
Article

Geometric algebra framework applied to circuits with
non-sinusoidal voltages and currents
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Abstract: We apply a well known technique of theoretical physics, known as Geometric Algebra or Clifford
algebra, to linear electrical circuits with non-sinusoidal voltages and currents. We rederive from the first
principles the Geometric Algebra approach to the apparent power decomposition. The important new point
consists in a choice of a natural convenient basis in the Clifford vector space which simplifies considerably the
presentation. Thus we are able to derive a number of general results which are missing in the former papers. In
particular, a natural correspondence with the Current Physical Components approach is shown.
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1. Introduction

Complex numbers are with a long and deeply rooted tradition in description of alternating current (AC)
circuits [1]. A sinusoidal function f , representing current or voltage, is represented by the so called phasor
(complex function): f (t) =

√
2F cos(Ωt + α) → FFF(t) =

√
2Fe j(Ωt+α), where j is the imaginary unit

( j2 = −1). The factor
√

2 is needed if we prefer to describe currents and voltages in terms of root mean square
(RMS) values rather than in terms of amplitudes. Taking the real part of the phasor we recover the original
sinusoidal function. The main reason for using this abstract (non-physical) space is a simple form of the Ohm
Law for AC currents. For sinusoidal currents represented in the phasor space Ohm’s Law has exactly the same
form as for the direct current (DC) circuit (UUU = ZIII) provided that instead of the real resistance one uses the
complex impedance Z which combines resistance, capacitance and inductance (R, C and L) in a well known
way:

Z = R + j
(
ΩL −

1
ΩC

)
, Z = |Z|e jϕ , (1)

where by ϕ we denoted the phase shift between the current and voltage.
The complex impedance was first introduced by Kenelly [2]. In our article we prefer to use admittance (the

reciprocal of impedance)

Y = Z−1 = G + jB ,
(
Y = |Y |e− jϕ , |Y | =

1
|Z|

)
, (2)

where the real part G is known as the conductance and the imaginary part B is called susceptance. Thus

III = YUUU (3)

and the current is computed as the real part of the product:

i(t) = Re
(
(G + jB)

√
2Ue j(Ωt+α)

)
=
√

2U (G cos(Ωt + α) − B sin(Ωt + α)) . (4)

Here and in the rest of this paper we confine ourselves to single phase linear circuits (the nonlinear systems and
three-phase systems will be considered elsewhere).
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Complex numbers yield a convenient interpretation of the active, reactive and apparent power in single
phase linear circuits with a sinusoidal load:

SSS =
1
2

UUUIII∗ = UI∗ = UU∗Y∗ = |U |2Y∗ = UIe jϕ = UI cosϕ+ jUI sinϕ (5)

where U and I are RMS values of the voltage and current, respectively. For our further purposes another
representation of the apparent power will be useful:

SSS =
1
2

UUUIII∗ = UU∗Y∗ = U2(G − jB) . (6)

Recently, another abstract mathematical structure has been applied to the classical problems of the electrical
engineering. This is the Geometric Algebra (also known as the Clifford algebra), a quite popular and convenient
tool in mathematical and theoretical physics (including electrodynamics) [3,4], which recent applications also in
electrical engineering [5].

Since a dozen years, several authors try to make description of distoreted currents in terms of the Geometric
Algebra. It seems that already the first attempt [6] was made in a good direction but later developments were of
diffferent value and sometimes contain mistakes or too cumbersome developments [7–10]. As an example of a
recent critique of the Geometric Algebra applications, see [11]. The recent paper by Montoya et al [12] seems to
contain the most mature formulation of the problem.

Our paper has two main goals. First, we will derive from the first principles the Geometric Algebra
formulation (in a form very close to the theory of Montoya [12]). The important new point consists in a choice
of a natural convenient basis in the Clifford vector space. Second, we present a number of general results which
are missing in the former papers (focusing on discussion of more or less representative examples). In particular,
a natural correspondence with Czarnecki’s current physical components approach [13,14] is shown.

2. Geometric Algebra

Throughout this paper we consider non-sinusoidal currents in the form of finite sum of Fourier harmonics:

uuu =
N∑

k=1

Ukc̃cck , c̃cck :=
√

2 cos(kωt + αk) , (7)

Taking into account the possibility of currents’ phase-shifts we have to consider 2N dimensional vector
space spanned by

c̃cck =
√

2 cos(kωt + αk) , s̃ssk =
√

2 sin(kωt + αk) . (8)

The voltage is a linear combination of c̃cck and the current, in general, can be a combination of all basis vectors.
The crucial point for the approach presented in this paper consists in treating products of functions: we use

only the Clifford product (the Clifford product od two functions is completely different than the usual product of
functions), for more details see the Appendix.

In this article, we intentionally mark periodic functions in bold, which means they have to be considered
Clifford vectors wherever any product of these functions is involved.

Definition 1. The Clifford admittance yyyk is defined as

yyyk = Gk + jjjkBk , (9)

where jjjk is a Clifford product of c̃cck and s̃ssk:

jjjk = c̃cck s̃ssk . (10)
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The properties of jjjk are very nice (for more details see the Appendix):

jjj2k = −1 , jjjµ jjjν = jjjν jjjµ . (11)

These entities can be interpreted as commuting imaginary units related to every harmonics.
First of all, we are going to show that for sinusoidal currents our Clifford algebra approach yields the same

results as the standard approach using complex phasors.

Theorem 2. Given a harmonic voltage uuuk = Ukc̃cck and a load with conductance Gk and susceptance Bk, the
current can be computed as the Clifford product of the voltage and the Clifford admittance:

iiik = yyykuuuk . (12)

The proof is straightforward:

iiik = yyykuuuk = (Gk + c̃cck s̃sskBk)Ukc̃cck = Uk (Gkc̃cck − Bk s̃ssk) (13)

The corresponding calculation using the usual complex phasors (compare (4) is a little bit more complicated,
but, obviously, leads to the same result:

IIIk = Re (YkUUUk) = Uk
(
Gk
√

2 cos(ωkt + αk) − Bk
√

2 sin(ωkt + αk)
)

. (14)

The important corollary is that a kind of a phasor-like structure is automatically built into the Clifford
algebra structure and there is no need for a complexification of the Clifford algebra (as done, for instance, in
[10]). In fact we already have N commuting imaginary units jjj1, . . . , jjjN instead of the single complex imaginary
unit jjj.

The distorted (i.e., nonsinusoidal) case is treated in an analogous way due to the linearity of the problem:

iii =
N∑

k=1

yyykuuuk =
N∑

k=1

(Gk + c̃cck s̃sskBk) c̃cckUk =
N∑

k=1

(GkUkc̃cck − BkUk s̃ssk) (15)

Following Menti et al. [6] and Montoya et al. [12], we define geometric (Clifford) power as the Clifford
product of uuu and iii.

Definition 3. Geometric power is defined as Clifford product of the voltage and the current (considered as
Clifford vectors):

MMM = uuuiii = 〈uuu | iii〉+ uuu∧ iii =
N∑

k=1

GkU2
k +

N∑
k, j=1

U jUk (Gkc̃cck ∧ c̃cc j + Bkc̃cc j ∧ s̃ssk) (16)

It is worth to be noted that the above formula has a simplified form (as compared to earlier papers) due to
the convenient choice of the basis c̃cck, s̃ssk (k = 1, . . . , N). It is a sum of orthogonal components. One can easily
verify that the number of the orthogonal components CN is given by

CN = 1 +
1
2

N(N − 1) + N2 . (17)

The Clifford norm of MMM (the Clifford product of MMM and its reversion) equals uuu2iii2 and this is the square of
the apparent power value. By the standard Pythagorean-like rule it can be written as a sum of squares of the
orthogonal components mentioned above.

Theorem 4. Clifford imaginary units depends only on the frequency (i.e., on k) and does not depend on the
basis chosen (provided that it is also orthonormal and with the same orientation). In other words, c̃cck s̃ssk = cccksssk .
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Indeed, the transformation between the bases has the following form:

c̃cck = ccck cosαk − sssk sinαk = (cosαk + sinαkcccksssk)ccck = eαk jjjkccck ,

s̃ssk = ccck sinαk + sssk cosαk = (cosαk + sinαkcccksssk)sssk = eαk jjjk sssk .
(18)

Then, we easily compute:

c̃cck s̃ssk = cccksssk cos2 αk − ssskccck sin2 αk + (ccckccck − sssksssk) cosαk sinαk = cccksssk (19)

which ends the proof.

3. Low dimensional special cases

3.1. The case N = 1.

The geometric power is computed easily as a sum of two terms:

MMM = uuuiii = GU2 + BU2c̃cc1 ∧ s̃ss1 = GU2 + jjj1BU2 , (20)

where we took into account, here and below, c̃cc1 ∧ s̃ss1 = c̃cc1s̃ss1 (because c̃cc1 and s̃ss1 anticommute). This result is, in
principle, the same as obtained with the complex phasor approach (6). The difference in sign is either question
of a convention or redefinition of the imaginary unit ( j→ − j).

3.2. The case N = 2.

The geometric power is decomposed into the sum of C2 = 6 terms (compare (17)):

MMM = uuuiii = G1U2
1 +G2U2

2 + (G1 −G2)U1U2 c̃cc1 ∧ c̃cc2

+B1U2
1c̃cc1 ∧ s̃ss1 + B2U2

2c̃cc2 ∧ s̃ss2 + B1U1U2c̃cc2 ∧ s̃ss1 + B2U1U2c̃cc1 ∧ s̃ss2

(21)

where we took into account c̃cc2 ∧ c̃cc1 = −c̃cc1 ∧ c̃cc2.
The scalar component (G1U2

1 +G2U2
2) is easily recognized as the active power. The next term, by c̃cc1 ∧ c̃cc2,

can be identified with the scattered power (G1 −G2)U1U2. The remaining terms are related to the non-active
power. The square of the apparent power can be decomposed as follows:

‖uuu‖2‖iii‖2 = (G1U2
1 +G2U2

2)
2 + ((G1 −G2)U1U2)2

+(B1U2
1)

2 + (B2U2
2)

2 + (B1U1U2)2 + (B2U1U2)2 .
(22)

3.3. The case N = 3.

In this case we have C3 = 13 components:

MMM = uuuiii = G1U2
1 +G2U2

2 +G3U2
3

+(G1 −G2)U1U2 c̃cc1 ∧ c̃cc2 + (G1 −G3)U1U3 c̃cc1 ∧ c̃cc3 + (G2 −G3)U2U3 c̃cc2 ∧ c̃cc3

+B1U2
1 c̃cc1 ∧ s̃ss1 + B2U2

2 c̃cc2 ∧ s̃ss2 + B3U2
3 c̃cc3 ∧ s̃ss3

+B1U1U2 c̃cc2 ∧ s̃ss1 + B2U2U1 c̃cc1 ∧ s̃ss2 + B1U1U3 c̃cc3 ∧ s̃ss1

+B3U3U1 c̃cc1 ∧ s̃ss3 + B2U2U3 c̃cc3 ∧ s̃ss2 + B3U3U2 c̃cc2 ∧ s̃ss3

(23)
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The scalar component (G1U2
1 +G2U2

2 +G3U2
3) is, as always, the active power. The next three components

form a vector sum of the orthogonal components of the scattered power. The square of its value is given by:

(Ds)
2 = (G1 −G2)

2U2
1U2

2 + (G1 −G3)
2U2

1U2
3 + (G2 −G3)

2U2
2U2

3 . (24)

We can see that the geometric (or Clifford) power is a sum of orthogonal componenets which can be
interpreted within the standard CPC (curents’ physical components) theory [13,14]. In fact, one can also make
one to one correspondence on the level of currents. The active current is a Clifford vector parallel to the voltage.
The scattered current is a component belonging to the subspace spanned by c̃cc1, . . . , c̃ccN . The rest of the current is
interpreted as non-active current.

4. Conclusions

In this paper we rederived the Geometric Algebra approach in application to the apparent power theory.
The results are satisfactory and fully general. We would like to argue that the approach based on using the
Clifford algebra is not more difficult than the standard complex phasor approach in the sinusoidal case but can
be easily used also in the distorted case. Thus Clifford numbers can naturally replace complex numbers in the
nonsinusoidal case.
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J.L.C. and C.J.W.; writing–original draft preparation, J.L.C.; writing–review and editing, J.L.C.
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Appendix A. Geometric Algebra and its useful properties

Appendix A.1. Clifford product

Given an n-dimensional vector space V with a scalar product we can always construct the corresponding
Clifford algebra by considering all “Clifford products”. In this paper we consider the space of Fourier polynomials
of order N, i.e., the space spanned by periodic functions (8). There is a natural scalar product in this space
defined by the integral over the full period:

〈 fff | ggg〉 =
∫ T

0
fff (t)ggg(t)dt . (A1)

where T is the period. The voltage and currents are linear combinations of c̃cck and s̃ssk (k = 1, . . . , N), and can be
represented as vectors in the space of periodic functions with the period T = 2π/ω.

Given a scalar product, the defining property of the Clifford product reads:

fffggg + gggfff = 2〈 fff | ggg〉 . (A2)

In other words, orthogonal Clifford vectors anticommute while parallel vectors commute. Clifford product can
be always represented as a sum of the scalar product and the skew product:

fffggg = 〈 fff | ggg〉+ fff ∧ggg . (A3)

On the other hand, given a Clifford product, the skew (or wedge) product is defined easily as:

fff ∧ ggg =
1
2
( fffggg − gggfff ) (A4)

If 〈 fff | ggg〉 = 0, then, obviously, the Clifford product and the skew product coincide.
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Appendix A.2. Clifford products of basis vectors

The general rules of the Clifford product imply the following useful properties of the products of basis
vectors (8):

c̃cc2
k = 1 , s̃ss2

k = 1 ,

c̃cck s̃ss j = −s̃ss jc̃cck , c̃cck s̃ss j = c̃cck ∧ s̃ss j

for k , j : c̃cckc̃cc j = −c̃cc jc̃cck , c̃cckc̃cc j = c̃cck ∧ c̃cc j ,

for k , j : s̃ssk s̃ss j = −s̃ss js̃ssk , s̃ssk s̃ss j = s̃ssk ∧ s̃ss j .

(A5)

Appendix A.3. Clifford product versus multiplication of periodic functions

One has to remember that the Clifford product fffggg cannot be identified with a usual product of two periodic
functions (which is a periodic function as well, and can be decomposed with respect to the basis (8)). The
product fffggg is a construct belonging to a larger space known as a Clifford algebra.

For instance, let us consider the usual product of functions c̃cc1 (i.e,
√

2 cos(ωt + α1)) and s̃ss1 (i.e,
√

2 sin(ωt + α1)):

√
2 cos(ωt + α1)

√
2 sin(ωt + α1) = sin(2ωt + 2α1) (A6)

which is a linear combination of c̃cc2 and s̃ss2:

sin(2ωt + 2α1) = λ1 cos(2ωt + α2) + λ2 sin(2ωt + α2) (A7)

where λ1 = sin(2α1 − α2) and λ2 = cos(2α1 − α2).
The Clifford product has no relation to the above computation. The Clifford product of c̃cc1 and s̃ss1 is another

object outside the initial vector space V . In fact, this is a bivector c̃cc1s̃ss1. The Clifford product ccc1sss1 cannot (and
need not) be simplified. Certainly, c̃cc1s̃ss1 , λ1c̃cc2 + λ2s̃ss2.

Appendix A.4. Commuting imaginary units

An intriguing role in our approach is played by the elements jjjµ ≡ c̃ccµs̃ssµ (µ = 1, . . . , N), see (10). Let us
show their most interesting properties.

jjj2µ = c̃ccµs̃ssµc̃ccµs̃ssµ = −c̃ccµc̃ccµs̃ssµs̃ssµ = −1 , (A8)

where it was enough to use s̃ssµc̃ccµ = −c̃ccµs̃ssµ and c̃cc2
µ = s̃ss2

µ = 1. Then, for µ , ν:

jjjµ jjjν = c̃ccµs̃ssµc̃ccνs̃ssν = −c̃ccµc̃ccνs̃ssµs̃ssν = −c̃ccνc̃ccµs̃ssνs̃ssµ = c̃ccνs̃ssνc̃ccµs̃ssµ = jjjν jjjµ , (A9)

where we used few times commutation relations (A5). One can easily see that

jjjµc̃cck = c̃cck jjjµ , jjjµs̃ssk = s̃ssk jjjµ (A10)

(imaginary unit jjjµ commutes with basis vectors c̃cck, s̃ssk for k , µ). On the other hand,

jjjµc̃ccµ = −c̃ccµ jjjµ , jjjµs̃ssµ = −s̃ssµ jjjµ , (A11)

i.e., the imaginary unit jjjµ anticommutes with c̃ccµ and s̃ssµ.
Thus we have here N “imaginary units” jjj1, . . . jjjN . It is tempting to see here a generalization of quaternions

(where there are three imaginary units (iii, jjj,kkk) but one has to remember that our imaginary units commute
( jjjµ jjjν = jjjν jjjµ) while quaternion imaginary units anticommute (e.g., iii jjj = − jjjiii). A closer analogy can be made
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with the so-called scator algebra structure [15,16], where any number of commuting imaginary units can appear
(in the elliptic case).
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