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Abstract

We examine a family of linear partial differential equations both singularly perturbed in a complex param-
eter € and singular in complex time ¢ at the origin. These equations entail forcing terms which combine
polynomial and logarithmic type functions in time and that are bounded holomorphic on horizontal strips
in one complex space variable. A set of sectorial holomorphic solutions are built up by means of com-
plete and truncated Laplace transforms w.r.t ¢ and e and Fourier inverse integral in space. Asymptotic
expansions of these solutions relatively to ¢ and e are investigated and two distinguished Gevrey type
expansions in monomial and logarithmic scales are exhibited.
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1 Introduction

In this paper, we focus our attention on a family of singularly perturbed linear partial differential
equations with the shape

(1) Q(9)u(t,z,e) = (et)dD (t@t)‘SDRD(az)u(t, z,€) + P(t,z,€,t0;,05)ul(t, z,€) + f(t, 2, ¢€)

for vanishing initial data u(0,z,€) = 0, where dp,dp > 1 are integers, Q(X), Rp(X) stand
for polynomials with complex coefficients and P(t, z, €, V1, Vo) represents a polynomial in the
arguments t, V1, Vo with holomorphic coefficients relatively to the perturbation parameter € on
a disc D, with radius ¢y > 0 centered at 0 and holomorphic w.r.t the space variable z on a
horizontal strip in C framed as Hg = {z € C/|Im(2)| < 8}, for some given width 23 > 0.

The forcing term f(t, z, €) involves coefficients that depend polynomially on the time variable
t, analytically on € on D, and holomorphically in z on Hg. This term combines also logarithmic
type functions expressed as truncated Laplace transforms along a fixed segment [—a, 0] for some
radius a > 0 that count in the function 1/log(et). Its expression is chosen in a way that when
a > 0 is taken large, it becomes proximate to a general logarithmic type map f in t, € displayed
as polynomials in both et and 1/log(et) with coefficients that are entire functions on the strip
Hg, see (24). It is worth noticing that this radius a > 0 can be taken as large as desired provided
that the radius ep > 0 of D, is chosen close enough to the origin. However, a > 0 cannot be set
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to be infinite (a # +00). The explicit constraints relating these two quantities are given through
the technical bounds (79) and (89).

Observe that the main equation (1) involves powers of the basic differential operator of
Fuchsian type td;. For a conspicuous textbook about Fuchsian ordinary and partial differential
equations, we refer to [7]. However, under the sufficient conditions set on (1) listed in Subsection
2.2, it turns out that (1) will be reduced throughout the work to an auxiliary prominent equation,
stated in (41), that brings in only powers of basic differential operators of so-called irregular type
ulleaul and u%({“)u2 in two independent complex variables u; and us. The definition of irregular
type differential operators can be found in the classical textbook [1] in the framework of ordinary
differential equations and in the work [15] in the context of partial differential equations.

Remark that the limit map f. displayed in (24) (obtained from the forcing term as its
truncated Laplace radius a tends to +00) is made up with pieces that separately solve explicit
nonlinear ordinary differential equations that are singularly perturbed and comprise first order
differential operators of irregular type, see (25).

In the present study, our objective is the construction of a set of holomorphic solutions
to (1) and the description of their asymptotic expansions as e tends to 0 (stated in Theorem
1 of Subsection 4.3). We model these solutions as functions representable as double Laplace
transforms and Fourier integral. Such an approach has already been successfully applied in
the recent works [11], [12] by A. Lastra and the author and in [3] by G. Chen, A. Lastra and
the author in the analysis of singularly perturbed initial value problems in two complex time
variables. Under the list of conditions applied to the shape of (1), detailed in Subsection 2.2,
one can single out

e A set of suitably chosen bounded open sectors {&,}per, for some finite set I; C N and T
centered at 0.

e Appropriate directions d, € R, p € I, for which a family of holomorphic solutions (¢, z, €)
to (1) can be built up on the domains 7 x Hg x &,. Each solution wy, p € Iy, is expressed
as a complete Laplace transform of some integer order k; > 1 in the monomial et, a
truncated Laplace transform of order 1 in the logarithmic map 1/log(et) and an inverse
Fourier integral in the space variable z,

k) +oo
'U/p(t,z,e) = (277_)1/2\/[\/(11) /[\a’o] /oo Wp(7—177-27m)6)

T izm
X exp ( . (:i)lﬂ — (log(et)TQ))e P

dr d
aman g

where the so-called Borel/Fourier map wy(71, 72, m, €) stands for a function

— which is analytic near 7y = 0 and for » € Dy,

— with (at most) of exponential growth of order k; on an infinite sector containing the
half line Lg, = [0, +oo)eY 1wt T,

— continuous and under exponential decay w.r.t m on R,
— with analytic reliance on € in the punctured disc D, \ {0}.

According to the very structure of these solutions, the family {u,},c;, owns asymptotic expan-
sions of Gevrey type in two particular scales of functions.
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All the functions € — wy(t, z,€), p € I, share a common asymptotic formal expansion

tze ZGltze

n>0

on &, in the scale of monomials {¢"},,>0, with bounded holomorphic coefficients G} on T x Hg x
De,, where D, is an open domain of D, \ {0} given by (134). Furthermore, these asymptotic
expansions turn out to be of Gevrey order 1/k; on every sectors &,, meaning that constants
K;, Mg > 0 can be chosen for which the error bounds

N n
€
2) fuplt, 7€) = 3 Gh(t 2 O S| < K (MHYIT(1 +
n=0

N +1
]:_ )’6’N+1
1

hold for all integers N > 0, all € € &,, uniformly in ¢ € 7 and 2z € Hg. In Proposition 9, we show
that the coefficients G are subjected to an explicit differential recursion relation w.r.t n > 0
that may be useful for their effective computations.

For each p € Iy, the function (¢,€) — wuy(t, z,€) possesses a generalized asymptotic formal
expansion (in the sense defined in the classical textbooks [6], [18])

t 20 ZG 1/10g(6t))”

n!
n>0

on the domain 7 x &, in the scale of logarithmic functions {(1/log(et))"}n>0, for bounded
holomorphic coefficients G%p on T x Hg x &,. These asymptotic expansions share the common
feature to be of Gevrey order 1 on the sectors &,, giving rise to constants K2, M? > 0 for which
the error estimates

(3) |up(t, 2, €) ZG Uk)s'(e’fmy < K2(M?)NHD(N 4 2)[1/ log(et)| VT

occur for all integers N > 0, all € € &, and ¢t € T, uniformly in z € Hg. In addition, the
coefficients G2 n.p are proved to fulfill some partial differential recursion relation in regard to
n > 0 that may be helpful for their practical reckoning, see Proposition 10.

The functions uy, p € I, are expressed in terms of maps Ug, «(, u2, z, €) in four complex
variables through

1
'U/p(t, Z, 6) = Udp,ﬂ'(t7 M, zZ, 6)
which turn out to be embedded into a larger family of maps Ua, o, (t,u9, z,€) for all integers
(p,q) € {0,...,61 — 1} x {0,...,60 — 1} for some integers ¢1,¢2 > 2. These maps are bounded

holomorphic on products 7 x Usp, X Hg x &, where

o Uy = {Usp, o<g<e—1 is a set of bounded sectors with bisecting directions 9, € R forming
a good covering in C* (see Definition 5) with 04, = 7 for some integer ¢; € {0,...,¢ —1}.

o & ={& }o<p<c —1 stands for a set of bounded sectors, containing &, for p € I, representing
a good covering in C*.

Each map Uy, 5, is modeled as a rescaled version of a bounded holomorphic map (u1,uz, z)
Ud, o, (u1,u2, 2, €) by means of

Udp,Dq (ta U2, 2, 6) = Udp,Dq (6t7 U2, 2, 6)
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on domains Uy g, X Uzp, x Hg for all € € D¢, \{0} where Uy 4, are bounded sectors bisected by the
directions dp, described in Definition 6 of the work. These maps Uy, o, (u1,u2, 2, €) are shown to
solve a set of auxiliary linear partial differential equations given by (104) which combine powers
of the basic differential operators u’fl+18ul and u30,, as brought to light in (41). This implies
in particular that the functions w,, p € I, solve our main problem (1) on 7 x Hg x &,.

The two asymptotic properties (2) and (3) for u, stem from sharp exponential bound esti-
mates for the differences of neighboring maps Ug, 5, reached in Proposition 7, for which a well
known criterion for the existence of asymptotic expansions of Gevrey type established by J-P.
Ramis and Y. Sibuya can be applied, see Subsection 4.2.

In the framework of linear partial differential equations of so-called Fuchsian type, the con-
struction of logarithmic type solutions is a well established subject. In the papers [19], [20],
H. Tahara considers so-called linear Fuchsian partial differential equations (introduced by M.
Baouendi and C. Goulaouic in [2]) with the shape

(4) O u(t, ) + Y Pi(t, 2,0y, o, O, )E" IO u(t, ) = 0
j=1

for linear differential operators P;, with order less than j, with holomorphic coefficients near
t =0 and x = (21,...,2,) = 0. Under conditions of non resonance of the characteristic

exponents at * = 0, he has characterized the holomorphic solutions to (4) on Dz \ {0} x Dg
for a prescribed disc Dr (resp. Dpg) centered at ¢ = 0 (resp. x = 0) with radius 7' > 0 (resp.

R > 0) where D7 \ {0} stands for the universal covering of D7 \ {0}, which can be expressed as

m o0
(5) u(t,z) = NN iy ()
=1 =0

where w ;(t, ) = Y"1, wj x(x)(log(t))*~1, for positive integers 7, ; > 1 and holomorphic maps

uyjx on Dp, where \j(x) represent the characteristic exponents of the equation (4) at x. Later
on in the year 2000, T. Mandai was able to extend this important result to the general situation
without any assumption on the characteristic exponents by following a similar approach to the
method of Frobenius for ordinary differential equations with regular singularity at a point, see
[16].

In the context of linear partial differential equations of so-called irreqular type in which
our present contribution falls, much less results are known and represents a promising trend for
upcoming research. Nevertheless, in that direction, we can mention the striking paper [23] by H.
Yamazawa published in 2017. Therein, the author examines linear partial differential equations
of the form

(©) Cltd)u(t,r) = S asalt, )0 -+ 0% ult, ) + f(t,2)
Jt+lal<m
for = (21,...,2,) € C", with holomorphic coefficients a;, and forcing term f near (t,z) =

(0,0) € C™, for some monic polynomial p — Cj(p, x) with holomorphic coefficients near x = 0
with degree 1 <1 < m. Under technical conditions set on a so-called Newton polygon related
to (6), the author constructs formal solutions with the shape (¢, z) = 41 (¢, ) + G2(t, log(t), )
with

inlte) = S w@)t , sl log(t),a) = 370 37 iy (@)t log(t))*
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where pp(z) are the roots of p — Cj(p, x) with positive real parts at « = 0 and u;(z), @;kp(2)
are holomorphic coefficients on some small disc Dg, R > 0. The formal series in ¢, 4 (t,x)
(resp. da(t,y,r)) with holomorphic coefficients on the domain Dg (resp. Dg/, x Dg for any
fixed small parameter 7 > 0) are divergent in general but are shown to be (multi)-summable in
several levels of Gevrey orders on suitable sectors (in the sense defined in the book [1]).

At last, we quote two compelling recent works that are somehow related to the result of the
present study.

In [21], H. Tahara investigates higher order analogs of nonlinear singular partial differential
equations of first order with so-called Briot-Bouquet type (see the textbook [7] by R. Gérard
and H. Tahara for the origin of this terminology). These equations are written in the form

(7) ()™ u(t, x) = F(t, 2, {(t0) 05} - - 957w} j 4 o <m.j<m)
for x = (x1,...,2,) € C™, under some restrictions of the analytic map F'(¢,z, Z) near the origin.
The author studies spaces of solutions u(¢, ) to (7), that are holomorphic on a product S x Dg
for some sector S centered at 0 and given disc Dy with radius R > 0, restricted to upper bounds
of the form
(8) sup [u(t, z)| < m—rv0
le|<R | log(t)]
for some constants C,a > 0 provided that ¢ € S. Sufficient conditions on the characteristic
exponents at x = 0 of (7) are given for which the bounds (8) imply the stronger bounds
sup Ju(t, 2)| < Kt
|z|<R
for some constants K,b > 0, whenever t € S. As a consequence, the structure of all the solutions
u(t, z) of (7) subjected to (8) (and ressembling the one given by (5)) can be completely described
by a former result by R. Gérard and H. Tahara stated in [7], Chap. 8.
In [17], the authors study families of formal power series f(x) with real coefficients in double
scales of power and logarithmic functions with the shape

1
— Az E E B k
flx) =Xz + ag (log(ac))
BES,B>a kEZ

where A\, a > 0 are real numbers and S is contained in a finitely generated additive semi-group
in (0,400). Given such an f, normal forms for the conjugacy class ¢ ~! o f o ¢ are completely
classified in that paper and a so-called embedding theorem is reached. These sets of formal
expansions extend the classical formal Dulac series

D(z) = oz + Z 2 Py(log(x))

i>1

for ¢ > 0, increasing sequences {\;};>o of positive real numbers and polynomials P; with real
coefficients, which appear to represent asymptotic expansions at the origin of Poincaré maps P
stemming from analytic planar vector fields.

2 Layout of the main initial value problem and tied up auxiliary
problems
2.1 Laplace transforms of order k£ and Fourier inverse maps

In this short subsection, we include a prefatory material about Laplace transforms and Fourier
inverse maps that will be used in the upcoming sections.
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Let £ > 1 be an integer. We recall the definition of the Laplace transform of order k as
introduced in [9].

Definition 1 We set S5 = {7 € C* : |d—arg(7)| < 6} as some unbounded sector with bisecting
direction d € R and aperture 26 > 0 and D, as a disc centered at 0 with radius p > 0. Consider
a holomorphic function w : Sg5U D, — C that vanishes at 0 and withstands the bounds : there
exist C >0 and K > 0 such that

9) [w(r)| < Clr|exp(K|7|)

for all T € Sqs5. We define the Laplace transform of w of order k in the direction d as the

integral transform
£l w)@) =k [ ) en(-(3)")

Ly

du
U

along a half-line L, = [0, +oo)e\/j17 C Sq,5 U{0}, where v depends on T and is chosen in such
a way that cos(k(y — arg(T))) > 1, for some fived real number 61 > 0. The function LI (w)(T)
is well defined, holomorphic and bounded on any sector

Suomn ={T €C*:|T| < RY* | |d—arg(T)| < 0/2},

where 0 < 0 < T +20 and 0 < R < 61/K.

We remind some useful property : if w(r) represents an entire function w.r.t T € C with
the bounds (9), its Laplace transform L3(w)(T) does not depend on the direction d in R and
represents a bounded holomorphic function on Dpi/i whose Taylor expansion is represented by
the convergent series X (T) = >, < woI'(2)T™ on Dpiji, where I'(x) stands for the Gamma
function.

We remind the reader the definition of some family of Banach spaces used for the first time
by the author in [14] and introduced in [5].

Definition 2 Let 8,u € R. We set E g,y as the vector space of continuous functions h : R — C
such that

13m0l = sup (14 [ml)" exp(BJm])|a(m)]
is finite. The space E(g , endowed with the norm ||.||(s,,) becomes a Banach space.

Finally, we restate the definition of the inverse Fourier transform acting on the latter Banach
spaces and some of its close at hand formulas relative to derivation and convolution product as
expounded in [9].

Definition 3 Let f € Eg ) with 8 >0, u > 1. The inverse Fourier transform of f is given by
FUN@) = g [ fm) espliam)dm
em ) o
for all x € R. The function F~1(f) extends to an analytic bounded function on the strips
(10) Hy = {z € C/|Im(2)| < 8'}.

for all given 0 < ' < B.
a) Define the function m +— ¢(m) = imf(m) which belongs to the space E,_1). Then, the
next identity

0:F 1 (f)(2) = FH(9)(2)
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occurs.
b) Take g € Eg, and set

+o0
wlm) = = [ fm = m)g(m)dmy

(27)

as the convolution product of f and g. Then, ¢ belongs to Eg ) and moreover,

for all z € Hpg.

2.2 The main problem outlined

In this subsection, we disclose the principal linear initial value problem under study in this
paper. It is stated as follows,

(11) Q(d:)ult, z,€) = (et)™(t0;)°P Rp(d: )ult, =, €)
D—1
+ Z A1t (t0,)% ay(z, €) Ry (9. )ult, z, €) + f(t, 2, €)
=1
where D > 2 is some integer, for vanishing initial data (0, z, €) = 0.
The constants dp,0p,A;,d; and §; for 1 <1 < D — 1 are positive integers that are submitted
to the next list of technical constraints:
1. There exists an integer k; > 1 such that

(12) dp = 0pk1 , d; > dk1

forall1 << D-—1.
2. The next three inequalities

(13) Ar>0, Ar>6k , kiop—12> k0

hold forall 1 <1< D —1.

The maps Q(X), Rp(X) and R;(X) are polynomials with complex coefficients that are sub-
jected to the next two restrictions:
3. The next bounds

(14) deg(Q) > deg(Rp) > deg(Ry)

hold, for all 1 <1 < D — 1, where deg(P) denotes the degree of a polynomial P(X).
4. One can select an unbounded sectorial annulus

SQ,RD = {Z € (C*/TQRD < |Z’ ) |arg(z) - dQ,RD‘ < nQ,RD}

with bisecting direction dg g, € R, aperture ng g, > 0 and inner radius g r, > 0 (prescribed
later on in the work), for which the next inclusion

Q(im)

(15) {RD(im)

holds true.
The coefficients a;(z,€), 1 <1 < D — 1, are built up in the following way. For 1 <1< D —1,
let m — Aj(m,€) be maps

/m e R} C Sg g,
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e that belong to the Banach space Eg ), for some given real numbers $ > 0 and p > 1 that
fulfills the restriction

(16) p > deg(Ry) + 1
forall1 << D-—1.

e that depend analytically on € on a disc D, centered at 0 in C with radius ¢y > 0 and for
which a constant A; ., > 0 can be be singled out with

(17) sup ||A;(m, e)H(ﬁ’M) <A
EEDEO

We set
al(z,e) = fﬁl(m = Al(m7 6))(2)

for all 1 <1 < D — 1. According to Definition 3, the maps (z,¢€) — a;(z, €) represent bounded
holomorphic maps on the product Hg X De,, for any prescribed 0 < ' < .

The forcing term f(¢,z,€) is constructed in the next manner. Let Jq,Jy be given finite
subsets of the positive integers N*. For j; € Ji, ja € Jo, we denote m +— Fj, j,(m, €) maps

e that appertain to the Banach space Eg ), for 8 > 0, u > 1 given above.

e that rely analytically on € on the disc D, with a constant F;, ;, ¢, such that

(18) Sup H}—jl,h (m, 6)H(B,u) < Fj joseo-

eEDeO
We introduce the next polynomial

(19) .7:(’7'1,7'2,7’)1, E) = Z ‘El,j2(m’ 6)71717272
J1€J1,j2€J2

in the variables 71,72, with coefficients in E(g ,) that depends analytically in € on D,,. We
consider some given real number a > 0 and we set

(20) F7r7a (u17 uz, z, 6)

kl Foo Tk T2 P dT1 dT2
- - f R 1 _ (= m’zm d
(2m)1/2 /ch1 /W,a /—oo (7,72, ) exp( (Ul) (Uz))e L T2 "

where Lg, = [0, oo)e‘ﬁ"l1 stands for a halfline in direction d; € R, which depends on 7 in a
way that cos(k;(d; —arg(uy))) remains strictly positive and where Ly , = [0, aleV=17 stands for
the segment [—a, 0].

Owing to Definition 1, the map Fy , can be written in the form of a polynomial in wuy,

(21) Fra(ur,uz,z,¢) = 3 Fﬂ,a,jl(ug,z,e)r(ﬁ)u{i
J1€N1

whose coefficients (ug, z,€) — Fr 4 (u2, 2, €) are holomorphic on C* x Hg x D,. Notice that
the expression F; , does not depend on the choice of the direction d;. An explicit expression of
the maps Fr 4 j, will be disclosed later on in the work (see Section 5, Proposition 10, Lemma 6).
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Due to Definition 1, we observe that when the radius @ > 0 tends to infinity, each partial map
ug +— Fr 4., (ug, 2, €) becomes close to the polynomial in us,

> F M me Fy gy (m. ) ()T (G)uy
Jjo€J2

with bounded holomorphic coefficients on Hg x De,, for any 0 < g’ < 8, provided that the
variable ug satisfies
0 ’7T
arg(ug) € (—m, —5 o)UY (5 + 9, 7] mod(2m)

for some small § > 0. The forcing term f(t, z, €) is defined by the logarithmic type function

1
(22) f(t, z,€) = Frq(et, m,z,e).

Here log(z) stands for the principal value of the logarithm, namely log(z) = In |z| + v/—1arg(z)
with arg(z) € (—m, 7). By construction, we notice that

) = —arg(log(z)) € (=7, —= — §) U (= + &, 7] mod(2r)

(23) arg( 5 5

log(2)
provided that |z| is small enough with z ¢ (—o0, 0], for any given small 6 > 0.

As a result, from the expansion (21), one checks that f(¢,z,€) represents a holomorphic
function in z € Hg and t, e for t € D (some small disc centered at 0) and € € D, \ {0}, provided
that et ¢ (—o0,0] and as long as ¢y > 0 is taken small enough. Furthermore, from the discussion
above, when the radius a > 0 is taken large enough, the forcing term f(, z, €) becomes proximate
to the explicit logarithmic type function in %, €

- Ty ; ,
(24) fooltyzye) = Y FNm Fjyjp(m, €))(2)D ()T () () ( )72

I
J1€J1,52€J 2 k1 og(et)

Notice that each single piece 9j, j, (¢, €) = (et)7'/(log(et))?2, for j1 € Ji, ja € Ja solves an explicit
nonlinear ordinary differential equation which is both singularly perturbed in the parameter €
and possesses a differential operator of first order with irregular type, namely

) e 1L v daair]i . 1+L
(25) IR Oy, g, (t€) = eIz (8 €) — o (g, g (t€)) T2

for all t,e € C such that et ¢ (—00,0]. The reason for which we need to restrict ourselves to
a truncated Laplace transform in the variable uy for the expression (20) instead of a complete
Laplace integral (a = +00) will be expounded later on in the work.

2.3 A family of related initial value problems

In this subsection, we reduce the study of the main problem (11) to the analysis of a set of
auxiliary problems which involves four independent complex variables.
We plan to seek for solutions u(t, z,€) to the equation (11) with vanishing initial data at
t = 0 of the form
1

(26) u(t,z,e) = Ur(et, m, Z,€)

for some expression Uy (u1,us2, 2, €) in the four independent variables uy, uz, z and e.
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Following the usual chain rule (applied at a formal level at this stage of the work), the next
computation holds

1
"log (et 0

)
1
log(et)

(27) towul(t, z,€) = t(O(et))(Ou, Ur) (€t logl(et)’ z,€) + t@t(bgl(ew)(awUﬂ)(

= ((ulam - u%3U2)U7T)( )
As a result, the expression u(t, z,€) (formally) solves the equation (11) with vanishing data at
t = 0 if the expression Uy (u1,u2, 2, €) solves the next equation

(28)  Q(3:)Ux(u1,uz, 2, €) = ui” (w18, — u30u,)°” Rp(0:)Un (w1, uz, 2, €)
D—1
+ Z A=y (4 By, — udu,)ar (2, €) Ry(0,)Ur (ur, ug, 2, €) 4+ Fra(u1,ug, 2, €)
=1

for given vanishing initial data Uy (0,0,z,¢) = 0. Here the symbol (u19y, — u30y,)" stands for
the h—iterate of the differential operator u;0,, — u%@w for any given integer h > 1.

In order to be able to build genuine solutions to (11) and furthermore to study their asymp-
totic properties as € tends to 0, we need to examine a more general family of related problems
stated as follows.

For any given direction dy € R, we define

(29)  Fayalu, ug, 2,€)

o T . dm dr
(2w 1/2/ / ]—“ (11,72, m,€) exp ( — ( ) (72))ezzm7172dm

do,a vV — U2 T T2

where the direction d; € R depends on 71 in a way that cos(k;(d; — arg(u1))) remains strictly
positive and where Lg, , = [0, a]e‘ﬂd2 stands for a segment of length a in direction do. Owing
to Definition 1, we notice that the expression Fy, , does not rely on the direction dj.

We consider the next equation

(30)  Q(8.)Ua, (1, ug, 2, €) = usP (u1 8y, — u28u,)°P Rp(0.)Uq, (w1, ug, , €)
D—1
+ Z A=y (1) 0y, — udy,) % ar(z, €) Ry(82) Uy, (u1, ug, 7, €) + Fy, o(ut, us, 2, €)
=1

with prescribed vanishing initial data Uy, (0,0, z,€) = 0.
3 Construction of analytic solutions to the set of related initial

value problems

In this section, we plan to construct a family of analytic solutions Uy, g,(u1,us,2,€) to the
auxiliary problem (30) obtained for well chosen directions d; € R, for any given direction ds € R.
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3.1 The shape of the analytic solutions and associated convolution equation

For any given direction ds € R, we search for a family of solutions to (30) in the form of a double
Laplace transform and inverse Fourier integral

(31) Ug,, dQ(ul,uz,z €

(2m) 1/2 /Ldl/L

Here, we assume that the so-called Borel-Fourier map wg, belongs to a Banach space of functions

denoted F™ described in the next definition.
(V 6 My kl »P,a,€ )

Definition 4 Let €, 3, i1, k1,a be the constants prescribed in Subsection 2.2. Let € € D, \ {0}
and v,p > 0 be given real numbers. We set as Sy, an unbounded sector centered at 0 with

bisecting direction di € R. We denote F( B k1 prase) the vector space of all continuous maps

(11,72, m) = h(11,72,m) on (Sq, UD,) x Dg x R, holomorphic w.r.t 7,72 on (Sq, U D,) x D,
such that the norm

+o0 o
/ wq, (11,72, m, €) exp (— (l)kl (2 )elzmjﬂdm

dyra uy U TL T2

‘ |h(T17 T27 m) ’ ‘ (V7ﬁ7:u'7k1 7p7a7€)

= sup (14 |m|)" eXp(ﬁlml)\*leXp(—V! M) —
TIESdluDﬂ,TQEDa |
meR

1

h

is finite. The vector space F( 1,8 i) equipped with the norm ||.|(,.8, k1, p,a,c) DECOMES @
Banach space.

Remark. Similar Banach spaces that involve functions with two complex and one real
variables have been recently introduced in the works [11], [12] by A. Lastra and the author.

Our main task within this subsection is to derive some convolution equation fulfilled by the
Borel-Fourier map wy, .

We recall some features of the Laplace transform under the action of multiplication by a
monomial and differential operators already stated in our foregoing work [9]. A detailed proof
of the formulas stated in the forthcoming lemma can be found in the work [10], Lemma 2.

Lemma 1 Let us assume that the map wq, appertains to the space Fh
next identities hold.
1. The action of the differential operator uj

v, H,]{?17p7a 6) The’]’[,7 the

MH15,, on the integral representation (31) writes

(32) U]f1+laul Udl,dg (’U,l, ug, 2, 6)

= kl k T1\k T2 i d71 d72
— 175 ki wa (1. T exp(—(— 1 _ izm dm.
(277)1/2 /Ld /Ld2a /— { t dl( b7 6)} ( (ul) (UQ))e 1 T2 "

2. Let m' > 1 be an integer. The multiplication by u{”/ acting on (31) is expressed through
(33) " Ud1 d2(u1,u2,z €

400 k1 Tfl m! ds
71 Y 1/k 1
- (1 s))F o wg, (87, T2, my€)—
2 1/2 m 1 1\°1 ’
T2 Jray Jiaya J=00 | T(E) Jo 51

2))iem 7L A2

— dm
U1 Uug T T2
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3. The differentiel operator uz0,, applies on (31) by means of

(34) U28u2Ud1 do ul,UQ,Z 6

(2m) 1/2 /Ldl/L

In the next steps, we plan to express all the differential operators acting on the variables w1, us
that appear in the related initial value problem (30) by the agency of the basic operator listed
in the above lemma.

At first, since the operators u10,, and u39,, commute to each other, one can rewrite (30)
by way of the classical binomial formula as

1

+oo
/ {rawa, (11, 72,m, €)Y exp (— (—)F —

2))iem 7L A2
oo up u2 T T2

dm

dg,a

(35) Q(az)UdQ ('LLl, ug, z, 6) - uilD

ép!
X E , ,D |(ulam)pl(_1)p2(ugam)pQRD(az)Udz(ulvu27276)
“ . D1p2:
p1+p2=0p

D—-1

|
EY A ST O 00, (1) (1304, )P (2, €) R (0:) Uy (3, 2. )
=1 )

+ Fyy o(u1,u2, 2, €)

for given initial data Ug, (0,0, z,€) = 0.

In a second step, we apply a useful lemma already stated in the previous work of A. Lastra
and the author, [13] which provide expansions for the iterations of the basic fuchsian operator
(75} 8ul .

Lemma 2 For all integer p1 > 1, there exist positive integers aq,, > 1, for 1 < q < p1, such
that

(1100, )P E :aq,m% w1

with a1p, = ap, p, = 1.

By dint of this lemma, we can recast the last equation (35) in the form
(36)  Q(0:)Uy(u1, uz, 2, ¢) = ufP x [(71)55’(u%@w)‘SDRD(aZ)UCb(ul,u2,z,e)

>

Zaq,mul 7 ) (—1)P2 (u30u, P2 Rp (92 ) Uu, (ui, uz, 2, €)

l
p14Pa=ip p1!p2!
1<p1<ép
D—1
3 At (1) (u30) " a2, ) Ri(0:) Uy (w1, 1, 2, )
=1
+ Z ‘ Z Gq.py ul 1)172 (u%aua )p2 CLl(Z, 6)-l%l (8Z)Ud2 (ula Uz, 2, E)] +Fd2,a(ula uz, z, 6)
p1+p2=0; p1 p2
1<p1<4;

In a last undertaking, we bring into play a helpful formula introduced in the work [22]
and which appears in many papers of the author and his colleagues, going back to its earliest
occurrence in [9], that is stated as follows.
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Lemma 3 Let k1,0 > 1 be integers. One can single out real numbers As,, for1 <p <06 —1
such that

(37) U(ls(kl+1)831 _( k1+18 Z Adpukl (6— p)( /1€1+1au1)17
1<p<i-1

where, by convention, we assume that the sum 3y s 1[...] vanishes when 6 =1 in (37).

Owing to the conditions (12) imposed on the integers k; and dy, d;, for 1 <1 < D, we deduce
the next decompositions. First, we rewrite the equality in (12), as

(38) dD+5D:5D(k1+1)
from which we deduce the existence of integers dp , > 1, for 1 < ¢ < dp such that
(39) dp+q=q(ki+1)+dpg

as long as 1 < ¢ < 0p. Furthermore, the inequality in (12) gives rise to integers d;, > 1, for
1<I<D-1,1<q < for which

(40) di+q=qlki+1)+dy,

whenever 1 <[ < D —1,1 < ¢ < ¢;. These last three formulas (38), (39), (40) together with
(37) beget the next final remodeling of (30) defined as

(41) Q(az)UdZ(ulaUQaz 6) = udD(_l)(SD (ugaw)éDRD(az)Udz (Ul,UQ,Z,G)

p1
i Z 'p2 (Z g.p U qu 1+18u1)q+ Z quulfl(q P)( ]1€1+18u1)p])

p1+P2= 5D 1<p<q—1
1<p1<dp

op—1
d
x (—1)P2 (u%@w)mRD(az)Udg(Ul’U2’Zve) + Z aq7’5Du1D’q[ 1+1au1)

+ 00 A TP W0, )P R (0:) Uy (ur, u, 2, €) +
1<p<qg—1

(@ 10,)%0 + 3" Ay PP (@18, )P) Rp(8:) U, (s, us, 2, €)
1<p<ép—1

D-1
+ Z eAlidl [uclll (_1)6l (ugau2)6lal(z, E)Rl(aZ)Udz (u1,u2, 2, €)

dlq k1—|—1 ki(q—p)/, k1+1 P
+ Z p1'p2 (Z Ag,p1 U Oy Z Agpuy (uy 8u1)]
P1+p2=90; 1<p<qg—-1
1<p1<4;

X (1) (u300s) a1 (2, €) Ra(0:) Uy (w1, 2, 2,€) ) | + Py, 2, )

for prescribed vanishing data Ug, (0,0, z,€) = 0.
On the basis of the identities displayed in Definition 3 and Lemma 1, this last way (41) of
rephrasing (30) allows us to reach the following statement.
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The map Ug, 4,(u1,u2, 2, €) given by (31) solves the equation (41) under the additional van-
ishing condition Uy, 4,(0,0, 2, €) = 0 if the Borel map wg, (11, 72, m, €) fulfills the next convolution
equation

(42) Q(z’m)wdl (7'1, T2, MM 6)

Tfl ' k b _q 4 5 . 1k, dsy
= 4 / (' —s1) ™ 1P (=1)°P Rp(im)wq, (s;" ", T2, m, €)—
L'(%2) Jo 51
k1
op! [ & T g 9Dy 1/k 1/k ds;
+ Z p1'p2‘< q,py [F(dqu)/o (Tfl —s1) R (k1(31/ 1)kl)qwd1(81/ I,Tzam,ﬁ)z
“ plp! \ & D,
sk ! !
T{Cl Tfl k dpgtkila=p) | 1/k1rky\P 1/k dsq
+ Z A 7p1_‘(qu_’_k1(qp))/O‘ (7'11—81) k1 (kl(sl ) 1) Wdl(Sl TQ,m 6) 51 :|
1<p<qg-1 k1
ép—1 k1 1 d
. T 1 D 1/k 1/k dsi
X(=1)P*73” Rp(im)+ ) _ aqs), [F() / (=) 5 (s P (51 oy, )
q=1 k1

kl Tfl dp q+k1(q—p) d
k | 1/ki\k1\P 1/k1 S1
+ E A ,p dD q+k1(q p))/o (7’11 — 31) k1 (kl(sl ) 1) wdl(sl , To, M, 6) 51 :|
1<p<g—1 k1

x Rp(im) + (k171)°P Rp (im)wa, (11, T2, m, €)

s pon d
e 1/k 1/k 51 .
t Y Ao |, | =) T sl (51 2. 0 S R im)

1<p<dp—1 F(kl((sD 2)
- k1 7 d
A—d | T Yok =14 5
+ e~ / (7t —s1)F Tyl (—1)*
>l
1 oo ‘ 1/k ds1
X (W Al(m_ml,E)Rl(Zml)wdl(sl/ 17T27m1, )dml) 81 + Z 'p2 (Z q7p1
- izt
kl 7']’Cl d
T ! b k
[ [T ) Cape s
I'(52) Jo
1 /+°° . 1/k d31 h
X (7 Al(m—ml e)Rl(zml)wd (S ! To, M1, € )dm1 74- Z A
1/2 ’ 1\°1 ' ) P d k
2m)1/? J_ <o I( lq+k11(q P))
k1

g digthala=p)
o A e S Ve T
0
1 oo

oy

d
Aj(m —ma, €)Ry(im1)wq, (S}/kl,Tg, mi, e)dml) 6%]) + F(71, T2, m,€)

3.2 Action of linear convolution operators

In this subsection, we investigate continuity properties of two useful linear convolutions operators
acting on the Banach spaces given in Definition 4 and appearing in the above equation (42).

Proposition 1 Lety; > 0, 73 > —1 be integers and set v2 € R. Let Sy, be an unbounded sector
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centered at 0 with bisecting direction di € R and set p > 0 a positive real number.
Let a~,(T1,m) be a continuous map on the closure (Sq, U D,) x R subjected to the upper
bounds

M.

43 , <

( ) ‘a’Yl(Tl m)| — (1+ |7'1|)'Yl

for all 7y € Sg, UD,, allm € R, for some constant M., > 0. Assume that
1

(44) >kl +1) , 2>-1, ’Yz+’>’3+kf1+120

Then, a constant C1 > 0 (relying on v1,%2,73, k1 and v) can found with

k1

! 1/k
(45) ||y, (Tl,m)rfl/o (' — 51)723Y3f(31/ Y12, m)ds1 | 0,8,k prase)

< ClM’Yl |6|k1(72+1) | |f(7—17 T2, m)‘ |(V,5,,u,k1 1050,€)

d
fo’r all f S F(Vlﬁ,u,khpvave)'

Proof Let f be an element of Fh

(0.t prs6) By definition, the next bounds

71

T1 |k -
(46) Fr M) < 1l ki pael [ exp (V| =) 72l (14 [ml) e Bimi

hold whenever 71 € Sq, U D), 7o € Dg, all m € R. These latter bounds together with the
assumption (43) enable the next estimates

(47) A(Tl,TQ, m)

k1
= |ay, (11, m)7 i (" — )27 f(5,"™ 70, m)ds ‘< Mol llws s pac
= y1\T1, 1 0 1 1 1 1 s 12, 1| = (1—|—|7'1|)’Yl
71|k 1/ky h
x \Tl\kl/o (I |* = ha) 2R3 Te! exp (Vlelllcl)dhlhﬂ(l + |ml)~He=

provided that 71 € Sy, U D,, m» € D, and m € R. We further make the change of variable
g1 = h1/|e|* inside the integral appearing in the righthandside of the above inequality and get

Moy |11 w,8 1,510,000
48 A T ,7_ ’m < 71 ;05 14,K1,0,0,
(18) Al mm) < =

71

|7 |M

k 1
le|*1 (||T1||kll _ 91)729'173+k1 el/gldgl‘ﬁ‘kl(er%'Jrl)’T2|(1 + |m|)7u67ﬁ|m|

0

as long as 7 € Sq, UD,, 79 € D, and m € R.
We consider the map

* 73-1—,% v
G(z) =/ (—g1)%g, " edg
0
for all x > 0. Notice that G(z) is well defined for all z > 0, according to (44), since we can

recast its expression by means of the change of variable g1 = xgs for 0 < go < 1 in the form

_ ’Y2+73+,%+1 ! Y2 73+ﬁ vTgs
Gx)== 1 (1 —92)"9, "9 dgs
0
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for all x > 0. According to the sharp bounds reached in Proposition 1 of the paper [10], we can
single out a constant K; > 0 (depending on the constants 7,73, k1, v) for which

1
(49) G(z) < Kz e

for all x > 1.
Two cases arise.
A) Assume first that 7y € Sgq, U D,, is chosen such that

|71 |F1

(50) ]t

Then, under the condition (44), one finds a constant Cy1 > 0 (relying on ~1,7s, k1, K1) such

that
Moy 1,8,k pr06) 71|\ e ()
51 A , , 71 3055 R1,0,Q, k1 kl("/2+’73+1)K 173 k1
( ) (7_1 2 m) — (1+ ‘7_1‘)71 |7_1| |€| 1( ‘6‘ )
k1
T1 L
< exp (Y ol (Lt fml) e < 1y A 1P O D £l ks

Je[*
T T1 (k 4 —Blm
< |2 exp (o] ) ral (1 + fal) e
for all 71 € Sy, U D, under the constraint (50), all » € D, and m € R.
B) Take for granted that 71 € Sq, U D, fufills

(52) 0<

Then, owing to (48), there exists a constant C1.9 > 0 (leaning on 72, y3, k1) with

7 [*1
My | fllw sk pac) | gy [eF  Jma|™ vatar
|71 [*1 - | |71 [P
x exp (v o ) [elFr Q233D 1o (1 4 [m]) ~HeFIM < ||f\|(y,ﬁ,“,kl,p,a,€)\?\exp (v W ) |72

X (14 [m|) e P s [CraMy, [ [F e 02D e tHHe]

k 1 1 71k -
< Craby e P N O £k pae) X |2 oxp (0] 2™ 172l (14 [m]) “He

for all 71 € Sy, U D, submitted to (52), all » € D, and m € R.
At last, the collection of the upper bound (47) coupled with (51) and (53) spawns the awaited
estimates (45). O

Proposition 2 Let Q(X), R(X) € C[X] be polynomials submitted to the constraints
(54) deg(R) > deg(Q) , R(im)#0 , p>deg(Q)+1

for allm € R. Then, one can select a constant Cy > 0 (depending on Q, R, pu) such that

1 oo ,
55) iy | = m)QUim (1o )dml st
< C2| |f(m) | | (B,1) | |g(7_17 T2, m)| |(V,ﬁ,u,,k1,p,a,e)

d
whenever f € Eg ) and g € F(Vlﬁ%kl’p’a’e).
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Proof We take g in F&!

(0Bt etprr6) From the very definition of the norms displayed in Definitions
2 and 4, we arrive at

(56) 1901, 72m1)] < 119l )| }eXp( \fl\kl)lm(l + [my|) e Plml
provided that 7 € Sq, U D,, 2 € D, and m; € R together with
(57) @) < (£ (m)l(g,) (L + [m]) e
for all m € R. These two bounds (56) and (57) allow the next estimates

1 +00
R(im) J o

! 71k —p =
< ||f(m)||(,3,u)||g(7_1a7_27m)“(u,ﬁ,u,kl,p,a,e)‘?’ exp (V|?| 1)|7—2|(1 + |’I’)’L|) Fe ﬁlmlCQ.l

(58) |B(11,72,m)| := ‘

f(m — ml)Q(iml)g(n, T2, ml)dm1|

where

Co1 = (1+ |m|)elm! e Plmlgm, .

[ gt

| R(im)] (L4 [m —ma ) (1 + [ma )

According to the triangular inequality, we know that |m| < |m —mq|+ |mq| for all real numbers
m,m; € R and by construction of the polynomials R, @ asked to fulfill (54), two constants
0,98 > 0 can be singled out such that

QUimn)| < (1 + i )@, [R(im)| > R(L + [m]) =)

whenever m, m; € R. Thereby, we come to the upper bounds

Q 1
59 Cy1 < = sup(l yH—dee(R) / d
(59) o < G sup (L |m) F I — (L g - des(@ ™
whose right handside is a finite quantity under the restrictions (54), owing to Lemma 2.2 from
[5] or Lemma 4 of [14].
Eventually, gathering (58) and (59) yields the foretold bounds (55). O

3.3 Solving the associated convolution equation

In this subsection we uniquely solve the auxiliary convolution equation reached in (42) within the
Banach spaces displayed in Definition 4 by means of the properties of the convolution operators
obtained in Subsection 3.2.

Our strategy consists in recasting (42) into a fixed point equation (stated later on in (91)).
In the process, we need to perform a division by the next parameter depending polynomial

(60) Py(r1) := Q(im) — Rp(im)k{P r{*°P
provided that 71 € Sg, U D,. Crucial lower bounds are stated in the next lemma.

Lemma 4 For a suitable choice of the inner radius rq r, > 0 and aperture ngr, > 0 of
the sector Sq r,, set up in (15), there exist unbounded sectors Sy, centered at 0 with bisecting
direction di € R and a small enough radius p > 0 for which the next lower estimates hold. One
can select a constant Cp > 0 with

1
(61) |Po(11)| = Cp(ro.ry, )"0 |Rp (im)| (1 + |y |)F1oP 1
provided that 71 € Sq, U D, for allm € R.
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Proof Since the complex roots g;(m), 0 < I < k1dp — 1 of 7 — P,,(71) are explicit, we can
factorize the polynomial as follows

(62) Pu(m1) = —Rp(im)E{PIL5P (11 — qi(m))

where

|Q(im)| |1 Q(im) 1 27l
q(m) = (———————) *1%p exp (\/—1 arg + )
(m) (]RD(im)]k‘fD) ( (RD(im)k‘(lsD)kléD k‘15D)
forall 0 <[ < kiép — 1, for any 74 € C and m € R.
We single out an unbounded sector Sy, centered at 0, a small disc D, and we arrange the
sector Sg g, given in (15) in a way that the next two features hold:
1) A constant M; > 0 can be found such that

(63) 71— q(m)| = My (1 + |m)

for all 0 <1 < ki6p — 1, all m € R, whenever 71 € Sy, U D,,.
2) There exists a constant My > 0 with

(64) 71 = g1 (M) = Malgi, (m))|

for some 0 < lp < dpk1 — 1, allm € R, all 4 € Sq, UD,,.
We now provide some explanations for the two above bounds.

e Concerning the first point 1), we observe that under the hypothesis (15), the roots ¢;(m)
are bounded from below and satisfy |g;(m)| > 2p for allm € R, all 0 <1 < dpky — 1 for a
suitable choice of the radii rg r,,p > 0. Furthermore, for all m € R, all 0 <1 < dpk; —1,
these roots remain inside an union Q of unbounded sectors centered at 0 that do not cover
a full neighborhood of 0 in C* whenever the aperture ng g, > 0 of Sg r,, is taken small
enough. Therefore, we may choose a sector Sy, such that

SdlﬂQ:@.

Such sector satisfies that for all 0 <1 < dpk; — 1, the quotients ¢;(m)/m lay outside some
small disc centered at 1 in C for all 73 € Sy, all m € R. As a consequence, (63) follows.

e We select the sector Sg, and disc D, as above. The second point 2) follows from the fact
that for any fixed 0 < Iy < dpk1 — 1, the quotient 71/q;,(m) stays apart a small disc
centered at 1 in C for all 7 € Sq, UD,, all m € R.

Departing from the factorization (62) and taking benefit from the two lower bounds (63), (64)
reached overhead, we arrive at

Q(im)|
|Rp (im)k}P

_1
> Cp(rq.ry) 0 | Rp(im)|(1 + | |02~

_1
(65) [P (1)| = M{**P ™ Mo| Rp (im) Ky ( )10 (14 |my 100

as long as 7 € Sq, U D,, for all m € R. O
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We introduce the next linear map

(66) H(w(ry, T2, m))

n 1 4 5 ‘ 1/ky
= (TF1 — 1) F 9P (=1)°P Rp (im)w(sy ™, 1o, m) —
(7 >r<‘f£>/o
p

T ok Dy 1/k ds;
+ Z p1'p2 (Z q;p1 [ldm)/o (Tll—sl) kq k%s‘fw(sl/ 1,7’2,m)—

p1+p2=93dp 1 m Tl)F( k£
1<p1<ép

k1 1 dp. q+k1(a—p)

T 1 D,q 1 _ dS

1 ki I L,pp 1/k1 1]

+ E Ay ,p (ARG /0 (rq s1) kisiw(sy" ", 72, m)
1<p<qg—1 ) (T)

5D—1 kl k1

1 D.q _ d
x (=12 78*Rp(im) + Z aq.6p [Tld/ (TF — 51) oy 1l~c(115‘i’w(s}/kl,7'2,m)i
i P (r))T(7524) Jo

k1 e dp.g+k1(a—p)
T 1 SD.gtlamr) 1/k dsy
- A, L (h — 1) k1 P sPw(s/k 1y, m) =L
q,p d k1 (g— 1 1°1 1 » ey
P T D,qt l(q p) 0 S
1<p<q—1 (1) (T)

k1 T

T 1 o ds .

+ Z A(SD,pP 15 — / (7'{Cl 751)6’3 P lkfslfw(syklﬁg,m)—lRD(zm)
1<p<ép—1 (r)L(ép = p) Jo 51

+ Z A

X (; o Aj(m —my e)Rl(iml)w(sl/kl T ml)dml)@ + Z (Z
2m)1? ) o ’ b 51 'p2 tan

p1+p2=9;
1<p1<§;

k1 T d

T 1 k 174_1

< [——— / (i —s1) B (= 1)P 7y ks
P (r)L(F2) Jo

1 e , 1/k dsy ki
X(W - Al(m—ml,e)Rl(zml)w(SI/ ' 1o, my)dmy) —+ Z Agp L

s 5 Py (71T (et

k1 T d

T 1 k 21 S

(7'1)F(dl)/0 (it —s1)k 7_21(_1)51
1 k1

7k

1 kl Mfl P2 P27.P P
x /0 (k) TR

1 +oo 1kt dsy F (71, T2, m,€)
X (——s Aj(m —mq, e)Ri(imq)w(s ,my)dm > +—
((277)1/2 /oo i 1, €) Ri(imy)w(sy"™", 72, mq)dmy ) — . ] B (1)
In the next proposition, we show that #. represents a 1/2—Lipschitz map on some suitable
ball of the Banach space introduced in Definition 4.

Proposition 3 We select an appropriate inner radius rq r, > 0 and aperture ng.r, > 0 of the
sector Sq r,, defined in (15), together with an unbounded sector Sq, and a radius p that fulfill
the requirements of Lemma 4. Then, one can choose a radius g > 0 small enough and a fitting
radius w > 0 in a way that for all € € D¢, \ {0}, the map H, carries the next two features
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o The inclusion
(67) He(Bz) C B
holds, where By stands for the closed ball of radius w > 0 centered at 0 in the space

dq
F(Vvﬁvuvkl 7/7@76) ’

e The shrinking condition

1
(68) 1He(w) = He(w2)llwpukipa < 5101 = w2llwsumpa0

occurs whenever wi,ws € By.

Proof We focus on the first item heralding the inclusion (67). We fix some real number w > 0
and we take some w(71, T2, m) that belongs to F&B%kl,p7a7€), for e € D¢, \ {0}, such that
19l ,6,11p,0.6) < -

In the sequel, we provide bounds estimates for each piece of the map H..
In the next six estimates, we make use of the bounds obtained in Proposition 1 and Lemma
4. Namely, owing to the equality in (12) we get

k1 1 d
(69) Hpm(ﬁ) /0 (711 — 1)k T2D(_1) DRD(lm)W(Sl/ laT2am)871"(u7,37u,k1,p,a76)
Cy
< 1 a(sD‘E‘dD||w(7—177_2>m)|’(u,ﬁ,u,k:1,p,a,e)
Cp(rQ,rp)*1°p
C
< ! #a‘sDeng.
Cp(rQ,rp)*1°p
Besides, we check that
k1 il d
T g D.g_y . ~1 , 1/k
(10) 15 [ (e = o) 5 e Rt ol )l
m
1 p2|.|dD
< T a |€| 'q||w(7_1aTva)H(V,B,u,kl,p,a,e)
Cp(rQ,rp)*1°p
< CIR—

Cp (TQ,RD ) F1op

holds for 1 < ¢ < ép — 1, along with

k1 1 dp g+k1(a—p)
T 1 k D,q 1 1
(71) ||P 1(7_1) /0 (7-11 — 51) ky (—1)1’27'52
m
. _ 1/k C1 _
x Rp(im)s 1W(Sl/ 1’7-2’m)dslH(%B,u,khp,a,E) < ap2|€|dD‘q+kl(q P)

CP(TQyRD ) 1D

Gi dp,q+ki(g—
x Hw(Tl’T27m)|‘(1/75»,u7k17p7aa6) S 1 ap260D7q 1(q p)w

CP(TQyRD) 10D

do0i:10.20944/preprints202111.0495.v1
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forall<p<g—1land1<g<ép—1.
Furthermore, we observe that
k1 1 d
T bk Da_q 41 . 1/k
(1) Il [ e = s 5 R im0t
Cl Cl d
< 1 ‘eldD’qu(Tlv T2, m)”(u,ﬁ,,u,kl,p,a,e) < 1 60D7qw
OP(TQ7RD) 1D Cp (TQ,RD) D
provided that 1 < g < dp — 1, together with
k1 1 d +k1(qg—p)
T vk LTI 1 pe1 . 1/k
(13) Il [ = s Rpima(a} o)l e
m
C C _
< L el POy, 7o, ) (0 ) e H
CP(TQRD) "D CP(TQ,RD) 1D
whenever 1 <p<q¢g—1,1<¢g<dp—1and
k1 1
T ok Sp—p— . -1, 1/k
(74) H-Pml(Tl)/[) (7'11 —51)P7F 1RD(Zm)SI1) CL’(31/ 177'2,m)dSIH(u,ﬁ,u,khp,a,e)
Cq _ 1 ke (6p—
< 1 |6|k1(6D p)Hw(Tl?Tva)H(V,B,u,kl,p,a,e) < 1 601( b p)w
CP(TQRD) 1D CP<TQ7RD) 10D

aslongas 1 <p <dp — 1.

In the upcoming next three upper bounds, we apply both Propositions 1, 2 and Lemma 4.
Indeed, on the basis of the inequality in (12) and the first inequality in (13) combined with (14),
(16) and (17), we get

k
Ad T n! k1 H1 g, § 1
(75) e~ lﬁ ("t = )R ' (=1)%s;
m\T1) Jo
1 +oo . 1k,
x ((27r)1/2 Ar(m —ma, ) Ry(ima)w(sy™, 72, ml)dm1>dsl|!(u,ﬁ,u,kl,pva,a
—00

Rp(1 i a
— HﬁAz—dzM % 7—{‘71/ (Tfl _ 81)’“1 1T§l(—1)6l31_1
0

Pm(Tl)

X (; /+°° Al(m —mai, E)Rl(iml)w(si/h’TQ; m1)dm1>d81H(Vﬁ k ae)
(27r)1/2RD(1m) —00 1P R1,0,A,

< %! #‘E‘Al_dl‘e‘dlaél
CP(TQ7RD)IC16D

1 400 4
X HWW/—OO Aj(m — my, €) Ry(im1)w (71, 72, m1)dmal| g,k prase)
C1Cy
= @M Cplrq ) el | A (m, €)][ 3,171, 2, 7)1 ks )
™ pP(rQ,rp) "1°D

C1Cq

(2m) /2Cp(rq,rp) "7

AVEN')
€0 ‘a ZAl,eow-
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Moreover, assumed from the second and third inequalities of (13) together with (14), (16) and
(17), we reach

A—d T{ﬁ Tfl k1 dlf’qfl p2, P2 q—1
(76) [le™™" 5= ; (' —s1) B (=) 737 s
m
1

(71)
oo . l/kl
x ((zﬂ)l/g Ay(m —ma, €) Ry(imy)w(s, ,T2,m1)dm1)d81|!(V,g,u,khp@,e)
k1
4 Rp(im) /ﬁ g B
— [|Ai—d 2P k1 k1 % p2, P2 q—1
= ||€ — T T{ — 8 1 —1)P271%g
H Pm(Tl) 1 0 (1 1) ( ) 2 21
1 +o00 . Uk
X <(27T)1/2RD(177L) /_Oo Al(m—m1,e)Rl(zm1)w(sl/ 1’7—27ml)dml)dsl”(u,ﬁ,u,kl,p,a,e)
AR e
Cp(rq.rp)"°r
1 +oo ]
gy . A = s OB 72l
C1C _
< (2 )1/20 ( )klé MAz qkl@szAl(m’E)H(/B,M)Hw(Tl?7—27m)"(u,ﬁ,u,k1,p,a7e)
T P TQ,RD 1°D
C1C,

= 1 Eﬁl ik at? Al,ﬁow
(2m)1/2Cp(rq,ry) 190

provided that 1 < g < §; along with

Ar—d 7—{“1 Tfl i digtkita=r) | 2 p1
7)) e l_l/ T — st o (=) rytsy
( ) H Pm('rl) 0 (1 ) ( ) 2 “°1

1 +o0o . 1k
X <(27r)1/2 /_OO Aj(m —my, €) Ry (imq)w(s 1,7-2,ml)dm1>dsl|](V757u,k17p7a76)

k1
_4 Rp(im) /71 dgtkila=r) _
1A —dy FYD k1 k1 % p2,. P2 p—1
= |le —T T — 81 1 —1)27,%s
H Pm(Tl) 1 0 (1 ) ( ) 2 “°1
1 oo . 1/k
X ((27[-)1/2RD(Z77L) /;Oo Al(m_ml,G)Rl(lml)W(sl/ 1,7—2,m1)dm1>d31H(V”37M7]€17p,a75)
< G —|e| A= || tathrla=p) gp2
CP<TQvRD)k16D
1 +oo 4
X HWW/—OO Al(m_mlaf)Rl(Zml)W(Tla72’ml)dmlH(u,,B,u,kl,p,me)
C1Cs Ay—pk
T 2m)2Cp(rg.p, )T el 2P a2 [ Ay (m, €)|| g [l (71 720 M) 0,8,k p.0,6)
Q P\TQ,Rp)"*"°P
cC _
< 12 . e@l pklamAl’eOw
(2m)1/2Cp(rq,rp) M0

whenever 1 <p<g—1and1<gq<y.
At last, we need to control the norm of the last term of the map H.. Indeed, according to
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the upper and lower bounds (18), (61), we achieve

F (71, T2, m,€) 1
(78) ||#||(V’Bvﬂyk17pva7e) = Sup P Z ‘Fjl ,J2 (m, E)Tfl 7'272
m Tl) T1€8q, UDp,72€Da m(Tl) e gees
meR
1 1 1

x (1+ ’m\)ueﬁlml\*wxp —V\ )= < - ‘
( )|T2| CP(?“QR yFrop Minmer | Rp(im))|

k
XY I Fnpmollgy  sup e |91|7|11 —— 161} P
J1€J1,52€J2 T1€S84,UDp

1 1 . . .
S 1 : : Z F i jz,e0 €0 SUP ah =t eXP(_kal)ajgil-
Cp(ro ry) o0 Witmer [Ro@m)| , _f= 220

Now, we select ¢p > 0 close enough to 0 and take suitably w > 0 in a way that the next inequality

Cl 1 d
(79) 1 d a’Pe 0"+ Z Z| g |
Tio F(—D) 'p2
CP(TQ,RD) 1°D k1 p1tpo= 5D
1<p1<ép
% [ dl = R
D,q
F( ) CP(TQ RD)’CI‘SD
1 Ch dp,q+k1(g—p)
+ Z Agpl dp otk (g— ky ——a%e¢y ! w}
1<p<g—1 ( D kll(q p)) CP(T'Q7RD)’“15D
p—1
C d
+ Z ‘aq,5p|[ dpg - 1 GOD’qw
(= 1 ) CP(T'QyRD)kléD
1 Gy dp q+k1(g—p)
D D,q 1g—p
+ > Ml amaa M ——< |
1<p<g—1 I'( T ) Cp(rg,rp)*°p
1 C _
b Mg O
“'T(0p —p) o5
1§p<6D71 Cp(rqQ,rp) 1D
-1
C,C
+ Z [ — 1 laélAl,mw
= PG (QW)I/ZCP(TQRD)’”“D
p1
C,C _
+ Z ' <Z| qﬁDI‘ dlq -2 1 Al qklamAl,eow
p1+po= 51 1'p2! q=1 ( )(27T)1/QCP(TQ RD)klaD
1<p1<d;
C1Cy _
+ Z |Ag,pl dlq+k1q ) #GOAZ pkl@mAl,ﬁow])]
1<p<g—1 (=) 2m)/2Cp(rq.rp) ¥1°0
1 1 j - kiy .ja—1
+ 1 : Z Fj17j27€06€)1 sup x’! 1eXP(_Vx 1)“]2 <w
Cp(r,py) P70 Minmer [Bo(m)| | 7=, =20
holds.

Eventually, the collection of the ten above bounds (69), (70), (71), (72), (73), (74), (75),
(76), (77), (78) under the restriction (79) prompt the due inclusion (67).
We turn to the second item addressing the 1/2—Lipschitz feature (68). Let w;, w2 be elements

of the closed ball B, in F? s 1 okt ) where the radius @ has been fixed in the first item.
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We display norm estimates for each block of the difference He(w1) — He(w2). Drew on the
above nine upper bounds (69), (70), (71), (72), (73), (74), (75), (76), (77), we deduce the next
list of inequalities

k1 1 d
T- 1 SD_1 ¢ 5 .
80 L / ™ s R P (=1)%P Rp(im
()Hpm(ﬁ)o (T ) 5" (—1) (im)
1/k 1/k dsy
% (@il mem) = a7 ) “ s )
Ci 5p dp
< —1 a4 7¢ ||CU1(7'1,7'2,’I7’L) _WQ(Tlv7_27m)||(u,6,/4,k1,p,a,6)
Cp(rq,rp)*°p
and
kl Tkl d
T L D 4 . _
1) s [ s B o Ry st
m
1/k 1/k
X (wl(sl/ ' 7o, m) —WQ(SI/ 1,7‘2,m))dslH(V75%kl,p,a75)
1 d
< T aP250D,‘1Hw1(7-1, 7-27m) — w2(7‘1,Tz,m)H(y,B%kl,p,a,e)

Cp(rqQ,rp)*1°p

for 1 < g <dp — 1 along with

kit dp g +h1(a—p)
T Lok D.a” -1 -1
82 g [ =) R
1/k

X RD(z'm)szl’f1 (wi(sy Lk

! » T2, ’I’I’L) - w2(51 ! » T2, m))d’sl ||(V,,3,u,k1 205 ,4€)
C _
< 1 . apgegD,q+k1(q P)le(

Cp(rqQ.rp)*1°p

T1, T2, ’I’I’L) — w2 (7_17 T2, m)| |(1/,ﬁ,p,,k1,p,a,e)

provided that 1 <p<g—1land 1<¢<dp—1 and

k1 7'k1 d
G Tk Da_q 4 q .
83) Il [ (e = s 5 Ri(im)
1/k 1/k
x (Wi (51" oy m) — was)™, 70, m)) 51| (1.6 e prae)
Ch d
< 1 EOD’q | ’wl (Tla 72, m) — w2 (7—17 T2, m)‘ |(1/,B,,u,k1,p,a,e)

Cp (TQ’RD) 19D

for 1 < g < dp — 1 together with

k1 Tk1 d +k1(g—p)
71 bk e | .
) g [t =) R lim)
1/k 1/k
% (wi(sy™ ma,m) — w51 72,m)) ds1 | 0,6 ks )
Ch dp o4k (g—
< 5 eoD’q e p)le(Tl, T2,m) — w2 (71, 72, M) (1,6, 41,k p.a,e)

Cp (TQ,RD ) 12D

do0i:10.20944/preprints202111.0495.v1
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whenever 1 <p<¢g—1,1<¢g<ép—1and

Tkl Tfl L 5 ) .
) s [ =) R i)
m
1/k 1/k
(wi(st™, m2,m) — walsy™ m2,m) ) ds1 ] (0,5 prare)

Cy

ki1(6p—
< — et 0D (71, 7, m) — w1, 7o, m)
Cp(rq,rp) "0

‘ ‘ (VnBvakl ,p,CL,€)

for all 1 < p < dp — 1. Furthermore,

(86) [ledd L [T (kg R L )it
Ty J, (e R D
m
1 +oo .
(e [, A= i)
k 1/k
X (wl(Si/ YT, my) — w2(81/ 1,72,m1))dm1)dsl]|(Vﬁ’#’kl,p’a76)
C1Cy
= 1 L EOAlaélAl’EOle(Tlﬂ T2, M) — W?(TlaTQam)‘|(Vﬁ7N,k1,P,a,e)
(27r)1/QCP(7’Q,RD)k15D
holds as well as
k1 1 d
_ T 1 ﬁ—l 3
1) e [T s oy
m
1 +o00 '
(g [, A=)
k 1/k
(wi(51%, 79, m1) — wals)/ 1,7_2;ml))dm1>d31||(y757u7k1,p7a76)
C1Cy A
< ——eo M a2 Ay, ||wi (11, T2, m) — w1, 72, M) || (1,81, k1,p,0,6)
(2m)1/2Cp(rg.r, ) D

provided that 1 < ¢ < §; and

koo dy.qH1(a—p)
— T 1 %_1 _
8) e i [T gy
m

1 Foo .
X (W . Ai(m — mq, €)Ry(im;)

k 1/k
X (w1 (31/ 1?7-2, ml) — wz(sl/ 1’7’27 ml))dml)dslH(y,ﬁ,,u,kl,p,a,e)
C10s Ay —pk
S 1 60 1P 1ap2Al,60 | ’wl (T17 T27 m) - WQ(T:[, T27 m)‘ |(V7ﬂvuvk17pva7€)
(2m)1/2Cp(rq,rp) *1°P

whenever 1 <p<g—1and1<gq <.
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We prescribe ¢y > 0 small enough allowing the next inequality

(z| i

Cy

(89)
Cp(rq.rp )’“1“D I(

1 d
C]lCD)DD_‘_Z

p1+Pp2 5D
1<p1<dp

% [ 1 01 i
(qu)CP( )k15D

1 Gy dp,q+k1(q—p)
> Al — K aP? €l ]
q, +k 1 0

I<pea1 (w) CP(TQ,RD)?“SD

'pz

d
p2 %D,q1.9
aey k]

op—1

C d
+ Z |ag,sp| [ ki ' —€
T (% 5t Cp(ror,)™ 0

1 Ch dp,q+k1(g—p)
Y Al kp )
I<p<a1 (DQTI(‘IP)) CP(TQ,RD)kléD

1 C k1(6p—
+ Z |A5D7p|1'\(5 — )kij #eol(D )
1<p<5D71 b—p Cp(rQ.rp)™°p

n Z C1Cy

O <2w>1/2c1p<rQ rp) 1D

AVISR')
60 la/ lAl,CO

+ D &
p1+p2= 51 q=1 ( : q) (277)1/QCP(TQ Rp )kl&D
1<p1<9;

C1C _
Y 1Al B2 e A,))

(dl q+k1 q— p)

1<p<g-1 o) (2m)Y2Cp(rq,r,) B0

to hold.

The combination of the nine above bounds (80), (81), (82), (83), (84), (85), (86

subjected to (89) triggers the shrinking property (68) of the map H..

C1C A
1—qk1  po
(E ‘aq,p1| i € a”Aj e

d0i:10.20944/preprints202111.0495.v1
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88)

At last, we choose w > 0 as in the first item and €y > 0 conforming to both (79) and
(89). For these given values, the map H, enjoys conjointly both properties (67) and (68) for all

€ € D¢, \ {0}. The proposition follows.

a

The next proposition provides a solution to the associated convolution equation displayed in

(42) within the Banach space given in Definition 4.

Proposition 4 Let us choose an appropriate inner radius rQ g, > 0 and aperture ng g, > 0
of the sector Sq r,, defined in (15), together with an unbounded sector Sq, and a radius p that

conform the requirements of Lemma 4.

Then, a small radius eg > 0 and a constant w > 0 can be singled out in a manner that for

all € € D¢, \ {0}, a unique solution wq, (11,2, m,€) of (42) exists such that

d
e the map (11,72, m) — wy, (T1, T2, M, €) belongs to F(Vl,ﬁ,u,k:l,p,a,e

(90) sup del (7‘1, T2, M, 6)‘ |(V,ﬁ,u,k1,p,a,e) <w
6ED&()\{O}

) under the constraint
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e the partial map € — wgq, (1, T2, M, €) represents an analytic map from D¢, \ {0} into C, for
any given 71 € Sq; UD,, 72 € Dy and m € R.

Proof We select g > 0 and @ > 0 as in Proposition 3. We set the closed ball B, C F(dl}ﬁ ok prsc)
which represents a complete metric space for the distance d(:f, y) = ||z — y||(y,ﬁ,u,k1,p,a7e) The
proposition 3 claims that H, induces a contractive map from (B, d) into itself. Then, according
to the classical Banach fixed point theorem, H, possesses a unique fixed point wgy, (71,72, m, €),

meaning that
(91) He(wg, (11,72, m, €)) = Wy, (T1, T2, M, €)

that belongs to the ball By, for all € € D, \ {0}. Furthermore, the map wg, (71, T2, m, €) relies
holomorphically on € since H. does on the domain D, \ {0}.

Moving the term (le )90 Ry (im)wg, (11, T2, m, €) from the right to the left handside of (42),
we observe by dividing by the function P,,(71) defined in (60) that the convolution equation
(42) can be exactly rearranged as the equation (91) above. As a result, the unique fixed point
wa, (11, T2, m, €) of H, obtained in By, precisely solves the equation (42). This yields the statement
of Proposition 4. O

In the ensuing proposition, we come up with analytic solutions to the auxiliary problem (30).

Proposition 5 For all unbounded sectors Sy, with bisecting directions di € R and radius p > 0
that obey the requirements of Lemma 4, for all directions do € R, we define the partial map

(92)  (u1,us, )'—> Udl,dz Uy, U2, Z, €)

+oo TO N i AT1 dTo
wq, (T1, T2, M, €) €Xp —))e¥*m——dm
(2m) 1/2 /Ld /Ldga/_ i ) ( ( ) = ))

U2 T T2

for all € € D¢, \ {0}, where wy, (71,72, m,€) is the Borel map built up in Proposition 4 that
solves the convolution equation (42), where €9 > 0 is a small radius chosen in agreement with
Proposition 4 and the direction dy ., € R is properly chosen and described below.

The map (92) enjoys the next two features:

e [t defines holomorphic function bounded by a constant not relying on € on the product
Ui,dy X Uzdy X Hpr, where Uj 4, stand for bounded open sectors centered at 0 with bisecting
directions dj, for j = 1,2 and for any given 0 < ' < 3,

e it solves the auziliary problem (30) with prescribed initial data Ug, 4,(0,0,2,€) = 0.
Furthermore, the sectors Uy q, and Us g, are submitted to the next technical constraints:

o There exists a positive real number Ay > 0 such that for all uy € Uy q,, one can select a
direction dy ,, € R (relying on uy) such that

(93) exp(V—1di4,) € Sq, , cos(ki(dyu, —arg(ur)) > Aj.

o The radius TUy 4, >0 of U1, suffers the next upper bounds

1/k1 |€|
(94) 0<ry,, <24 7@ A

for some positive real number A > 0 and where Ay > 0 is defined in the above item.
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e There exists some positive real number Ao > 0 such that
(95) cos(dg — arg(ug)) > As
for all us € Uy q,.
Proof We focus on the first item of the proposition. We consider the map wq, (71,72, m,€)

built up in Proposition 4 and we select two bounded sectors Uy 4, and Us 4, fulfilling the above
prerequisite (93), (94) and (95). We set u; € Uj4;, for j = 1,2 and take

=" exp(\/ _ldl,ul) S Ldl,ul , T2 =719 exp(\/ —1d2) S Ldg,a

for given real numbers r; > 0, ro € [0,a]. Then, a constant @ > 0 can be found for which the
next bounds hold

ol Ty . 1

ki _ ('2 elFm
) (=)lle™™|

(96)  |wa, (71,72, m. )| exp (— (- us
%)kl) exp ( - (ﬁ)kl cos(k(druy — arg(m)))

71|72

1
(1 + |mf)~HeAml =

el exp (v(

—mlIm(z)

x exp (— (% cos(dy — arg(uz)))e

(1 ml) e O e (1)) exp (= (L) ) exp (= (1:0)

w(l+ |m|)7u67(575 )|m||1| exp ( (7
€

for all 11 > 0, r2 € [0,a] and all m € R, where ry, , > 0 stands for the radius of Uz 4,. As a
result, we reach the next upper bounds

(97) ‘Udlde (ula uz, z, 6)’ <

k1w oo A
oy P Gt

€]
400 , o
X / e (85 )|m|dm/ exp ( — Ag)drg
—00 0 rUQ,dz

k1w /+oo _—_— /+oo e a ro
= ——— exp(—Aqry')dr e ﬁ)mdm/ exp ( — Ag)dr
(2m)172 p(—Airy')drs . ) p( Vs ey 2) 2

provided that u; € Ujq;, j = 1,2, 2 € Hg and all € € D, \ {0}, by the change of variable
ro = 11/|€| in the integral. The right handside of (97) turns out to be a constant unconstrained
to e on D, \ {0}. The first item follows.

Concerning the second item, we depart from the Borel map wg, (71, 72, m, €) which is shown to
solve the associated convolution equation (42) in Proposition 4. According to the computations
performed in Subsection 3.1, we deduce that for any ¢ € D, \ {0}, the holomorphic map
Ud, d,(u1,u2, 2, €) given by the expression (92) solves the equations (41), (36), (35) and finally
(30) on the domain U 4, x Usg, X Hg/, for prescribed initial data Uy, 4,(0,0,2,€¢) = 0. This
yields the second item. O
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4 A finite set of holomorphic solutions to the main initial value
problem and their Gevrey asymptotic expansions in power
and logarithmic scales

4.1 Construction of a finite set of genuine solutions to a properly chosen
finite set of related initial value problems

We first need to refresh the reader’s memory of the definition of a good covering in C* as stated
in the reference text book [8], Section XI-2.

Definition 5 Let ¢ > 2 be an integer. For all0 < p < ¢ —1, we set U, as open bounded sectors
centered at 0 that share the next three qualities

1. The intersection Uy, N Upy1 of two consecutive sectors U, and U,11 is not empty for any
0<p<c¢—1, where U. = Uy by convention.

2. The intersection of any three sectors U, N Uy N U, is empty for distinct integers p,q,r €
{0,...,¢—1}.

3. The union of all the sectors Uy, 0 < p < ¢ — 1, covers some punctured neighborhood of 0
i C*, that is

¢—1
U, =0\ {0}

p=0
for some neighborhood U of 0 in C. Such a set U = {Up}to<p<c—1 of sectors is labelled a
good covering in C*.

Furthermore, we introduce a notion of fitting finite sets of sectors.
Definition 6 We consider three families of bounded open sectors centered at 0,

Uy ={U1a, o<p<a-1 5 Us ={U2p,}o<g<c-1 » €= {Eto<p<a—

for integers ; > 2, 7 = 1,2 and a bounded sector T centered at 0 that are submitted to the next
list of constraints:

1. For all0 < p <g¢ —1 and any fired € € D, \ {0}, for some given radius €y > 0, the sectors
Uy,a, with bisecting direction d, € R is subjected to the next three conditions

e [For each direction d, € R, 0 < p < ¢ — 1, one can single out an unbounded sector
Sa, centered at 0 with bisecting direction d,, that salisfies the requirements of Lemma
4 (namely for which the lower bounds (63) and (64) hold)

e For each 0 < p < ¢ — 1, there exists a positive real number A, > 0 such that for all
uy € Uy q,, one can choose a direction dy,, € R (depending on uy) such that

(98) exp(V—1dpu,) € Sq, , cos(ki(dpu, —arg(ur)) > Ap.
o The radius ry, 0 > 0 of Uyq, is submitted to the next upper bounds

€]

1/k1
(99) 0<ry,,, <A, 7@ TR

for some positive real number Ap > 0 and where A, > 0 is defined in the above item.
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2. The radius r7 > 0 of the sector T is subjected to the bounds

ALK

100 < —F—
100 (v + Ap)t/k

where Ap, Ap > 0 are defined in 1., for all 0 < p < ¢ — 1. Besides, the sectors £, share a
common radius given by €p, for 0 <p < ¢ — 1.

3. For all 0 <p <1 — 1, the sectors &, and T satisfy the next feature
(101) et € U q,
foralle € &, allt €T.

4. The set £ represents a good covering in C*. Furthermore, the aperture of the sector T is
taken close enough to 0 in a way that the set

(102) L ={pe{0,...,q1 —1}/et ¢ (—00,0], for all e € &, all t € T}
18 not empty.

5. For all 0 < q < ¢ — 1, the sectors Usp, with bisecting direction 0, € R obey the next
constraint : there exists some positive real number Ay > 0 such that

(103) cos(d, — arg(ug)) > A,

for all ug € Uap,. Furthermore, we assume the existence of an index q1 € {0,...,6 — 1}
such that 94, = .

6. The set Uy forms a good covering in C*.

We say that the sets sectors Uy, Us, € and T are fitting.

In the coming proposition, we build up a finite family of analytic solutions to auxiliary
problems (30) with well chosen forcing terms.

Proposition 6 Consider sets of sectors Uy, Uy, £ and a sector T that are fitting (in the sense
of Definition 6). For each 0 < q < ¢y — 1, the equation

(104)  Q(0.)Us, (ur,uz, 2, €) = u” (u10y, — u3du,)°? Rp(8:)Us, (u1, uz, 2, €)

D—1
+ Z 6Al*dlu‘1il (U104, — u§8u2)5lal(z, €)Ry(0.)Us, (u1,uz, 2,€) + Fo (w1, uz, 2, €)
=1

where the forcing term Iy, is given by the expression (29), possesses a finite set of holomorphic
solutions (u1,ug, z) = Ug, o, (u1,u2, 2,€), for 0 < p <1 — 1, on the domain Uy 4, x Uap, x Hgr,
for all € € D¢, \ {0}, where g > 0 is taken small enough, for any 0 < ' < B, that fulfills the
constraint Ug, 5,(0,0,2,¢) = 0. These maps own the next two important features.

o Forall0 <p<gq—1,0<q<c—1, the maps (u1,uz, 2) — Ug, o, (u1,u2, 2, €) are bounded
by a constant, that is independent of € on D¢, \ {0}, on the product Uy 4, x Uzp, X Hgr.


https://doi.org/10.20944/preprints202111.0495.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 26 November 2021 d0i:10.20944/preprints202111.0495.v1

31

e Forall0<p<q —1,0<q<¢—1, the maps Uy, », are represented as Fourier inverse
and Laplace transforms,

(105) Udp o, (U1, u2, 2, €)
i T2 izdel dTQ
(2n) 1/2 /Ld /Lda / wd, (11, T2, M, e)exp( ( ) (u:))e 7ngm

where the Borel maps (11, T2, m) = wq, (71, T2, m, €) belong to the Banach space F,

. (Vvﬂ /szlvpva 6)
with bounds

(106) sup |wa, (71, 72, M, €)[|(v,8,11,k1,p,0,6) < Tp
e€Dy\{0}

for some well chosen constants w, > 0 and radius p > 0, for all € € D¢, \ {0}.

Proof This proposition is a straight consequence of Proposition 5 and the definition of the
fitting sectors chosen overhead in the proposition. O

In the next proposition we study a finite set of maps related to the analytic solutions (105)
to the problems (104) stated in Proposition 6. In particular we are interested in the control
of their consecutive differences which turns out to be a crucial information for reaching their
asymptotic features (see Subsection 4.2).

Proposition 7 We prescribe a sets of sectors Uy, Us, € and a sector T that are fitting (in the
sense of Definition 6). For each 0 <p <¢ —1,0<q < — 1, we introduce the map

(107) Udmaq(t,ug,z,e) = Udp,aq(fta UQ,Z,E)
where Uy, 5, 18 built up in Proposition 6. The next properties hold.

e Forall0<p<q—-1,0<q<q¢—1,the maps Ug, o, (t,u2, z,€) are bounded holomorphic
on the product T x Usp, X Hg X &p.

o Let g =qop €10,...,62 — 1} be a given integer. For all 0 < p < ¢ — 1, one can find two
constants Mp 1, Kp1 > 0 such that

K1
(108) |Udp+17aq0 (t7 Uz, z, 6) - Udp,DqO (ta Uz, 2, 6)| < Mp,l exXp ( - ‘E‘Izl )

forallte T, alle € .1 NEy, all ug € Uzp,,» all z € Hg, where by convention dg, = dp.

e Letp=po€{0,...,¢1 — 1} be a prescribed integer. For any 0 < g < ¢ — 1, two constants
M2, K42 >0 can be singled out for which

Kyo
(109) \Udpo,aqﬂ(t, U, Z,€) — Udpo,aq (t,u2,2,€)| < Myaexp ( — |qu\ )

holds, provided that t € T, € € &, all uz € Usp,,, NUzp,, all z € Hg, where the
convention 0, = 0g 15 taken.
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Proof The first item follows directly from the properties of the maps Uy, », stated in Proposition
6 and from the features of the sectors &, and T listed in the points 2. and 3. of Definition 6.

The second item needs more effort and uses a path deformation argument. Let us fix ¢ =
q € {0,...,62 — 1} and take p € {0,...,¢1 — 1}. For any given 75 € D,, m € R, € € D, \ {0},
the partial maps 71 — wg; (11,72, m,€), j = p,p+ 1, are analytic continuation on the sector Sd;
of a common analytic map denoted 7 +— w(7, 72, m, €) on the disc D,.

For any fixed € € £,41 NE, and t € T, we deform the oriented path Ly
union of three oriented pieces

et Lg, e into the

e T'wo halflines
Ldp+1 et p/2 [10/2 +OO) eXp( \% dp+1 Et) ) _Ldp,et;P/2 = _[p/27 +OO) eXp( Vv _1d 76t)'

e An arc of circle centered at 0 with radius p/2 that rely the above two halflines

V=101 € (d

Cp,p+1,et;p/2 = { € ( Pt dp+1,6t)}'

By means of the classical Cauchy’s theorem, we recast the next difference as a sum of three

terms
(110) Udp+17aq0 (t7 U2, 2, 6) - Udpyaqo (t, ug, 2, 6)
il e 71 T2 o dm dry
- 21/2/ / / wdp+1(7—177-27m7 6) eXp(— (—t)kl _ (7))61zm77dm
( 7T) Ly 1, ctoP/2 Laqo a € Us n T
+o0
1 ) . dm dmy
2 1/2 / / / wdp(Tl, T9, M, 6) exp ( — (7)161 _ 7))€sz77dm
7T Ld et:p/2 Laqo P € U9 n T
+o0o
T2 . dm dmo
+ 1/2 / / / w(T1, T2, M\ €) exp( ( t) (7))€wm77dm
(27T) Cppti,etips2 Y Logg.a 4 — € U9 n

Upper bounds are provided for the first building block of (110),

e 1 T2 iz dm dry
nelggm [ s e (- G - () T am
g0 —00

et U9 T To
Based on the bounds (96) and (106) together with the requirements described in Definition 6,
we arrive at

Wpt+1k @ T2 | x oo aim
(111) L < (21:)11/21</0 exp(—(|u22|)Aq0)dr2></ e~ (B=A)I |dm)

—0o0

oo 1 Ap+1 k w. +1k1 |U2| A a +0o0 ’
X = - Vdry ) < =2 -2 - -0 ><2/ —(B=Bm g
(/p/z 0 (= i ri)dn) < <2w>1/2[ By ™ w2 e "

FOL  efM g k-1 Api1 i
X =% k1 1}( BT exp (= T11)>d"’1
o2 €l Apiy by} le] le]

dp41,et>p/2

o1k [y A 2 et 1 Bpir gy ]+
< pt 2210 o _ 2, | e A )

= (2#)1/2 Aq0< Xp( |ua| )>ﬂ — B Apit ke (p/2)F1—1 [ XP( e[ 1 )}9/2

ikl 2 |4hT 1 Byt o

- — _ 2 1

T @2m)2A,B-6 A ot ki(p/2)k1— 1°¢ p( e[ (p/2) )
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provided that € € £,11 NEy, t €T, ug € Uzp,, and z € Hy.
In a similar manner, we can exhibit explicit upper bounds for the second constituent of (110),

(2m) 1/2 /Ld /L

in the form
mh ful 2 |t 1 By o
A < exp ( — 2)%1
(2m)1/2 Ay B—=0 A, ki(p/2)ki—1 P ( EE (p/2) )

for all e € £ 1 NEp, t €T, ug € Uzp,, and z € Hy.
At last, we control the integral along the arc of circle appearing in (110)
(113) I3 =

o ),

As a consequence of the bounds (106), we get that

+o0o '
/ wa, (71,72, M, €) exp (— (Dykr (E))ewm@@dm

et U9 T To

etoP/2 2gq,a

(112) L <

+00 g
/ w(T1, T2, M, €) €XP ( — (E)kl _ (2))ezzm££dm“
- €t w2 T T2

p p+1,et;p/2 2gq:@

(114) |w(T1, 9, €)] < sup(wp, wp1)(1 + [mf)”

k
p p/2)"
Fe~ Alml ’/| |T2| eXp (V( |£|k)1 )

for all 1 € Cp pi1,et;p/2) T2 € Logya, m € R and € € &1 N Ep. Furthermore, in view of the
restrictions displayed in Definition 6, it turns out that

(115) cos (k1(60 — arg(et))) > Appi1 = min(Ap, Apiq)

forallt € T, e € £,NEpy1, provided that the angle 6 belongs to (dp7et,~dp+176t) or (dpt1,et; dp.et)-
Hence, by virtue of (114) and (115), we come up with some constant A, ;1 > 0 with

k @ Ty |« T am
(116) I3 < 11/28up(wp,wp+1)</0 exp(—(Z)AqO)dm)(/ e~ (6-8] |dm>

(27‘(’) |U ‘ —0o0
RN S (70 (o2 p
‘/d 16 &P () e (= g 1) 5]
p,€et
”U/2| 2 1 A 1 k P
< 7( e Sup(wpawp-l-l) wB— ﬁ,|dp+1 et — p,etHE’eXp( E |7;1 (n/2) 1)5

for all e € Ep1 NEp, t € T, ug € Usp,, and z € Hy. Besides, based on (116) and bearing in

mind the classical bounds m
_ 1 _
sup e M2 = (— )Mt ™

>0 ma

for any real numbers m; > 0, mo > 0, the next bounds

k1 lua| 2 Appi k
(117) I3 < —— sup(w,, @ 1) ——|dpi1,et — dpet]= | | exp - (p/2)™
e P PR G~ dy (= e /2)
A p,p+1 k
<o (= i (0/27)

k‘l |U2| 2 p A Pl .
< Wsup(wpawp+l)§m|dp+l,et - dp,et|§ck1’p’AP,p+l exp (— 2|peTkl (p/2)")
0
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where

= sup 21/k exp ( _ Appt1 (p/2)k1x) _ ( _ 1/k1 )1/k1€—1/k1
220 : Appi1(p/2)F1/2

provided that € € 41 NEp, t € T, uz € Uzp, and 2z € Hg. In summary, the splitting (110)
along with the bounds (111), (112), (117) breed the awaited estimates (108).

The third item leads to comparable bounds as the ones reached in the second item and
leans again on a path deformation argument. Indeed, we set py € {0,...,¢1 — 1} and take
q € {0,...,60 — 1}. For any prescribed 71 € Sd,,» m € R and € € &, the partial map
T2 = Wi, (71, T2, m, €) is analytic on the disc D,. As a result, we may bend the oriented path
Ly, 1,0 — Lo,,q into the union of three oriented basic geometrical loci

Ckl ,P’Ap,zﬁl

e two segments
Layiyaa2 = [0/2,0]exp(V=10441) , =Ly, a.0/2 = —[a/2, a] exp(v/=10,).
e An arc of circle centered at 0 with radius a/2,
Cogq+la/2 = {ge\/je/e € [0g,0441]}

joining the above two segments.

By dint of the classical Cauchy’s theorem, we can reorganize the following difference as a sum
of three contributions

(118) Udpo g (

(2m) 1/2 /Ld /LD wrtaas2
+oo T2\ izm dT1 dT2

wq, (11,72, M, €) exXp —))e*""——dm
(2m) 1/2 /Ld /Laqaa/2/ "o Jexp (- (675) (UQ)) T T2

+o0
k1 T2 \\ iz dT1 dT2
+ 7(2701/2 /Ld / / Wy, (11,72, m,€) exp( ( t) (U—Q))e Pl dm

Cqq+1, a/2

(t,uz,z,€) — Udpo,aq(t U2, 2, €)

/ W, (71, T2, M, €) €xXp ( — (7)]91 —

T2 )eizm@@
et U9 T T2

dm

We plan to upper bound the first part of (118), namely

(119) Ji

27r 1/2/ /L

Drew on the bounds (96) and (106) along with the requirements described in Definition 6 and

1 T2 . dr dm
/ Wiy, (11,72, m, €) exp ( — (g)kl _ (a))ewm o dm
441,a,a/2


https://doi.org/10.20944/preprints202111.0495.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 26 November 2021 d0i:10.20944/preprints202111.0495.v1

35
by means of the change of variable s; = r1/|e| in the integral, we deduce that
Wy k1 @ ro | x too
120) J; < = (/ exp (— (—)A dr)(/ e~ (B m"”'dm)
(120) (2ﬂ)1/2 o)2 ( (|u2|) q+1) 2 -
+oo 1 A
X (/ —exp(— ZZ,O rlfl)dn)
o el €]
w k?l /+oo ~ k 2 |'LL2| A +10Q A +1
< P exp(—Ap,s7')ds (exp— ") —exp (— 12 a)
ol R 7 el S T U T
w k?]_ /+oo ~ k 2 |U2| A+1(I A+1CL
< P exp(—A,,s7')ds . (l—ex - 1 f)ex — =
~(2m)2 ) P(=Apost’) 15—5’Aq+1 ( |us| 2) ( |us| 2)
wpokl /+OO ~ k1 2 |’LL2| Aq+1 a
exp(—Ap,s7")ds exp (—
S (27‘()1/2 A p(—Apsit) 15 B A 1 b |us| 2)
provided that € € &y, t € T, ug € U2p,,, NUap, and z € Hp.
Much the same as above, the second piece of the decomposition (118),
(121) J
+00 T T2\ izm dT1 dT2
—= ——=d

can be upper controled as

wpok1 [T <k 2 Jugl Aga
(2m)1/2 /0 exp(—Aposll)dslﬁ — 5 Aq ( )
as long as € € &y, t € T, ug € Uap,,, NUsp, and z € Hy.

The closing block of (118),

(122) Jy <

|uz| 2

(123) J3

U2 T T2

+oo T AT dT
m/(/ | nmm e (= (04 = (2 D
Coq+1,a/2 €

can be measured as follows. Owing to the lower bounds (103) set up in Definition 6, we check
that

(124) cos(f — arg(ug)) > Ay gv1 := min(A,, Ayyq)

provided that us € Uzp,,, N U2p,, whenever the angle 6 belongs to (04,0441) or (94+1,04). On
the basis of the bounds (96), (106) and (124) together with the requirements stemming from
Definition 6 and by means of the change of variable s; = r;/|e| in the integral, we reach

Dok ([T (a-p)iml / Tl Apy 1
(125) J3 < (27r)1/2(/_00 e dm)( ; exp (— e 1)dr1>

e

0g+1 a/2 «
‘/ |ug |Aq q+1 d@‘
@po k1 a2

a
< (QW)l/Q /0 exp(— A112051 )dslm‘aqﬂ - qu 6xXp ( - @A%qﬂ)

for all e € £y, t €T, ug € U, NUzp, and z € Hgr.
Eventually, the bounds (120), (122) and (125) reached above for the quantities J;, J and
J3 applied to the splitting of the difference (118) beget the forecast bounds (109). O
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4.2 Gevrey asymptotic expansions for the related maps to the analytic solu-
tions of (104).

We first remind the reader a result known as the Ramis-Sibuya theorem in the literature, see
Lemma XI-2-6 in [8]. It represents a prominent tool in the proof of our main result stated in
the next subsection.

Theorem (R.S.) Let (F,||.||[r) be a Banach space over C and we consider a good covering
{Up}o<p<c—1 in C* as described in Definition 5. For all0 <p <¢—1, we set G, : U, = F as
holomorphic functions that are subjected to the next two constraints

1. The maps G), are bounded on U, for all0 <p <¢—1.

2. The difference ©p(u) = Gpi1(u) — Gp(u) defines a holomorphic map on the intersection
Zp = Upp1 N Uy, which is exponentially flat of order k, for some integer k > 1, meaning
that one can select two constants Cp, Ay, > 0 for which

A
1©p(u)llr < Cp eXp(—ﬁ)
holds provided that w € Z,, for all 0 < p < ¢ — 1. By convention, we set G; = Go and
U. =Up.

Then, one can single out a formal power series G(u) = Ym0 Gnu™ with coefficients Gy,
belonging to F, which is the common Gevrey asymptotic expansion of order 1/k relatively to u
on Uy for all the maps G, for 0 < p < ¢ — 1. It means that two constants K,, M, > 0 can be
pinpointed with the error bounds

(126) |G (u ZGnu"H]F < K,MN*'r(1

N +1
i)‘u’NH
n=0 k

for all integers N >0, all w € Up, all 0 <p < ¢ —1.

In the next proposition, we come up with asymptotic expansions of Gevrey type for the maps
Uaq, 0, (t, u2, 2, €), built up in Proposition 7, relatively to each variable € and us.

Proposition 8 1) Let ¢ = qo € {0,...,52 — 1} be a given integer. We denote Fy 4, g7 the
Banach space of bounded holomorphic functions on the product T X Uzp,, *x Hp with values in
C equipped with the sup norm. Then, there exists a formal power series

(127) Grg(€) =Y Gy g (tun, 2

n>0

with coefficients G} g0 ™ = 0, belonging to Fo 4, 5 7 that fulfill the next asymptotic features. For
all0 < p<g¢ —1, one can select two constants KI}, M; > 0 such that

N+1
(128) Ug, o, (t,u2, 2, €) ZGn g0 (B U2, 2 < Kl(M NI (1 + TT)MNH

P7D‘ZO

for all integers N > 0, all € € &, provided thatt € T, us € Uzp,, and z € Hpr.
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2) We set p=pg € {0,...,51 — 1} as a prescribed integer. We denote Fy p, g7 the Banach
space of bounded holomorphic functions on the product T x Hg x &, which are C—valued,
endowed with the sup norm. Then, a formal power series

(129) Gapo (u2) Zano (t,z,€) —2
n>0

can be singled out, whose coefficients Gn pos M = 0, are located in ¥y, g 7 that is subjected to
the following error bounds. For all 0 < g < ¢ —1, two constants Kg, Mq2 > 0 can be chosen with

(130) Ud,, 0, (t; u2, 2, €) ZGnPo t,z,€) < K2(M2)NHF(N+2)]u2|N+1

for all integers N > 0, all uz € Uy, as long ast € T, z € Hy and € € &,.
Proof We discuss the first point 1). For all 0 < p < ¢; — 1, let us introduce the maps Gy :
f,'p — F27q0’5/77‘ defined by
GLP( ) (t U2, 2 ) = Udp,DqO (tv uz, 2, 6)'
According to the first two items of Proposition 7, we observe that for all 0 < p < ¢ — 1,

e The maps G1, are bounded holomorphic on the sector &,.

e The differences ©1 ,(€) = Gi p11(€) — G1p(€) are submitted to the bounds

Kpa
H@LP(E)HFZQOvﬂlaT < Mp1exp ( - |6‘I;€1 )

for the constants M, 1, K, 1 > 0 introduced in (108), whenever € € £,11 N E,. As above,
we take the convention that Gy, = G1 and &, = &.

As a result, the requirements 1. and 2. of Theorem (R.S.) are fulfilled for the set of maps
{G1 p}o<p<c;—1 and we deduce the existence of the formal power series (127) which is the common
Gevrey asymptotic expansion of order 1/k; relatively to € on &, for all the maps G1,, 0 < p <
¢1 — 1. In other words, the bounds (128) hold true.

We turn our attention to the second point 2). For each 0 < g < ¢ — 1, we set up the maps
G27q : U27aq - ]Flzp()vﬂ/vT as

G27q(UQ) = (t, zZ, 6) — Udpo,ﬂq (t, u9, 2, 6).

According to the first and last items of Proposition 7, we notice that for each 0 < ¢ < ¢ — 1,

e The map Gg 4 is bounded holomorphic on the sector Usp, .

e The difference O3 ,4(uz) = Ga g41(u2) — Go4(u2) is exponentially flat of order 1, with

Kgp2 )

|ua|

for the constants M, 2, K42 > 0 reached in (109), provided that us € Usp,,, N U2p,. Here
again, the convention that d., = 99 holds.

||@2,q(u2)||ﬁ<‘1,p0)ﬁ/’7 < Mggexp ( —

Thereupon, the claims 1. and 2. of Theorem (R.S.) are scored for the family of maps
{G24}0<q<c—1 and the existence of the formal power series (129) which represents the common
Gevrey asymptotic expansion of order 1 relatively to ug on Usy, for all the maps Ga 4, 0 < g <
Go — 1 is ensured. Videlicet, the errors bounds (130) are warranted. O
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4.3 Statement of the main result

In this subsection, we build up a family of holomorphic solutions to the main initial value
problem (11) under study in this work which is set up in Subsection 2.2. These solutions possess
asymptotic expansions in two different scales that turn out to be of Gevrey type.

The next statement represents the main achievement of our work.

Theorem 1 We consider sets of bounded sectors Uy, Uy, € and a sector T that are fitting in
the sense of Definition 6.

Then, under the conditions (12), (13), (14), (15), (16), (17), (18), (20) and (22) listed in
Subsection 2.2, the equation

(131)  Q(8)u(t, z,€) = (et)™ (t3,)°P Rp( )u(t, )

D—
+ Z A1t (10,2 ay (2, €) Ry (0 ult, z,€) + f(t, 2, €)
1=1

possesses a finite set of holomorphic solutions (t,z,€) — up(t, 2z, €), for all p € I, where I is the
subset of {0,...,¢1 — 1} introduced in (102), on the domain T x Hg x &,, provided that eg > 0
is taken close enough to 0, for any 0 < ' < B, for vanishing initial data uy(0, z,€) = 0.

For each p € I, the solution u, can be expressed as Fourier inverse and double Laplace
transforms

1

"log(et)’
I 1 izm dT1 dT2
(2r) 1/2 e a _ Wiy (1, ms ) exp (— TN — (log(et)m)) e’ T2 dm

T T2

(132) up(t, 2,€) = Uy (¢, 2,¢)

where the Borel maps (11,72, m) = waq, (71,72, m,€) belong to the Banach space F

. I/,B,H,kl,p,(l 6)
under the constraint

(133) sup ||wdp (Tla T2,M, 6) ||(V,,8,u7k1,p,a,e) < Wp
e€Dc \{0}

for some well chosen constants wy, > 0 and radius p > 0, for all € € D¢, \ {0}.
The family {uy(t, 2z, €)}per, enjoys asymptotic expansions of Gevrey type in two distinguished
scales of functions. Namely,

e Let us introduce the open set
(134) D, = {€ € D¢, \ {0} /et & (—00,0], for all t € T}.

Then, there exists a formal power series

(135) Yt z,0) = Gt

n>0 IOg )

whose coefficients (t,z,€) — Gy, .,
De,, which represent the common asymptotic expansion of Gevrey order 1/ky in the scale

of monomials {€"},>0 of the maps u, relatively to € on every sectors &y, for all p € I.

(t, logl(et) , 2) are bounded holomorphic maps on T x Hgr x
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In other words, for each p € I1, one can select two constants K;,M]} > 0 for which the
next error bounds

N+1
< K;(M;)N+1F(1+T)‘6‘N+l

671
2) 5

log t)’ " n!

(136) ‘up t,z,€) ZGMI

hold for all integers N > 0, all € € £,, provided thatt € T and z € Hgp.

e For each p € Iy, there exists a formal series

(137) t Z,€) ZG M

n!
n>0

with bounded holomorphic coefficients (t,z,€) G%’p(t,z,e) on T x Hg x &y, which

stands for the asymptotic expansion of Gevrey order 1 in the scale of logarithmic func-

tions {(1/log(et))" }n>0 of the map u, on the domain T x &,. It means that two constants
2 2 L :

K5, Mg >0 can be pinpointed with

|1/ log(et)"

n!

(138) ‘up (t,z,€) ZG < Kgl(MqZI)NHF(N+2)\1/10g(et)|N+1

for all integers N >0, all e € £, and t € T, whenever z € Hgr.

Proof According to the point 5. of Definition 6, we select the index 0 < g; < ¢o — 1 such that
04, = 7. By definition of the principal value of the logarithm log(z) = In|z| + v/—1larg(z) for
arg(z) € (—m, ), we notice that

1 1
ClUsy =Usy , lim—— —
log(et) = V2 = V2w o MR

provided that € € D, (given by (134)), where €y > 0 is taken small enough, for all t € T.
For all p € I;, where the set I; is introduced in (102), we define

1
"log(et)’ 2¢€)
where the map Uy, , is set up in Proposition 7. As a result of the definition of the set I; and
owing to the first item of Proposition 7, we check that the map u,(t, z, €) represents a bounded
holomorphic function on the product 7 x Hg X &,.

According to Proposition 6, we know that for all € € D, \ {0}, the map (u1,us,2) —
Ud, = (u1,u2, 2, €) represents a solution of the equation (104) which reduces to the equation (28)
on the domain Uy 4, X Uz » X Hg:. On the basis of the computations (27) made in Subsection 2.3,
we deduce that u,(t, z, €) stands for a solution to the main equation (11) restated as (131) in The-
orem 1, on the domain 7" x Hg: x &, for all p € I;. Moreover, since Uy, (0,0, z,€) = 0, we come
up with the vanishing initial data u,(0,z,€e) = 0. Besides, the representation (132) as Fourier
Laplace transforms stems from a similar representation for the auxiliary map Ug, »(u1,u2, z, €)
n (105).

At last, the two items dealing with the asymptotic expansions properties of the maps u,
in the two distinguished scales {€"},>0 and {(1/log(et))"}n>0 are direct consequences of the
expansions (128) and (130) reached for the auxiliary maps Uy, s, (¢, u2,z,€) in Proposition 8,
for p € I;, where the variable ug is merely replaced by the logarithmic function 1/log(et) with
ecéandteT. O

(139)

(140) up(t, z,€) == Ug, (1
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5 Computational aspects of the formal power series asymptotic
expansions

In this section, we state that the formal power series (127) and (129), built up in Proposition
8, which represent asymptotic expansions of Gevrey type for the maps Ug, o, (t, u2, 2, €) actually
solve some linear partial differential equations. On the way, we observe that their coefficients
G}%q and G%’p fulfill recursion relations that may be useful for practical purpose.

Proposition 9 Let ¢ = qp € {0,...,c — 1} be a prescribed integer. Then, the formal power
series

o en
Gl,f]o (6) = Z G}z,qo (t7 u2, Z)E

n>0

with coefficients G n > 0 in the space Fy g, 5.7, constructed in Proposition 8 1), match the

n7q0’
next partial differential equation

N on! N
(141)  Q(0:)Grg(e) = (et)™ > p1€92' (60:)PH (—1)7* (u50u, )P* Rp(02)G1 g, (€)
p1tpe=dp

D—-1

5! .

+ 3 et plfm,(tat)pl(-1)?2(ugau2)p2a,(z,e)Rl(az)Gqu(e)+Faq0,a(et,u2,z,e).
=1 prtpe=6 " T

1

Furthermore, the coefficients G, 4

(145).

(t,ug,2), for n > 0, are subjected to the recursion relation

Proof We first display the partial differential equation that the map Ug, o, (¢, u2, 2, €) introduced
in (107) turns out to fulfill. The usual chain rule allows the next computation

tatUdp,qu (t7 U2, 2, 6) = (ulaul Udp,DqO)(Ety U2, 2, 6)

to hold for all 0 < p < ¢ —1,0 < go < ¢ — 1, provided that t € T, us € Uzp,,, 2 € Hp
and € € £,. As a consequence, since the partial map (ui,u2,2) — Udy 4, (u1,ug, z,€) solves
the equation (35) (where d; = dj, and da = d,,) on the domain Uy 4, X Uzp, x Hp, whenever
€ € D, \ {0}, we deduce that the maps Ug, o, (t,u2,2,€) satisfy the next equation

qu
(142) Q(az)Udp,bqO (ta u2, 2, 6)
|
St P 0P (— 1) (4300, )P Ry (02U (1 s 2, €)

1!
p1+p2=6p prpa:
D—-1 51'
+ ) St o '];2, (0P (—1)P2 (U300, )P ar(2, €) Ri(0:)Ua, o, (, u2, 2, €)
=1 prtpe=8 -

+ FDqO,a(Et) U2, 2, 6)'

aslong as t € T, ug € Uap, , 2 € Hy and € € &),
Besides, we remind the reader the next classical result relating the existence of asymptotic
expansions for holomorphic maps f with the continuity of their n—th order derivatives,

Proposition ([1], Proposition 8, p. 66) Let f : G +— F be a holomorphic function from a bounded
open sector G centered at 0 into a complex Banach space F equipped with a norm ||.||p. The
following two statements are equivalent
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e There exists a formal power series f(z) = Ym0 fn2"/n! with coefficients f, in F subjected
to the next feature. For all closed subsector S of G centered at 0, there exists a sequence
(c¢(N, S))n>0 of positive real numbers such that

N-1
1£(2) = D fa2"/nlllx < e(N, S)[z[V
n=0

for all z € S, all integers N > 1.

e All derivatives of order n, f(")(z) are continuous at the origin and

lim ||f"(2) = fullr =0

2—0,z€G

for all integers n > 0.

According to the errors bounds (128), the above proposition gives rise to the next limits

(143) lim Sup |8gnUd 0 (t,UQ,Z,G) - G71n (t7u27z)| =0
egé), teT’u2€U27aq0 P>Yq0 »d0
€=sep ZEHB/

for all integers m > 0. Now, we go back to (142) and take the derivative of order m > 0 of its
left and right handside. Owing to the Leibniz rule, we get

m!
(144) Q(az)ﬁandp’aqo (t,uz,z,€) = Z o '(agnledD)th
mi1+mo=m 1Hiiee

|
2 pfgz'(tat)pl(_1)p2(UgaW)pQRD(az)aanUdp,aqo(t,uz,z,e)
D

p1+p2=4p :

—1
m!

- Z _— (6m1 €Al )tdl
| | 1\ Ve

I=1 mi+mo+mz=m miimalms!
7!
"> prlpgr O (L (U300, )22 ar (2, €) Ry (0:)9. U,

g (t7 uz, 2, 6)

p1+p2=4
m
+ 0" Foy al€t, u2, 2, €)

forallm>0,allt e T, us € UQ’D‘?O’ 2 € Hg and € € &,.
We let € tend to 0 on the sector &, in the equality (144). According to the limits (143)
and owing that the maps Ug, o, (t,uz,2,€) and G} . (t,uz,2) are holomorphic relatively to

m,qo
(t,ug,2) € T xUsp 1 X Hpr, we get the next recursion relation for the coefficients G}n,qo displayed
as
m! d d
(145) QOICh g (tuez) = 3 —Ii(me) o

mi1+mo=m

op!
XY ,D (0P (—1)P2 (U501, )P R (82) Gy g (L 12, 2)
“ . P1:p2:
p1+p2=4p

o m!
: mi1 A d
+ > —— (07" ) (0)
mi:moirns:
=1 mi+ma+mz=m

5! .
D ) (10300, O 00) (2 O Ri(0:) G g 12 2)

P1+p2=0;
m
+ 0] Faqoja(et,u%z,e)‘ezo
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for all m > 0, provided that ¢t € T, ug € Usp,, and z € Hp. It is worth noticing that the
differential relation (145) represents actually a recursion for the following reason. Observe that

(3?“6@)(0):{0 if my #dp (@”%AZ)UJ)Z{O if my # A

maq! ’ mq! 1 if m =4,

for all 1 <1 < D—1. Therefore, for the summation > . . _  inside (145), the indices ma > 0
for which non vanishing terms occur satisfy ms = m — m; = m — dp < m. Moreover, for the
summation Zml tmytms=ms the indices mg > 0 for which non vanishing terms take place are
subjected to ms =m —my —my =m —mg — A; < m. As a result, through the relation (145),
each term G}m is expressed by means of lower terms G}n g0 With m/ < m for all integers m > 1.
On the other hand, we know that the maps € — €2, € i €2, € — a;(z, €) together with
€ — F qma(et, ug, z, €) are analytic on the disc D,. Their convergent Taylor expansions at 0 are
expressed as follows on D,

1 ifmlde

m .d m A
(146) 6dD — Z (ae € ['))(O)Gm , GAl — Z (ae € :)(0) &M 7 CL[(Z,G) _
m>0 m m>0 m: m>0

S @0,

m!

Z aénFDqO,!l(Etau%Z76)|5:06m

quo,a(fta UQ,Z,G) - ’

m2>0 m!
from which the next plain computations are deduced:
(147)  (et)™ (t0,)" (= 1)P2 (u38uy )" Rp(9:) G140 (€)
_ 4d (aznledD)(O) 2 G71H27qo(t’ u, z) m
= 4D Z ( Z T (t0y)P! (—1)P2 (u2Dy, )P2 R (D) -~ )6

m>0 mi+me=m

and

(148)  B1tM(t0)P (= 1) (u30u, ) ar(z, ) Ri(9:) G0 (€)
= tdl Z ( Z 7(8?1 EAI ) (0) (tat)pl (_1)p2 (Ugauz )pz

mq!
m>0 mi+ma+mz=m

1
x (8?2(11)(27 0) R[(a )Gm3 q0 (t’ U2, Z)>€m
mo! ms!
At last, the recursion (145) together with the formal expansions (147), (148) prompt the forecast
partial differential equation (141). O
Proposition 10 Let p =pgy € {0,...,51 — 1} be a given integer. Then, the formal power series
n
Gapo (u2) Zano (t,z,€)
n>0

with coefficients ano, n > 0, taken in the space F1,, g7, arising in Proposition 8 2), is
submitted to the mext partial differential equation

N on! N
(48) QEICaselu) = ()2 3, (PO (1 (15000} R0 00 )
pitpe=ép * 7

D—1
0! R .
+ Y St E (t0)P (—1)P2 (u30us )P au (2, €) Ry (0:) G g (u2) + Fa g (u2),
=1

196!
p1+p2=4; b1'p2
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with forcing term FQ,Q(UQ) representing a formal power series displayed in (167). Moreover, the
coefficients G, (t, z,€), for n >0, fulfill the recursion relation (166).

Proof In the first instance, we state a lemma that will play an essential role in the proof.

Lemma 5 For any given integer pay > 1, the expansion
(150) au2 Z a]m u2 2

holds for monomials a;p,(uz2), 0 < j < po, with the shape

(151) Qj,po (u2) /6371’2 p2+]

for suitable integers B, > 0 with the constraints By p, = 0, Bp, p, = 1, for all po > 1.

Proof The existence of polynomials a; p,(u2) warranting the equality (150) is obtained by in-
duction. On the way, it can be shown that the set a;j,,(u2), 0 < j < py is asked to fulfill the
next recursions

(152)  a;ppr1(t2) = 3 (Duy@jpy (u2)) + U301 _1,p, (U2), A0 pyt1(U2) = U3Duy0py (U2),

2
Upyt1,pa+1(U2) = UGAp, p, (U2)

for all integers po > 1, 1 < j < po.

Since ag,1(u2) = 0, we deduce that ag p, (u2) = 0, for all p» > 1 and observing that a1 (u2) =
u%, we come up with ap, p,(u2) = u2 , for all ps > 1. Furthermore, by plugging the expression
(151) into the relations (152), we get that the integers f3;,, are queried to satisfy the next
recursion

Bipst1 = Bips (P2 +3) + Bj—1pss Bops =0, Bpops =1
for all integers ps > 1, 1 < j < pa. The result follows. O

In order to be able to handle higher order derivatives relatively to up of the maps Ug, »,, for
some fixed 0 < g < g3 — 1, we remodel the equation (142) by means of the above lemma in the
next form

(153)  Q(0:)U4,, o, (t, us, 2, €)

on!
d D-
= (et)*P g p1!p2!(t 1)P2 x E @jps (U2)05, R (0:)Ua,, o, (t; u2, 2, €)
p1+p2>:5D
p2>

+ (Et)dD (tat)éD RD (az)Udpo 0q (t7 uz, z, 6)

-1 D2
0! ;
+ > et Y ()P (1P XY g, (u2) D, a1(z, ) Ri(02)Uay 2, (E U2, 2, €)
I p1-p2: =
p221
D-1
+ E et (0% ay (2, €)Ri(9:)Ua,, 0, (L, u2, 2,€) + Fo, alet, ug, 2, €)

=1
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aslongast € T, ug € Uap,, z € Hg and € € &,,. Besides, by dint of Proposition ([1], Proposition
8, p.66) stated in the proof of Proposition 9 and according to the error bounds (130), we deduce
the next uniform limits

: m 2
(154) lim sup 9y, Ud, 0, uz, 2,€) — Gy, 0
20, teT eegp,
u2€l2,04 z€Hg

(t,z,€)] =0

for all integers m > 0.
We take the derivative of order m > 0 relatively to ug on the left and right handside of (153).
With the help of the Leibniz rule, we arrive at

(155)  Q(9:)9,,Ud,, o, (t, uz, 2, €)

op! > m
= (et)?r Z D !(tat)pl(—l)m XZ Z mau;ajm(w)

p1+p2=38p Jj=1mi+ma=m

X (93;2+jRD (az)[Ude Qg (t, ug, 2 6) + (et)dD (tat)‘;D RD((?Z)(?Z;U%O g (t, uz, 2, 6)

D—1
5! m!
Aggd Z ! E : E :
+ E €~It™M X '(tat p1 p2 X mllm2'au2 a’],pQ(UQ)
1=1

p1+p2=4; j=1mi+ma=m
p2>1

D-1
x a1z, €) Ry(02)0 T Uq,, o, (tuz, z,€) + Y €211 (t0y) " ay(2, €) Ri(92) 0t Uay, o, (, 2, 2, €)
=1

+ Oy Fogalet, uz, 2, €)

for all m > 0, provided that t € T, ug € Uap,, 2 € Hg and € € &p,.
In order to allow the variable us become close to the origin on the sector Us, in the above
relation, the next lemma is needed

Lemma 6 There exists a sequence {Fs qm(t, 2, €)}m>0 of bounded holomorphic maps on the
product T x Hg x &, such that

(156) lim sup Oy, Fo, al€t, uz, z,€) — Foam(t, 2, €)|
w220, teT cep,
u2€U2,04 2€Hpy

for all integers m > 0.

Proof From the expansion (19) with coefficients Fj, j,(m, €) subjected to (18), we can recast
the double Laplace and inverse Fourier representation (29) of Iy, q(€t, uz, 2, €) as a sum

(157) Foyalet, iz 5,6) = 3 Fayag, (12,2, T () (et}
J1€J1 !
where p
T2\ aT2
By (U2, 2, €) Z Fji g2 (2, € /L ng exp(— QTQ)TQ
J2€J2 0g,a
with
1 Foo

Fjy o (z,€) = W Fir g (mve)eizmdm
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for all integers j1 € Ji, j2 € Jo, where t € T, uz € Usyp,, 2 € Hg and € € &,,. Using the
parametrization 1 = ps exp(y/—19,) for 0 < ps < a, we can rewrite

u2

- ) ex —10
(158) /L A 1exp(—é)dm:(exp(v—laq))”/o PR 1exp(—p2M)dﬂ2
an

At this stage, we observe that this last integral can be explicitely computed. Indeed, the next
recursion relation

(159) Laa = —Ae~Aq™ + Amly, 1174 5 loaa= A1l — e~/

holds for the truncated Laplace integral I, 1,4 = foa zMe~%/Adz, for any given positive real
number a > 0, non vanishing complex number A € C* and all integers m > 1. We deduce the

existence of polynomials P (X) and P2 (X)) with real coefficients relying on a, jo such

a,jo—1 a,jo—1
that

(160) qu,a,jl (ug, z,¢€) = Z Fj1 o (2, €)(exp(v _1011))j2
J2€J2
exp(v/—10
< (P2 exp(—/710)) + B,y (s exp(—v o) exp ( — oSV =100)))
provided that us € Usp,, 2 € Hg and € € &p,.
For this reason, for any prescribed integer m > 0, all jo € Jo and given a > 0, a polynomial
P2 ja—1.m(X) € R[X] and a rational function Ql X) € R(X) with one single pole at X =0
can be singled out such that

a,jo— 1m(

(161) O Foyay (U2, 2,6) = Y Fj, jy(2,€)(exp(v/=10,))”
Jo2€J2
exp(v/—10
(P2 2 XDV T00) + @l 1l exp(—v/ 7o) exp (— S0
whenever ug € Usp,, 2 € Hg and € € &y,.
In the sequel, we set

(162) FZam(t 2y 6 Z ( Z IF]1 J2 Z 6 (exp(ra )) a]g 1m(0)> (Z/_i)(af) '

J1€J1  j2€J2

which represents a bounded holomorphic map on the product 7 x Hg x &, for all integers
m > 0. As a result, the next bounds

(163) sup |9y, 2Fog.a (et,u2, 2, €) = Foam(t, z,€)| < Z ( Z sup |Fj, (2, €)]
teT,e€€p icJ e J zeHB,
2€Hy Jied1 J2€Jd2 c€Epy

U]P)ajg 1m(u2€Xp( \/70 )) ajg 1m(0)‘
1@ g1 (2 exp(—V T exp (— aZRLY 100

Uz

1)L eorr

hold for all up € Uszp,. By continuity at the origin, we notice that

(164) lim |P(21,j2_1,m(u2 exp( v —10 )) ajz 1 m(0)| =0

ug—0
u2€U2,0,
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and according to the growth rate comparison between polynomials and exponential functions,
we check that

_ exp(v—10,)
(165) i (04, 1z exp(—v 10 exp (— o SRV
u2€U2,9,4

since (103) holds provided that uy € Usp,. The lemma 6 follows at last from the gathering of
(163), (164) and (165). 0

We let uz tend to 0 on the sector Usp, in the equality (155). Keeping in mind the uniform
limits (154) along with (156) and the fact that both maps Ug, o, (¢, u2,z,€) and G2, (t, 2, €)
are holomorphic w.r.t (t,2) € T x Hg/, we arrive at the next recursion relation for the coefficients

G2 written in the form

m,po
(166)  Q(0:)Gry g (2, 2, €) = (€)' (80:)°P Rp(8:) Gy (£ 2, €)
D—-1
ép!
= At (t0,) a2, € ) Ry(0:) Gy (t, 2,€) = ()P ) plf;!(tat)m(q)m
=1 P1+p2=3p
p2>1

P2
x Z Z m1|m2 (am aJ’P2>(O)RD(az)G3nQ+j7p0(t,Z,E)

j=1mi+ma=m

D—1 P2
0! m! m
+ lg P x E l !(tat)pl(—l)pz X § E mylma) (6 1ajyp2)(0)
=1

p1+p2=9; Jj=1mi+mo=m
X ay(z, e)R,(az)anm,pO (t,2,€) + Faqm(t, z,€)

for all m > 0, whenever t € T, z € Hg and € € &,.
We need to explain the reason for which the relation (166) turns out to be a recursion.
Indeed, according to Lemma 5, we remark that

(003" ajp2) (0) — 8 (8$1Ug2+J)(0) _ 0 ifmi #po+j
ma! e my! Bjp, fmi=po+j

for all integers po > 1 and 1 < j < po. Hence, inside the summation Zml tmy—=m DPlocks
from (166), the indices mgo > 0 for which non vanishing terms appear are required to satisfy
mg+j=m—mi+j=m—py <msince po > 1. Consequently, by dint of the relation (166),
each term G2, po can be expressed through lower terms G? with m’ < m for all integers
m > 1.

Besides, we set up the next formal series

m’,po’?

(167) IFQa UQ ZFQathE

m>0

with coefficients Fb 4 (%, 2, €) that are built up in Lemma 6 and belong to the Banach space
i po.87,7 (defined in Proposition 8 2)). For all integers p» > 1 and 1 < j < po, the monomials
U > ajp, (u2) are analytic on C and their Taylor expansions are expressed through

8ma]ap2 0 m
5 @O,

(168) @i (12) = 0

m>0
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according to which the next trifling computation

mla. 2 (1,2,€
(169) Wi (u2)8$2©27p0 (Uz) _ Z ( Z (8u2 J,p2)(0) sz—i—] (t ))ugn

TTL1! mgl
m>0 mi+mao=m

can be obtained. Hence, on account of the recursion (166) along with the formal expansions
(169), we come up with the next partial differential equation solved by the formal series G2 ,, (u2),

. Snl P2 . A
Q(0:)Gapo(ug) = (et)™? x 3" P (0P (—1)P2 XY o (u)D], R (0:) Gy (112)
- +p2>: 5p b1:p2: =
P22

+ ()P (t0,)°P Rp(9:)Ga,p (u2)

D—1 p2
8! 4 .
+Y St L (to,)P (—1)P2 x > a4, (u2)0], a1(z, €) Ri(0:)Ga g (u2)
=1 j=1

Ipo!
S b1-p2:
p2=>1
D—1
+ ) Rutli(t0,)ay (2, €) Ry(0:)Gapy (u2) + Fa g (us)
=1
which is tantamount to the foreseen equation (149) by means of Lemma 5. O
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