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0. Introduction7

Arities of theories are important characteristics showing complexity measures of8

theories [1,2] and reducing all definable sets to definable ones generated by cylinders9

of special forms. It is closely linked with cylindric algebras reflecting semantically10

first-order calculi [3–7].11

Special cases for arities of theories, especially binary, ternary and related ordered12

theories are studied in a series of papers including [8–14]. Structures and links with13

respect to binary formulas are investigated both in general case [15–18] and for a series14

of natural classes of theories [19–27].15

In the present paper we adapt the general cylindric approach and describe semanti-16

cally arities of theories, properties related to the n-arity and n-aritizability of theories17

and their dynamics.18

The paper in organized as follows. In Section 1, we consider arities of formulae and19

arities of theories, describe possibilities of arities, describe arities for a series of natural20

theories, characterize the ω-categoricity and the stability of n-ary theories. In Section 2,21

we introduce a series of notions for the aritizability of a theory, describe sufficient condi-22

tions and criteria for the aritizabilities in terms of Boolean algebras, disjoint unions and23

compositions. In Section 3, possibilities for aritizabilities are characterized semantically24

and the dynamics for arities of theories is described.25

Throughout we consider complete first-order theories T.26

1. n-ary formulae and theories27

Definition [28]. A theory T is said to be ∆-based, where ∆ is some set of formulae28

without parameters, if any formula of T is equivalent in T to a Boolean combination of29

formulae in ∆.30

For ∆-based theories T, it is also said that T has quantifier elimination or quantifier31

reduction up to ∆.32

Definition [15,28]. Let ∆ be a set of formulae of a theory T, and p(x̄) a type of T33

lying in S(T). The type p(x̄) is said to be ∆-based if p(x̄) is isolated by a set of formulas34

ϕδ ∈ p, where ϕ ∈ ∆, δ ∈ {0, 1}.35

The following lemma, being a corollary of Compactness Theorem, noticed in [28].36
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Lemma 1.1. A theory T is ∆-based if and only if, for any tuple ā of any (some) weakly37

saturated model of T, the type tp(ā) is ∆-based.38

Definition (cf. [1]). An elementary theory T is called unary, or 1-ary, if any T-39

formula ϕ(x) is T-equivalent to a Boolean combination of T-formulas, each of which is40

of one free variable, and of formulas of form x ≈ y.41

For a natural number n ≥ 1, a formula ϕ(x) of a theory T is called n-ary, or an42

n-formula, if ϕ(x) is T-equivalent to a Boolean combination of T-formulas, each of which43

is of n free variables.44

For a natural number n ≥ 2, an elementary theory T is called n-ary, or an n-theory,45

if any T-formula ϕ(x) is n-ary.46

A theory T is called binary if T is 2-ary, it is called ternary if T is 3-ary, etc.47

We will admit the case n = 0 for n-formulae ϕ(x). In such a case ϕ(x) is just48

T-equivalent to a sentence ∀xϕ(x).49

If T is a theory such that T is n-ary and not (n− 1)-ary then the value n is called50

the arity of T and it is denoted by ar(T). If T does not have any arity we put ar(T) = ∞.51

Similarly, for a formula ϕ of a theory T we denote by arT(ϕ) the natural value n if52

ϕ is n-ary and not (n− 1)-ary. If ϕ does not any arity we put arT(ϕ) = ∞. If a theory T53

is fixed we write ar(ϕ) instead of arT(ϕ).54

By the definition any n-theory is ∆n-based, where ∆n consists of formulae with55

n free variables and formulae of the form x ≈ y. It implies that theories of n-element56

modelsM are n-ary and based by formulae describing these n-element structures and57

differences/coincidences of elements.58

Using Lemma 1.1 we obtain the following characterization for the n-arity of a59

formula:60

Proposition 1.2. A T-formula ϕ(x) is not n-ary if and only if for any T-formulae ψi(xi)61

with subtuples xi of the tuple x having l(xi) = n and T ` ϕ(x) → ψi(xi), there exists a62

tuple a ∈ M |= T such thatM |= ψi(ai) ∧ ¬ϕ(a), where ai is a subtuple of a consisting of63

substitutions of elements of a instead of correspondent elements of xi.64

By the definition the notion of n-arity is local and reduced to finite sublanguages:65

Proposition 1.3. A theory T of a language Σ is n-ary if and only if for any T-formula ϕ(x)66

there is a finite sublanguage Σ′ ⊆ Σ such that T ` ϕ(x) ↔ ψ(x), where ψ(x) is a Boolean67

combination of n-formulae.68

Proposition 1.4. IfM is a n-element structure, for n ∈ ω, then ar(Th(M)) ≤ n.69

Proof. Since |M| = n each Th(M)-formula ϕ := ϕ(x1, . . . , xm) is Th(M)-equivalent70

to a disjunction of substitutions of variables xi1 , . . . , xin instead of x1, . . . , xm into the71

formula ϕ, as required.72

Remark 1.5. (cf. [4,7]) Since negations of formulas with n free variables again have n73

free variables, witnessing the n-arity of a formula it suffices to consider positive Boolean74

combinations of formulas with n free variables, i.e., conjunctions and disjunctions of75

formulas with n free variables.76

Thus for the description of definable sets for modelsM of n-theories it suffices77

describe links between definable sets A and B for n-formulas ϕ(x) and ψ(y), respectively,78

and definable sets C and D for ϕ(x) ∧ ψ(y) and ϕ(x) ∨ ψ(y), respectively.79

If x = y then C = A ∩ B and D = A ∪ B, i.e., conjunctions and disjunctions work as80

set-theoretic intersections and unions.81

If x and y are disjoint then C = A × B and D = (A + B)M 
 {〈a, b〉 | a ∈82

A and b ∈ M, or a ∈ M and b ∈ B}, i.e., C is the Cartesian product of A and B, and D is83

the (generalized) Cartesian sum of A and B in the modelM.84

If x 6= y, and x and y have common variables, then C and D are represented as a85

mixed product and a mixed sum, respectively, working partially as intersection and union,86
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for common variables, and partially as Cartesian product and Cartesian sum, for disjoint87

variables.88

If x and y consist of pairwise disjoint variables and x ⊆ y and x 6= y then for any89

formula ϕ(x) the set of solution of the formula ϕ(x) ∧ (y ≈ y) inM is called a cylinder90

with respect to Ml(y) and generated by the set of solutions ϕ(M). In any case generating91

sets for cylinders coincide their projections, i.e., sets of solutions for formulas ∃zϕ(x),92

where z ⊂ x.93

Since n-formulae produce cylinders on Cartesian products of universes, definable94

sets of n-ary theories are composed by Boolean combinations of definable cylinders, i.e.,95

of elements of cylindric algebras.96

Definition (cf. [2]). For a natural number n, a theory T is called n-transitive if each97

n-type q(x1, . . . , xn) ∈ S(T) is forced by its restriction to the empty language.98

Proposition 1.6. If a theory T is n-transitive and non-(n + 1)-transitive then T is not an99

n-theory.100

Proof. Since T is n-transitive, cylinders defined by n-formulae are reduced to the101

cylinders defined by the formulae for the empty language, i.e., they are defined by102

equalities and inequalities. As T is not (n + 1)-transitive then there is a ∅-definable set103

X ⊂ Mn+1 in a modelM |= T which in not reduced to the cylinders defined by the104

formulae for the empty language. It means that a formula ϕ(x1, . . . , xn+1) defining X is105

not T-equivalent to n-formulae. Thus T is not an n-theory, as required.106

Clearly, generic constructions [15,29] allow to produce, for each n ≥ 1, n-transitive107

and non-(n + 1)-transitive theories with unique (n + 1)-ary predicates and having108

quantifier elimination.109

For instance, the theory T of structureM = 〈{a, b, c, d}; R(3)〉 with the ternary rela-110

tion R = {(a, b, c), (b, a, d), (b, c, d), (c, b, a), (a, c, d), (c, a, b), (c, d, a), (d, c, b), (d, a, b), (a, d, c),111

(b, d, a), (d, b, c)} has quantifier elimination, is 2-transitive, not 3-transitive, and thus112

ar(T) = 3.113

This example can be naturally spread for n-ary relations. In view of Proposition 1.6114

it implies the following:115

Corollary 1.7. For any natural n ≥ 1 there is a theory Tn with ar(Tn) = n.116

The following examples illustrate values ar(T) = n.117

Example 1.8. [30] For any theory Tf of an unar, i.e., of one unary operation f ,118

ar(T) ≤ 2. There are both theories Tf1 with ar(Tf1) = 1 and theories Tf2 with ar(Tf2) = 2.119

For instance, f1 can be taken identical, and f2 — a successor function on at least 3-element120

set.121

Example 1.9. [30] For any theory TΓ of an acyclic graph Γ with unary predicates,122

ar(TΓ) ≤ 2.123

Example 1.10. Let E be the following equivalence relation on the set Rn:

{(M, N) | M(x1, . . . , xn), N(y1, . . . , yn) ∈ Rn, x2
1 + . . . + x2

n = y2
1 + . . . + y2

n}.

Equivalence classes for the concentric spheres in Rn can not be reconstructed via cylin-124

ders defined by projections which form concentric balls and circles. The homogeneity125

of equivalence classes implies that each formula in the language 〈E〉 is reduced to a126

Boolean combination of 2n-formulas. Thus Th(〈R, E〉) is a 2n-theory which is not an127

(2n− 1)-theory.128

Adding a disjoint unary predicate P and a bijection f between the set of spheres129

and P we obtain names for spheres and an additional coordinate for generating formulas130

for a basedness. Thus we form a (2n + 1)-theory which is not an 2n-theory.131

Hence all possibilities for ar(T) = n are realized.132
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Example 1.11. Taking a non-degenerated algebraic surface at Rn which is not133

reduced to cylinders we obtain a defining formula ϕ(x), l(x) = n + 1, which is (n + 1)-134

formula and not an n-formula. In particular, non-degenerated non-cylindrical surfaces of135

the second order in R3 are defined by formulas ϕ with ar(ϕ) = 3. For instance, taking the136

formula x2 + y2 + z2 = 1 for the sphere S we obtain projections x2 + y2 ≤ 1, x2 + z2 ≤ 1,137

y2 + z2 ≤ 1 which can not allow to reconstruct S by their Boolean combinations.138

Example 1.12. Recall [8,11,12] that a circular, or cyclic order relation is described by139

a ternary relation K3 satisfying the following conditions:140

(co1) ∀x∀y∀z(K3(x, y, z)→ K3(y, z, x));141

(co2) ∀x∀y∀z(K3(x, y, z) ∧ K3(y, x, z)↔ x = y ∨ y = z ∨ z = x);142

(co3) ∀x∀y∀z(K3(x, y, z)→ ∀t[K3(x, y, t) ∨ K3(t, y, z)]);143

(co4) ∀x∀y∀z(K3(x, y, z) ∨ K3(y, x, z)).144

Clearly, ar(K3(x, y, z)) = 3 if the relation has at least three element domain. Hence,145

theories with infinite circular order relations are at least 3-ary.146

The following generalization of circular order produces a n-ball, or n-spherical, or
n-circular order relation, for n ≥ 4, which is described by a n-ary relation Kn satisfying
the following conditions:
(nbo1) ∀x1, . . . , xn(Kn(x1, x2, . . . , xn)→ Kn(x2, . . . , xn, x1));

(nbo2) ∀x1, . . . , xn

(
Kn(x1, . . . , xi, xi+1, . . . , xn)∧

∧Kn(x1, . . . , xi+1, xi, . . . , xn)↔
n−1∨
i=1

xi = xi+1

)
;

147

(nbo3) ∀x1, . . . , xn(Kn(x1, . . . , xn)→ ∀t[Kn(x1, . . . , xn−1, t) ∨ Kn(t, x2, . . . , xn)]);148

(nbo4) ∀x1, . . . , xn(Kn(x1, . . . , xi, xi+1, . . . , xn) ∨ Kn(x1, . . . , xi+1, xi, . . . , xn)), i < n.149

Clearly, ar(Kn(x1, . . . , xn)) = n if the relation has at least n-element domain. Thus,150

theories with infinite n-ball order relations are at least n-ary.151

Theorem 1.13. An n-ary theory T is ω-categorical if and only if there are finitely many152

T-non-equivalent formulas with n free variables.153

Proof. If T is ω-categorical then by Ryll-Nardzewski Theorem there are finitely154

many T-non-equivalent formulas with m free variables for every m, in particular, for155

m = n. Conversely, we again apply Ryll-Nardzewski Theorem showing that are finitely156

many T-non-equivalent formulas with m free variables for every m. If m ≤ n then there157

are finitely many T-non-equivalent formulas with m free variables by the monotony of158

this property with respect to the number of free variables. If m > n then by the n-arity159

of T each T-formula ϕ(x1, . . . , xm) is T-equivalent to a Boolean combination of formulas160

with n free variables. Since there are finitely many T-non-equivalent possibilities for161

these formulas, Boolean combinations produce finitely many possibilities, too. As there162

are finitely many T-non-equivalent formulas with m free variables for every m then T is163

ω-categorical by Ryll-Nardzewski Theorem, as required.164

Recall [31] that a formula ϕ(x̄, ȳ) of a theory T is stable if there are no tuples ān, b̄n,165

n ∈ ω, such that |= ϕ(āi, b̄j)⇔ i ≤ j. The theory T is called stable if every T-formula is166

stable.167

In [32], it was shown that any Boolean combination of stable formulas is again a168

stable formula. Thus, using the definition of n-ary theory we obtain the following:169

Theorem 1.14. An n-ary theory T is stable if and only if each T-formula with n free170

variables is stable.171
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2. Aritizable formulae and theories172

Definition. A T-formula ϕ(x) is called n-expansible, or n-arizable, or n-aritizable,173

if T has an expansion T′ such that ϕ(x) is T′-equivalent to a Boolean combination of174

T′-formulas with n free variables.175

A theory T is called n-expansible, or n-arizable, or n-aritizable, if there is an n-ary176

expansion T′ of T.177

A theory T is called arizable or aritizable, if T is n-aritizable for some n.178

A 1-aritizable theory is called unary-able, or unary-tizable. A 2-aritizable theory is179

called binary-tizable or binarizable, a 3-aritizable theory is called ternary-tizable or ternariz-180

able, etc.181

By the definition any n-theory is n-expansible, by itself, and if T is n-expansible182

then T is m-expansible for each m > n.183

Besides each formula of an n-expansible theory is n-expansible, too, but not vice184

versa in the following sense: if each formula of a theory T is n-expansible, it can not185

guarantee that a resulting expansion T′, witnessing that n-expansibility, is coordinated186

enough such that it is n-ary or at least n-expansible.187

Proposition 2.1. Any theory of a finite structureM is binarizable.188

Proof. Let M = {a1, . . . , am}. For any pair 〈ai, aj〉, i, j ≤ m, we introduce new binary
singleton predicate Bi,j = {〈ai, aj〉}. We denote the resulted expansion ofM byM′,
and the theory Th(M′) expanding given theory T = Th(M) by T′. Now an arbitrary
T′-formula ϕ(x), with x = 〈x1, . . . , xn〉, has finitely many solutions b = 〈ak1 , . . . , akn〉 in
M′. We collect these solutions into a set Z. Without loss of generality Z 6= ∅ since for
Z = ∅, T ` ϕ(x) ↔ ¬xi ≈ xi for any xi. Now the formula ϕ(x) is T′-equivalent to the
following Boolean combination of binary formulae:∨

〈ak1
,...,akn 〉∈Z

∧
i,j≤n

Bki ,kj
(xi, xj),

as required.189

Remark 2.2. If m, n ∈ ω \ {0} and M is an m-element set, then Mn has 2(m
n) subsets190

producing distinct n-ary predicates Qi, i < 2(m
n). Since by Stone Theorem any finite191

Boolean has 2l elements with l generators, there are mn independent predicates Q′j whose192

Boolean combinations produce all these predicates. Taking a quantifier free formula193

ϕ(x1, . . . , xk), for k ≥ n, composed by these independent predicates Q′j and having a194

perfect disjunctive normal form we obtain An
k · 2

mn
possibilities for disjunctive members,195

where An
k is used to calculate the number of choice of n variables among x1, . . . , xk and196

there are 2mn
possibilities for positive and negative entries of Q′j. Now there are 2An

k ·2
mn

197

possibilities for ϕ(x1, . . . , xk), big enough. At the same time, using the arguments for198

Proposition 2.1 we can obtain all definable subsets of Mn just using m2 singleton binary199

relations.200

Applying arguments for Proposition 2.1 we immediately obtain the following:201

Proposition 2.3. Any formula of a theory having finitely many solutions is binarizable.202

Proposition 2.1 can be strengthened as follows:203

Proposition 2.4. Any theory of a finite structureM is unary-tizable.204

Proof. Let M = {a1, . . . , am}. For element ai, i ≤ m, we introduce new unary
singleton predicate Ui = {ai}. We denote the resulted expansion ofM byM′, and the
theory Th(M′) expanding given theory T = Th(M) by T′. Now an arbitrary T′-formula
ϕ(x), with x = 〈x1, . . . , xn〉, has finitely many solutions b = 〈ak1 , . . . , akn〉 inM′. We
collect these solutions into a set Z. Without loss of generality Z 6= ∅. Now the formula
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ϕ(x) is T′-equivalent to the following Boolean combination of formulae each of which
with one free variable: ∨

〈ak1
,...,akn 〉∈Z

∧
i,j≤n

Uki
(xi),

as required.205

Thus |M|-many unary predicates produce a unary expansion of the theory Th(M)206

with finiteM. Besides using the proof of Proposition 2.4 we have:207

Proposition 2.5. Any formula of a theory having finitely many solutions is unary-tizable.208

Remark 2.6. By the definition for any natural n both n-ary formulae and n-aritizable209

formulae of a fixed theory T are closed under Boolean combinations. Therefore taking210

a modelM |= T and collecting in sets BAkn(M) and BA′kn(M) definable sets which211

are defined by n-ary, respectively, n-aritizable formulae with k free variables we obtain212

Boolean algebras BAkn(M) and BA′kn(M) of these definable sets.213

Clearly, BAkn(M) ⊆ BA′kn(M), and the equality BAkn(M) = BA′kn(M) means214

that any n-aritizable formula ϕ(x1, . . . , xn) of T is already n-ary.215

In view of Proposition 2.5 the algebra BA′kn(M) satisfies the following condition:216

if X and Y are ∅-definable subsets of Mk with finite symmetric difference X ÷ Y then217

X ∈ BA′kn(M) iff Y ∈ BA′kn(M). At the same time BAkn(M) can be not closed under218

finite symmetric difference since, for instance, there are theories of finite structures which219

are not n-ary but by Proposition 2.4 all theories of finite structures are unary-tizable.220

The Boolean algebras BAkn(M) and BA′kn(M) have extensions BAk(M) and221

BA′k(M), respectively, consisting of definable sets for n-ary/n-aritizable formulae with222

m free variables, for some n. Clearly, both BAk(M) and BA′k(M) equal the Boolean223

algebra Bk(M) of all ∅-definable subsets of Mk. Both these inclusions BAkn(M) ⊆224

Bk(M) and BA′kn(M) ⊆ Bk(M) can be proper for k > n.225

It was noticed above that aritizabilities of separated formulae of a theory can not226

guarantee that witnesses of these aritizabilities produce a n-ary theory, the possibility227

of coordinated expansion of aritizable formulae is necessary. We denote by BA′′kn(M)228

the Boolean algebra BA′kn(M) with a coordinated n-ary expansion for all n-aritizable229

formulae with k free variables.230

Using Remark 2.6 we have the following characterizations of n-arity and of n-231

aritizability of a theory T in terms of Boolean algebras of a model for T.232

Proposition 2.7. For any theory T, its modelM, and n ∈ ω the following conditions233

hold:234

(1) T is n-ary iff BAkn(M) = Bk(M) for each k > n;235

(1) T is n-aritizable iff BA′′kn(M) = Bk(M) for each k > n.236

Definition. [33] The disjoint union
⊔

n∈ω
Mn of pairwise disjoint structuresMn for

pairwise disjoint predicate languages Σn, n ∈ ω, is the structure of language
⋃

n∈ω
Σn ∪

{P(1)
n | n ∈ ω} with the universe

⊔
n∈ω

Mn, Pn = Mn, and interpretations of predicate

symbols in Σn coinciding with their interpretations inMn, n ∈ ω. The disjoint union of
theories Tn for pairwise disjoint languages Σn accordingly, n ∈ ω, is the theory

⊔
n∈ω

Tn 
 Th

( ⊔
n∈ω

Mn

)
,

whereMn |= Tn, n ∈ ω. Taking empty sets instead of some structuresMk we obtain237

disjoint unions of finitely many structures and theories. In particular, we have the238

disjoint unionsM0 t . . . tMn and their theories T0 t . . . t Tn.239

Clearly, disjoint unions of theories does not depend on choice of correspondent240

disjoint unions of their models. Besides, disjoint unions
⊔

n∈ω
Tn are based by the unions241
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of the basing sets ∆n for Tn and by the formulae of the form Pn(x). Thus we have the242

following:243

Theorem 2.8. 1. For any theories Tm, m ∈ ω, and their disjoint union
⊔

m∈ω
Tm, all Tm are244

n-theories iff
⊔

m∈ω
Tm is an n-theory, moreover, ar

( ⊔
m∈ω

Tm

)
= max{ar(Tm) | m ∈ ω}.245

2. For any theories Tm, m ∈ ω, and their disjoint union
⊔

m∈ω
Tm, all Tm are n-aritizable iff246 ⊔

m∈ω
Tm is n-aritizable.247

Definition [27]. LetM and N be structures of relational languages ΣM and ΣN248

respectively. We define the composition M[N ] of M and N satisfying the following249

conditions:250

1) ΣM[N ] = ΣM ∪ ΣN ;251

2) M[N] = M× N, where M[N], M, N are universes ofM[N ],M, and N respec-252

tively;253

3) if R ∈ ΣM \ ΣN , µ(R) = n, then ((a1, b1), . . . , (an, bn)) ∈ RM[N ] if and only if254

(a1, . . . , an) ∈ RM;255

4) if R ∈ ΣN \ ΣM, µ(R) = n, then ((a1, b1), . . . , (an, bn)) ∈ RM[N ] if and only if256

a1 = . . . = an and (b1, . . . , bn) ∈ RN ;257

5) if R ∈ ΣM ∩ ΣN , µ(R) = n, then ((a1, b1), . . . , (an, bn)) ∈ RM[N ] if and only if258

(a1, . . . , an) ∈ RM, or a1 = . . . = an and (b1, . . . , bn) ∈ RN .259

The composition M[N ] is called e-definable, or equ-definable, if M[N ] has an ∅-260

definable equivalence relation E whose E-classes are universes of the copies ofN forming261

M[N ]. If the equivalence relation E is fixed, the e-definable composition is called E-262

definable.263

Using a nice basedness of E-definable compositions T1[T2] (see [27]) till the formulas264

of form E(x, y) and generating formulas for T1 and T2 we have the following:265

Theorem 2.9. 1. For any theories T1 and T2 and their E-definable composition T1[T2],266

T1 and T2 are n-theories, for n ≥ 2, iff T1[T2] is an n-theory, moreover, ar(T1[T2]) =267

max{ar(T1), ar(T2)}, if models of T1 and of T2 have at least two elements, and ar(T1[T2]) =268

max{ar(T1), ar(T2), 2}, if a model of T1 or T2 is a singleton.269

2. For any theories T1 and T2 and their E-definable composition T1[T2], T1 and T2 are270

n-aritizable iff T1[T2] is n-aritizable.271

Applying Proposition 2.4 and Theorem 2.9 we immediately obtain:272

Corollary 2.10. If each of theories T1 and T2 is a theory of a finite structure, or of an273

infinite structure and n-arizable, then their E-definable composition T1[T2] is n-aritizable.274

3. Unary-tizable, binarizable and aritizable theories, their definable sets and275

dynamics276

Let T be a theory with a unary expansion T′. Since unary formulas ϕ(x) and ψ(y)277

have either equal or disjoint free variables we do not have essential mixed sums and278

mixed products forming definable sets for a modelM of T′, i.e., all definable sets are279

formed using unions, intersections, Cartesian sums and Cartesian products of definable280

subsets of M, without parameters.281

Conversely, having a system of definable sets formed by unions, intersections,282

Cartesian sums and Cartesian products of subsets of M, we can introduce names for283

these subsets and generate, using this introduced language, all given definable sets.284

Thus we obtain the following characterization for the unary-tizability of a theory in285

terms of definable sets:286

Theorem 3.1. A theory T is unary-tizable if and only if for any (some) modelM of T287

any definable set is formed by unions, intersections, Cartesian sums and Cartesian products of288

subsets of M.289
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Similarly, all definable sets of binarizable theories are generated by unions, intersec-290

tions, Cartesian sums and Cartesian products of subsets of M2, extended by mixed sums291

and mixed products of these subsets and their combinations:292

Theorem 3.2. A theory T is binarizable if and only if for any (some) modelM of T any293

∅-definable set is formed by unions, intersections, Cartesian sums, Cartesian products, mixed294

sums and mixed products of subsets of M2.295

By Theorem 3.2 definable sets of binarizable theories are generated by combinations296

of 3-dimensional cylinders with two-dimensional generators.297

Theorems 3.1 and 3.2 admit the following natural generalizations based on (n + 1)-298

dimensional cylinders with n-dimensional generators.299

Theorem 3.3. A theory T is n-aritizable, for n ≥ 1, if and only if for any (some) modelM300

of T any ∅-definable set is formed by unions, intersections, Cartesian sums, Cartesian products,301

mixed sums and mixed products of subsets of Mn.302

Theorem 3.4. A theory T is aritizable if and only if for any (some) modelM of303

T any ∅-definable set is formed by unions, intersections, Cartesian sums, Cartesian304

products, mixed sums and mixed products of subsets of Mn, for some n.305

Remark 3.5. Using Theorem 3.3 one can form a definable subset X ⊂ Mk of an306

infinite modelM of a n-theory, for k > n, such that X has an infinite complement and307

each projection of X equals Mm for some m < n. It implies that Boolean combinations of308

these projections can not reconstruct X. Thus the structure 〈M, X〉 has a n-expansible309

k-theory.310

Definition. A T-formula ϕ(x) is called constantizable if T has an expansion T′ such311

that ϕ(x) is T′-equivalent to a Boolean combination of formulae of forms x ≈ y and312

x ≈ c with variables x, y and constants c, i.e., T has an expansion T′′ such that ϕ(x) is313

T′-equivalent to a Boolean combination of formulae of forms x ≈ y and of formulae of314

unary singleton predicates whose solutions consist of constants.315

A theory T is called constantizable if any T-formula ϕ(x) is constantizable.316

By the definition any constantizable theory is unary-tizable, but not vice versa, as317

the following assertions show.318

Proposition 3.6. A formula ϕ(x) of a theory T is constantizable iff ϕ(x) is T-equivalent319

to a Boolean combination of formulae of form x ≈ y and formulae with finitely many solutions.320

Proof. Let ϕ(x) be a constantizable formula. Since ϕ(x) is unary-tizable we can321

divide ϕ(x) in some expansion of T onto cases with distinct/equal values for free322

variables. Thus without loss of generality ϕ(x) is a Boolean combination of formulae323

(xi ≈ xj)
δ and ψ(xi), for xi, xj ∈ x, i 6= j, δ ∈ {0, 1}, written in a disjunctive normal324

form. Since ϕ(x) is constantizable, its definable set A in a model of T is represented by325

a Boolean combination of cylinders for x ≈ y and x ≈ c. Thus, ϕ(x) is T-equivalent326

to a Boolean combination of formulae of form x ≈ y and formulae with finitely many327

solutions.328

Now let ϕ(x) is T-equivalent to a Boolean combination of formulae of form x ≈ y329

and formulae ψ(x) with finitely many solutions. We may assume that ϕ(x) consistent330

and represented as a disjunctive normal form. We collect in a set Z all finite sets of331

solutions for formulae ψ(x). Now for the finite set ∪Z we apply the construction for332

Proposition 2.4 reducing the set Z′ of all coordinates for tuples in ∪Z to unary singleton333

predicates and so to the formulae x ≈ c, for c ∈ Z′. It implies that a Boolean combination334

of these formulae and formulae of the form x ≈ y is equivalent to ϕ(x), i.e., ϕ(x) is335

constantizable, as required.336

Proposition 3.6 immediately implies:337

Corollary 3.7. A theory T is constantizable iff each T-formula is T-equivalent to a Boolean338

combination of formulae of form x ≈ y and formulae with finitely many solutions.339
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Definition [34]. A theory T is called strongly minimal if for any formula ϕ(x, a) of340

language obtained by adding parameters of a (in some modelM |= T) to the language341

of T, either ϕ(x, a), or ¬ϕ(x, a) has finitely many solutions.342

Using Corollary 3.7 we obtain:343

Corollary 3.8. Any constantizable theory is strongly minimal.344

Now we consider some dynamics of arities of theories under expansions. Since the345

property of non-n-arizability forbids n-ary expansions it suffices to study possibilities346

for expansions of n-aritizable theories.347

Proposition 3.9. A theory T has a non-aritizable expansion iff T has an infinite model.348

Proof. If T has an infinite model there are expansions T′ of T collecting, for instance,349

examples 1.10, 1.11, 1.12 forbidding n-arity for each n. Thus T′ is not aritizable.350

Conversely, if T has an finite model then each expansion T′ of T has a finite model351

producing aritizability of T′ by Proposition 2.4, as required.352

Using examples above we observe that for each natural n ≥ 1 there are theories353

Tn with ar(Tn) = n and finite models. Thus there are theories Tkn with ar(Tkn) = k and354

ar(T′kn) = n for some expansions T′kn of Tkn.355

Besides, for each natural n ≥ 1 there are:356

1) theories Tn,∞ with ar(Tn,∞) = n and ar(T′n,∞) = ∞ for some expansions T′n,∞357

of Tn,∞: it suffices to expand a n-ary theory with infinite models by new predicates358

forbidding the k-aritizability for each k > n;359

2) theories T∞,n with ar(T∞,n) = ∞ and ar(T′∞,n) = n for some expansions T′∞,n360

of T∞,n: it suffices to expand an n-aritizable theory which is not m-ary for any m till a361

n-theory.362

Thus the arities can be freely increased and decreased and we obtain the following:363

Theorem 3.10. For any µ, ν ∈ (ω \ {0}) ∪ {∞} there is a theory Tµ,ν and its expansion364

T′µ,ν such that ar(Tµ,ν) = µ and ar(T′µ,ν) = ν.365

4. Conclusion366

We considered possibilities for arities of theories and their dynamics, reductions367

of formulas to ones of special forms as well as definable sets connected with these368

reductions. It can be used both for databases, simplifying them to ones with bounded369

dimensions, for geometric objects represented as finite combinations of cylinders, and370

for cryptographic constructions representing complicated configurations by simpler371

ones. It would be interesting to describe values of arities and aritizabilities for natural372

classes of theories.373

5. Patents374

Funding: The work of the author was carried out in the framework of the State Contract of375

the Sobolev Institute of Mathematics, Project No. FWNF-2022-0012 (Section 1), and of Russian376

Scientific Foundation, Project No. 22-21-00044 (Sections 2 and 3).377

Conflicts of Interest: The author declares no conflict of interest.378

References
1. Sudoplatov, S.V. On a certain complexity estimate in graph theory. Siberian Mathematical. Journal 1996, 37:3, 614–671.
2. Sudoplatov, S.V. Transitive arrangements of algebraic systems. Siberian Mathematical. Journal 1999, 40:6, 1142–1145.
3. Mal’tsev A.I. Algebraic systems; Nauka: Moscow, 1970.
4. Henkin, L., Monk, J.D., Tarski, A. Cylindric Algebras. Part 1; : Amsterdam, London, 1971.
5. Henkin, L., Monk, J.D., Tarski, A. Cylindric Set Algebras. Lecture Notes in Mathematics. Vol. 883; Springer-Verlag: Berlin,

Heidelberg, New York, 1981.
6. Henkin, L., Monk, J.D., Tarski, A. Cylindric Algebras. Part 2. Studies in Logic and Foundations of Mathematics. Vol. 115; :

Amsterdam, London, Oxford, 1985.

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 23 December 2021                   doi:10.20944/preprints202112.0392.v1

https://doi.org/10.20944/preprints202112.0392.v1


Version December 22, 2021 submitted to Journal Not Specified 10 of 10
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