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Abstract: Neural networks are popularly used in several applications. Optimization algorithms
play an important in training these neural networks. Several optimizers such as SGD, Adam etc.,
and acceleration techniques such as the Nesterov’s acceleration have been proposed in the last few
years. However, much of these works revolve around first order-methods. Incorporating second
order curvature information in gradient based methods have shown to improve convergence
drastically despite its computational intensity. Recently, the Nesterov’s accleration applied to
BFGS quasi-Newton method was shown to have improved performance. This paper investigates
accelerating the Symmetric Rank-1 (SR1) quasi-Newton method with the Nesterov’s gradient for
training neural networks and briefly discuss its convergence. The performance of the proposed
method is evaluated on a function approximation and image classification problem. From the
results, it can confirmed that the SR1 method can be effectively accelerated using the Nesterov’s

acceleration.

Keywords: Neural networks; quasi-Newton; symmetric rank-1; Nesterov’s accelerated gradient;
limited memory

1. Introduction

Neural networks have shown to have great potential in several applications. A
majority of recent applications employ large neural network models trained using mas-
sive amounts of data, thereby imposing high computational load and storage memory.
Hence, there is a great demand for large scale algorithms that can train neural networks
effectively and efficiently. Neural network training posses several challenges such as
ill-conditioning, hyperparameter tuning, exploding and vanishing gradients, saddle
points, etc. Optimization forms the core of machine learning, deep learning and neural
networks. Gradient based algorithms have been widely used in optimization and can
be broadly categorized as (1) first order methods (eg. SGD, Adam) and (2) higher order
methods (eg. Newton method, quasi-Newton method), each with its own pros and cons.
Much progress has been made in the last 20 years in designing and implementing robust
and efficient methods and yet there are many classes of applications where current state
of the art optimizers fails.

Thus, the training algorithm employed plays an important role. Much progress
has been made in the last 20 years in designing and implementing robust and efficient
methods and yet there are many classes of applications where current state of the art
optimizers fails. Gradient based algorithms have been widely used in optimization and
can be categorized as (1) first order methods (eg. SGD, Adam) (2) higher order methods
(eg. Newton method, quasi-Newton method) and (3) heuristic derivative-free methods
(eg. coordinate descent, SPSA), each with its own pros and cons.
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First order methods are most commonly used due to their simplicity and low
computational complexity. The simple gradient descent method is the simplest first
order method.

The optimization algorithm used in training the neural networks plays an important
role. Gradient based algorithms are popularly used in training these neural networks
and cna be broadly categorized into first and higher order methods. . Second order
methods have shown to have better convergence than first order methods in several
highly non-linear problems. However, the computational cost incurred has been a major
drawback and thus quasi-Newton methods have been popularly used. Among the
quasi-Newton methods, the BFGS method is widely used in training neural networks.
Recently [1][2] proposed accelerating the BEGS method using the Nesterov’s accelerated
gradient and momentum terms. In this study, we explore if the Nesterov’s acceleration
can be applied to other quasi-Newton methods as well. Thus, this paper proposes a
Nesterov’s accelerated LSR1 (L-SR1-N) and momentum accelerated LSR1 (L-MoSR1)
methods for training neural networks.

Gradient based methods are popularly used in training NNs and can be broadly
classified as first and second order methods. Despite the high computational cost, second
order methods such as the BFGS quasi-Newton method have shown to have faster
convergence compared to first order methods. Incorporating second order curvature
information in stochastic settings is a challenging task and has been an active area of
research. This paper proposes a stochastic (online) momentum accelerated quasi-Newton
method in both its full and limited memory forms for solving large scale non-convex
optimization problems in neural networks. Since the stochastic or online methods
operate on small subsamples of the data and its gradients, they significantly reduce the
computational and memory requirements.

1.1. Related Works

Gradient based algorithms are popularly used in training neural network models.
These algorithms can be broadly classified into first order and second order methods
[1]. Several works have been devoted to stochastic first-order methods such as stochas-
tic gradient descent (SGD) [2,3] and its variance-reduced forms [4? ? ], AdaGrad [5],
RMSprop [6] and Adam [7]. First order methods are popular due to its simplicity and
relatively lower complexity. However, incorporating the second order curvature infor-
mation have shown to improve convergence. But one of the major drawbacks in second
order methods is its need for high computational and memory resources. Thus several
approximations have been proposed under Newton[8,9] and quasi-Newton[10] methods
in order to make use of the second order information while keeping the computational
load minimal.

2. Background

min E(w) = 1 Y Ep(w), (1)
weRd b peX
Training in neural networks is an iterative process in which the parameters are
updated in order to minimize an objective function. Given subset of the training dataset
X C T, with samples (x,dp),cx drawn at random from the training set T, and error
function E,(w; x,,dy) parameterized by a vector w € R?, the objective function is de-
fined as in (1) where b = |X], is the batch size. In full batch, X = T, and b = n where
n = |T;|. In gradient based methods, the objective function E(w) under consideration
is minimized by the iterative formula (2) where k is the iteration count and vy, is the
update vector, which is defined for each gradient algorithm.

Wi = Wi+ Vi1 ()
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In the following sections, we briefly discuss the common first and second order
gradient based methods.

2.1. Gradient Descent (GD)

The gradient descent (GD) method is one of the earliest and simplest gradient based
algorithms. Its update vector vy is given as

Oky1 = —ax VE(wy) 3)

The learning rate oy determines the step size along the direction of the gradient VE (wy).

The step size «j is usually set to
T

T+t

K = [2%] (4)

2.2. Nesterov’s Accelerated Gradient Descent (NAG)

Nesterov’s Accelerated Gradient (NAG) method is a simple modification of GD in
which the gradient is computed at wy + pvy instead of wy [6]. Thus, the update vector is
given by:

Vi1 = MV — ax VE(Wi + pvg). @)

where VE(wy + uvy) is the gradient at wy + pvy and is referred to as Nesterov’s acceler-
ated gradient vector.

2.3. Adam

Adam is one of the most popular and effective first order methods that uses expo-
nentially decaying average of past squared gradients and past gradients [9].

iy
Vitl = &=, (6)
(VB +e)

where 0
N, — &, 0, = 7"‘ 7
O T v

my, and 6y given by:

my = Bimy_q + (1 — B1) VE(wy), ®)
0 = B2br_1 + (1 — B2)(VE(wy))% )

The hyper-parameters 0 < B1,82 < 1 control the exponential decay rates of these
running averages. The running average themselves are estimates of the first (the mean)
moment and the second raw (the uncentered variance) moment of the gradient.

Algorithm 1 GD Method Algorithm 2 NAG Method

Require: e and k¢ Require: 0 < p < 1, e and kyux

Ensure: w; € R? . Ensure: w; € R? and v; = 0.
1 k+1 1 k+1
2: while [|E(wy)|| > eand k < kyax do 2. while ||E(wy)|| > eand k < kyay do
3. Calculate VE(wy) 3:  Calculate VE(wy + puvy)

4 Viyp — —aVE(wy) 4 Viyp < pvi o VE(wi + pvy)
5. Wiyl < Wit Vi 5 Wiq1 < Wit Vi

6 k+k+1 6: k+—k+1

7: end while 7. end while
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Algorithm 3 BFGS Method Algorithm 4 NAQ Method
Require: ¢ and ky;qx Require: 0 < p < 1, e and kyux
Ensure: w; € R? and H; = L. Ensure: w; € RY, H, = I and v, = 0.
1: k+1 1. k+1
2. Calculate VE(wk) 2: while ||E(Wk)|| > eand k < k¢ do

3. while [|[E(wy)|| > eand k < kyygx do 3 Calculate VE(wj + pvy)

4 8k < _HEFGSVE(wk) 4: gr — 7HkNAQVE(Wk + ]/tvk)
5: Determine aj by line search 5: Determine aj by line search
6: Vi1 < X8k 6: Vi1 < uvg + a8y

7o Wiyl S Wit Vi 7: Wy ¢ Wi+ Vi

8: Calculate VE(wy1) 8: Calculate VE(wy1)

9 Update H[$® using (11) 9:  Update HY"Q using (14)
10: ke k+41 100 kek+1
11: end while 11: end while

2.4. BFGS quasi-Newton Method

Quasi-Newton methods utilize the gradient of the objective function to achieve
superlinear or quadratic convergence. The Broyden-Fletcher-Goldfarb-Shanon (BFGS)
algorithm is one of the most popular quasi-Newton methods for unconstrained opti-
mization. The update vector of the quasi-Newton method is given as

Vit = X8k, (10)

where g; = —HEFGSVE (wy) is the search direction. The hessian matrix HEFGS is sym-

metric positive definite and is iteratively approximated by the following BFGS formula
[11].

HPESS = (- prat /af po) HE S (1 — qip) /i px) + PePt/ 4) Pro (11)

where I denotes identity matrix,
Pk = Wrr1 — Wi and qx = VE(Wg, 1) — VE(wg). (12)

The BFGS quasi-Newton algorithm is shown in Algorithm 1. Limited Memory BFGS
(LBFGS) is a variant of the BFGS quasi-Newton method, designed for solving large-scale
optimization problems. As the scale of the neural network model increases, the O(d?)
cost of storing and updating the Hessian matrix HPYS is expensive [12]. In the limited
memory version, the Hessian matrix is defined by applying m BFGS updates using only
the last my curvature pairs {py, qx}. As a result, the computational cost is significantly
reduced and the storage cost is down to O(md) where d is the number of parameters
and m is the memory size.

2.5. Nesterov’s Accelerated Quasi-Newton Method

The Nesterov’s Accelerated Quasi-Newton (NAQ) [13] method achieves faster
convergence compared to the standard BFGS method by quadratic approximation of the
objective function at wy 4 y v and by incorporating the Nesterov’s accelerated gradient
VE(wy + puvy) in its Hessian update. The update vector of NAQ can be written as:

Vi1 = Ui + a8k, (13)

where g, = —HkNAQVE(wk + pvy) is the search direction and the Hessian update
equation is given as

HYAQ = (1— prat /qipe) Hy “2(1— axpt /ai pr) + Pepy / 4t Pk (14)
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where
Pk = Wiyt — (Wi +pvg) and qx = VE(Wiy1) — VE(Wy + pvy). (15)

HkNﬁQ)’lpk and the rank-2 updating

NAQ
k+1

definite symmetric matrix given HkNAQ is initialized to identity matrix [13]. The NAQ
algorithm is given in Algorithm 2. Note that the gradient is computed twice in one
iteration. This increases the computational cost compared to the BFGS quasi-Newton
method. However, due to acceleration by the momentum and Nesterov’s gradient term,
NAQ is faster in convergence compared to BFGS. It is shown in [13] that NAQ has
similar convergence properties to that of BFGS.

Similar to the LBFGS method, LNAQ [14] is the limited memory variant of NAQ
that uses the last m, curvature pairs {py, qx}. In the limited-memory form note that the
curvature pairs that are used incorporate the momemtum and Nesterov’s accelerated
gradient term, thus accelerating LBFGS. Implementation of LNAQ algorithm can be
realized by omitting steps 4 and 9 of Algorithm 2 and determining the search direction
81 using the two-loop recursion [11] shown in Algorithm 3. The last m vectors of py
and q are stored and used in the direction update.

(14) is derived from the secant condition q; = (

formula [13]. It is proved that the Hessian matrix H updated by (14) is a positive

2.6. Momentum quasi-Newton method (MoQ)

The Momentum quasi-Newton (MoQ) method [15,16] is realized by approximating
Nesterov’s accelerated gradient vector as a linear combination of the current (k™) and
previous ((k — 1)™) normal gradients, thus making it possible to calculate only one
gradient per iteration. MoQ approximates the error function E(w) by assuming that the
function is approximately quadratic in the neighborhood of wy + pvy.

VE(wi + pvy) ~ VE(wy) + uVE(vg). (16)

Furthermore, since vy = wy — wy_1, (16) can be rewritten as

VE(wy) + uVE(vy) = VE(wy) + uVE(wy — wy_1)

— (14 W) VE(wy) — nVE(we_y). 47

From (16) and (17), it is confirmed that Nesterov’s accelerated gradient can be approxi-
mated as an extrapolation of VE(wy) and VE(wj_1) with a momentum coefficient ,
that is, a weighted linear combination. Therefore, MoQ can be regarded as a method
accelerating QN using the momentum term. The update vector vy of MoQ can be
defined by approximating the VE(wy + puvy) in (9) as

Vi1 = wvg — YO (14 ) VE(w) — pVE(wy 1)} (18)
The matrix H,EAOQ is updated by,

M . A\ ggM . . .
HY'°2 = (1 (pea} /praw)) HY "2 (1— (akpt /prax) + (pxpi /prax),  (19)

Pk = Wip1 — (Wi + uvi) = Wi — (14 p)wi + pwy_q, (20)
Qx = VE(Wki1) — (1 + p) VE(Wg) + pVE(Wg_1). (21)

3. Proposed Method

Second order quasi-Newton (QN) methods build an approximation of a quadratic
model recursively using the curvature information along a generated trajectory. In this
section, we first show that the Nesterov’s acceleration when applied to QN satisfies the
secant condtion and then show the derivation of the proposed Nesterov Accelerated
Symmetric Rank-1 Quasi-Newton Method.
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3.1. Nesterov Accelerated Symmetric Rank-1 Quasi-Newton Method

Suppose that E : R” — R is continuosly differentiable and that d € R”, then from
Taylor series, the quadratic model of the objective function at an iterate wy, is given as

E(wy+d) ~ my(d) ~ E(wi) + VE(wi) d + % d"V2E(wy)d (22)
In order to find the minimizer dy, we equate Vmy(d) = 0 and thus have
di = —V?E(wy) 'VE(wy) = =B 'VE(wy) (23)
The new iterate wy, is given as,
W1 = Wi — 0B VE(wy), (24)

and the quadratic model at the new iterate is given as
1
E(Wiy1 +d) & gy (d) = E(Wei1) + VE(Wip)Td + 2 d"Bi1d. (25)

where «ay is the step length and B, ! = Hy and its consecutive updates B, le = Hyqq
are symmetric positive definite matrices satisfying the secant condition. The Nesterov’s
acceleration approximates the quadratic model at wy + p vy instead of the iterate at wy.
Here v, = wy — wy_1 and py is the momentum coefficient in the range (0,1). Thus we
have the new iterate w1 given as,

Wii1 = Wi+ UV — DckB]:1VE(Wk + ]/lka), (26)

= Wy + upvi + apdg. (27)

In order to show that the Nesterov accelerated updates also satisfy the secant condition,
we require that the gradient of my; should match the gradient of the objective function
at the last two iterates (wy + p;vy) and wy 1. In other words, we impose the following
two requirements on By,

Vmyi1la=0 = VE(Wiy1 +d)]a—0 = VE(Wyq) (28)

Vimgild=—ad, = VE(Wii1 +d)|a=—aa, = VE(Wiy1 — agdy) = VE(Wi + pvy) (29)

From (25),
Vg 1(d) = VE(Wgy1) + Byad (30)

Substituting d = 0 in (30), the condition in (28) is satisfied. From (29) and substituting
d = —ady in (30), we have

VE(wi + pvi) = VE(Wpi1) — aBiiqdi (31)
Substituting for a;dy from (27) in (31), we get
VE(Wi + uvi) = VE(Wiey1) = Brpa (Wi — (Wi + pvg)) (32)
On rearranging the terms, we have the secant condition
Yk = Bryask (33)
where,

Yk = VE(Wis1) — VE(Wi + pyevi) and s = Wi — (Wi + pvi) = agdye (34)
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We have thus shown that the Nesterov accelerated QN update satisfies the secant
condition. The update equation of By for N-SR1 can be derived similar to that of
the classic SR1 update [11]. The secant condition requires that By be updated with a
symmetric matrix such that By 1 is also symmetric and satisfies the secant condition.
The update of By is defined using a symmetric-rank-1 matrix formed by an arbitrary
vector uu’ is given as

Bii1 = By +ouu’ (35)

where ¢ and u are chosen such that they satisfy the secant condtion in (33). Substituting
(35) in (33), we get
vk = Bisg + (cu'sp)u (36)

Since (cu’sy) is a scalar, we can deduce u a scalar multiple of y; — Bysy and thus have
(yx — Bisi) = 06%[si (yx — Bsi)] (yx — Bisy) (37)

where
o = sign[sf (yx — Bsy)] and 6 = +[[s] (yx — Bysy)]|!/? (38)

Thus the proposed Nesterov accelerated symmetric rank-1(N-SR1) update is given as

(yx — Brsi) (yx — Besi) " (39)
(yk — Bisi) Tsk

Biy1 = B+
By applying the Sherman-Morrison-Woodbury Formula, we can find B;_&l = Hj4; as

(s — Hyye) (sk — Heyp) T (40)

H;, 1 =H;+
" (sk — Hiyr) Tyx

where,

Yk = VE(Wis1) — VE(Wi + pyevi) and s = wiq — (Wi + pvi) = agdye (41)

Algorithm 5 Proposed Algorithm
1: while ||VE(w;)|| > € and k < kmax do

2: Determine py using (3)
3. Compute VE(wy + pyvy)
4: Find sy by CG-Steihaug subproblem solver in ()
5. Compute 17 = ECuty ’;n‘; "()Ogi(;:g ]Skkarsk)
6: if 7 > p then
7: Set Vi+1 = HkVk + Sk, Wiyl = Wi + Vi+1
8: else
9: Set vii1 = Vi, Wyi1 = Wy, reset puy
10: end if
11: Api1 = adjustTR(Ak, Pk)
122 Compute yx = VE(x;, 1) — VE(x; + prvi) + sk

13: Update (S, Y) buffer with (sy, yx ) is (46) is satisfied
14: end while

4. Convergence Analysis

In this section we dicuss the implementation of the proposed Nesterov accelerated
Symmetric Rank-1 (N-SR1) algorithm in its limited memory form and show its proof
of convergence. As mentioned earlier, the Nesterov’s acceleration approximates the
quadratic model at wy + p vy instead of the iterate at wy. For ease of representation,
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we write wy + vy = Wy. The Hessian approximation in (39) can be expressed in its
compact representation form [17] as

Bj = By + (Yx — BoSi) (L + D + L — S{BoSi) (Y — BoSy) (42)
where,
BO = ’)’kI/
Sk = [Sk—1,Sk—2/ s Sk—m—1]

Yi = [Yik—1,Yk—2s -r Yk—m—1]

s;y; ifi>j
Ly);:i=<"!
( k)l'] {0 otherwise

Dy = diag [S{ Y] (43)

Let Q be the level set such that Q@ = {w € R? : E(w) < E(wp)} and {s;} denote
the sequence generated by the explicit trust-region algorithm where Ay be the trust-
region radius of the successful update step. We choose v, = 0. Since the curvature
information pairs (s, yx) stored in Sy and Y satisfy the condition in (46), the matrix
M; = (Ly + Dy + L{ — SI{BO Sy) is invertible and positive semi-definite.

Assumption 1: The sequence of iterates wy and Wy remains in the closed and bounded set
Q) on which the objective function is twice continuously differentiable and has Lipschitz
continuous gradient, i.e. there exists a constant L > 0 such that

[VE(Wiy1) — VE(Wi)|| < L|[Wipq — Wi|| ¥V wiyq, Wy € RY (44)

Assumption 2: The Hessian matrix is bounded and well-defined, .i.e, there exists constants
p and M, such that
p<|[Bel| <M VY k (45)

and for each iteration
st (yx — Bisi)| = p |Isel| ||yx — Beskl| (46)

Assumption 3: Let By be any n X n symmetric matrix and sy be an optimal solution to the
trust region subproblem,

min mi(d) = E(Wy) +dTVE(W,) + %dTBkd, (47)

where Wy + d lies in the trust region. Then for all k > 0,

1 1 . VE(W
}VE(Wk)TSk + ESIszsk| > E | |VE(Wk) | | mm{Ak, ||||]§:k)||} (48)

This assumption ensures that the subproblem solved by trust-region results in a suffi-
ciently optimal solution at every iteration. The proof for this assumption can be shown
similar to the trust-region proof by Powell.

Lemma 1: If assumptions A1l to A3 hold, and {sy} is the sequence of vectors solved by
the trust region subproblem, and if the initial 4 is bounded (i.e., 0 < 7} < 4%), then the
Hessian update given by Algorithm 1 and (35) is bounded.
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Proof: We begin with the proof for the general case [18], where the Hessian is bounded
by

(7) 1y
1811 < (12 ) o+

(1 + ;)j —1] M. (49)

The proof for (49) is given by mathematical induction. Let 1 be the limited memory size
and (sk,]-, yk,]-) be the curvature information pairs at the k" jteration for i=12,..,mp.
For j = 0, we can see that (49) holds true. Let us assume that (49) holds true for some
j > 0. Thus for j + 1 we have

(i) (g . T
' ‘ 1 —BYs; 11— B
B+ _ gl 4 (yj+1 = By sj1) (i j1 — By 'spj1) 50)

(/) T
(Ykjs1 — Bk] Sk,j+1) Sk,j+1

i i T
HBl(ch)H < HBl(cj)H I (Yk,j+1 - Bl(cj)sk,jﬂ)' (Yk,j+1 - BIE])Sk,]'+1) H (51)
(Yk,j+1 - B;(c] )Sk,j+1)T5k,j+1
. . .
< |8 + || (ykji1 — B;((])Sk,jﬂ) (Ykj1 = B]((])Sk,jJrl) | (52)
_— k B
o || (a1 — B sejn) || |[skjsal]
< HB(])H + H(Yk,j—&-l B BI(CJ)Skr]"H)H (53)
B o |[skjval|
< (187 + [ykj1l] N ||BY sy 1] | 54)
S o lskiall e lskjeall
< |1BY]| + |ykjs1l] N 18| 55)
o |[skjs1l] P
1 NM
< (1)l 2 6
1 1N 1N M
§(1+5) (1+E)7k+[(1+5) ~1]m + (57)
: 1 j+l 1 j+1
[BUH]] < (1+;) e+ (1+5) —1]1\4 (58)

Since we use the limited memory scheme, By, ; = B ]((mL), where m is the limited memory

size. Therefore, the Hessian approximation at the k' iteration satisfies

Bl < (14 2) "+ (1+;)"“—1]M (59)

We choose v = 0 and thus the Hessian approximation at the k" iteration satisfies (60)
and is still bounded.

[Brsa ] <

(1+ ;)m - 11 M 60)

This completes the inductive proof.
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Figure 1. Average results on levy function approximation problem (full batch)

Theorem 1: If the sequence {wy} is generated by Algorithm 1 and Assumptions (A1) to
(A3) hold,
lim ||VE(w,)|| = 0. (61)
k—o0

Proof : From the derivation of the proposed N-SR1 algorithm, it is shown that the
Nesterov’s acceleration to quasi-Newton method satisfies the secant condition. The
proposed algorithm ensures the definiteness of the Hessian update as the curvature
pairs used in the Hessian update satisfies (46) for all k. The sequence of updates are
generated by solving using the trust region method where s is the optimal solution
to the subproblem in (47). From Theorem 2.2 in [19], it can be shown that the updates
made by the trust region method converges to a stationary point. Since By is shown to
be bounded (Lemma 1), it follows from that theorem that as k — oo, wy converges to a
point such that || VE(w,)|| = 0.

5. Simulation Results

We evaluate the performance of the proposed Nesterov accelerated symmetric
rank-1 quasi-Newton (L-SR1-N) method in its limited memory form in comparison to
conventional first order methods and second order methods. Note that the proposed
L-SR1-N has two gradient computations per iteration. The Nesterov’s gradient VE(wy +
Vi) can be approximated [15,16] as

VE(wy + muvie) = (14 pr) VE(wy) — i VE(wi_1) (62)

We also compare the performance using the above approximation in the proposed
L-SR1-N as L-MoSR1.

5.1. Results on Levy function approximation

Consider the following function approximation problem with {x1, xy, ..., x5} to be
modeled by a neural network.
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T n—1
Flxr...xg) = ;{ Y (% — 1)2(1+ 10 sin®(71x;41))]
i=1

+10 sin?(7tx1) + (30 — 1)2},xi €[—4,4,Vi.  (63)

The performance of the proposed L-SR1-N and L-MoSR1 is evaluated on the Levy
function (63) using a 5 — 50 — 1 NN with kmax = 10000, € = 1076 and m = 10. The
number of parameters is d = 351. Note that we use full batch for the training in this
example and the number of training samples is n = 5000. Fig. 1 shows the average
results of 30 independent trials. The results confirm that the proposed L-SR1-N and
L-MoSR1 have better performance compared to SR1.

6. Discussion

Table 1 shows the summary of the computational and storage cost.

7. Conclusion

In this paper we have introduced a stochastic momentum accelerated quasi-Newton
method o(L)MoQ in its full and limited memory forms. The proposed algorithm is shown
to be efficient compared to the state of the art algorithms such Adam and classical quasi-
Newton methods. From the results presented above, we can conclude that the proposed
o(L)MoQ methods performs better than conventional o(L)BFGS methods and on par with
o(L)NAQ with a reduced computation cost as a result of only one gradient computation
per iteration. From the results, we observe that the per iteration computation time of
Adam and oLMoQ are comparable. In the future, the effectiveness of the proposed
o(L)MoQ will be studied on larger problems. Also, a detailed study on the effect of the
limited memory size m, choice of momentum parameter and learning rate scheme will
be studied in future works.
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Appendix A
Appendix A.1

The appendix is an optional section that can contain details and data supplemental
to the main text—for example, explanations of experimental details that would disrupt
the flow of the main text but nonetheless remain crucial to understanding and reproduc-
ing the research shown; figures of replicates for experiments of which representative
data are shown in the main text can be added here if brief, or as Supplementary Data.
Mathematical proofs of results not central to the paper can be added as an appendix.
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Table 1: Summary of Computational Cost and Storage.

Algorithm Computational Cost Storage
LBFGS nd + 4md + 2d + {nd 2md
LNAQ 2nd + 4md + 2d + (nd 2md
LMoQ nd + 4md + 2d + (nd (2m+1)d

LSR1 nd + nd + {rrmd 2md
L-N-SR1 2nd + nd + {rrmd 2md
L-MoSR1 nd 4+ nd + {rrmd (2m+1)d

Table Al. This is a table caption. Tables should be placed in the main text near to the first time
they are cited.

Title1l Title2 Title3

Entry1l  Data Data
Entry2  Data Data

Appendix B

All appendix sections must be cited in the main text. In the appendices, Figures,
Tables, etc. should be labeled, starting with “A”—e.g., Figure A1, Figure A2, etc.
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