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Abstract: We studies the initial value problem for the fractional Navier-Stokes-Coriolis equations,
which obtained by replacing the Laplacian operator in the Navier-Stokes-Coriolis equation by
the more general operator (—A)* with « > 0. We introduce function spaces of the Besove type
characterized by the time evolution semigroup associated with the general linear Stokes-Coriolis
operator. Next, we establish the unique existence of global in time mild solutions for small initial
data belonging to our function spaces characterized by semigroups in both the scaling subcritical
and critical settings.

Keywords: Cauchy problem; The generalized Navier-Stokes-Coriolis equation; Global well-
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1. Introduction

In this paper, we study the initial value problem for the fractional Navier-Stokes-
Coriolis equation in R3, describing the rotating flow of an incompressible viscous fluid:

o +v(—A)*u~+ (u-V)u+Qes xu+Vp =0, in R3 x (0,),
divu =0, in R3 x (0,0), (1)
u(0,x) = u%(x), in R3,

where « > 0 is the ‘strength of dissipation’, u = u(t,x) = (uq(t,x), uz(t, x), uz(t,x)) and
p = p(t,x) denote the unkown velocity field and the unknow pressure, respectively,
while ug = up(x) = (u}(x),u3(x), u3(x)) denote the initial velocity field. Here, Q) € R
is the Coriolis parameter, which represents the speed of rotation around the vertical
unit vector e3 = (0,0,1). Moreover, ot and A = 2]3-=1 6)261, are the partial derivative with

respect to t and the Laplacian with respect to x = (x1, x2, x3), respectively. We define

F((=8)"u)(t,8) = [g** F(u)(t,0),

where Fu is the Fourier transform of u with respect to spatial variable x. More details
on (—A)* can be found in [23].

In the case () = 0, the system (1) corresponds to the generalized incompressible
Navier-Stokes equation(GNS). Lions [21] proved the global existence of the classical
solutions to the GNS equations when a > % in dimensional 3. Wu [24] obtained similar
result for « > 1 + 2 in dimensional n. Wu also proved the existence of global-in-time
weak solutions in [24]. For the existence of strong solutions, we note that the GNS
equations have the following scaling invariant property.

up(t,x) = A2 1A%, Ax), pa(t,x) = A% 2p(A%%¢, Ax),
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ug(x) = Az“*luo()tx).
Using the above scaling invariant property, Wu [25,26] consider the existence of solution
1422
to GNS equations in B, ;” ' (R3). Zhai [27] proved the well-posedness of GNS equa-
tions in the critical space close to 3;1(30%1) (R") witha € (1,1). Sun and Ding [7] studied
dispersive effect of the Coriolis force and local well-posedness for the fractional Navier-
Stokes-Coriolis system (1). In addition, Ding and Sun [8] also established the global
existence and uniqueness of regular solutions in spatial variable for the higher-order
elliptic Navier-Stokes system.

When « = 1, Eq.(1) become the 3D incompressible Navier-Stokes equation with
Coriolis force

O —Au+Qes X u+ (u-Viu+Vp=0, in R3 x (0,c0),
divu =0, in R3 x (0,00), ()
u(0,x) = ul(x), in R3.

For the global existence of solutiens to (2), Chemin, Desjardins, Gallagher and Grenier
[5,6] proved that for every initial velocity ug € L2(R?)% + H 2 (R3)3 there exists a positive
parameter (g = (1) such that for every QO € R with |QQ] > ), (2) posseses a
unique global solution. Iwabuchi and Takada [12,14] and Koh, Lee and Takada [18]
proved the global and long-time existence of the unique solution in the homogeneous
sobolev spaces H*(R3) for s > % if the speed of rotation is sufficiently large. Ohyama
[15] proved global well-posedness for the Navier-Stokes equations with the Coriolis
force in function spaces characterized by semigroups. Babin, Mahalov and Nicolaenko
[1-3] obtained the global existence and regularity of the solution to (2) for large | Q2| with
the spatial periodic initial velocity field. Giga, Inui, Mahalov and Saal [10] proved the
uniform global well-posedness to (2) for the small initial data in the scaling invariant
space FM 1(R3). Hieber and Shibata [11] proved the small initial data uniform global
well-posedness to (2) in the scaling critical Sobolev space 2 (R3). We refer to [13,19] for
the uniform well-posedness results in other scaling invariant spaces.

In this paper, we mainly consider the case & > 0, i.e., prove the global well-
posedness of (1) in some function spaces characterized by the time evolution semi-
group generated by the linear operator (—A)* + OPe; x P. Where PP is the Helmholtz
projection.

To study the problem (1), we consider the following equivalent integral equation

u(t) = Ta(t)ug — /Ot Ta(t — )PV - (u(t) ® u(7))dr, (3)

where P = ((517' + RiR]')lgi,]'S:J, denotes the Helmholtz projection onto the divergence

free vector fields, T (t) = ef(~(=2)"~OPe3xP) denotes the semigroup associated with
linearized problem of (1), which is given explicitly by

o) = 71| cos (O )e €717 +sin (02 )e U R@@| @

for t > 0 and divergence-free vector field f. Here, I is the identity matrix in R3, R(&) is
the skew-symmetric matrix defined by

0 3 —02
R@=—| & 0 & | forcer{ol
4 & —-¢1 0
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We refer to [1,3,11] for the derivation of the explicit form of T () f. We say that u is
a mild solution to problem (1) if u satisfies the integral equation (3) in an appropriate
function space.

Now, let us introduce our function space sz’e (R3) and X}, (R3) of the Besov type

characterized by the linear semigroup T (t) = e!(~(=2)"=OPe3xP) in (1), We denote the
set of all tempered distributions by .#”(R3).

Definition 1. Let QO € R, a > 0.
(i) Fors € Rand 1 < p,0 < oo, the function space X ’9(R3) is defined as follows:

X ®) = {f € 7" fllepo < o0},
AWl = 1T fll g 0 coizr m))-
(i) For 1 < p < oo, the function space Xy (R®) is defined as follows:

XB(RY) = {f €. | |fllyy < oo},
NN
1115, = sup DI Toe)
>

Remark 1. (i) If Q = 0, To(t)f = e H(=2)". Then, for 1 < 6 < oo, according to [22], there is
1l gena = 17 [ (=2) 22 £y > [[(=2)2f] 2 = |f] ®)
= tllsomty W=,y =1, 3
2 P

We also see that for 3 < p < oo
13 TN
L L E T O VS (6)
p,OO

Therefore, the function space Xz’f’g (R3) m;d XP (R®) can be regard as one of the generalizations
11 —143
of the Besove space B;,e ¢ (R3) and BWX,Jr P (R3), respectively.
(ii) For 3 < p < co, we set % = % + %. We see that 2 < q < 6 and the Sobolev embedding
W2AR®) LP(R3) holds. Therefore, it follows from the Plancherel theorem and Lemma 6 that

ITa()fllr < ||Tn(t)fllw%,q=||(—A)%To(t)f||m

_3 l_l) 1
< x50 D) a) i
= =g

forall t > 0and Q € R. Hence the continuous embedding H 2 (R3) — XP(R3) holds for all
QOceRand3 < p < oo.

In this paper, we show the unique existence of global in time solutions in the
subcritical spaces XB”'Q(RB) with 2 + % <s+(2a—1), 3 < a <1, and the uniform

global well-posedness in the scaling critical spaces Xé(RB’ ) with ﬁ <p <4, % <a<
5

The following is our result in scaling subcritical cases.
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Theorem 1. Let «, s, p, and 0 satisfy

1 3(15 — 4a)

- <1, 3-3 _—, 7
5 <a<l, R CEE Ty @)

1 s 1 1 5 s 20—1 s

12 <z inf- 4 - 2 =2 -2
R VI Trial e et 1 ®
2 1 3 1 1 1 3 1 1 3 s
S+ S emin{, 1 (142 —s), 24— o 2,
max{O,p 21x<+p s)}<9<mm{2, 21x(+p S)'2+81x 20cp+4zx

©)
Then, there exists positive constants C = C(a, s, p,0) such that for Q € R\ {0} and for initial

velocity ug € Xgp’e(R3)3 N H*(R3)3 satisfying divug = 0 and

SSE

1 3
||u0||X5:P,9 S C|( Z|liﬂ(l+5*5)f . (10)
Q

(2) possesses a unique mild solution
u € L(0, 00, W5 (R%)3) N C(]0, 00); H*(R3)3)
satisfying divu = 0.
Remark 2. In the case () = 0, as we have seen in (5), there hold
ol yspe = noll -z, 1A= Muo(A)]| gy = 22" F D g g

p.o B 2 B p.o

for dyadic number A > 0. Since %’X + % < s+ (2a — 1) by our assumption (9), the function

spaces X;;p o (R3) in Theorem 1 correspond to the subcritical cases from the viewpoint of
the scaling properties. In the case a« = 1, Ohyama [15] proved unique existence of global

in time mild solutions for every Q € R\ {0} and uy € X o (R3)3 N H(R3)3. Hence,
we generalize their results for & = 1.

Our main result in the scaling critical case reads as follows:

Theorem 2. Let a, s, p satisfy

5
4/

200 — 1

— ay

<a<

| N

1 1
0<s<?2a-—1, max{z,§}§;<

Then, there exists a positive constant § = 6(a, s, p, ) independent of Q0 € R such that for the
initial velocity ug € X} (R3)3 N H*(R3)3 satisfying divug = 0 and

ol <&, (12)
(1) possesses a unique mild solution
u € BC([0,co); FIE(R2)?) satisfying sup 3 u(t) |1y < 2lJullxp
t>0
and divu = 0 for all 3 € R.

Remark 3. (i) In [15], Ohyama proved the uniform global well-posedness in Xé(Rg’ )
with % < p < 4. Here, we generalize their results for o = 1.
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The rest of this paper is organized as follows. In Section 2, we collect some basic
facts on Littlewood-Paley theory, and show some new linear estimates for semigroup
{Tq(t) }+>0. In Section 3, we establish the bilinear estimates for the Duhamel terms in
(4). Finally, we present the proofs of the main results.

2. Linear Estimates

Let .7 (R?) be the Schwartz space. First, we recall the homogeneous Littlewood-
Paley decomposition. Let ¢y € . (R3) satisfy the following properties:

0< ¢o(¢) <1 forall& € R, supp ¢y C:= {¢ € R3: % <& <2},

and Y ¢o(27¢) =1 forall¢ € R\ {0}.
jez

where ¢;(x) := 2% ¢g(2/x). Then, we define the Littlewood-Paley operators {A;};c; by
Ajf == @i f for f € ' (R3). '
Now, we introduce the definitions of homogeneous Besov space B; , (R3).

Definition 2. Let s € Rand 1 < p,q < co. Then, we define the homogeneous Besov space
B3 4 (R%) by

B (B%) := {f € &' (®)|||fly, < +o},

1
1l == ( Z 2™ laulf,)"

JEZ
Next, we define the operators G () by

G+(t)f(x):= eiit%f(x) = / eix'giit%f(é)dg for x ¢ R and t € R.

R3

Then, we can rewrite the operator T () as

To(t)f = 36+ (N Y (14 R)f] 4 560 (T-R)f. (1)

for all t > 0, where R denotes the matrix of singular integral operators defined by

0 Rz —Rp
R:=| —Rs3 0 R .
R, —R; 0
First, we recall the behavior of the fractional order heat semigroup e~(~
Lebesgue spaces.

A" in

Lemma 1. (Miao-Yuan-zhang[22]) Let1 <r < p < coand f € L"(R"). Then, e~ tH(=4)"
satisfies the estimates

,,l)
Tl

fora > 0and B > 0.

Second, we recall the linear estimates for the semigroup e (- in homogeneous
Bessov spaces as follows:
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Lemma 2. (Sun-Ding[7]) Let —c0 < 59 < 51 < 00,1 < p,q < co. Then, there exists a
positive constant C = C(sy, s1) such that

—t(—=A)~ — A (51-5
e fllgy < CEm GO f]

forallt >0,a >0,1<p<ocoand f € B;}fq(Rg*).

Lemma 3. (Kozono et al.[20]) Let—co < 59 <51 < 00,1 < pg < p; <o0,1 < g < oo
Then, there exists a positive constant C = C(s, s1, po, p1) such that

HA < o w105 G e g
e flyy < Ct gy,

forallt > 0,a >0, f € B (R%).
The following is our key dispersive estimates for the operator G (7).

Lemma 4. (Koh, Lee and Takada [18]) For 2 < p < oo, there exists a positive constant
C = C(p) such that

(1-2
16+(®)flg5, < CO+ 1) "IN s 3y

v

(1=3) 13 1,1
"(R’) where - + &, = 1.

543
forallTE]R,se]R,lgqgoo,andeB::q 5T

By combing this with the Plancherel theorem, we obtain the linear estimates for the
semigroup T (t).

Lemma5. Let —00 <55 <51 <00,1<pg<2<p <owandl < g < co. Then, there
exists a positive constant C = C(a, 59, 51, po, p1) such that
C (g g3 (Ll _1
ITa()fl g < Ct 2 (51750) = 23 (35 pl)HfHBSO
P14 A
fort >0,a > 0,and f € B (R3).

Proof. Since R is bounded in L2 (R3 ), it follows from the Plancherel theorem, LP0 — L2
estimate for the semigroup e~/(~*)", Lemma 3 and Lemma 4 that

le 28 G (O e 2D (T £ R)f]

gy,

< o w00 Em G g, (0n) e HOY £
2.4

A (g —gn)— 3 (1L t «
< Cf = (s1-50) =2 (2 pl) —5(-A) .
< €58 gy

3
2

1 (gi—gn)—2 (L _1
S Ci’ 204(51 SO) ”‘(PO pl)”f”B;%’q'

Thus, we complete the Proof of Lemma 5. O

By Lemma 4, the continuous embeddings LP(R?) — Bg,z(]R:")(l <p <2),
Bglz(Re’) — LF(R3)(2 < p < ), and the fact H*(R3) = Bj ,(see, for examples, [4]
), we obtain the following Lemma 6.
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Lemma6. Let0 <s < oo, 1< py<2<p; <ocoandp = (B1,B2,B3) € (NU{0})3,
Then, there exists a positive constant C = C(a, s, po, p1, B) such that

|,

fort >0,a >0and f € U’O(R3).

We next recall the uniform boundedness of T (t) in H*(R3) with respect to t > 0
and ) € R.

Lemma 7. (Sun-Ding[7]) For s € R, there exists a positive constant C = C(s) such that

ITa(®)fllg < ClI g

forallt >0,Q € Rand f € H*(R3)3.

Lemma 8. Leta, p, g and 6 satisfy % <a < 2<p<gzzandl-—
2 1 1
max{0,1———-—(-—=)—-(1-=)} <= <min{,1- — - —(=— )}
p 0 2
Then, there exists a positive constant C = C(«, p, q,0) such that

H/ To(t = OBVf(@de|, - <clatEEGD Ty, a9

for all O € R\{0} and f € LZ(O o0; L7)(R3). In particular, in the case § = 1 — 2 —
23“(7 — f) (2.2) holds for all ) € R.

Proof. Since PP is bounded in L7(R3), it follows from Bg/z(ﬂ@) — LP(R3)(2 < p < ),
Lemma 4, Lemma 3 and Lemma 1 that

7

| [ttt opvi@ar ,  <c| [ kalt-lf@)l

L9(0,00;LP)

L? (0,00)

where
,(1,2) ,l(l,l),l
£ = {14 |Qt} plp g p)

_{1_L_i(l_l)_l} .
we have |[[kqll;sy < C[|Q] - 2igp/ 0 According
Young inequality, % 91 + % —1,wehave

t -1-2(1-1)_1y
| [ Tatt= 0PV s ellol T

L9(0,00;LP)

fl=1-Lt_-31_ l . So, by the Hardy-Littlewood-Sobolev inequality , we see
] y y q Y,

<ClIfIl ¢

13 (0,00,L9)

H /Ot To(t — T)PVf(1)dt

L8(0,00,LP)

for all ) € R. This completes the proof of Lemma 2.9. [
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3. Bilinear Estimates

In this section, we obtain bilinear estimates which are used to handle the Duhamel
terms in (3). Firstly, we recall the following bilinear estimates in the homogeneous
Sobolev spaces.

Lemma 9. (Koh, Lee and Takada [18]) Let s, p, and g satisfy 0 < s < 3, § < % <3+
2

and % =5 5. Then, there exists a positive constant C = C(s, p) such that

I £&llvsa < Cllifllyse I8 Nl (15)

for f, g € WP (R3).
Now, we consider the bilinear estimates for the Duhamel term in (3). Let us set
t
N(u,0)(t) := / To(t — TPV - (u(t) ® u(t))dr, t> 0. (16)
0

We define [[u|z, = [|u[| 16 (g,co;15#)- Then, we obtain the bilinear estimates for N(u,v) in
Z4.

Lemma 10. Letwsp,ésatisfy% a<1,3-3a<s<3 i+5<! <m1n{2,2"‘3_1—|—
,max 07—— f—s <g L < 1 1—— 1_,_,_3 .Then,thereex1stsa ositive
P
constantC C(tx s, P, )such that
_f1—Ll(143_5_1
ING,0) 1z, < a5 70 u o]z, a7)

forallQ € R\ {0} and u, v € Z;. In particular, in the case § =1 — (1 + —5),(3.3)
holds for all 3 € R.

Proof. Let % = % — 5. Hence, by Lemma 7, Lemma 8 and the Holder inequality, we
obtain

) —{1-L(1+3-5)-11
ING O puery < ClOITT=E 0 uwol o

“1-Lla4+3_g-1
< =TT u| o o oo 19110 0 coien

which yields the desired estimates. [

Next, we prove the bilinear estimates for Theorem 2. Let || - ||y, and || - ||z, be
defined by
[ully, = sup ullgs, Nullz, == Suptz"‘ P lu(®) |1
> >
Lemma 11. (1) Let % <a< %, 0<s<2x—1and % < % < 2"‘3—_1 Then, there exists a
positive constant C; = Cy(a, s, p) such that
IN(1,0)|lx, < Callully,[[v]|z, (18)
forall ) € R.
(2) Let % <a<?2, % < p < 4. Then, there exists a positive constant C; = C; (oc,p)
such that
[IN(u,0) ||z, < Collullz, [[0]| z,- (19)

Proof. We set r by
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where si* = % — % with 2 < s* < 5—6404 and 1 < r < 2. Then, it follows from Lemma 6,
the boundedness of P in L?(R?), and the Holder ineqeuality that

IN

NGOl < [ I1Talt =PV © o(0)] v

£ 1
< [ @ @ o) e
0 (t_T)Za 2ap
t 1
< [ @ e o)l
0 (t_T)le 2ap

Here, by the definitions of || - ||y, and || - || z,, the fact 5 + % <land 5 (1- %) <1,
and the continuous embedding H*(R3) — L*" (R3), we have

A

t 1 t 1
| = n @l o@ wdr < Clulylolz [ —— 7=
0 (t _ T) 20 T 2ap 0 (t _ T) 2u " 2ap T2 P

= Cllully, oz,
where C independent of t. Thus, we complete the proof of the inequality (18).

Next, we prove the inequality (19). Since 1 < § < 2, it follows from Lemma 6, the
Holder inequality and the definitions of || - ||z, that

L1-3) L1-3) t
£ PN (u o) ()| < 2R /0 [Ta(t = )PV]u(t) @ o(7)]|[rdT

k-3 [ 1
S Ct * 4 / ﬁ”u(’f) ®U(T>“L§d7
0 (t_T)Zoc 2ap
1(1_3 t 1
< = lglollz, [
(t—T 20" 2ap Tw p)

= Cllullz,llollz,

where we remark thatﬁ + ﬁ < 1since p > M?’Tl and C independent of ¢. Thus, we
complete the proof of the inequality (19). O

4. Proof of main results

Proof of Theorem 1. It is not difficult to examine that the indices «,s, p and 6 given
in Theorem 1 satisfy the assumptions of Lemma 10. Let Q € R\ {0}. Suppose uy €

Xgpﬁ (R%)3 N H*(IR3)? satisfies diviy = 0. By the definitions of || - ||z, we see that
I Ta(-)uollz, = [luol| sor0- Then, we define the complete metric space (X1,dq1) and the
Q

map ¢ by
Xq = {u € L9(0,00;W5,P(R3)3)‘||uHZl < 2||u0||Xgp,g},

di(u,v) := ||u—12z,
P(u)(t) := Ta(t)uo — N(u,u)(t),

where N(u,v)(t) is defined in (16). By the inequality (17), there exists a positive constant
Co = Co(a,s, p,0) such that

_1-—Lla43_s_1
le()llze < ol opo + Cola =797

IN

_f1—Ll(143_5_1
[0l s e {1+ 4GOI T E T T g s} 20)
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for all u € X;. Moreover, by using inequality (17), there exists a positive constant C;
such that for u,v € Xy,

lp(w) —p(@)llz, = IIN(uu—2)+N(u—12,0)|z,
_f1—Ll(1+3_5_1
< o PRI (w1 + [ollz) lu - ollz,
1 3 1
< 4G | TEIETT R ug | pallu — o]z, (21)
Q

Now, let us assume that initial velocity 1y € X’ P (R3)3 N F15(R3)3 satisfies

~{1-£(1+3-5)- 1} 11
sup O 12T Jug| yope <min Qo o= 0,
QeR\{0} Xq 8C1" 4Cy

we obtain from (4.1) and (4.2) that

1
e @llzy < 2luollyspe, () = @)z, < 5 llu—2llz,

for u,v € Xj. Therefore, by the contraction mapping principle, there exists a unique
solution u € X satisfying (3) for all t > 0.

It remains to show that the solution u € X; also belongs to C([0,0); H*(R3)3).
Taking 1 §T 3 5 with 1 < g <2 and using Lemma 6 and Lemma 9,

)l < N Talt)ullgs + [N, w) () g

1
< cnuo||Hs+c/ - lu@ ol
(t—1)' (a2 it )
1
< cnuo||Hs+c/ o et
t—T) 20 da T 2a

By the Holder inequality, we have

1
1 @y

2
S

t
lu(t) )l gs < Clluoll s +C(/O

[ (22)

(3 HL9 (0,00, W5 P)*
(t—T) pa 20 da
. 1 1 1
Since <3tz +
and

2 wp+ the time integral on the right hand side of (22) converges

t 1 7 141,53 1

(/ (iiiil+i 7 /dT)(%) :Ct2(2+8ﬂ+4ﬂc 2ap 9)'
0 (t_T) pa 20 Aa 204)(2)

Which implies that u(t) belongs to H*(R3)?) for all ¢ > 0. Similarly, we see that u €

C(]0,00); H*(R3)3). This completes the proof of Theorem 1. [

Proof of Theorem 2. It is not difficult to check that the indices «, s and p given in the
Theorem 2 satisfy the assumptions of Lemma 6 and Lemma 11. Suppose 1 € Xg (R33N
H?(R3)?3 satisfies divig = 0. By Lemma 6 and the definitions of || - ||y, and || - [|z,, we
see that there exists a positive constant Cy = Cy(s) such that || T (-)uolly, < Colluo||gs

and || T (+)uollz, = [|uol| X0 Then, we define the complete metric space (X, d>) and the
map 1 by

Xa := {u € BC((0,00); I (R)?) | |[ullz, < 2l[tto]] yop }
Q

da(u,0) := |lu = vy,

Y(u)(t) = Ta(H)uo — N(u,u)(t),
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where N(-,-)(t) is defined in (16). By the inequality (18), there exists a positive constant
C; = Ci(a,s, p) such that

IN

Colluollgs + Callully, 1|z,

Colluoll g« {1+ 4Ci luoll» } @)

() Iy,

IN

for all u € X5. Similarly, by the inequality (19), there exists a positive constant C, =
Ca(a, p) such that

N

lp()llz, < lluollxy + Callullz,[ullz,

luollxp {1+ 4Clluollp } 5)

IN

for all u € X,. Moreover, by using Lemma 11, there exists a positive constant C3 =
Cs(w, s, p) such that for u,v € Xp,

IN(u,u —v) 4+ N(u—12,9)|y,
< G(llullz, + l[vllz) lu = olly,
< 4Caluoll g 14 — ol ©

() = 9(0)ly,

Now, let us assume that initial velocity 1y € X} (R?)® N H*(R%)? satisfies

sup <mind L L 1
e 8C, 4C, 4G, |’
we obtain from (4.4), (4.5) and (4.6) that

1
lp@)lly, < 2Colluollyzs, ¢ ()llzy < 2fluollxy,  [[9(1) = 9(@)lly, < S llu ol

for u,v € X;. Therefore, by the contraction mapping principle, there exists a unique
solution u € Xj satisfying (3) for all t > 0. This completes the proof of Theorem 2. [J
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