsz|(I)> -3

A=2

Minimising"® & with n = ), n%  kept constant yields
the A # 0 solution of Egs.(3) and thence €.

But the focus will rather be laid below upon the A =0
solutions of Eqs.(3), which implies ng , =0 or 1,VK, k.
Thus the corresponding many electron states ® € St @S
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are characterised by the following properties, valid for
any Hamiltonian H, defined by Eq.(2)

P=pit+os , @r€S , @s €S
(D] b;ryKykba,K,k/ |®) =0, VK,k#k, a=s,t
”?{,k = (9| b;r,K,kbOt,KJC 1) = (pal bz,K,kba,Kk lpa) = .
{ EK,k N, = Zk,k’ (ps] C;:,+Ck,+cz/,fckx— ©s)
EK,zc ”th = Ek,k’ (el C;:,ack,ac-kb,ack',a |pt)

The energy € (®) = = & + &, is then inferred
to read as a sum of k-dependent, one-electron energies,
reading for the Hubbard Hamiltonian

e(k
et = (4] % lor) = Zk,cr Sv)

(P|H|®)
N

(il & pcho lo1)

er(k
=X s al) = eb)
e = Yo W (] cf ,Cho l0s) . (4)

""% Zk,k' (5] CZ+Ck,+C$,7Ck',— lps)
es(k B
=Y =W (k) =e(k)+US

where the sum with respect to k is performed over
the occupied one-electron states, such that ni, =
<¢a2t7s|czack7g |pa) = 1. Hence the concentrations
Ct,Cs = Cq 4 +Cs — Of triplet, singlet electrons are inferred
to read

(pelef eroler)
Ct = Zk,a N

<§05‘C:+ck,+|‘f75> Cq
Cot = D, TN T2
(psley _cr,—|es) Cs
Cs,— = D, N =72

The dispersion relations e (k), e5(k) in Egs.(4) charac-
terise every scattering state of the continuum. They are
typical of a Fermi gas', made up of independent elec-
trons, populating two one-electron bands. In particular,
the groundstate energy €, = €; + €5, associated with the
lower bound of the continuum, and the corresponding
electron concentration ¢y = ¢; + ¢ read

Ct = fefF p<6)d€ ) &t = fefF €p(6)d€
2
Cg = ‘/ZZF p(e)de s Eg = ‘[:;F ep(ﬁ)dﬁ—’—U%

with ep = Ep — U% and Ep,eq, p(e) standing for the
Fermi energy, the bottom of the one-electron band of
dispersion €(k) and the corresponding density of states.
Likewise ¢; 4+ ¢s = ¢g < 2 electrons per site entails

/ ple)de=1 |
€d

with €, refers to the top of the one-electron band (there
is €, = —¢4 for the d = 1,2, 3 Hubbard model). It means
that each band of dispersion €;(k), e5(k) can accomodate
at most one electron, in accordance with the band of dis-
persion e(k) accomodating two electrons. Noteworthy is
that each independent-electron band e(k) is seen to split
into two correlated-electron bands €;(k), €5(k), the disper-
sion of which depends upon ¢y, unlike (k). The identity

)
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FIG. 1. Semi-logarithmic plot of e(co < 1) = % — 1‘;

€4 < 0,mg < 0 have been obtained by solving Egs.(6) and

with help of Bethe’s wave-function, respectively; each curve
is labelled by the corresponding U/t value.

e:(k) = e(k) in Eqgs.(4,5) is a peculiarity of the Hubbard
Hamiltonian, because €;(k) would depend explicitly on
¢, as €5(k) does on cg, if two electrons, sitting on neigh-
bouring sites, were allowed to interact, due to Vi, , # 0.
Though the inter-electron coupling is spin—indeﬁéndent,
the two-particle scattering differs according to whether
the two incoming electrons have same or opposite spins
because of Vi ;0 # Vi j -

It must be noticed that both triplet, singlet bands turn
out to be effective bands, accounting for the motion of
interacting electrons, and thence cannot be observed in
(inverse) photoemission experiments. Likewise they are
unrelated to the outcome of the one-electron band struc-
ture calculation.

The groundstate energies e4(co),ng(co) of the d = 1
Hubbard model (e(k) = —2tcos(k)), resulting respec-
tively from Egs.(5) and Bethe’s wave-function??, are
compared in Fig.1. It is more convenient to solve Eqs.(5)
in d = 1 momentum space

Ep =¢e(k) = ¢
cp =4 b =t

Cs =
2t sin(ks) + U

s

ks) +U%
N
gr = —Zsin(ky),
€g =€t +Es

o (6)

N ‘mﬁw

Es =

with 0 < kq—¢s < m, =2t < Er < 2t. There is perfect
agreement £, = 1y = —2sin (mco) for % — oco. This
property stems from cs(U — oo) — 0,Vey < 1, which
entails that all electrons populate the triplet band with
the singlet one remaining empty. Likewise, both Bethe’s
wave-function®® and Egs.(6) yield £, and 7, vanishing
like 1/U for % — o0 and ¢p = 1. The small discrepancy

e(co) << 1, seen in Fig.1 for finite ¥, results from the
Hilbert space, which Bethe’s wave-functions belong in,

being different from S; & S, because the k;, kK numbers,
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FIG. 2. Plots of £4(co) < 0 as solid, dashed and dotted lines
and cs(co) as squares, x and triangles, obtained by solving
Eqs.(7) for U/t = 4,8, 16, respectively; the scale for gg4,cs is
on the left and right side, respectively.

subtending respectively Bethe’s wave-functions and the
Bloch-like basis {|k, o)}, defined in Eq.(1), obey different
periodic boundary conditions.

Though Bethe’s wave-function is an eigenstate of H,
whereas ®,, solution of Eqgs.(5,6), is not, both share the
same significance, insofar as the energy of interacting
electrons is found as a sum over the energies of indepen-
dent particles, but with a density of states renormalised
by U, co, as illustrated by p(e) + p(e — U% ) showing up
instead of 2p(e) for the U = 0 case. But by contrast with
Bethe’s wave-function, Eqs.(5) apply for d > 1,T > 0, as
seen below. Noteworthy is that none of the numerous nu-
merical approximations®24 has achieved the remarkable
agreement, displayed in Fig.1.

Values of ¢4(Er) = e(Er) + €s(EFr) have also been
obtained for the d = 2 Hubbard model and plotted in
Fig.2. It is more convenient to solve Eqs.(5) in d = 2
momentum space

cats:ffg

fo € (ky, ky)

_foSe ks Ky )‘““ dhy 4 U
Eg =€t +Es

iy dhy

= Cop = Ct + Cg
dk dky

(7

with € (kz, ky) = —2t (cos(kz) + cos(ky)), 0 < kg, < T,
—4t < Ep < 4t and the respective integration domains
O, Q5 being defined by € (ks, ky) < Er, € (ks  ky) < ep.
Those data have been compared in table I with the cor-
responding values, obtained by means of an exact diag-
onalisation, performed in a N = 16 cluster?®. There is
€4 < 14 and the discrepancy is seen to increase with grow-
ing n.. A similar discrepancy is seen in table II, illustrat-
ing a comparison between this work and the numerical
methods®, applied to the d = 2 Hubbard Hamiltonian.
The latter is likely to result from a common shortcom-
ing of all numerical procedures, since the groundstate
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TABLE 1. Comparison of €, < 0 inferred from Egs.(7) with
ng < 0 resulting from the diagonalisation®® of a N = 16 clus-
ter; values of €4 /7, are listed for various n., U/t with n. being
the number of electrons (co = ne/N).

nel co |2 =202 =102 =38
16| 1 | 279 | 215 | 1.95 | 1.48
15.938) 2.03 | 1.84 | 1.73 | 1.42
14].875| 1.63 | 1.6 | 1.55 | 1.34
13].813] 1.42 | 144 | 141 | 1.27
12|.75| 1.26 | 1.29 | 1.28 | 1.21
11].688) 1.15 | 1.19 | 1.18 | 1.14
10].625| 1.05 | 1.09 | 1.09 | 1.04
9562 1.05 | 1.1 | 1.1 | 1.09
8| .5 | 1.04 | 1.09 | 1.1 | 11
70438 105 | 1.1 | 11 | 11

IS
Il
N

energy is extrapolated from a small value N < 100 up
to N — oo. Because the dimension of the Hilbert space
grows exponentially with IV, there is no one to one cor-
respondence between the eigenspectra associated with
N,N + 1, so that it is impossible to ensure that the
procedure is indeed converged toward the groundstate
for N — oo. Accordingly, the data in table I, obtained
for ¢ = 1,.875 and % = 4,8, are seen to be close to
corresponding values in table II, which hints further at
the extrapolation schemes® missing the groundstate for
N — oo.

Our interest in the A = 0 solution of Eqgs.(3) arose
from solving the Schrodinger equation for one singlet
pair, which reads for the one-dimensional Hubbard
Hamiltonian!®17

(Ha+ Hj =€) =0, ¢ =3, a(k)b] x,[0)
a(k) (e — e(K, k))_5_zk a(k) - (8)

é Nzks s(Kk)

If +tx are the maximum and minimum of (K, k) over
k, Eqgs.(8) have one solution ¢ = ep > tx (< —tg) for
U > 0 (U < 0), associated with the single bound pair,

characterised by ¢ # 0 and (N —1) solutions €;,=1,..n—1 €
[e(K, k;),e(K, kl+1)] with e(K k1) = —tx,e(K, kn) =
ti, kiv1 — ki = WW Then N — oo implies (ki+1 —k;) —

0=¢; — e(K,k;) = 6 — 0. Thus the &;’s, making up
the continuum [—tk,tx] in the N — oo limit (= ¢ = 0),
and the ¢ # 0 solution of Eqgs.(8) are realized to turn into
the A = 0,A # 0 solutions of Egs.(3), associated with
the scattering and bound states at finite ¢y, respectively.

Replacing electrons by holes yields the following
relation??

e(eo) =e(2—co)+U(ep—1) . (9)

Then derivating Eq.(9) with respect to ¢y for half-filling

co = 1, while keeping in mind that 855’ =FEratT =0,
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TABLE II. Comparison of ¢4 < 0 inferred from Egs.(7)
with ny < 0, the average data resulting from the numerical
procedures® at T = 0; values of ¢,4/n, are listed for various
Co, U/t.

Co =12
1 | 1.21 | 147 | 1.73 | 1.98 | 2.38
875 1.13 | 1.29 | 1.45 | 1.58
8| 111 | 1.21 | 1.32 | 1.39
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because free energy and energy are thence equal®®, leads
to

EF(17)+EF(1+):UéEg:U72EF(].7) s

wherein F, is a forbidden gap of the one-electron band
structure??. Hence Eqs.(5) are inferred to be valid for
co < 1 for U > 0. Such a result seems to run afoul at
alcali and noble metals being good conductors in spite of
their half-filled s conduction band (= ¢y = 1). Actually
the s — p hybridisation is likely to be responsible for no
Eg4-like gap opening up in the middle of their conduction
band. Moreover the significance of this explanation is
further strengthened by earth-alcali metals, since, in the
absence of hybridisation, they should be insulators due
to ¢g = 2.

III. TWO-BODY CORRELATION PROPERTIES

The correlation properties of the correlated Fermi
gas will be exemplified on antiferromagnetic compounds,
such as NiO, MnO,CoO, which should behave like
metals”, if the electrons were independent, because the
conduction band is half-filled (< ¢o = 1). Such a prop-
erty was argued3!'32 to ensue from a large Hubbard re-
pulsion (& U/t >> 1 with ¢ characterising the one-
electron bandwidth and thence average kinetic energy).
Conversely the correlated Fermi gas will be shown below
to sustain no antiferromagnetic order YU > 0, ¢y < 1.

The long-range antiferromagnetic order is charac-
terised by the parameter

Aar(r]) = Z <<I> ‘c?}ci’_kc;:fcj,_‘ <I>> ,

4,3

where @ stands for the considered many-electron state,
r;,r; are position vectors, pertaining to sites ,j (r =
r; — rj) and c;fa, ¢i,o are one-electron creation and anni-
hilation operators on the Wannier! state |i, o)

|ia U> = C?:o_ |0> ) |0> = Ci,o |i70'>
Then & is said to have long range order, provided Aap
is a periodic function of |r| for |r| — oo with the period
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equal to twice the lattice parameter. Actually A 4p reads
for every @, obeying Eqs.4

cos((k—K').r)
Agp =) —————(ps
AF k}; —{p

+ +
Ck,—i-ckﬁ*ck/,—ck/,*‘ 908> )

where the sum is to be carried out on occupied singlet
electrons, only, because there is A gp = 0,V |r| for triplet
electrons. For the d = 1 groundstate defined by Eqs.6,
A s reads

Aap = |r|™?

)

which implies Ap(r) — 0 for |r| — oo. Since that con-
clusion holds also for d > 1, any kind of two-electron
correlation and every @, obeying Eqs.4, the correlated
Fermi gas is inferred to sustain no long-range order what-
soever, like the Fermi gas of independent particles!. Be-
sides, there is even Ayup = 0,VY|r| for U — oo due to
cs — 0. The conclusion, that the Hubbard model with
co < 1 remains metallic even for U — oo, had been drawn
previously??, but for d = 1. This work shows that it is
true for d > 1, too.

By contrast, the numerical methods?%%? yield, in the

d = 2 case, various ordered structures, such as stripes,
spin or charge density waves for ¢y &~ 1, which are not
observed. This reinforces the argument, presented in
the preceding section, that the outcome of such numeri-
cal procedures is to be associated with an excited state,
possibly belonging in S, because any scattering state
® € S; & S; has been shown above to display no long
range order. Likewise, the small cluster calculations®
conclude on the d = 2 Hubbard model sustaining no mag-
netic order, whereas the numerical approximations® come
to the opposite conclusion, though both lead to ground-
state energies close to one another, as already mentioned
above.

For the sake of illustration, we give the probability of
double occupancy 02, reading for the groundstate ®, with
d=1,2,3 as

c;t_*_ciﬁrcj"_ci,,
N

=Y, <q>g
=2k <sos

@,

+ +
Cr 4 Gkt Cpr, Ok —
N2

o) = (3)°

As seen in table III, there is always oo < po with py
reckoned with help of the numerical procedures®. Such an
inequality is in keeping with €4 < 14 in table II, because
the correlated Fermi gas manages to lower its energy by
accomodating as many electrons as possible in the triplet
band, for which double occupancy is forbidden by Pauli’s
principle.
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TABLE III. comparison of double occupancy oz inferred from
Eqs.(7) with po, the average data resulting from the numerical
procedures8 at T = 0; values of pa/o2 are listed for c¢o = 1
and various U/t.

g=2 =12
396 | 3.15 | 229 | 1.74 | 1.11

N‘Q
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=~
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IV. THERMAL PROPERTIES

For T > 0,¢9 < 1, Egs.(5) are recast into

= f:“ ple e = [T eple)n(e)de
f"“ n(e+US)de , (10)
C2
€s = f!;”ep( emn (e—i—U%)de—i—U;
e—Ep -1
with 7, = €, —U% and n(e) = | 1 + e *57 > standing

for the Fermi-Dirac distribution® (kg designates Boltz-
mann’s constant). The specific heat C(T) = %t + %
can be reckoned thanks to Eqs.(10) as follows

det = — :d“ ep(e) (e + =Fr) %(e)de
b = [ epl0) (o — 25 — 552 (e U
+chdC*

Since the correlated electrons make up a degener-

ate Fermi gas (= T << Ep/kp), the Sommerfeld

expansion! can be applied, which yields at T2 order

5 = () + LG (5T
de, _ 2F a(ep)+(’”“§* 42 ()T )
aT 1+%a(ep)

with a (€) = p(e) + @‘fﬁ (¢). Then taking advan-
tage of ¢t (T) + ¢s(T) = ¢p = dct + dcf = 0 yields finally

dEp _ _(mB) 22 (er)+22(Er)(1+ Y aler)))
ar 3(a(er +a(EF)(1+Ua( F))) T=
C= (5% )fz(eF)+UCst* Lrf(Er)

er) +er (ep) + p(Ep) + Er % (EF)) T

T 2 52
with /1 (¢) = ep(e), f2 (¢) = f1 (€) + 2T G h (e). Due
toddE—TF ~ 0 = ‘flcqi ~ 0, t herelsCo<Tasfora
Fermi gas', albeit with p(er) + er % (er) + p(Er) +

Epde 2 (Er) instead of p(Er). However whenever e hap-
pens to be close to €4, it entails that % (ep) diverges

like (ep — €q) "7, as expected for a three-dimensional Van
Hove singularity, which would increase significantly ng

Whenever an external magnetic field H is applied onto
the electrons, the dispersion relations read

pe

() = e(b) F 5 (11)

d0i:10.20944/preprints202112.0409.v1

with e standing for the electron magnetic moment. Be-
cause of ¢, 4 = ¢, = %, as shown above, only triplet
electrons contribute to the magnetisation per site, ex-
pressed thus as

M = pie (et 4 —ct,-)

The corresponding magnetic
2 (H — 0) reads thence

susceptibility x =

L= = e =a(EFr)

.“2 lu‘eH €d 86

There is %(T = 0) = 0 as for a Fermi gas!. However,
all of singlet and triplet electrons contribute to the spe-
cific heat, whereas only triplet ones can contribute to the
susceptibility.

V. CONCLUSION

The A = 0, A # 0 solutions of Egs.(3) have been
shown to account for the properties of normal and
superconducting'®1” metals, respectively. The motion
of conduction electrons in normal metals, coupled by
a strong Coulomb repulsion, is described by Egs.(4)
within the framework of the correlated Fermi gas. Each
independent-electron band splits into two one-electron
bands, populated by electrons at thermal equilibrium ac-
cording to the Fermi-Dirac statistics. Those two bands
result from the outcome of two-electron scattering dif-
fering according to whether the incoming electrons have
same or opposite spin direction. Good agreement with
Bethe’s wave-function data?%?3 has been obtained for
the d = 1 Hubbard model. The groundstate energy,
obtained for the d = 2 Hubbard Hamiltonian, turns
out to be lower than those reckoned with help of nu-
merical schemes®??, which makes questionable the claim
that they are converged to the groundstate energy for
N — oo. This analysis can be extended to all practical
temperatures, including low temperatures which are out
of the reach of numerical methods®. This work gives
also unique access to correlation functions, which has
enabled us to show that the Hubbard Hamiltonian sus-
tains no kind of long range order for d = 1,2,3 and any
U > 0,¢9 <1 value. At last, contrary to what has been
argued elsewhere”3132 the conduction electrons do not
go antiferromagnetic for % — 00, since the groundstate
energy of the correlated Fermi gas has been shown to be
< 0 for ¢y < 1, that is lower than that of the antiferro-
magnetic state = 0.

The main significance of the correlated Fermi gas is to
validate Drude’s model!, as far as the continuum states
are concerned. Accordingly, the inter-electron coupling
turns out to be instrumental only at each two-particle
scattering event with the Coulomb repulsion with all
other electrons playing mo role. Hence such a picture
is seen to be in marked contrast with classical mechanics
and the mean-field approach in quantum mechanics for
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which all of the inter-electron forces are conversely as-
sumed to be permanently at work. Finally, the physical
meaning of Eqs.(4) is to unveil the reason why conduc-
tion electrons behave like independent particles in normal
metals, despite the strong Coulomb repulsion.

VI. APPENDIX

Let us first introduce hS, = DK Hf;, — HY,. Then
[HICO h%} # 0 implies h%w% € S5. Hence taking ¢< =
hf,(zp% entails

Hy = (Ha+ H + b ) (1405 ) v
The projection ¢ of Hvy onto Sﬁ( reads

o= (Ha+ HY) V5 402

2
with @9 being the projection of (h%) z/ﬁ{ onto S’g(. The
proof consists of showing w3 = 0 for N — oco. To that
end, it will be taken advantage of ¢ (any vector of the
basis of S%) and h%qﬁ differing only by two pairs from
each other. For simplicity and without loss of generality,
we consider the Hubbard case. Thus let us take

¢ = b:,K,klb:,K,lm |0>

d0i:10.20944/preprints202112.0409.v1

2
The projection ¢, of <h§() ¢ onto Sg( reads

U\ 2
bp = (N> b:K,kb:,K,k’ 0y
k

with &' = k — k1 + ko. It entails

U4
<¢p|¢p>zﬁz>g02(N—>oo)—>0 ,

so that projecting (H — €)1 = 0 onto Sg( yields finally

(Hq+ Hy — )iy =0,

which is the sought conclusion.
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