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DERIVING VON KOCH’S INEQUALITY WITHOUT USING THE
RIEMANN HYPOTHESIS.

SEw1 Fujinof !
2021.Nov.23

ABSTRACT. In this paper, we derive Von Koch’s inequality without using the
Riemann Hypothesis. As well known, Von Koch’s inequality is equivalent to
the Riemann Hypothesis. Namely, we show that the Riemann Hypothesis is
true.

1. DERIVING VON KOCH’S INEQUALITY WITHOUT USING THE RIEMANN
HYPOTHESIS.

1.1. Introduction.

The purpose of this paper is to derive that Von Koch’s inequality without using
the Riemann Hypothesis. As well known, Von Koch’s inequality is equivalent to
the Riemann Hypothesis. Namely, we show that the Riemann Hypothesis is true.
The proof steps are as follows :

1.1.1. First, we define the functions R (z) as follows :

(1.1) -t

zRE (x) 2mo ex

where x, a are positive real numbers. We prove that there exist a constant C' >
1(€ R) such that for all sufficiently large = > 1 satisfies that the inequality :

(1.2) () — li(x)| < C(li(x) 1o§<x> )
1.1.2. Second, we define that the distribution function :
1
1.3 Hi: x) := z(exp .
- ) = Oy ) R ()
Thereby, we derive that for sufficiently large « > 1, the following inequalities are
satisfied :
x

14 < II*
(149) @ < @)

1\ Ih ()’
1. - —al”)
(1) () < (F57)

where a positive real number o > 0 is constant.
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2 DERIVING VON KOCH’S INEQUALITY WITHOUT USING THE RIEMANN HYPOTHESIS.

1.1.3. Third, using these results above, we derive that there exist a constant C' >
1(€ R) such that for all sufficiently large real number = > 2(€ R), the following
conditions are satisfied :

V2ma 1 e 1 1 3
TV exp(m)x o (log(:r)) exp(

where a positive real number o > 0 is constant.
Therefore, we examine that the derivation of Von Koch’s inequality that :

(1.7) In(z) — li(z)| < O(27 log(x)).

Namely, we show that the Riemann Hypothesis is true.

(1.6)  [m(x) —li(z)] < C( ),

log(x)

1.1.4. Fourth, additionally, we obtain the following result :

(1.8) In(z) — li(z)| < O(z+ log(x)).
We further raise the following problem :
(1.9) e=sup{d >1||r(z) —li(z)| < O(x% log(z))}.
O
We give details of the discussions as follows.
1.2. Definition of functions and symbols.
We first give some definitions and symbols used in this paper as follows.
Definition 1.1. Let z > 1 be a positive real number (x € R).
mw(x) = Z 1
<z
(110) p:;zz'r_ime
: the number of prime numbers less than or equal to x.
" log(z) := log,(x)
(1.11) :logis as natural logarithm, e is Napier number.
1—e x
dt
li =1
(1.12) i) 113%(/0 +/1+5) log(?)
: logarithmic integral function.
O

Definition 1.2. Let o > 0 be a positive real number (€ R). For all positive real
number x > 1(€ R), the functions R} (z) and R, (z) are defined as follows:

V2ra

1.13 Rl (z) =

( ) (03 (:E) exr + 1
21

1.14 R, =

(1.14) (o) = V2T

The function RE(x) are combined RY (z) and R (z) as follows:
2o

1.15 RE(x) :=

(1.15) £a) = V20

Therefore, the following equation is satisfied: (Refer to Feynman|2])

1 e 1
1.16 = 1+ —
(1.16) tRi(z) 27« ( ea:)
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d

Lemma 1.3. Let o > 0 be a positive real number (€ R). For all real number
x > 1(€ R), the following condition is satisfied :

(1.17) li(z) > "”(di?i)) > x(dJﬁTﬂ) = 2R} (log(x))
where
(1.18) a< \/% (o, €R)

Proof. Using Definition(1.2) and apply integration by parts of the logarithmic in-
tegral function li(z). There is a positive integer n > 1 such that for all real number
x > 1, the following inequalities are satisfied :

(/1 € / ) dt
= lim
e—0 14e

N 1z n +(n—1'x+1 /15/
.. lm
log(:r) (log(z))? (log(z =0 1+€ log (log(t))"+1
1 1 2 (n—1)!

(1.19) > f )

log(2) * (log(@))Z  (log(x))? +<1og< DE T Qogla))

= x<elo2£>>

> m(m) — 2R (log(2))

elog(z) +1
Therefore, the following conditions are satisfied :
2T« V2ma
1.20 li > —_— ———— | =2R!(l
120 02 2(555) > 7 (g 1) o oste)

O

1.3. The upper and the lower bound of 7 (x).
We know as the result that the upper and the lower bound of w(x) exists. (Lemmal.4)
Using this result, we show that the upper bound of |7 (x)—li(x)| exists. (Lemmal.5)

Lemma 1.4. There exists positive real numbers Cy > 1 and 1 > Cy > 0 such that
for all positive real number x > 2, the following conditions are satisfied :

(121) < Ch (O1,CQ,ZE ER)

Ceiog@ <™ < Oigg(m)

(Refer to Wiadyslaw [1])
]

Lemma 1.5. There exist a real number C > 1(€ R) such that for all sufficiently
large real number x > 2(€ R), the following inequality is satisfied :

(1.22) Im(z) — li()] < C(li(m) - ng(x)>

Proof. The proof is described in the following section. O


https://doi.org/10.20944/preprints202112.0074.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 6 December 2021 d0i:10.20944/preprints202112.0074.v1
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1.4. Definition of distribution functions.
On this subsection, we define distribution functions and prove some lemma for
preparing to prove the main theorem(1.9).

Definition 1.6. Let oo > 0 be a positive real number (€ R). For all real number
x > 1(€ R), the distribution functions IIT (z) and 117 (x) are defined as follows:

1
1.23 15¢ =
12 e e
1
(1.24) I, (x) := zexp ( — )
log(x) Ra (log())
The distribution function ILE (x) are combined and described by 1T (z) and 1T ()
as follows:
1
(1.25 I (x) := zexp ( >
) loa(s) i (log(2)

O

Lemma 1.7. Let a > 0 be a positive real number (€ R). For all sufficiently large
real number x > 1(€ R), the following condition is satisfied :

x

1.26 <1z

(1.26) ey STEW)

Proof. For all sufficiently large real number z > 1, the following conditions are
satisfied :

1 e 1 =
(1.27) log(z) = o ( pye) (1= elog(x))> a exp<10g($)R§(10g($))>

Therefore, the following condition is satisfied :

T 1
(1.28) log(z) S zexp <log(m)R$ (log(x))>

O

Lemma 1.8. Let a > 0 be a positive real number (€ R). For all sufficiently large
real number x > 1(€ R),

(129) m(lo;(x))/ . x<sz(x))/

where the real number a > 0(€ R) is satisfied as follows:

(that is, a < L)

Vora) Vo

Proof. For all sufficiently large « > 1, the following equations are satisfied :

(1.31) x(bgl(x)> - x(m(logl(W)

<e"p (Ve eloé(x)”)l

1 1 e 1
<\/277To¢ z(log(x))? exp ( 27roz(1 * elog(z) ))>

1
(1.30) 1< exp (
2ra

8
7 N
=
Sl iy
&
N————
I
8

I
8
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The right side of each equations(1.31) and (1.32) are divided by 1/(log(x))2. Hence,
the following inequality is satisfied :

1 ( e (1+ 1
ex
V2o P 2 elog()

Therefore, the following condition is satisfied :
1 !/ 1—[+ !/
(1.34) x <o He®)
log(z) x

1.5. Inequalities for evaluating the number of prime numbers.
We show that the following Theorem(1.9) is satisfied using the result of Lemma(1.5)
is satisfied.

(1.33) 1<

)

O

Theorem 1.9. Inequalities for evaluating the number of prime numbers (1).

Let o > 0 be a positive real number (€ R). There exist a positive real number
C > 1(€ R) such that for all sufficiently large real number x > 2(€ R), the following
conditions are satisfied :

(1.35)  |w(z) —li(z)] < C(\/Za)i exp(\/;—ﬂa)x Vi (@)% exp(logl(ac))

where the positive real number a > 0 s satisfied as follows :

1 e . e
(1.36) 1< Tora exp (\/%Oé) (that is, a < \/—27_)
1 e
1.37 —— < a<(C—
(137) Vi =S

) = lim exp(;)

1.38
(1.38) exp ( 2T T—00 zRE (x)

Proof. Using Lemma(1.5), this theorem is proof. The proof is described in the
following section.
O

Corollary 1.10. Inequalities for evaluating the number of prime numbers (2).
There exist a positive real number C' > 1(€ R) such that for all e > 0(€ R) and for
all sufficiently large x > 2(€ R), the following conditions are satisfied:

1.1 1 3 1
1.39 — i <C(—=)* —)* —
(1.39) (@) = ()] < Clyg)texp (02 (o) e ()
Proof. Using Theorem(1.9), put a positive real number « > 0 as follows:
1
1.40 a=—
(1.40) V2r

Therefore, the inequality(1.39) are satisfied.
(I

The result of Corollary(1.9) is similar to the following result : (Refer to Wladyslaw[1])

(1.41) (3C > 0)|w(z) — li(z)| < O(zexp(—C+/log(x)))
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Comparing inequalities(1.39) and (1.41), the following condition is satisfied :

(1.42) O(w( )% exp(1)> < O(zexp(—CH/log(x)))

g “Plicg(@)
Namely, the asymptotic of (1.39) gives better than that of (1.41).

Therefore, put « = 2/+/2x. the theorem above are satisfied as follows :

Corollary 1.11. Inequalities for evaluating the number of prime numbers (3).
There exist a positive real number C' > 1(€ R) such that for all e > 0(€ R) and for
all sufficiently large x > 2(€ R), the following condition is satisfied:

— @) @) < Ot esp (e (o) el )

Proof. Using Theorem(1.9) and the following conditions are satisfied:

b (=)
X
2o P 2ma
Put a positive real number o > 0 as follows:
2 1
1.45 o= — (> —
(145 Vi V)

Hence, the following inequalities is satisfied :

(1.44) 1<

1 e
1< ——
~exp ()

21 2T
1 e 2
(1.46) = 5—exp ( ) (Ca=—=)

1 e
= 5 exp (5) (=1.946424--+)

The positive real number « > 0 is satisfied the above conditions of (1.44) and (1.45).
Therefore, there exist a positive real number C' > 1 such that for all sufficiently
large x > 2, the following condition is satisfied :

La7) )~ i) < Ot e (St () e(( )
O
Furthermore, we obtain the following conclusion.
Corollary 1.12. Von Koch’s inequality
(1.48) (3C > 1)(Ve > 0)(Vz >> 2) |x(z) — li(z)| < Cx? log(x)
where C, e, x € R. Namely,
(1.49) |m(2) — li(z)] < O(x? log(x))

Proof. Fixed ¢ > 0. For all sufficient large x > 2, the following conditions are
satisfied :

(1.50) <log1(a?)> ! eXp(logl(gc)) < log(z) < z¢
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Therefore,there exist a positive real number C' > 0 such that for all sufficiently
large x > 2, the following inequalities are satisfied :

|m(2) — li(z)|
(1.51) < 0(2*14)%eXp(g)ﬂc%(lOg(x))%eXp(10g1($>)

< Oz log(x)

Furthermore, Let « = e/+/27. the following inequality is satisfied :

Corollary 1.13. The expansion of the inequality that evaluate the number of prime
number.

(1.52) (3C > 1)(Ve > 0)(Va >> 2) |x(z) — li(z)| < Cx* log(x)
where C,e,x € R. Namely,

(1.53) |m(z) —li(z)| < O(a* log(x))
Proof. Using theorem(1.9), put a positive real number o > 0 as follows:
e e
1.54 a= >
(54 var© V)
Thus, the following conditions are satisfied :
1 e
1< —exp(—
T V27« P (\/27ra)
1 e e

(1.55) = \/ﬂ\/% eXP(\/%\/%) (ca= \/7277)

= lep() (=1)

Therefore the following condition is satisfied :
|m(x) = Ti(z)]

(1.56) < C(4=)% exp (D)= (

< Cz* log(x).

NG

&lo

O

We have an problem that the upper limit of the real number d that satisfies the
formula |7 (z) — li(z)| < O(z'/?log(z)) is e correct or not. That is, the following
problem can be considered.

Problem 1.14. The upper limit of the inequality that evaluate the number of prime
number.

(1.57) e=sup{d > 1| (3C > 1)(Ve > 0)(Vz >> 2) |n(z) — li(z)| < Cxa log(z)}
where C,e,x € R. Namely,
(1.58) e=sup{d > 1| |r(z) = li(z)| < Oz log(z))}
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O
We expect the problem(1.14) to be correct. In future, we try to solve this
problem.

2. THE PROOF OF THE DISCUSSION ABOVE.

On this section, we first give the proof of Lemma(1.5) and second Theorem(1.9)
as follows.

2.1. Proof of Lemma(1.5).

Proof. For sufficiently large = > 2, the sizes of the number of prime numbers
m(z) and logarithmic integral function li(z) are switched infinitely. Namely, the
positive and negative of the difference li(z) — m(x) are switched infinitely. (Refer to
Wladyslaw [1]) Therefore, we consider the following two cases, Case 1) and Case
2) , separately :

(2.1) Casel) : w(z) < li(z)
(2.2) Case?) : li(z) < w(z)

We first discuss the case 1) and second the case 2).

Case 1) When the inequality m(x) < li(z) is satisfied :
We show that there exist a real number C' > 0 such that for all real number z > 2
the following condition is satisfied :

(2.3) li(z) — m(z) < C(li(:r) - ng(x))

Because, using Lemma(1.4), there exist a real number C; > 1 such that the
following conditions are satisfied :

(2.4) li(z) < Cyli(z)
(25) 7T(IL‘) < Clm

Subtracting both side of inequality(2.5) from that of inequality(2.4), for all real
number x > 2 the following conditions are satisfied :

. . x
(2.6) li(z) — m(x) < Cy <h(:ﬂ) - log(ax))
Therefore, put C' = Cq, the following inequality is satisfied :
x
2. —1i <Cl(l(z) - ——
2) ) = (o)l < (1) - -5
The end of the case 1) proof. We next discuss the case 2).

Case 2) When the inequality li(z) < 7(z) is satisfied :
Assume that the inequalitty (1.22) is not satisfied (reductio ad absurdum). Namely,
assume that for all C' > 0, there exist a sufficiently large real number = > 2, the
following condition is satisfied :

(2.8) m(z) —li(z) > C(li(z) - logx(x))
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Using Lemma(1.3) and Lemma(1.4), the following conditions are satisfied :

(2.9) m(z) < Cl@ (.- Lemma(1.4))
(2.10) x(%;z)) <li(xz) (. Lemma(1.3))
where

(2.11) O<a§\/% (a € R)

Adding the both side of inequalities(2.9) and (2.10), thus the following condition
is satisfied :

2T

(2.12) (x) + x(m) < 01® +1i(z)

Transform the inequality(2.12) above, the following condition is satisfied :

x 2T
.1 — i C —
(2.13) m(x) —li(z) < og(@) x(elog(m))
Hence, for sufficiently large 2(> 2), the following inequalities are satisfied :
(2) — li(z) < Oy —2 — g V2T
e ! log(x) elog(x)

(2.14)

2T x
< (Cl T e >log<x>

Therefore, the following conditions are satisfied:

. 2w T
(2.15) 7(z) —li(z) < (C’l — T) Toa (@)’

Because the inequality (C’l —V2ra/ e) > 0 is satisfied, thus the following in-
equality is satisfied :

2ra

(2.16) c >

Using the assumption(2.8) and the inequality(2.15), the following inequalities
are satisfied :

(2.17) 0< C’<li(x) - @) < n(z) - li(z)
(2.18) m(z) — li(z) < (01 - @) @

Using two inequalities(2.17) and (2.18) above, the following inequality is satisfied

(2.19) C<li($) - @) < <Cl N @) @
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According to the assumption(2.8), the positive real number C' > 1 can be choose
arbitrary. Hence, choose C' = v/2ma/e on inequality(2.19) above. Thus, the follow-
ing condition is satisfied :

2ra T 2ma T
2.20 — | li(x) = —— Ci—— || ———
(2:20) (0 ) < (T
Hence, the following inequality is satisfied :
V2T T
2.21 —1i —_
( ) e i) < G log(x)

The both sides of inequality(2.21) is divided by v/2w«a/e. Therefore, for all real
number « > 0 such that C; > v/27wa/e, the following inequality is satisfied :

(2.22) li() < €1 (\/;?a log:iw)>

Namely, using inequality(2.22), for all real number o > 0 such that C; >
V2ma/e, there is sufficiently large z > 2, the following condition is satisfied :

T 2T
log(x) (- C>

(2.23) li(z) < )

However, the inequality(2.23) contradicts the fact that for sufficiently large = >
2, the following inequality is satisfied :

(2.24) @ < li(x).

Namely, the assumption(2.8) is inconsistent.
Thus, there exist a real number C' > 1(€ R) such that for all sufficiently large real
number z > 2(€ R), the following inequality is satisfied:

x
. — 1 < i -
(2.25) 7(x) = li(z) < C(h(x) log(x))
The end of the case 2) proof.

Consequently, using the discussion Casel) and Case2) above, there exist a posi-
tive real number C' > 1 such that for all positive real number x > 2, the following
condition is satisfied :

(2.26) Ir(z) - li(z)| < C’(li(x) - bgf”(m)

2.2. Proof of Theorem(1.9).
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Proof. Using Lemma(1.5) and Lemma(1.8), there exist a positive real number C' > 1
such that for all sufficiently large x > 2, the following formulas are satisfied :

m(2) — Li(z)|
< O(li(z) — ﬁ) (- Lemma(1.5))

1—e x 1—e T
=c(m([ /) mw (wm) ) ) +))
=C 213% (/01E + /;)t(logl(t))/dt‘ (" Partial Integral Formula)

0o <Clim ( / Ty / l)t(f[{“))'dt' (- Lemma(1.8))

z 1 1 e 1
=0 | oz osy eXp(ma(”elogu))))dt
1X(e)/m1(ex(1 Lo
Vora P ama’ Jo (og)? P\ Vara log(t)

=C

Put the positive real number a > 0(€ R) as follows :

1

2.28 a:=
( ) 2T

Using the condition of inequality(1.37), that is, 1/4/27 < «, the positive real
number a > 0 is satisfied as follows :

(2.29) a<1

Put the variable v as follows :

~ log(t)

(2.30) O

Hence, the following conditions are satisfied :

—adt
W= o)
(2.32) t = exp(%)

(2.31)


https://doi.org/10.20944/preprints202112.0074.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 6 December 2021 d0i:10.20944/preprints202112.0074.v1

12DERIVING VON KOCH’S INEQUALITY WITHOUT USING THE RIEMANN HYPOTHESIS.

Apply change of variables to the formula(2.27) as follows :

z 1 1 1
|, Gos e o™

1 [Te@
= —/1 - —exp(g)exp(v) dv
a J_ o v
1 [Tos@
= —/1 ’ exp(g)exp(v)dv
(2.33) @ J—co v
: 1/ (Despu)d (o0 <)
Ta)_ o XL, expLay " log(x) ~ log(x)
1 1
2

1 T, a1
1 Tog(x) 2 Tog(x)

- (/ ’ exp(—a)dv> </ ’ exp(2v)dv)
a\J_s v oo

(. Schwarz inequality)

IN

Next, set the variable u as follows :
1
(2.34) ui= -

Hence, the following equation is satisfied :

—du

u?

(2.35) dv =

Apply to change of variables the inside of first bracket on the formula(2.33) as

follows :
w2
og(x
/ exp(—a)dv
oo v
log(z) 1
= / exp(2au)(— —) du
0
log(x) log(z 3
(2.36) < (/ exp(4dau) du) < du>
0

(" Schwarz inequality)

<—exp<4alog< N (s

Nl=

5)
)%

3(10g(w))
1

3(log(x))?

Furthermore, the inside of second bracket on the formula(2.33) is satisfied as
follows:

_ %(é)% exp(2alog(2)) (3553

Toa () 1 2
. 2 < —
(2.37) /_ " explo)at < § exp(is)
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Using formulas(2.33), (2.36) and (2.37), the formula(2.27) is expressed as follows

[m(2) —li(z)]
1

<Y ap—tt
T V2« P Vora© a

1.1, L) 2 )¢
<2 -)2 Xp(2a10g($))(3(10g($))3)2> (2 exp(log(x)))
C, 1.1 € L i :
_ 5(37)4 p(ma)exp(alog(l”))(log(z)) exp(log(x))
(2.38) o i 1

e a 1
- 2(z>.TL)4e %P (o) (log(x)) eXp(log(fv))
(. exp(alog(z)) = z%)

a1 ; 1 \1 1
= O ep (o () ()

Consequently, the inequality(1.35) of Theorem(1.9) is satisfied.

3. CONCLISIONS.

We derived that Von Koch’s inequality without using the Riemann Hypothesis in
this paper. Using the fact that Von Koch’s inequality is equivalent to the Riemann
Hypothesis, we obtained that the Riemann Hypothesis is true. Besides, we obtained
a result that the inequality |7(x) —li(z)| < O(z'/¢log(x)), which has stricter con-
ditions than the Riemann Hypothesis. We further raise that the existence and the
value of the limit of upper bound |7 (z) — li(z)].

We started this paper to the introduction of the functions R (x). We obtained
the functions RZ(z) using the concept of Statistical Mechanics. We think that
Number theory and Statistical Mechanics are closely related.
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