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Abstract: We studies the initial value problem for the fractional Navier-Stokes-Coriolis equations,1

which obtained by replacing the Laplacian operator in the Navier-Stokes-Coriolis equation by2

the more general operator (−∆)α with α > 0. We introduce function spaces of the Besove type3

characterized by the time evolution semigroup associated with the general linear Stokes-Coriolis4

operator. Next, we establish the unique existence of global in time mild solutions for small initial5

data belonging to our function spaces characterized by semigroups in both the scaling subcritical6

and critical settings.7

Keywords: Cauchy problem; The generalized Navier-Stokes-Coriolis equation; Global well-8

posedness.9

1. Introduction10

In this paper, we study the initial value problem for the fractional Navier-Stokes-11

Coriolis equation in R3, describing the rotating flow of an incompressible viscous fluid:12 
∂tu + ν(−∆)αu + (u · ∇)u + Ωe3 × u +∇p = 0, in R3 × (0, ∞),
divu = 0, in R3 × (0, ∞),
u(0, x) = u0(x), in R3,

(1)

where α > 0 is the ‘strength of dissipation’, u = u(t, x) = (u1(t, x), u2(t, x), u3(t, x)) and
p = p(t, x) denote the unkown velocity field and the unknow pressure, respectively,
while u0 = u0(x) = (u1

0(x), u2
0(x), u3

0(x)) denote the initial velocity field. Here, Ω ∈ R
is the Coriolis parameter, which represents the speed of rotation around the vertical
unit vector e3 = (0, 0, 1). Moreover, ∂t and ∆ = ∑3

j=1 ∂2
xj

are the partial derivative with
respect to t and the Laplacian with respect to x = (x1, x2, x3), respectively. We define

F ((−∆)αu)(t, ξ) = |ξ|2αF (u)(t, ξ),

where Fu is the Fourier transform of u with respect to spatial variable x. More details13

on (−∆)α can be found in [23].14

In the case Ω = 0, the system (1) corresponds to the generalized incompressible
Navier-Stokes equation(GNS). Lions [21] proved the global existence of the classical
solutions to the GNS equations when α ≥ 5

4 in dimensional 3. Wu [24] obtained similar
result for α ≥ 1

2 + n
4 in dimensional n. Wu also proved the existence of global-in-time

weak solutions in [24]. For the existence of strong solutions, we note that the GNS
equations have the following scaling invariant property.

uλ(t, x) = λ2α−1u(λ2αt, λx), pλ(t, x) = λ4α−2 p(λ2αt, λx),
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u0,λ(x) = λ2α−1u0(λx).

Using the above scaling invariant property, Wu [25,26] consider the existence of solution15

to GNS equations in Ḃ
1+ n

p −2α
p,q (R3). Zhai [27] proved the well-posedness of GNS equa-16

tions in the critical space close to Ḃ−(2α−1)
∞,∞ (Rn) with α ∈ ( 1

2 , 1). Sun and Ding [7] studied17

dispersive effect of the Coriolis force and local well-posedness for the fractional Navier-18

Stokes-Coriolis system (1). In addition, Ding and Sun [8] also established the global19

existence and uniqueness of regular solutions in spatial variable for the higher-order20

elliptic Navier-Stokes system.21

When α = 1, Eq.(1) become the 3D incompressible Navier-Stokes equation with22

Coriolis force23 
∂tu − ∆u + Ωe3 × u + (u · ∇)u +∇p = 0, in R3 × (0, ∞),
divu = 0, in R3 × (0, ∞),
u(0, x) = u0(x), in R3.

(2)

For the global existence of solutiens to (2), Chemin, Desjardins, Gallagher and Grenier24

[5,6] proved that for every initial velocity u0 ∈ L2(R2)3 + Ḣ
1
2 (R3)3 there exists a positive25

parameter Ω0 = Ω0(u0) such that for every Ω ∈ R with |Ω| ≥ Ω0, (2) posseses a26

unique global solution. Iwabuchi and Takada [12,14] and Koh, Lee and Takada [18]27

proved the global and long-time existence of the unique solution in the homogeneous28

sobolev spaces Ḣs(R3) for s > 1
2 if the speed of rotation is sufficiently large. Ohyama29

[15] proved global well-posedness for the Navier-Stokes equations with the Coriolis30

force in function spaces characterized by semigroups. Babin, Mahalov and Nicolaenko31

[1–3] obtained the global existence and regularity of the solution to (2) for large |Ω| with32

the spatial periodic initial velocity field. Giga, Inui, Mahalov and Saal [10] proved the33

uniform global well-posedness to (2) for the small initial data in the scaling invariant34

space FM−1
0 (R3). Hieber and Shibata [11] proved the small initial data uniform global35

well-posedness to (2) in the scaling critical Sobolev space Ḣ
1
2 (R3). We refer to [13,19] for36

the uniform well-posedness results in other scaling invariant spaces.37

In this paper, we mainly consider the case α > 0, i.e., prove the global well-38

posedness of (1) in some function spaces characterized by the time evolution semi-39

group generated by the linear operator (−∆)α + ΩPe3 × P. Where P is the Helmholtz40

projection.41

To study the problem (1), we consider the following equivalent integral equation

u(t) = TΩ(t)u0 −
∫ t

0
TΩ(t − τ)P∇ · (u(τ)⊗ u(τ))dτ, (3)

where P = (δij + RiRj)1≤i,j≤3 denotes the Helmholtz projection onto the divergence
free vector fields, TΩ(t) = et(−(−∆)α−ΩPe3×P) denotes the semigroup associated with
linearized problem of (1), which is given explicitly by

TΩ(t) f := F−1
[

cos
(

Ω
ξ3

|ξ| t
)

e−t|ξ|2α
I f̂ (ξ) + sin

(
Ω

ξ3

|ξ| t
)

e−t|ξ|2α
R(ξ) f̂ (ξ)

]
(4)

for t ≥ 0 and divergence-free vector field f . Here, I is the identity matrix in R3, R(ξ) is
the skew-symmetric matrix defined by

R(ξ) :=
1
|ξ|

 0 ξ3 −ξ2
−ξ3 0 ξ1
ξ2 −ξ1 0

 for ξ ∈ R3 \ {0}.
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We refer to [1,3,11] for the derivation of the explicit form of TΩ(t) f . We say that u is42

a mild solution to problem (1) if u satisfies the integral equation (3) in an appropriate43

function space.44

Now, let us introduce our function space Xs,p,θ
Ω (R3) and Xp

Ω(R3) of the Besov type45

characterized by the linear semigroup TΩ(t) = et(−(−∆)α−ΩPe3×P) in (4). We denote the46

set of all tempered distributions by S ′(R3).47

Definition 1. Let Ω ∈ R, α > 0.48

(i) For s ∈ R and 1 ≤ p, θ ≤ ∞, the function space Xs,p,θ
Ω (R3) is defined as follows:

Xs,p,θ
Ω (R3) = { f ∈ S ′ | ∥ f ∥

Xs,p,θ
Ω

< ∞},

∥ f ∥
Xs,p,θ

Ω
= ∥TΩ(t) f ∥Lθ

t (0,∞;Ẇs,p
x (R3)).

(ii) For 1 ≤ p ≤ ∞, the function space Xp
Ω(R3) is defined as follows:

Xp
Ω(R3) = { f ∈ S ′ | ∥ f ∥Xp

Ω
< ∞},

∥ f ∥Xp
Ω
= sup

t>0
t

1
2α (1−

3
p )∥TΩ(t) f ∥Lp .

Remark 1. (i) If Ω = 0, T0(t) f = e−t(−∆)α
. Then, for 1 ≤ θ < ∞, according to [22], there is

∥ f ∥
Xs,p,θ

0
= ∥t

1
θ ∥(−∆)

s
2 e−t(−∆)α

f ∥Lp∥Lθ(0,∞; dt
t )

≃ ∥(−∆)
s
2 f ∥

Ḃ
− 2α

θ
p,θ

= ∥ f ∥
Ḃ

s− 2α
θ

p,θ

. (5)

We also see that for 3 < p ≤ ∞

∥ f ∥Xp
0
= ∥t

1
2α (1−

3
p )∥e−t(−∆)α

f ∥Lp∥L∞(0,∞; dt
t )

≃ ∥ f ∥
Ḃ
−1+ 3

p
p,∞

. (6)

Therefore, the function space Xs,p,θ
Ω (R3) and Xp

Ω(R3) can be regard as one of the generalizations49

of the Besove space Ḃ
s− 2α

θ
p,θ (R3) and Ḃ

−1+ 3
p

p,∞ (R3), respectively.50

(ii) For 3 ≤ p < ∞, we set 1
q := 1

p + 1
6 . We see that 2 ≤ q < 6 and the Sobolev embedding51

Ẇ
1
2 ,q(R3) ↪→ Lp(R3) holds. Therefore, it follows from the Plancherel theorem and Lemma 6 that52

∥TΩ(t) f ∥Lp ≤ ∥TΩ(t) f ∥
Ẇ

1
2 ,q = ∥(−∆)

1
4 TΩ(t) f ∥Lq

≤ t−
3

2α (
1
2−

1
q )∥(−∆)

1
4 f ∥L2

= Ct−
1

2α (1−
3
p )∥ f ∥

Ḣ
1
2

.

for all t > 0 and Ω ∈ R. Hence the continuous embedding Ḣ
1
2 (R3) ↪→ Xp

Ω(R3) holds for all53

Ω ∈ R and 3 ≤ p < ∞.54

In this paper, we show the unique existence of global in time solutions in the55

subcritical spaces Xs,p,θ
Ω (R3) with 2α

θ + 3
p < s + (2α − 1), 1

2 < α ≤ 1, and the uniform56

global well-posedness in the scaling critical spaces Xp
Ω(R3) with 3

2α−1 < p ≤ 4, 7
8 < α ≤57

5
4 .58

The following is our result in scaling subcritical cases.59
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Theorem 1. Let α, s, p, and θ satisfy

1
2
< α ≤ 1, 3 − 3α < s <

3(15 − 4α)

2(9 + 8α)
, (7)

1
3
+

s
9
≤ 1

p
< min

{1
4
+

5
16α

− s
8α

,
2α − 1

3
+

s
3
}, (8)

max
{

0,
2
p
− 1

2α
(1 +

3
p
− s)} <

1
θ
< min

{1
2

, 1 − 1
2α

(1 +
3
p
− s),

1
2
+

1
8α

− 3
2αp

+
s

4α
}.

(9)
Then, there exists positive constants C = C(α, s, p, θ) such that for Ω ∈ R \ {0} and for initial
velocity u0 ∈ Xs,p,θ

Ω (R3)3 ∩ Ḣs(R3)3 satisfying divu0 = 0 and

∥u0∥Xs,p,θ
Ω

≤ C|Ω|1−
1

2α (1+
3
p −s)− 1

θ . (10)

(2) possesses a unique mild solution

u ∈ Lθ(0, ∞; Ẇs,p(R3)3) ∩ C([0, ∞); Ḣs(R3)3)

satisfying divu = 0.60

Remark 2. In the case Ω = 0, as we have seen in (5), there hold

∥u0∥Xs,p,θ
0

≃ ∥u0∥
Ḃ

s− 2α
θ

p,θ

, ∥λ2α−1u0(λ·)∥
Ḃ

s− 2α
θ

p,θ

= λ
2α−1+s−( 2α

θ + 3
p )∥u0∥

Ḃ
s− 2α

θ
p,θ

.

for dyadic number λ > 0. Since 2α
θ + 3

p < s+(2α− 1) by our assumption (9), the function61

spaces Xs,p,θ
Ω (R3) in Theorem 1 correspond to the subcritical cases from the viewpoint of62

the scaling properties. In the case α = 1, Ohyama [15] proved unique existence of global63

in time mild solutions for every Ω ∈ R \ {0} and u0 ∈ Xs,p,θ
Ω (R3)3 ∩ Ḣs(R3)3. Hence,64

we generalize their results for α = 1.65

Our main result in the scaling critical case reads as follows:66

Theorem 2. Let α, s, p satisfy

7
8
< α ≤ 5

4
, 0 ≤ s < 2α − 1, max

{1
4

,
s
3
} ≤ 1

p
<

2α − 1
3

, (11)

Then, there exists a positive constant δ = δ(α, s, p, ) independent of Ω ∈ R such that for the
initial velocity u0 ∈ Xp

Ω(R3)3 ∩ Ḣs(R3)3 satisfying divu0 = 0 and

∥u0∥Xp
Ω
≤ δ, (12)

(1) possesses a unique mild solution

u ∈ BC([0, ∞); Ḣs(R3)3) satis f ying sup
t>0

t
1

2α (1−
3
p )∥u(t)∥Lp ≤ 2∥u0∥Xp

Ω

and divu = 0 for all Ω ∈ R.67

Remark 3. (i) In [15], Ohyama proved the uniform global well-posedness in Xp
Ω(R3)68

with 3
2α−1 < p ≤ 4. Here, we generalize their results for α = 1.69
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The rest of this paper is organized as follows. In Section 2, we collect some basic70

facts on Littlewood-Paley theory, and show some new linear estimates for semigroup71

{TΩ(t)}t≥0. In Section 3, we establish the bilinear estimates for the Duhamel terms in72

(4). Finally, we present the proofs of the main results.73

2. Linear Estimates74

Let S (R3) be the Schwartz space. First, we recall the homogeneous Littlewood-
Paley decomposition. Let φ0 ∈ S (R3) satisfy the following properties:

0 ≤ φ̂0(ξ) ≤ 1 for all ξ ∈ R3, supp φ̂0 ⊂:= {ξ ∈ R3 :
1
2
≤ |ξ| ≤ 2},

and ∑
j∈Z

φ̂0(2−jξ) = 1 for all ξ ∈ R3 \ {0}.

where φj(x) := 23j φ0(2jx). Then, we define the Littlewood-Paley operators {∆j}j∈z by75

∆j f := φj ∗ f for f ∈ S ′(R3).76

Now, we introduce the definitions of homogeneous Besov space Ḃs
p,q(R3).77

Definition 2. Let s ∈ R and 1 ≤ p, q ≤ ∞. Then, we define the homogeneous Besov space
Ḃs

p,q(R3) by

Ḃs
p,q(R3) :=

{
f ∈ S ′(R3)|∥ f ∥Ḃs

p,q
< +∞

}
,

∥ f ∥Ḃs
p,q

:=
(

∑
j∈Z

2jsq∥∆ju∥
q
Lp

) 1
q
.

Next, we define the operators G±(t) by

G±(t) f (x) := e±it D3
|D| f (x) :=

∫
R3

eix·ξ±it ξ3
|ξ| f̂ (ξ)dξ for x ∈ R3 and t ∈ R.

Then, we can rewrite the operator TΩ(t) as

TΩ(t) f =
1
2
G+(Ωt)[e−t(−∆)α

(I +R) f ] +
1
2
G−(Ωt)[e−t(−∆)α

(I −R) f ]. (13)

for all t ≥ 0, where R denotes the matrix of singular integral operators defined by

R :=

 0 R3 −R2
−R3 0 R1
R2 −R1 0

.

First, we recall the behavior of the fractional order heat semigroup e−t(−∆)α
in78

Lebesgue spaces.79

Lemma 1. (Miao-Yuan-zhang[22]) Let 1 ≤ r ≤ p ≤ ∞ and f ∈ Lr(Rn). Then, e−t(−∆)α

satisfies the estimates

∥e−t(−∆)α
f (x)∥Lp ≤ Ct−

n
2α (

1
r −

1
p )∥ f ∥Lr ,

∥(−∆)
β
2 e−t(−∆)α

f (x)∥Lp ≤ Ct−
β

2α −
n
2α (

1
r −

1
p )∥ f ∥Lr

for α > 0 and β > 0.80

Second, we recall the linear estimates for the semigroup e−t(−∆)α
in homogeneous81

Bessov spaces as follows:82
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Lemma 2. (Sun-Ding[7]) Let −∞ < s0 ≤ s1 < ∞, 1 ≤ p, q ≤ ∞. Then, there exists a
positive constant C = C(s0, s1) such that

∥e−t(−∆)α
f ∥Ḃ

s1
p,q

≤ Ct−
1

2α (s1−s0)∥ f ∥Ḃ
s0
p,q

for all t > 0, α > 0, 1 ≤ p ≤ ∞ and f ∈ Ḃs0
p,q(R3).83

Lemma 3. (Kozono et al.[20]) Let−∞ < s0 ≤ s1 < ∞, 1 ≤ p0 ≤ p1 ≤ ∞, 1 ≤ q ≤ ∞.
Then, there exists a positive constant C = C(s0, s1, p0, p1) such that

∥e−t(−∆)α
f ∥Ḃ

s1
p1,q

≤ Ct−
1

2α (s1−s0)− 3
2α (

1
p0
− 1

p1
)∥ f ∥Ḃ

s0
p0,q

for all t > 0, α > 0, f ∈ Ḃs0
p,q(R3).84

The following is our key dispersive estimates for the operator G±(τ).85

Lemma 4. (Koh, Lee and Takada [18]) For 2 ≤ p ≤ ∞, there exists a positive constant
C = C(p) such that

∥G±(τ) f ∥Ḃs
p,q

≤ C(1 + |τ|)−(1− 2
p )∥ f ∥

Ḃ
s+3(1− 2

p )

p′ ,q

for all τ ∈ R, s ∈ R, 1 ≤ q ≤ ∞, and f ∈ Ḃ
s+3(1− 2

p )

p′ ,q (R3) where 1
p + 1

p′ = 1.86

By combing this with the Plancherel theorem, we obtain the linear estimates for the87

semigroup TΩ(t).88

Lemma 5. Let −∞ < s0 ≤ s1 < ∞, 1 ≤ p0 ≤ 2 ≤ p1 ≤ ∞ and 1 ≤ q ≤ ∞. Then, there
exists a positive constant C = C(α, s0, s1, p0, p1) such that

∥TΩ(t) f ∥Ḃ
s1
p1,q

≤ Ct−
1

2α (s1−s0)− 3
2α (

1
p0
− 1

p1
)∥ f ∥Ḃ

s0
p0,q

for t > 0, α > 0, and f ∈ Ḃs0
p0,q(R3).89

Proof. Since R is bounded in L2(R3), it follows from the Plancherel theorem, Lp0 − L2
90

estimate for the semigroup e−t(−∆)α
, Lemma 3 and Lemma 4 that91

∥e−
t
2 (−∆)αG±(Ωt)[e−

t
2 (−∆)α

(I ±R) f ]∥Ḃ
s1
p1,q

≤ Ct−
1

2α (s1−s0)− 3
2α (

1
2−

1
p1
)∥G±(Ωt)[e−

t
2 (−∆)α

f ]∥Ḃ
s0
2,q

≤ Ct−
1

2α (s1−s0)− 3
2α (

1
2−

1
p1
)∥e−

t
2 (−∆)α

f ∥Ḃ
s0
2,q

≤ Ct−
1

2α (s1−s0)− 3
2α (

1
p0
− 1

p1
)∥ f ∥Ḃ

s0
p0,q

.

Thus, we complete the Proof of Lemma 5.92

By Lemma 4, the continuous embeddings Lp(R3) ↪→ Ḃ0
p,2(R3)(1 < p ≤ 2),93

Ḃ0
p,2(R3) ↪→ Lp(R3)(2 ≤ p < ∞), and the fact Ḣs(R3) = Ḃs

2,2(see, for examples, [4]94

), we obtain the following Lemma 6.95
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Lemma 6. Let 0 ≤ s < ∞, 1 < p0 ≤ 2 ≤ p1 < ∞ and β = (β1, β2, β3) ∈ (N ∪ {0})3,
Then, there exists a positive constant C = C(α, s, p0, p1, β) such that

∥∂
β
x TΩ(t) f ∥Ḣs ≤ Ct−

1
2α (s+|β|)− 3

2α (
1

p0
− 1

2 )∥ f ∥Lp0 ,

∥∂
β
x TΩ(t) f ∥Lp1 ≤ Ct−

β
2α −

3
2α (

1
p0
− 1

p1
)∥ f ∥Lp0

for t > 0, α > 0 and f ∈ Lp0(R3).96

We next recall the uniform boundedness of TΩ(t) in Ḣs(R3) with respect to t > 097

and Ω ∈ R.98

Lemma 7. (Sun-Ding[7]) For s ∈ R, there exists a positive constant C = C(s) such that

∥TΩ(t) f ∥Ḣs ≤ C∥ f ∥Ḣs

for all t > 0, Ω ∈ R and f ∈ Ḣs(R3)3.99

Lemma 8. Let α, p, q and θ satisfy 1
2 < α < 5

4 , 2 < p < 3
2−α and 1 − 1

p ≤ 1
q < 2α−1

3 + 1
p ,

max
{

0, 1 − 1
2α

− 3
2α

(
1
q
− 1

p
)− (1 − 2

p
)} <

1
θ
≤ min

{1
2

, 1 − 1
2α

− 3
2α

(
1
q
− 1

p
)}.

Then, there exists a positive constant C = C(α, p, q, θ) such that∥∥∥ ∫ t

0
TΩ(t − τ)P∇ f (τ)dτ

∥∥∥
Lθ(0,∞;Lp)

≤ C|Ω|−{1− 1
2α −

3
2α (

1
q −

1
p )−

1
θ }∥ f ∥

L
θ
2 (0,∞;Lq)

(14)

for all Ω ∈ R\{0} and f ∈ L
θ
2 (0, ∞; Lq)(R3). In particular, in the case 1

θ = 1 − 1
2α −100

3
2α (

1
q −

1
p ), (2.2) holds for all Ω ∈ R.101

Proof. Since P is bounded in Lq(R3), it follows from Ḃ0
p,2(R3) ↪→ Lp(R3)(2 ≤ p < ∞),

Lemma 4, Lemma 3 and Lemma 1 that∥∥∥ ∫ t

0
TΩ(t − τ)P∇ f (τ)dτ

∥∥∥
Lθ(0,∞;Lp)

≤ C
∥∥∥ ∫ t

0
kΩ(t − τ)∥ f (τ)∥Lq dτ

∥∥∥
Lθ

t (0,∞)
,

where
kΩ(t) := {1 + |Ω|t}−(1− 2

p )t−
3

2α (
1
q −

1
p )−

1
2α .

If 1
θ < 1 − 1

2α − 3
2α (

1
q − 1

p ), we have ∥kΩ∥Lθ′ ≤ C|Ω|−{1− 1
2α −

3
2α (

1
q −

1
p )−

1
θ }. According

Young inequality, 1
θ = 1

θ′ +
2
θ − 1 , we have∥∥∥ ∫ t

0
TΩ(t − τ)P∇ f (τ)dτ

∥∥∥
Lθ(0,∞;Lp)

≤ C|Ω|−{1− 1
2α −

3
2α (

1
q −

1
p )−

1
θ }∥ f ∥

L
θ
2 (0,∞;Lq)

.

If 1
θ = 1 − 1

2α − 3
2α (

1
q −

1
p ). So, by the Hardy-Littlewood-Sobolev inequality , we see

∥∥∥ ∫ t

0
TΩ(t − τ)P∇ f (τ)dτ

∥∥∥
Lθ(0,∞;Lp)

≤ C∥ f ∥
L

θ
2 (0,∞;Lq)

for all Ω ∈ R. This completes the proof of Lemma 2.9.102

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 22 November 2021                   doi:10.20944/preprints202111.0408.v1

https://doi.org/10.20944/preprints202111.0408.v1


Version November 20, 2021 submitted to Mathematics 8 of 12

3. Bilinear Estimates103

In this section, we obtain bilinear estimates which are used to handle the Duhamel104

terms in (3). Firstly, we recall the following bilinear estimates in the homogeneous105

Sobolev spaces.106

Lemma 9. (Koh, Lee and Takada [18]) Let s, p, and q satisfy 0 ≤ s < 3, s
3 < 1

p < 1
2 + s

6

and 1
q = 2

p − s
3 . Then, there exists a positive constant C = C(s, p) such that

∥ f g∥Ẇs,q ≤ C∥ f ∥Ẇs,p∥g∥Ẇs,p (15)

for f , g ∈ Ẇs,p(R3).107

Now, we consider the bilinear estimates for the Duhamel term in (3). Let us set

N(u, v)(t) :=
∫ t

0
TΩ(t − τ)P∇ · (u(τ)⊗ u(τ))dτ, t ≥ 0. (16)

We define ∥u∥Z1 = ∥u∥Lθ(0,∞;Ẇs,p). Then, we obtain the bilinear estimates for N(u, v) in108

Z1.109

Lemma 10. Let α, s, p, θ satisfy 1
2 < α ≤ 1, 3 − 3α < s < 3

2 , 1
3 +

s
9 ≤ 1

p < min
{ 1

2 , 2α−1
3 +

s
3},max

{
0, 2

p −
1

2α (1+
3
p − s)} < 1

θ ≤
{ 1

2 , 1− 1
2α (1+

3
p − s)}. Then, there exists a positive

constant C = C(α, s, p, θ) such that

∥N(u, v)∥Z1 ≤ C|Ω|−{1− 1
2α (1+

3
p −s)− 1

θ }∥u∥Z1∥v∥Z1 (17)

for all Ω ∈ R \ {0} and u, v ∈ Z1. In particular, in the case 1
θ = 1 − 1

2α (1 + 3
p − s), (3.3)110

holds for all Ω ∈ R.111

Proof. Let 1
q = 2

p − s
3 . Hence, by Lemma 7, Lemma 8 and the Hölder inequality, we112

obtain113

∥N(u, v)∥Lθ(0,∞;Ẇs,p) ≤ C|Ω|−{1− 1
2α (1+

3
p −s)− 1

θ }∥u ⊗ v∥
L

θ
2 (0,∞;Ẇs,p)

≤ C|Ω|−{1− 1
2α (1+

3
p −s)− 1

θ }∥u∥Lθ(0,∞;Ẇs,p)∥v∥Lθ(0,∞;Ẇs,p),

which yields the desired estimates.114

Next, we prove the bilinear estimates for Theorem 2. Let ∥ · ∥Y2 and ∥ · ∥Z2 be
defined by

∥u∥Y2 := sup
t>0

∥u∥Ḣs , ∥u∥Z2 := sup
t>0

t
1

2α (1−
3
p )∥u(t)∥Lp .

Lemma 11. (1) Let 1
2 < α < 5

4 , 0 ≤ s < 2α − 1 and s
3 ≤ 1

p < 2α−1
3 . Then, there exists a

positive constant C1 = C1(α, s, p) such that

∥N(u, v)∥Y2 ≤ C1∥u∥Y2∥v∥Z2 (18)

for all Ω ∈ R.115

(2) Let 7
8 < α < 2, 3

2α−1 < p ≤ 4. Then, there exists a positive constant C2 = C1(α, p)
such that

∥N(u, v)∥Z2 ≤ C2∥u∥Z2∥v∥Z2 . (19)

Proof. We set r by
1
r
=

1
s∗

+
1
p

,
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where 1
s∗ = 1

2 − s
3 with 2 ≤ s∗ < 6

5−4α and 1 < r ≤ 2. Then, it follows from Lemma 6,116

the boundedness of P in L2(R2), and the Hölder ineqeuality that117

∥N(u, v)(t)∥Ḣs ≤
∫ t

0
∥TΩ(t − τ)P∇[u(τ)⊗ v(τ)]∥Ḣs dτ

≤
∫ t

0

1

(t − τ)
1

2α +
3

2αp
∥u(τ)⊗ v(τ)∥Lr dτ

≤
∫ t

0

1

(t − τ)
1

2α +
3

2αp
∥u(τ)∥Ls∗ ∥v(τ)∥Lp dτ

Here, by the definitions of ∥ · ∥Y2 and ∥ · ∥Z2 , the fact 1
2α + 3

2αp < 1 and 1
2α (1 − 3

p ) < 1,118

and the continuous embedding Ḣs(R3) ↪→ Ls∗(R3), we have119 ∫ t

0

1

(t − τ)
1

2α +
3

2αp
∥u(τ)∥Ls∗ ∥v(τ)∥Lp dτ ≤ C∥u∥Y2∥v∥Z2

∫ t

0

1

(t − τ)
1

2α +
3

2αp τ
1

2α (1−
3
p )

dτ

= C∥u∥Y2∥v∥Z2 ,

where C independent of t. Thus, we complete the proof of the inequality (18).120

Next, we prove the inequality (19). Since 1 < p
2 ≤ 2, it follows from Lemma 6, the121

Hölder inequality and the definitions of ∥ · ∥Z2 that122

t
1

2α (1−
3
p )∥N(u, v)(t)∥Lp ≤ t

1
2α (1−

3
p )

∫ t

0
∥TΩ(t − τ)P∇[u(τ)⊗ v(τ)]∥Lp dτ

≤ Ct
1

2α (1−
3
p )

∫ t

0

1

(t − τ)
1

2α +
3

2αp
∥u(τ)⊗ v(τ)∥

L
p
2

dτ

≤ t
1

2α (1−
3
p )∥u∥Z2∥v∥Z2

∫ t

0

1

(t − τ)
1

2α +
3

2αp τ
1
α (1−

3
p )

dτ

= C∥u∥Z2∥v∥Z2 ,

where we remark that 1
2α + 3

2αp < 1 since p > 3
2α−1 and C independent of t. Thus, we123

complete the proof of the inequality (19).124

4. Proof of main results125

Proof of Theorem 1. It is not difficult to examine that the indices α, s, p and θ given126

in Theorem 1 satisfy the assumptions of Lemma 10. Let Ω ∈ R \ {0}. Suppose u0 ∈127

Xs,p,θ
Ω (R3)3 ∩ Ḣs(R3)3 satisfies divu0 = 0. By the definitions of ∥ · ∥Z1 , we see that128

∥TΩ(·)u0∥Z1 = ∥u0∥Xs,p,θ
Ω

. Then, we define the complete metric space (X1, d1) and the129

map ψ by130

X1 :=
{

u ∈ Lθ(0, ∞; Ẇs,p(R3)3)
∣∣∣∥u∥Z1 ≤ 2∥u0∥Xs,p,θ

Ω

}
,

d1(u, v) := ∥u − v∥Z1 ,

ψ(u)(t) := TΩ(t)u0 − N(u, u)(t),

where N(u, v)(t) is defined in (16). By the inequality (17), there exists a positive constant131

C0 = C0(α, s, p, θ) such that132

∥ψ(u)∥Z1 ≤ ∥u0∥Xs,p,θ
Ω

+ C0|Ω|−{1− 1
2α (1+

3
p −s)− 1

θ }∥u∥2
Z1

≤ ∥u0∥Xs,p,θ
Ω

{1 + 4C0|Ω|−{1− 1
2α (1+

3
p −s)− 1

θ }∥u0∥Xs,p,θ
Ω

} (20)
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for all u ∈ X1. Moreover, by using inequality (17), there exists a positive constant C1133

such that for u, v ∈ X1,134

∥ψ(u)− ψ(v)∥Z1 = ∥N(u, u − v) + N(u − v, v)∥Z1

≤ |Ω|−{1− 1
2α (1+

3
p −s)− 1

θ }(∥u∥Z1 + ∥v∥Z1)∥u − v∥Z1

≤ 4C1|Ω|−{1− 1
2α (1+

3
p −s)− 1

θ }∥u0∥Xs,p,θ
Ω

∥u − v∥Z1 . (21)

Now, let us assume that initial velocity u0 ∈ Xs,p,θ
Ω (R3)3 ∩ Ḣs(R3)3 satisfies

sup
Ω∈R\{0}

|Ω|−{1− 1
2α (1+

3
p −s)− 1

θ }∥u0∥Xs,p,θ
Ω

≤ min
{

1
8C1

,
1

4C0

}
,

we obtain from (4.1) and (4.2) that

∥ψ(u)∥Z1 ≤ 2∥u0∥Xs,p,θ
Ω

, ∥ψ(u)− ψ(v)∥Z1 ≤ 1
2
∥u − v∥Z1

for u, v ∈ X1. Therefore, by the contraction mapping principle, there exists a unique135

solution u ∈ X1 satisfying (3) for all t > 0.136

It remains to show that the solution u ∈ X1 also belongs to C([0, ∞); Ḣs(R3)3).137

Taking 1
q := 2

p − s
3 with 1 < q ≤ 2 and using Lemma 6 and Lemma 9,138

∥u(t)∥Ḣs ≤ ∥TΩ(t)u∥Ḣs + ∥N(u, u)(t)∥Ḣs

≤ C∥u0∥Ḣs + C
∫ 1

(t − τ)
( 3

pα −
s

2α −
3

4α +
1

2α )
∥u ⊗ v∥Lp0 dτ

≤ C∥u0∥Ḣs + C
∫ 1

(t − τ)
( 3

pα −
s

2α −
3

4α +
1

2α )
∥u∥2

Ẇs,q dτ.

By the Hölder inequality, we have

∥u(t)∥Ḣs ≤ C∥u0∥Ḣs + C
( ∫ t

0

1

(t − τ)
( 3

pα −
s

2α −
3

4α +
1

2α )(
θ
2 )

′ dτ
) 1

( θ
2 )

′ ∥u∥2
Lθ(0,∞;Ẇs,p)

. (22)

Since 1
θ < 1

2 + 1
8α + s

4α − 3
2αp , the time integral on the right hand side of (22) converges

and ( ∫ t

0

1

(t − τ)
( 3

pα −
s

2α −
3

4α +
1

2α )(
θ
2 )

′ dτ
) 1

( θ
2 )

′
= Ct2( 1

2+
1

8α +
s

4α −
3

2αp −
1
θ ).

Which implies that u(t) belongs to Ḣs(R3)3) for all t ≥ 0. Similarly, we see that u ∈139

C([0, ∞); Ḣs(R3)3). This completes the proof of Theorem 1.140

Proof of Theorem 2. It is not difficult to check that the indices α, s and p given in the141

Theorem 2 satisfy the assumptions of Lemma 6 and Lemma 11. Suppose u0 ∈ Xp
Ω(R3)3 ∩142

Ḣs(R3)3 satisfies divu0 = 0. By Lemma 6 and the definitions of ∥ · ∥Y2 and ∥ · ∥Z2 , we143

see that there exists a positive constant C0 = C0(s) such that ∥TΩ(·)u0∥Y2 ≤ C0∥u0∥Ḣs144

and ∥TΩ(·)u0∥Z2 = ∥u0∥Xp
Ω

. Then, we define the complete metric space (X2, d2) and the145

map ψ by146

X2 :=
{

u ∈ BC([0, ∞); Ḣs(R3)3)
∣∣∣∥u∥Z1 ≤ 2∥u0∥Xs,p,θ

Ω

}
,

d2(u, v) := ∥u − v∥Y2 ,

ψ(u)(t) := TΩ(t)u0 − N(u, u)(t),
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where N(·, ·)(t) is defined in (16). By the inequality (18), there exists a positive constant147

C1 = C1(α, s, p) such that148

∥ψ(u)∥Y2 ≤ C0∥u0∥Ḣs + C1∥u∥Y2∥u∥Z2

≤ C0∥u0∥Ḣs

{
1 + 4C1∥u0∥Xp

Ω

}
(4)

for all u ∈ X2. Similarly, by the inequality (19), there exists a positive constant C2 =149

C2(α, p) such that150

∥ψ(u)∥Z2 ≤ ∥u0∥Xp
Ω
+ C2∥u∥Z2∥u∥Z2

≤ ∥u0∥Xp
Ω

{
1 + 4C2∥u0∥Xp

Ω

}
(5)

for all u ∈ X2. Moreover, by using Lemma 11, there exists a positive constant C3 =151

C3(α, s, p) such that for u, v ∈ X2,152

∥ψ(u)− ψ(v)∥Y2 = ∥N(u, u − v) + N(u − v, v)∥Y2

≤ C3(∥u∥Z2 + ∥v∥Z2)∥u − v∥Y2

≤ 4C3∥u0∥Xp
Ω
∥u − v∥Y2 . (6)

Now, let us assume that initial velocity u0 ∈ Xp
Ω(R3)3 ∩ Ḣs(R3)3 satisfies

sup
Ω∈R

≤ min
{

1
8C3

,
1

4C1
,

1
4C2

}
,

we obtain from (4.4), (4.5) and (4.6) that

∥ψ(u)∥Y2 ≤ 2C0∥u0∥Ḣs , ∥ψ(u)∥Z2 ≤ 2∥u0∥Xp
Ω

, ∥ψ(u)− ψ(v)∥Y2 ≤ 1
2
∥u − v∥Y2

for u, v ∈ X2. Therefore, by the contraction mapping principle, there exists a unique153

solution u ∈ X2 satisfying (3) for all t > 0. This completes the proof of Theorem 2.154
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