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Abstract: Moiré superconductivity represents a new class of superconducting materials since the
discovery of magic-angle twisted bi-layer graphene (tBLG), forming a Moiré lattice with a much bigger
crystal parameter as the original crystallographic distance of graphene. Thus, changing the twist
angle leads to a variation of the superconducting properties and enables a new way of engineering
2D superconducting materials. Here, the details of the superconducting state of tBLG as function of
charge carrier density and applied magnetic fields are reviewed. Furthermore, the influence of the
top and bottom h-BN (hexagonal boron nitride) layer thickness on the resulting superconducting
properties of the tBLG samples was demonstrated. Changing of the charge carrier density in the tBLG
samples was demonstrated to lead to the appearance of insulating, metallic and even ferromagnetic
states, which separate several superconducting domes in the phase diagram. Following the basic idea,
further works have considered tri-layer graphene (TLG), tBLG combined with WSe;-layers as well as
twisted, bi-layer WSe;. Here, the experimental results obtained concerning superconductivity are
reviewed with the focus on the experimentally determined superconducting transition temperatures,
T., which were found to depend on the twist angle, the charge carrier density and the cover layer
thickness. The collected information is then used to apply the Roeser-Huber formalism to the
Moiré-type superconductivity in order to calculate T; using only information of the crystal lattice and
the electronic configuration. To account for the different charge carrier densities in the experimental
data sets demands that a new parameter labelled # must be introduced as a correction factor to
describe the several superconducting regions for a given twist angle.

Keywords: Moiré Superconductors; twisted bilayer graphene, WSe;, superconducting transition
temperature, Roeser-Huber formula

1. Introduction

Moiré superconductivity, which was first demonstrated experimentally in 2018, involves creating
large, periodic superstructures in 2D materials as compared to the atomic scale. The first sample
belonging to this new family of superconductors was found when stacking two graphene layers
together with a small misalignment angle, ® ~ 1.1°, called also the magic angle [1,2]. This graphene
stack is called twisted bilayer graphene or abbreviated tBLG [2,3]. The misalignment between the two
graphene layers creates a Moiré pattern which has a spatial period, ay;, being a factor 1/0 larger than
the unit cell on the atomic level. At the so-called magic angles, the Fermi velocity drops to zero, and the
first magic angle is predicted to be Omagic ~ 1.1°. Near this twist angle, the energy bands near charge
neutrality, which are separated from other bands by single-particle gaps, become remarkably flat [4,5].
The typical energy scale for the entire bandwidth is about 5-10 meV. Experiments enabled the flatness
of these bands to be confirmed by an high effective mass seen in quantum oscillations, and correlated
insulating states at half-filling of these bands were observed [1], corresponding to n = £ns/2 with
n = C- Vg /eg being the charge carrier density defined by the applied gate voltage V¢, C corresponds to
the gate capacitance per unit area, and e is the electron charge. Electrostatic doping the material away
from these correlated insulating states enabled the observation of tunable zero-resistance states, which
correspond to the presence of superconductivity. Very remarkably, the observed superconducting
transition temperatures, T, can be several degrees K high.

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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Since these first experimental reports, superconductivity in tBLG has been observed in ambient
conditions [6-10] and under pressure [3] by other authors in the literature as well, including various
twist angles around the magic angle, various charge carrier densities, and different thicknesses of
the hexagonal boron nitride (abbreviated h-BN) layers on top and bottom of the tBLG [10]. The
superconducting properties, including the critical fields and the superconducting parameters x, Ay
and ¢ of these samples, are well documented including a classification of the Moiré superconductors
as presented by Talantsev [11].

Furthermore, the superconductivity of a trilayer stack of graphene with a misalingment of +1.1°
was reported [12], in an ABC-type trilayer stack [13], and Arora et al. have combined the tBLG with
a monolayer of WSe; additional to the h-BN layers [14]. The basic idea of Moiré superconductivity
was further extended in a report of superconductivity in misaligned (® = 1°, 4°) double layers
of WSe, [15], but the data provided concerning the superconducting properties of this system are
much less convincing as compared to the other reports on tBLG as mentioned also in another recent
review [16]. Similar detailed experiments concerning superconductivity on other types of twisted,
bi-layered hexagonal lattice materials like stanene or borophene are still missing in the literature [17,18].

The appearance of several superconducting domes in the phase diagram (here, the resistivity
is plotted color-coded as a function of temperature, R(T), for various charge carrier densities, n)
at different charge carrier concentrations was described by Lu et al. [6]. These superconducting
domes, being quite similar to the doping diagram of the cuprate HTSc, are separated by metallic
states, insulators and even ferromagnets. Thus, this topic is intensively investigated by band structure
calculations [19-24] and gives rise to a continuously growing number of new experimental and
theoretical aspects [25-49].

It is important to note here that Moiré patterns can be formed also in cases when different types
of 2D-layered materials are stacked together, with or without angular misalignment, or between
a 2D layer and a substrate [50,51]. As result, the resulting Moiré lattice parameter, a,;, may be
considerably larger than the original atomic unit cells of any ingredient. Several details of the
mathematics of Moiré patterns were already presented in Refs. [52-55]. Thus, the stacking of various
2D-layered materials offers a versatile new way to control superconductivity in layered 2D-systems
("Moiré-superconductors”), the full potential of which has been barely explored yet [56—61]. So, to
further investigate this field and unleash more possibilities to find new materials with higher T.’s, a
relatively simple calculation procedure which can be included in machine-learning approaches, see,
e.g., Refs. [62-67], is extremely useful.

As the lattice constant of the Moiré pattern plays an important role for the observation of
superconductivity, it is straightforward to follow this relation between superconductivity and the
characteristic sample dimension in more detail. For high-temperature superconductors (HTSc),
and later also for iron-based superconductors (IBS), fullerenes, elemental superconductors and
metallic alloys, the Roeser-Huber fomula was developed to calculate the superconducting transition
temperature, T.. This approach only requires to find a characteristic length of the sample
crystallography, x, and some knowledge about the electronic configuration [68-76]. All this
information may be found in existing databases. Using the Roeser-Huber formalism, the T; of several
superconducting materials could be calculated with only a small error margin [74,76], and recently, the
approach was even employed to predict T, of metallic hydrogen with different crystal lattices [77]. In
case of double-doped HTSc materials (e.g., the Cu-O-plane of Bi;SroCaCu;y0Os., 5 (Bi-2212) doped by
oxygen and by additional metal ions like Y or La), two characteristic doping patterns result, and the
final T, of the material is calculated as a Moiré-pattern of the two doping arrangements [70]. Thus, it is
only straightforward to apply this calculation scheme to the real Moiré superconductors, where a clear
crystallographic relation is defined by the orientation of the tBLG and by the unit cell of the tBLG itself.

In the present contribution, the existing literature concerning the superconducting properties with
special emphasis on the transition temperatures of the various Moiré superconductors are reviewed,
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and the application of the Roeser-Huber formalism to Moiré superconductivity is presented including
the introduction of a new parameter to account for the variations in charge carrier density.

This paper is organized as follows: In Section 2, some details of the fabrication steps of the
tBLG samples are outlined and the resistance measurements performed to observe superconductivity
in several superconducting domes are presented. Section 3 discusses the properties of the
superconducting phase diagrams of the various Moiré superconductors presented in the literature.
Furthermore, we apply in Section 4 the Roeser-Huber model to calculate the superconducting transition
temperatures of the Moiré superconductors solely on the base of the electronic configuration and
the respective Moiré parameters. Finally, Section 6 gives some conclusions and an outlook for
future developments.

2. Materials and Methods

2.1. Moiré superlattices

Figure 1a presents a Moiré superlattice of two graphene layers (blue, red) tilted by an angle of 5°
for clarity. The resulting lattice parameter, ayy, is indicated by a black line. In Ref. [12], also a tri-layer
structure was presented with the top and bottom layers tilted by +5° with respect to the center layer.
This situation is depicted in Figure 1b.

| h-BN

T
(c) - 5 A
“or ' Moiré lattice  graphite
120 + : 1. magic angle | parameter |
’E\ 100 ! i h-BN
1 .
£ 8ot 1 —— graphene . o tBLG
= 1 — WSe, ;
© 60 \
1
1
1

graphite

e (%)
Figure 1. (a) Moiré pattern of two graphene layers (red, blue) tilted by 5°. This value was chosen for
clarity. The black line indicates the resulting Moiré lattice parameter, ays. (b) Moiré pattern of a tri-layer
graphene system (red, blue, green) with the top and bottom layer tilted by +5° with respect to the
center layer. (c) Moiré lattice parameter, ay;, of graphene as function of the tilt angle, ®. The first magic
angle, 1.1°, is marked by a dashed green line ( - ---- ). (d) Schematic view of the various layers in a
device for resistance measurement. Figure adapted from Ref. [3].

The lattice parameter of graphene is 4§ = 0.246 nm, and the one of WSe; is agvsez = 0.353 nm [78].
Then, the possible Moiré patterns of two identical layers at an angle ® have a periodicity according to

a0

M= 5 in(@/2)

)

with a); denoting the lattice constant of the Moiré superlattice (MSL). Figure 1c depicts the dependence
of the Moiré lattice constant, ay, as a function of © for graphene as well as for WSe,.
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The magic angle © is given by [79]

k2 + 4kl + 12
—cos 1| T2 2
© = cos (2-(k2+kl+l2)> ’ @

with k, I being integers. The first magic angle, 1.1°, is indicated in Figure 1c by a dashed green line.

The accuracy achieved to determine the tilt angle of the graphene layers is typically ~0.03° [10];
Stepanov et al. describe the twist homogeneity within a device as good as 0.01° per 10 ym [9]. Thus,
the twist angles are well defined with only small experimental error.

2.2. Samples and resistance measurements

The superlattice density n; = 4/ A was defined to be the density that corresponds to full-filling
each set of degenerate superlattice bands, where A =~ /34 /(20?) is the area of the Moiré unit cell
(2 = 0.246 nm is the lattice constant of the underlying graphene lattice) and © is the twist angle. The
electron density (ng = A 1 ~10'2 cm~2, where Ay is the area of the moiré unit cell) the observation
of correlated states at all integer fillings of v = n/ny (where n denotes the gate-modulated carrier
density), at Moiré band filling factors v =0, £1, £2, *...

To measure the superconducting properties of tBLG by means of resistance measurements, a
structure called device is fabricated using the tear-and-stack or cut-and-stack method encapsulating
the tBLG between h-BN layers. This arrangement is then patterned into a Hall bar geometry with
multiple leads using electron beam lithography and reactive ion-etching. The final device is placed on
Si/SiO; substrate with an intermediate thick graphite layer serving as back gate. Another graphite
layer on top serves for protection. This construction is required to prepare proper electric contacts to
the sample. A schematic drawing of the arrangement of the various layers is given in Figure 1d and
the device ready for measurement is given as an inset to Figure 2a.

Figures 2a and b present resistance measurements as a function of temperature for tBLG. In
Figure 2a, the measured resistance, Ry, being in the k()-range, is presented for two twist angles, 1.16°
(M1) and 1.05° (M2) [2]. The inset shows the arrangement of sample and electric contacts ready for
measurement. Figure 2b gives similar data from Ref. [6], but only for one angle (1.10°) and normalized
to the resistance measured at 8 K. The different curves are obtained for various charge carrier densities,
ranging between +1.11 x 102 cm~2 to —1.73 x 10'2 cm~2. From this plot, it is obvious that the shape
of the curves as well as the determined transition temperatures strongly vary with the charge carrier
density. The variation of the charge carrier densities is achieved by tuning the gate voltage, which
enables an extensive study of the phase diagram of the tBLG devices.
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Figure 2. (a) Longitudinal resistance, Ryy, being in the k()-regime, measured by four-probe method in
two devices M1 and M2 with twist angles of ® = 1.16° and ® = 1.05°, respectively. The inset shows an
optical image of device M1, including the main “Hall’ bar (dark brown), the electrical contacts (gold),
the back gate (light green) and the SiO; /Si substrate (dark grey). Reproduced with permission from
Ref. [2]. (b) Longitudinal resistance at optimal doping of the superconducting domes as a function of
temperature. The resistance is normalized to its value at 8 K. Note that data points for n = —7.5 x 101
2 are overlaid by the data points for n = 5 x 10'! cm~2, as both curves follow a very similar line.
Reproduced with permission from Ref. [6].

cm

3. Phase diagrams of Moiré superconductors

Atv =~ —2, superconductivity was observed in samples M1 and M2 below critical temperatures
of up to 3 K. Figure 3a and b present sections of the phase diagram for negative charge carrier densities
for the samples M1 (® = 1.16°) and M2 (® = 1.05°). Here, the Ryx(T)-curves are plotted as vertical
lines indicated by the green dashed line in (b), using color coding for Ry,) as function of the charge
carrier density. The dashed white lines are defined as 50% resistance to the normal state. Here, we see
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that the borders of the superconducting domes are not sharp and varying with 7, thus leading to a
large variation of the superconducting transitions concerning T, as well as the transition width, 6T,.
These diagrams reveal that the twist angle a, sets the possibility to observe superconductivity, but the
resulting superconducting properties of the tBLG samples clearly depend on the charge carrier density.

In subsegent papers, a further variation of the charge carrier density revealed a complete sequence
of insulating states, magnetic states as well as superconducting states. Such a full phase diagram is
shown in Figure 3a, reproduced from Ref. [6] on a tBLG sample with & = 1.1° (see also Table 1 below),
presents the complete sequence of superconducting domes (SC), metallic behavior and correlated
states (CS) when tuning the gate voltage between £3 x 10!2 cm~2. In this diagram, also three new
superconducting domes at much lower temperatures were observed, close to the v =0 and v = £1
insulating states. The red and green arrows indicate the superconducting transitions observed by Cao
et al. [2] and Yankowitz et al. [3].

1 )
: ,"Supercor:ductor b

1 : b
46 -14 -12 -1.0 -08
n (1012 cm2)

R, (ko) [T

SC

n (1012 cm?)

Figure 3. (a). Four-probe resistance measurement on sample M1 (® = 1.16°). The longitudinal
resistance, Ryy, is measured at given charge carrier densities versus temperature, i.e., along the
dashed-green lines and Ryy is represented via the color code, given above the diagram. Two
superconducting domes (dark blue/black) are observed next to the half-filling state, which is labelled
‘Mott’ and centered around —#5/2 = —1.58 x 102 cm~2. The remaining regions in the diagram are
labelled as ‘metal” owing to the metallic-like temperature dependence of Ryy. The highest critical
temperature observed in device M1 is T, = 0.5 K (at 50% of the normal-state resistance). (b), Same
measurements as in (a), but for device M2, showing two asymmetric and overlapping domes. The
highest critical temperature in this device is T, = 1.7 K. (¢) Colour plot of longitudinal resistance
versus charge carrier density and temperature of Ref. [6] on a tBLG sample with « = 1.1° (see also
Table 1 below), showing different phases including metal, band insulator (BI), correlated state (CS) and
superconducting state (SC). The boundaries of the superconducting domes — indicated by yellow lines
— are defined by 50% resistance values relative to the normal state. Note that the transition from the
metal to the superconducting state is not sharp at some carrier densities, which renders the proper
determination of the value of T, difficult.


https://doi.org/10.20944/preprints202111.0165.v2

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 13 February 2023 doi:10.20944/preprints202111.0165.v2

7 of 22

The phase diagram of tBLG, plotting temperature vs. charge carrier density is similar to that of
the HTSc cuprates (where temperature is plotted vs. the doping), and includes several dome-shaped
regions corresponding to superconductivity. Furthermore, quantum oscillations in the longitudinal
resistance of the material indicate the presence of small Fermi surfaces near the correlated insulating
states, which is also the case in underdoped cuprate HTSc. The small Fermi surface of tBLG,
corresponding to a charge carrier density of about 10!! cm?, and the relatively high resulting T.’s
places the tBLG systems among the superconductors with the strongest pairing strength between
electrons [2], which was later relativated by Talantsev [11] based on the thorough analysis of the
available magnetic data.

As stated in [2], "one of the key advantages of this system is the in situ electrical tunability of the
charge carrier density in a flat band with a bandwidth of the order of 10 meV". This enables the study
of the phase diagram to be performed in unprecedented resolution on one given sample, avoiding the
problems arising when studying various samples with different microstructures. However, there is
also a drawback as the application of the gate voltage does not allow for magnetic measurements in
magnetometers to be performed on these devices, so the most important hallmark of superconductivity,
the Meissner effect [80,81], cannot be measured directly. For magneto-optic imaging [82,83] or for
magnetic force microscopy (MFM) [84], the tBLG devices are too small to enable proper measurements.
One could imagine, however, to apply the scanning Hall probes [85,86], scanning SQUID [87] or the
diamond color center [88,89] techniques to image the details of the magnetic states in tBLG, which
were already predicted in a recent paper [90]. Nevertheless, other features of the superconducting
state like the effect of applied magnetic fields on the superconducting transition, and the Fraunhofer
patterns could be observed, which enabled a classification of the Moiré superconductors based on the
magnetic data as presented by Talantsev [11].

An important experimental work was carried out by Saito et al. [10], demonstrating the effect of
varying the thickness of the h-BN layer on the superconducting properties of tBLG, where dy,_py varies
between 6.7 nm and 68 nm for tBLG samples with different twist angles. In this work, the highest
observed T;-values for tBLG samples were reported. Figure 4a—f present the influence of the h-BN
cover layer thickness on the superconductivity of the tBLG devices 1 (a) - 5 (e) (Figure 4a—e reproduced
from Saito et al. [10]). The diagrams show the measured, color-coded Ry as function of T and v. For
each device, the values of the twist angle «, its error margin and the thickness d of the h-BN layer are
given. The dashed line in each image indicates the density v =-2. Figure 4f gives a 3D-bar diagram of
the highest T.’s recorded as function of d and a. Here, we can see directly that a thicker h-BN layer
yields a higher value of T; (see also the data collected in Table 1 below). The superconducting dome
recorded for device 5 at n = 1.79 x 10'?> cm~2 with d = 45 nm and « slightly above the magic angle
yielding the highest T, is the most robust one of sll devices investigated. The increase of T, due to to
the thicker h-BN layer fits well into the limits set by the application of the Roeser-Huber formulism as
presented in Section 4.
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Figure 4. Phase diagrams on tBLG revealing the influence of the h-BN layer thickness. The diagrams
are presenting details of the 2D maps around a superconducting dome in each device [10] D1-D5. The
white dashed lines show v = —2. (a) Device 1 (® = 1.08°, d},_gny = 68 nm, H). (b) Device 2 (© =
1.09°, dy,_pn = 6.7 nm, ). (c) Device 3 (® = 1.04°, d;,_gn = 38 nm, W). The superconducting phase is
divided by a weak resistive state around v = —2 — 6, which does not match the density of the state
at v = —2, being estimated from the strong resistive states at v = —4,0, 2,4. (d) Device 4 (® = 1.18°,
dp—pN = 7.5nm, H). (e) Device 5 (© = 1.12°, dj,_pN = 45 nm, W). (f) 3D-bar diagram showing the
highest values of T, recorded in [10] as function of d and «. It is obvious from images (a), (c), (e) and (f)
that thicker h-BN layers stabilize a strong and robust superconducting state with the highest T, value
of 3.98 K recorded in (e). Reproduced with permission from Ref. [10].

Figure 5a—c show information on the superconducting state of tBLG (data collected by Lu et
al. [6]) when applying an external magnetic field to the tBLG devices. The variation of the longitudinal
resistance, Ryx(T), is given in Figure 5a for applied magnetic fields of 0, 130, 230 and 300 mT. As
expected from a superconducting material, the onset of T, reduces with the application of a magnetic
field until the superconducting transition is completely suppressed in higher fields. Figure 5b gives
the resistance, Ry, (color-coded), as function of the perpendicularly applied magnetic field, B, , and
the charge carrier density, n, at a temperature of 16 mK. This diagram directly shows the respective
magnetic fields to suppress superconductivity. Finally, Figure 5c shows a Fraunhofer interference
pattern measured in the superconducting state, which directly manifests the superconducting character
as a measurement of the Meissner effect is not possible for a tBLG device. Figure 5d—f present
the analysis of Talantsev et al. concerning the superconduting parameters of tBLG samples. The
superconducting parameters were derived from fits to the data of the upper critical field, H(T) and
the critical current density, J.(T)(self field), following the models by [91-99]. All this gives valuable
information on the properties of the superconducting state(s) in tBLG samples.


https://doi.org/10.20944/preprints202111.0165.v2

o
o

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 13 February 2023

doi:10.20944/preprints202111.0165.v2

9o0f22

j 11000
(d) 5
04 A 1 1 :__ T o
" W oL
= 3 b $ o3 3o €
g 03 &: s i ’ £
E <
© E
02 +— By, (16 mK) we, e
o 2 gu(Bmk)  § 3410 R
it 3os %
o1l ¢ 2
RIS $ 31
T (mK) 7 D S
F A o A
00— e 31
b) 05 5 (e) °
(b) ol ? 2 {200
04 >
. = =
_ o3’ ' e _Eg -— {150
= < 4t
= " o ¥ ¢ L] 9 g
@ 02 \ e @ 1100
0.1 Y = 2 (]
) ' [ o a,06mK) 1%
2 Kl 0 1 2 K,
n (102 cm?) 0 0
0) ]
1 2 3 5 's.C.surf 10015
dVi/dl (k) I [ = Mgl
(c)
3
20 o =
e Ll {oot0 S
—_ -~ o
g -] <
= G -
< gl 40.005
300 -150 0 150 300 ol ) )  ogoo
B (mT) 2 El 0 1

n (1012 cm??)

Figure 5. The effect of applying external magnetic fields on the superconducting state of tBLG. (a)
Longitudinal resistance plotted against temperature at various out-of-plane magnetic fields, showing
that normal levels of resistance are restored at magnetic fields larger than 300 mT. (b) 2D map of
longitudinal resistance as a function of B and total charge carrier density n taken at the base temperature
16 mK, demonstrating the effect of perpendicular magnetic field B on the SC pockets observed. (c)
Fraunhofer interference patterns measured in the superconducting state, charge carrier density 1.11
%1012 cm~2 . Figures a—c: Reproduced with permission from Lu et al. [6]. (d) Analysis of the
superconducting phase diagram of tBLG with ® ~1.1°. The upper critical field, B, | (16 mK), and
deduced ¢,;, (16 mK) using Equation (1) of Ref. [11]. (e) Deduced A, (16 mK) and «. for four doping
states for which I (self-field, 16 mK) was reported by Lu et al. (f) Cooper pairs surface density, 15 c gurf ,
and the ratio of 1y ¢ ¢,r¢/ 711 for four doping states for which I.(self-field, 16 mK) was reported by Lu et
al. [6]. Figures d—f: taken with permission from Ref. [11].
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error bars. Data taken from Saito et al. (Ref. [10]), together with data of Cao et al. [2], Yankowitz et
al. [3], Lu et al. [6], Liu et al. [8], Codecido et al. [7], Stepanov et al. [9] and Arora et al. [14].
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4. Roeser-Huber model

The basic idea behind this approach is the view of the resisitive transition to the superconducting
state as a resonance effect between the superconducting charge carrier wave, A¢., and a characteristic
length, x = A /2, in the sample. The details of this were already discussed in Refs. [68,69,74]. The
Roeser-Huber-equation, originally obtained for high-T, superconductors, is written as

[(2xy2My | ng?Prekp T, = 12, ®)

where / is the Planck constant, kg the Boltzmann constant, x the characteristic atomic distance, T, the
superconducting transition temperature, M, the mass of the charge carriers, and ny is a correction
factor describing the number of Cu-O-planes in the HTSc unit cell. For YBa;Cu3O7_; with one
Cu-O-plane per unit cell, we have 1y = 1, and the compound BiySr,CaCuyOg s (Bi-2212) with 2
Cu-O-planes per unit cell has ny = 2. Thus, n for tBLG is taken to be n = 1 as the two graphene layers
at the magic angle give together one superconducting unit. A system corresponding to 1y = 2 would
be then a stack of two 2D layers like h-BN-tBLG-h-BN-tBLG-h-BN, where the two tBLG layers are
separated by a h-BN layer. As charge carrier mass, we assume in a first approximation My = 2m,,
corresponding to a Cooper pair.

An energy, A (g, can be introduced via

Ay = mkTe (4)
which may correspond to the pairing energy of the superconductor. So we can write
(2x) - 2Myng®/® - Ay = > . (5)
Using Equation (4) and regrouping of the terms leads finally to

A :ﬁ-LnZB' L = tkgT, . 6)
© =72 M0 T (2x)2

It is important to note here that Equation (6) was reached without the use of any theoretical description
of superconductivity, just by the model of a particle in the box [100]. Now, the formalism described
above requires only minor adapations to the case of tBLG and its derivatives: nyp = 1 was already
mentioned. The Moiré lattice constant, a4, plays the key role to describe a Moiré superconductor, so
the characteristic length corresponds to x = ay,.

For a proper comparison of the calculated data to the experiments, T, in the Roeser-Huber
formalism is to be taken from resistance measurements as the maximum of the derivative, dR/dT,
corresponding to the mean field transition temperature TMF, which also plays an important role for the
fluctuation conductivity analysis as described in Refs. [101-103]. In the literature, T is often derived
often from 50% of the normal-state resistance, which is not necessarily the same as T};VIF, especially
not in the case of a two-step transition. Both these definitions of T, are distinct from the T. used in
the Uemura plot [2,11,104,105], where the completed transition when reaching R = 0 () is considered.
Other authors also have used Tgkr), the Berezinskii-Kosterlitz-Thouless (BKT) temperature, which
is well suited for describing the superconducting transition in 2D systems like the ones investigated
here. Most of the approaches mentioned here have, however, problems to give a proper value of T¢
when the superconducting transition is very broad, shows a secondary step, does not reach R = 0 () or
when the deviation from the normal-state resistivity is difficult to be defined.

Thus, in the present work all the published resistance data were digitalized and the derivative,
dR/dT, was plotted graphically to obtain values for T, according to the demands of the Roeser-Huber
formalism.
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5. Application of the Roeser-Huber formalism to Moiré superconductivity

New results with much higher values of T, were presented recently by Saito et al. [10], who
also used the h-BN as top and bottom cover, but varied the tilt angle between 1.02° and 1.20° and
the thickness of the h-BN layer between 6.7 nm and 68 nm. These experiments demonstrated that
the device (device 5) with a tilt angle of ® = 1.10-1.15° and a h-BN thickness of 45 nm showed
the highest T, ever reported for the tBLG systems. Stepanov et al. [9] also fabricated devices with
varying the h-BN thickness between 7 and 12.5 nm. Codecido et al. [7] showed superconductivity
in tBLG at a much smaller angle ® = 0.93°, so superconductivity does exist in a wide range around
the magic angle. Lu et al. [6] have shown a complete phase diagram of their tBLG sample with four
domes of superconductivity at positive and negative charge carrier densities by plotting the measured
longitudinal resistance versus temperature and charge carrier density, demonstrating the experimental
advances since the first reports of superconductivity in tBLG.

These results provided the base to compare the Roeser-Huber calculations with a wider
experimental dataset. For comparison, we employed the data of Saito et al. (their Figure 3c), and those
of Refs. [2,3,6-9,14]. The T opt determined by Saito et al. corresponds directly to TNF required by us, so
the data can be directly compared to each other as done in Table 1 below. Table 1 presents the Tc-values
of several tBLG devices of various authors [2,3,6-10] together with data of a graphene tri-layer [12],
the data of WSe;-stabilized tBLG [14] and the data obtained on twisted WSe; bi-layers [15]. Listed
are the tilt angle &, the experimentally determined value of T, (exp) corresponding to our definition
of TMF, the characteristic length, x, corresponding to the Moiré lattice constant ayy, the energy Ao
calculated using ny = 1, M| = 2m, and the calculated values of T (calc). When doing the calculations,
the calculated values T¢(calc) turned out to be much larger as the experimentally observed values for
T¢. The first two rows give the data for tBLG at the magic angle, ® = 1.1°, yielding 4.23 K with ny =
1. Using ng = 2 would lead to a T; of 6.714 K, which is even higher and unrealistic. Table 1 shows
further that the experimental variation of the tilt angle between 0.93° (the smallest tilt angle reported
for superconductivity in tBLG) and 1.18° leads to T.-values of pure tBLG ranging between 3.024 K and
4.867 K. Thus, all calculated data are clearly higher than the experimental ones. What could be the
reason for this?

There are two possible scenarios to explain this outcome.
(1) The effective Moiré lattice parameter is much larger as determined by Equation (1).
This is possible when considering the fact that Moiré superlattices can be formed by all layers involved
forming the device, not only the graphene bilayer as intended. The fully encapsulated graphene has
necessarily two interfaces with the h-BN layers on the top and bottom, where an extra tilt can occur.
Looking at Figure 1c and Equation (1), the effect is largest at very small angles.Thus, attempting to
align the top and bottom h-BN layer to the graphene may generate much larger Moiré superlattice
parameters. Such a situation was discussed by Wang et al. [51].

In case of a stack of h-BN with graphene, there is a misfit between the two lattices, so the resulting
superlattice can be described as [3,53]

4 _ (1 +(5)a0
ML 2(T 1 0) (1 —cos @) + 02

, @)

where § denotes the lattice mismatch between h-BN and graphene (1.8 %) and @ is the twist angle of
h-BN with respect to graphene. A result of this is that the largest possible Moiré lattice constant is
~ 14 nm, which occurs when the one graphene layer is fully aligned to the h-BN layer. Wang et al.
showed that they can increase the MSL lattice parameter to 29.6 nm by aligning both h-BN layers to
the graphene. Calculating T, with this MSL parameter would yield a value of ~0.8 K, which would be
much closer to the experimental data.
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However, the high pressure experiment of Yankowitz et al. [3] and the data of Saito et al. [10]
demonstrated that this explanation cannot be the solution of the present problem. The optical
images of the devices presented by Cao et al. [2], Yankowitz et al. [3] and Saito et al. [10] showed all
arrangements made before putting the top h-BN layer in place. Thus, the misfit would be created
when placing this layer. While this scenario might have applied to the first reports of superconducting
tBLG, all authors of the more recent contributions have explicitly checked for such effects and even
provided a dedicated discussion in their Supplementary Data (see, e.g., Figure S2 of Ref. [6]), so this
effect can be ruled out. Furthermore, the high-pressure experiment could increase T, from 0.6 K to 3 K
with the same configuration, and the data of Saito et al. [10] showed that their experimental values of
T are approaching the calculated ones using My, = 2m,.

(2) A new correction factor must be introduced to the Roeser-Huber equation.
The band structure calculations have shown that the charge carrier density of the tBLG at the magic
angle is very small, and it is shown by Lu et al. [6] that several superconducting domes can be found
when plotting the linear resistance versus carrier density and temperature, which equals a phase
diagram of tBLG. Thus, this fact must be accounted for in our calculations. Cao et al. [2] showed that
the effective mass of the charge carriers is only 0.2 m,, and in the Uemura plot [104,105] (their Figure
6), they demonstrated that the tBLG samples are located at low Fermi temperatures Tr ~ 20 K and
nop = 1.5 x 101 em ™2, being clearly distinct from the HTSc, where M = 2m, applies very well.
Thus, we introduce a correction factor, 77, to the charge carrier mass My, in Equation (3) by writing:

My =nm, . 8)

The situation # = 2 will then correspond to our initial value of 2. Now, we come back to Table 1. The
energy AZ‘O) and the corresponding T/ (calc) were obtained by introducing the correction factor 7 to
the Roeser-Huber equation, which is listed as well. The parameter # was obtained by adapting
the calculation procedure manually to the experimentally obtained values of T.. The result of
this procedure is that we can now fully reproduce all the experimentally observed values for T.
The slight deviations in T(calc) account for the difficulties when extracting the T.-values. The
data for the h-BN-WSe,—tBLG-h-BN stacks of Arora et al. [14] show that the WSep-layer stabilizes
superconductivity at angles much smaller than the magic angle, and also smaller (0.79°) as the smallest
angle reported for pure tBLG. We also see that such a monolayer of WSe, is not superconducting on its
own; Arora et al. describe the WSe,-layer as insulating. The trilayer graphene (TLG, Hao et al. [12])
would have a quite high T, of 8.5 K when calculating with M; = 2 due to the small value of a);. Thus,
the required 7 is quite large and also off the fit in Figure 3.

Figure 7 plots the resulting values for 7 as function of temperature. The dashed green line
indicates the bottom value of 7 = 2, which corresponds to the case of HTSc materials. The lower the
measured transition temperature, the larger the parameter #. Fitting the data with an exponential
decay of the type

y =2A; -exp((x —x0)/t1) , )

we obtain a quite good correlation with the parameters A; = 14.17, xp = 0.6 and t; = 0.766 as shown
in Figure 3. The tBLG/WSej-data fall below this fit line, and the TLG and WSe, are located above
it. Furthermore, the values for 7 are only in a small range between 2 and 22, which is equal to the
narrow window for the tBLG samples in the Uemura plot (T, as a function of the Fermi temperature,
Tr = Er/kp with Er denoting the Fermi energy) in a line below the HTSc samples [2,11]. As Tr is
directly linked to the Fermi velocity, vr, via

(10)


https://doi.org/10.20944/preprints202111.0165.v2

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 13 February 2023 doi:10.20944/preprints202111.0165.v2

13 of 22

and

h

Oor —m ——
F 27Tm,

(2mn)'/3 (11)

there is the effective mass, m*, and the density of the charge carriers, n, directly involved. We also
must note here that 77 depends not only on the calculated value of T, at a given misorientation angle ®,
but also on the charge carrier density. Thus, the parameter # determined here should contain all this
information, which will then also enable to judge via the value of m* (m* < 0.1m,) [11], if a material
can be a superconductor or not. Thus, this parameter # is by no means an artificial approach just to
obtain the right T;-values, but the parameter contains all the essential physics (charge carrier density,
charge carrier mass) to describe a superconducting material. This will further contribute to reduce the
calculation error(s) in the Roeser-Huber formalism existing for some other materials like Nb or Re (see
their position in the Uemura plot given in Figure 7.

Table 1. Table giving the experimental data of T, the angles and the resulting characteristic length,
x, the calculated energy A () and T¢(calc) using the Roeser-Huber equation (eq. 3 with n =1 and
My, = 2m,. The energy AE‘O) and the transition temperature T (calc) are calculated using the correction
factor 5. Furthermore, the sample names of the original publication and the references are given. The
T, marked by t is the value claimed by the authors from a two-step transition. Our T, determined
from their data is T, = 0.32 K. { This value gives the zero resistance. Stars (*) mark the WSe; T.-data
from the experiments of An et al. [15], where the T, values given are determined by us. (¥) as given by

the authors for R = 0 Q. (**) indicates T, determined via a 50% normal-state resistance criterion.

type tilt angle Tec(exp) x A(O) Te (calc) AZ‘O) T# (calc) n comment/ Ref.
°1 K] [nm] [0—22y K] [0—22y K] sample name
tBLG 11 - 12.81 1.835 4.23 — — — nyg=1 magic angle
11 - 12.81 2912 6.714 — — — ny =2
tBLG 1.16 0.47 12.15 2.040 4.704 0.204 0.470 20 M1 Caoetal.
1.05 17 13.42 1.671 3.854 0.740 1.705 4.52 M2 Cao etal.
114 0.6 12.36 1.971 4.542 0.197 0.454 20 D1 Yankowitz et al.
127 3 11.10 2.446 5.638 1.304 3.007 3.75 D2 Yankowitz et al.
(1.33 GPa)
1.08 227 13.05 1.768 4.877 0.982 2.265 3.6 device 1 Saito et al.
1.09 2.395 12.93 1.801 4.153 1.044 2.408 3.45 device 2 Saito et al.
1.04 129 13.55 1.639 3.781 0.561 1.295 5.84 device 3 Saito et al.
112 3.98 12.58 1.902 4.385 2.606 3.986 22 device 5 Saito et al.
118 0.6 11.94 2.111 4.867 1.792 0.601 16.2 device 4 Saito et al.
1.1 0.25 12.81 1.835 4.23 1.287 2.968 2.85 - Luetal.
0.93 <051 15.16 1.311 3.024 0.139 0.32 189 smallest © Codecido et al.
1.26 <35% 11.19 2.407 5.550 1.376 3.171 35 - Liu et al.
115 0.92 12.26 2.005 4.632 0.401 0.925 10 D1 Stepanov et al.
1.04 0.4 13.55 1.640 3.781 0.786 0.398 19 D2 Stepanov et al.
TLG 1.56 2.7 9.035 3.69 8.507 119 2.784 6.2 - Hao et al.
tBLG+WSey 0.97 0.8 14.53 143 3.289 0.348 0.802 8.2 D1 Arora et al.
0.79 0.52 12.73 0.946 2.182 0.225 0.520 8.4 D3
bi-layer 1 3.32% 18.89 0.844 1.95 (Yto =1) — — — E7, -144V Anetal.
WSe) 1 3® 1889 1340 309(g=2) — — — -
1 3® 20 0.753 174 (ng = 1) — — — -
1 3® 20 1.195 2.76 (ng = 2) — — — -
2 4.53 9.45 3.376 7.78 (ng =1) 1.963 4.53 3.44 F2, -6.65V
2 6.1* 9.45 3.376 7.78 (ng =1) 2.648 6.11 2.55 F2, -6.92V
4 6 (50%)** 4.72 13.5 31.1(ng =1) — — — D11, -179V

The newer experimental reports also present superconductivity measured at different
superconducting domes in the phase diagram, which can be accessed at various positive and negative
charge carrier densities. A dedicated analysis of all the data available (tBLG samples as well as the
extreme elemental superconductors like Bi or Li) will allow to further clarify the properties of 7.

The case of bi-layer WSe; [15] is more complicated to be solved. The first problem in the case of
WSe, is the value for ng to be taken in the calculations. If a monolayer WSe; is superconducting itself,
np must be taken as 2. If only the product from two misaligned WSe; layers is superconducting, we
would have ng = 1 like for tBLG. A first glance on Table 1 gives the idea that 7y = 2 could be correct,
but as seen from the combined WSe,—tBLG-data from Arora et al. [14], we can consider ng = 1 to be
the more realistic case. Thus, we have listed both cases in Table 1 to give some predictions of T, for the
WSe; system. As seen from Figure 1c, the larger lattice parameter of WSe, will lead to slightly larger
ay for a given angle ®, and thus, the resulting values for T; are higher as compared to tBLG, which is
also observed experimentally [15]. The main problem is now that the experiments of Ref. [15] do not
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convincingly demonstrate superconductivity in this system as compared to the tBLG data, where much
more detailed information is available. So it is difficult to extract properly defined values for T, from
the data presented (WSe; bilayers with 1°, 2 © and 4° misalignment). For the 1° sample (E7), T, could
be around 3.5-4 K, for the 2° sample (F?) ~4 K (-6.65 V) or ~6 K (-6.92 V) and for the 4° sample (D11,
marked by a star in Table 1), one may get T. somewhere between 4 K and 12 K, if at all. The calculation
of the Moiré pattern parameter for the 4° sample gives a); = 4.72 nm, which would yield a T, of 49.9
K (with ng = 2) or 31.13 K with 9 = 1. These values for A and T¢ are considerably too high and
unrealistic. As the authors show in their paper higher order Laue reflexes from electron diffraction
patterns for the 1° sample, which would indicate a lattice constant of the order of 2025 nm (instead of
the calculated 18.9%rc using Equation (1)), we have used 20 nm for x in Table 1 for the 1° sample and
left the 4° sample out of further consideration. If we calculate T, using ny = 2, the calculated values
come quite close to the experimental data assuming T, ~ 3 K. In all cases, the superconductivity is best
documented for sample F? (their Figures 5a and S11), yielding a T. of 4.53 K (-6.65 V) and 6.1 (-6.92 V)
at two different gate voltages. These T.-values are clearly higher than those of tBLG, but also smaller
than the calculated value of 7.78 K (19 = 1). Determining the correction factors # for this sample yields
1 = 3.44 and 2.55 at the two gate voltages, which are only small corrections. To summarize this part,
the published data of WSe; are not suitable for a good comparison, but when extracting T. via the first
derivative from the published data (best for sample F?), we only require small correction factors to
reproduce the experimental T;. This would indicate that the WSe, bilayers have properties being more
similar to that of HTSc compounds.
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Figure 7. Uemura plot showing the position of tBLG among other superconducting materials. Figure

reproduced from Talantsev et al. [11].

Finally, Figure 8 presents the Roeser-Huber plot, now extended towards lower temperatures to

include the various tBLG samples reported in the literature. The black squares (W) correspond to the data
published in Ref. [74], the red data points (e) are for the various tBLG samples investigated here, and the
blue bullet (o) shows the 2° WSe; data. The straight red-dotted line follows the equation for a particle
in a box [100] with the slope h?/ (27tkg) = 5.061 x 10~*> m? kg K. The linear fit (dashed-blue line) is
almost perfect with only a small error margin, which manifests the basic idea of the Roeser-Huber
formalism.
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Figure 8. The correction factor 5 as function of temperature. Included here are the tBLG data of
Refs. [2,3,6-10], the trilayer graphene (TLG) of Hao et al. (4, [12]), the tBLG/WSe; of Arora et al.
(%, [14]) and the 2° WSe, data of An et al. (M, [15]). The violet line (==) is a fit to all data using

Equation (9).
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Figure 9. Roeser-Huber plot including the data of the various tBLG samples (o) and WSe; (o) and
the previously calculated data for several HTSc and metals/alloys (m). The straight red-dotted line
follows the equation for a particle in a box [100] and the blue dashed line gives the linear fit to the data
(see text).

Harshman and Fiory [106] presented another way of calculating the transition temperature
of tBLG from experimental data. Also this approach was originally developed for HTSc samples,
and the parameters involved are quite similar to those of the Roeser-Huber approach. However,
there is no relation between the T, and the crystal lattice parameters, except a distance between the
superconducting layers, which in turn is not contained in the Roeser-Huber formalism. In all cases, it
will be interesting to compare the various parameters of the models with each other.
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So, we can say here that an extension of the Roeser-Huber formula is required to account for the
low charge carrier densities and the resulting low charge carrier mass using the new parameter 7.
When doing so, we can directly reproduce the experimental data of the various tBLG measurements
published in the literature. We also note that the calculation using # = 2, that is, a charge carrier mass of
2m,, gives an upper limit for T. of Moiré superconductors, to which the experiments come now close by
applying pressure or using thicker h-BN layers (see, e.g., the results of Saito et al. [10]). This observation
is a very positive output for use of the Roeser-Huber equation to predict the superconducting transition
temperatures of still unknown materials.

6. Conclusions and outlook

As outlook for future research in the field of Moiré superconductivity, one can state that the Moiré
superlattices have developed into excellent platforms for the study of new properties of layered 2D
materials in general [107], where superconductivity is only one of several special properties. The recent
creation of devices with 3, 4 or more graphene layers demonstrated stable and robust superconductivity,
and the finding of the dependence of T, on the h-BN layer thickness also clearly showed that more
robust superconductivity is possible in the Moiré superconductors. Thus, one may expect creation
of new superconducting materials by different types of stacking the layers, e.g., the combination of
graphene and WSe,, combinations with flat 2D-layers like borophene, stannene [17,18], etc., or even
heuslerenes [108], which may be superconducting themselves or not. In all cases, the reviewed research
is only the top of an iceberg, as countless other combinations are theoretically possible. Another
interesting aspect is the finding of Moiré pattern on the surface of a topological insulator [109,110],
combining two ongoing research directions. Also here, more stable and robust new superconducting
states may result, which will further widen up the knowledge of such unconventional superconductors.

To summarize up the present paper, in the first part we have given a summary of the various
measurements on superconducting tBLG samples as published in the literature. For the measurements,
a typical structure called device was build up consisting of the tBLG, a top and bottom h-BN layer
and graphite as a substrate and cover for better handling of the structure. Via electric contacts, the
longitudinal resistance, Ryy, could be measured as function of temperature, applied magnetic field,
tilt angle, and h-BN layer thickness. An important result is here that the complete phase diagram (in
analogy to the phase diagram of HTSc) could be measured by electrically tuning the charge carrier
density, n. This enables a complete study of the superconducting properties of the various tBLG
samples for a given tilt angle of the graphene layers. Furthermore, measuring the characteristic
Fraunhofer patterns enables a direct proof of the superconducting state, which is important as the
classical Meissner effect can not be magnetically measured in these tBLG devices.

All the data of the superconducting state collected by various authors now enable the calculation
of T. of Moiré superconductors based on the Moiré lattice parameter using the Roeser-Huber formalism.
When doing so, we find that the Roeser-Huber formula in the standard form with M} = 2 m, gives
an upper limit of T, for tBLG, which is close to the experimental observations for tBLG samples with
thicker h-BN layers. To better describe the superconducting state(s) of the various tBLG samples and
to account for the distinctly different Fermi temperatures, the introduction of a correction factor #
to the Roeser-Huber formalism enables to account for the small charge carrier densities and charge
carrier mass, so that the experimentally obtained data can successfully be reproduced. Further work
is required to find a theoretical foundation for this parameter #, but it is already obvious that n and
Tr play an important role. Via Tr and the corresponding Fermi velocity, vr, it becomes possible
to introduce a criterion to the Roeser-Huber formalism to distinguish if a given material can be a
superconductor or not. For the tilted WSe; layers, which were already discussed in the literature,
the currently available experimental data are not sufficient to extract proper values for T, to enable a
proper comparison with the calculated data.
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