Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 8 November 2021 d0i:10.20944/preprints202111.0135.v1

Article
Minimal systems of binomial generators for the
ideals of certain monomial curves

Manuel B. Branco !

, Isabel Colaco ? and Ignacio Ojeda® *
1

2

Departamento de Matematicas, Universidade de Evora, 7000-671 Evora, Portugal; mbb@uevora.pt
Departamento de Matematica e Ciéncias Fisicas, Instituto Politécnico de Beja, 7800-295 Beja, Portugal;
isabel.colaco@ipbeja.pt

Departamento de Matematicas, Universidad de Extremadura, 06071 Badajoz, Spain; ojedamc@unex.es
*  Correspondence: ojedamc@unex.es

Abstract: Let a,b and n > 1 be three positive integers such that 4 and Z}:Ol b/ are relatively prime. In
this paper, we prove that the toric ideal I associated to the submonoid of N generated by {Z]’.’;Ol blu

{2}1:_01 b 4a Z;;% b/ |i=2,...,n} is determinantal. Moreover, we prove that for nn > 3, the ideal I
has a unique minimal system of generators if and only ifa < b — 1.

Keywords: Binomial ideal, semigroup ideal, minimal system of generators, determinantal ideal,
Grobner basis, indispensability.

MSC: Primary: 13P10, 20M14, secondary: 52B20

1. Introduction

Let be a field and let A = {ay,...,a,} be a set of positive integers. It is well-known that the
kernel of the —algebra homomorphism

sl xg) = [, ) = i =1, (1)
PA

where x1, ..., x,; and t are indeterminates, is a binomial ideal (see [6] or [10] for a more recent reference).
Clearly, ker(¢_4) is the defining ideal of a monomial curve.
Let b be a positive integer and set 7, (¢) for the /—th repunit number in base b, that is,

-1
ro(f) = Y b,
j=0

By convention, 74,(0) = 0.
The main result in this paper is the explicit determination of a minimal system of binomial
generators of I := ker ¢ 4 for

A=A{a;:=r,(n)+ar,(i—1) | i=1,...,n},

where a and n > 1 are positive integers. We prove that I is minimally generated by the 2 x 2 minors of

b b b
X7 ... X X
X;:( 1 n—1 uj—l)’ 2

X2 ... Xn X1

the matrix

provided that ged(ay, ..., a,) = ged(a, r,(n)) is equal to 1. In this case, as an immediate consequence,
we have that the so-called binomial arithmetical rank of I (see, e.g. [8]) is equal to (3).
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Furthermore, we obtain that 2 x 2—minors of X forms a minimal Grobner basis with respect to a
family of .A—graded reverse lexicographical term orders on [xy, ..., x,] (Theorem 1) and, applying [12,
Corollary 14], we conclude that for n > 3, the ideal I has a unique minimal system of generators if and
only if and a < b — 1 (Corollary 2).

The submonoids of N generated by A are studied in detail in [3] as a generalization of the
numerical semigroups introduced by D. Torrdo et al. in [13] and [14]; in this context, Corollary 2
provides a minimal presentation of the submonoid of N generated by 4, .. ., a,, providing an original
result not considered in Torrdo’s PhD thesis.

To achieve our main result (Theorem 1), we first compute the ideal | of the projective monomial
curve defined by the kernel of the —algebra homomorphism

[x1,...,x4] — [trb(o) s, ... =1 s|; x— oD i =1, ,n, (3)

where s is also an indeterminate. This intermediate result (Proposition 1) has its own interest, since it
exhibits another family of semigroup ideals that are determinantal and have unique minimal system
of binomial generators (Corollary 1).

Throughout the paper, we keep the notation established in this introduction. Moreover, since the
case n = 2 is trivial and the case n = 3 is well known for any a1, a; and a3 (see [6]), we suppose that
n > 3 whenever necessary.

2. Grobner bases and minimal generators for |

In the following, we write a,,  := r,(n) +ary(n +k — 1) for every k > 1. Observe that a1 =
(1+a)ry(n).
Lemma 1. For each pair of positive integers j and k, it holds that

baj+ajx =bajp 1 +aj.

Proof. Since aj x = a1 +ary(j+k—1) = ay +a(ry(j — 1) + 0 ry(k)) = aj+abl~1ry(k), we
conclude that
ba]- +ajk = b&lj'f'ﬂj +ab! rp(k) =
=baj+aj+abl ! (bry(k—1)+1) =
=b(aj+abtrk—1))+aj+ab™?
=baj+ (@ +ar(j—1)) +ab ! =

=baj ik 1+aj,
as claimed. [

Let <; be the term order on [xy, ..., x,] defined by the following matrix

ay ... 4 Ajyq | iy ... Ay
0 -1 0 o ... 0
M=] -1 0 0 0 0
0 0 0 0 -1
0 0 0 -1 0
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We observe that <; is the A—graded reverse lexicographical term order on [x1, ..., x,] induced by
Xp =i Xi—1 =i ... =i X1 <j Xp <i...=<;xj41; in particular, x; is the smallest variable for <;.

Lemma2. Ifje{l,...,.n—2}andk € {j+1,...,n —1}, then

x]bxkﬂ =i x]-Hx,lz
ifandonly ifi <jork+1 <i.
Proof. By Lemma 1, ba; + ay,1 = aj41 + bag, so we just need to decide what the variable x;, x; 1, xi
or xy1 is cheapest for the order defined by the last n — 1 rows of M. Since j < j+1 <k < k+1,
according to the definition of <;, the variable x4, is cheaper than the other three when j < i or
k+1 <i; thus, x}’xkﬂ =< xjﬂx,lj in these cases. Conversely, if j +1 < i <k, then either x; or x;,1 is

cheaper than the others if k = i or k # i, respectively. Therefore x]l?ka =i X1 x,lz whenj+1<i <k,
and we are done. [

Let I,(Y) be the ideal of [x1, ..., x,] generated by the 2 x 2—minors of
. ( o )
X2 X3 ... Xn
Let Ql(i), Qéi) and Qéi) be defined as follows

g{i) — {x]-Hx,lé—x;-’ka | je{i,....n—=2}, ke {j—l—l,...,n—l}},

g§i>:{xj+lx,€—x;?xk+1 |je{l,...,i—z},ke{j+1,...,i—1}},
g3 —{xhka—lexk | je{1,.. —1},k€{i,...,n—1}}

and let g@ be equal to g{i) U gz(") U gé")
Notice that, by Lemma 2, the underlined monomials are the leading terms with respect to <; of
the corresponding binomials.

Proposition 1. With the above notation, the set g$ ) is the reduced Grobner basis of L(Y) with respect to <;.

In particular, the cardinality of QY is (”51).

Proof. First, let us see that gS ) is a Grobner basis. By the Buchberger’s Criterion (see, e.g. [11, Theorem

3.3)), it suffices to verify that each S-pair of elements in g§j ) can be reduced to zero by g§j ) using the
division algorithm. To do this we distinguish several cases:

o Letf e gl(i),thatistosay,f = x]-Hx,lj—x;’ka,forsomej ef{i,...,n—2}andke {j+1,...,n—

1.

o Let g = x;41%5, — xPxy4q € gl If ged( ]ka, x;41%5,) = 1, then S(f, g) reduces to zero
with respect to {f,g} C QY Otherwise, j = I,j+1=mk =1+1o0rk = m. If

then S(f,g) = x5, (— X bxki1) — xb(— xﬁ’xmﬂ) ;’(x,léxmﬂ xb x141) reduces to zero with

respect to g$ ). If , then

b— b b b
S(f.g) = xl+1xj+1l(—xj Xky1) — X (=] xj+2)-
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Nowsincei<j<j+1<k<k+1andi<l<l+1<m ]+1<j+2
the leading term of S(f,g) with respect to <; is xkxl j+2- Then S(f,g) = (xk 2 —

xjﬂxkﬂ) + xj+1 Xpey1 (X0xjq — xl+1xj) reduces to zero with respect to QY . By symmetry,
the case is completely similar to the latter one. Finally, if , then
S(f,8) = —le(—x]l-’ka) — X1 (=X Xpp1) = Xppq (x;.’xlﬂ xj41x}) reduces to zero with
respect to g&' ),

o Letg = x4qxb, — x;’me’,l € Qz If ged(x +1xk, x;41%5,) = 1, then S(f, g) reduces to zero
with respect to {f, g} C Ql(,i). Otherwise, j = I,j+1 = m,k = 1 +1 or k = m. First of
all, we observe that the cases j = [ and k = m produce the same S-polynomial as in the

corresponding case for g € Ql(i) ; s0, we just focus on the cases j +1 =mand k = [ 4 1. If

j+1l=m|theni<j<j+l<k<k+landl<I+1<m=j+1<j+2=m—1<i,

therefore i < j+1 = m < i, a contradiction. Finally, if k =+ 1} theni <j<j+1<k<
k+1and! < I+1=k<m <m—|—1 <i,s0i < k=141 < i, acontradiction again.
o Let g = xVxyqq — xp41x5 € g3 . If ged(x ]+1xk,xlxm+1) = 1, then S(f, g) reduces to

zero with respect to {f, g} C QY . Otherwise, j+1 =1,j =mk =1lork =m+1. If
jrl=Iljtheni <j<j+1=1<k<k+landl <i-1;s0i<j+1=1<i-1a
contradiction. If | j = m | (or | k = 1], respectively) then S(f,g) = xb,(x2x;,1 — xPxyy1) (or

S(f,8) = xk11 (x]-+1xfn - x;?xmﬂ), respectively) reduces to zero with respect to g$ ), Finally,

if , then

S(f,8) = x| (=x]%m12) = X1 (—x141x7).

Now, sincei < j < j+1<k=m+1<k+1,1<i—1andi < m, then x;,1 or x,,,_1

is cheaper than the others for the order induced by the last n — 1 rows of the matrix M,

therefore leading term of S(f, g) is xfx?xk+1 and thus, S(f,g) = (xf’merz —x 12 ) —

leXZerll (x;-J X1 — x]+1x ) reduces to zero with respect to QY

o Letf e gz(i),thatistosay,f = xj1x) —x]bka,for somej € {1,...,i—2}andk e {j+1,...,i—

1}.

o Let g = x;41xh — xVxypq € géi). If gcd(x]-HxZ,lex%) = 1, then S(f,g) reduces to
zero with respect to {f, g} C QYi. Otherwise, j = ,j+1 = mk =1+1ork = m.
If | j=1|(or |k = m|, respectively), then S(f,g) = (xeerl Xpp1xh, )(or S(f,g) =

Xkt1 (xl+1x§’ - xl xjy1), respectively) reduces to zero with respect to QY CIf , then

-1
S(f,8) = xXip1xhy (=2 1 xp41) — xP(—xXpp1)

and, since I +1 < m = j+1 < k < i— 1, the leading term of S(f, g) is x;1x5 2l x4y

Thus, S(f,g) = —x4 T g (g2l | — x,bxm) + xlb(x,’zxmﬂ — x% x4 1) reduces to zero with
respect to QS ), observe that | < 1 +1< m implies that the leading term of x;1x¥, | — x0x;,

is actually x;,1x% . Finally, by symmetry, the case | k = [ + 1 |is completely similar to the

latter one.
o Letg = xf’xmﬂ —xpqxh, € g3 If gcd(xjﬂxllz, xf’xmﬂ) = 1, then S(f, g) reduces to zero

with respect to {f, g} CQY .Otherwise, j+1=1j=mk=lork=m+1.1f|j+1=1

then
-1 b b b
S(f,8) = x| Xmy1 (=21 Xk41) — X (= X111%0,)-
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Furthermore, since /] = j+1 <k <i—1land! <i—1<i <m < m+1, we have
that the leading term is x;’ *1xm+1xlb71xk+1 if k =1 and x,’leﬂxfn otherwise. In ther first
case, S(f,§) = Xmy1x | + x,x}, reduces to zero with respecto to g@. In the second
case, S(f,g) = xf;(x,ljxlﬂ - xk+1xf’) + xf’*lka(xf;xl — xm+1x5’_1) reduces to zero with
respect to g@. If | j = m | (or | k = | | respectively) then S(f,§) = x4, (xPx;, 1 — xPxp1) (or
S(f,8) = xk1 (x]-+1x£’n - x}’xmﬂ), respectively) reduces to zero with respect to g$ ), Finally,
if k=m+1|thenj+1<k=m+1<i-1I1<i-landi<mso,m+1<i<m,a
contradiction.

o Letf e Qéi),that is to say, f = x}’xkﬂ — xj41x), forsomej € {1,...,i—1}andk € {i,...,n —1}.

oLetg = xf’me —x4148, € ggi). If gcd(xf’xkﬂ,xf’xmﬂ) = 1, then S(f,g) reduces to
zero with respect to {f,g} C Ql(,i). Otherwise, j = I,j = m+1,k+1 =1lork = m.
Sincej <i—1<i<kand! <i—-1<i<m,thecases|j=m+1|and|k+1=m
cannot occur. If lﬂ (or lk:—m‘, respectively), then S(f,g) = x711 (x4 1%% — xp1x2) (or
S(f,8) = xb,(xf Xjy1— x]bxlﬂ), respectively) reduces to zero with respect gS ),

Once we know that Qg,i ) is Grobner basis, it is immediate to see that it is reduced since the leading term
of f € Q& ) does not divide any other monomial that appears in a binomial of g$ ) \{f}.

It remains to prove that g)(j ) generates [;(Y). Clearly, g§j ) is contained in the set of 2 x 2—minors
of Y. Moreover, since the cardinality of G, G, and G3 are

(=1 =i)+ (=1 =i=1)+...+1= (”Z_i>,
((=D=1)+((-1)=2)+...+1= (’;1>

(i=1)(n—1i),

respectively, we have that the cardinality of g$ ) is equal to (”51) which is the number of 2 x 2—minors

and

of Y. Therefore g$ ) generates I;(Y) and we are done. [

Example 1. We observe that the reduced Grobner basis, g$ ), of (YY) with respect to <; is not an universal
Grobner basis. For example, if n = b = 5 and < is the term order defined by

ay dap as as as
0O 0 -1 o0 0
o o o o0 -1/,
0 o o0 -1 0
0 -1 O 0 0

then one can check (using, for example, Singular [4]) that the reduced Gribner basis of the ideal I(Y') with
respect to < has eight generators; but g$ ) contains & 51) = 6 binomials only.

Alternatively, one can see that QS ) is not an universal Grobner basis of L (Y) by using [2, Theorem 4.1].

We now consider the 2 x n—integer matrix B whose j—th column is

aj = ( rb(]1_1> ), j=1,...,n
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Remark 1. Observe that aj = (11, rb(n)) - aj,for everyj=1,...,n.

Notice that the semigroup ideal associated to {aj, ..., a,} is equal to J; indeed, J is the kernel of

3).

Corollary 1. The ideal | is minimally generated by the 2 X 2—minors of Y. Moreover, | has a unique minimal
system of binomial generators.

Proof. Let [;(Y) the ideal generated by the 2 x 2—minors of Y. Since ba; + ar;1 = aj1 + bay for
every j and k, we have that I,(Y) C J.
Conversely, let C be the (n — 2) X n—matrix

b -1 —-b 1 0 O 0 0
0O b -1 —-b 1 0 0 0 0
0 O b -1 —-b 0 0 0 0
0 0 0 b -1 0 O 0 0
0 0 0 0 b 0 O 0 0
0 0 0 0 0 b -1 —b 1
00 0 0 0 0 b —(b+1) 1
and let Ic be the ideal of [x1, ..., x,]| generated by
{x"*+ —x"- | uisarow of C},

where u and u_ denote the positive and negative parts of u, respectively. Clearly, Ic C L (Y).

Now, since the determinant of the submatrix of C consisting in the last n — 2 columns is 1, the
rows of C generates a rank n — 2 subgroup G¢ of Z" such that Z" / G is torsion free. Moreover, since
BC' =0, we conclude that the rows of C generate kery (B). Therefore, by [11, Lemma 7.6],

J=1c: (TTx)" € b (TTx) -

By Proposition 1 and [1, Theorem 3.1], we have that I,(Y) : x{° = I,(Y) for everyi = 1,...,n. So,
L(Y): (ITjx;)® = L(Y) and, consequently, ] C I>(Y) as desired.

Finally, by Proposition 1, we conclude that the 2 X 2—minors of Y form a minimal system
generators of | and, [12, Corollary 14], we conclude that | has a unique minimal system of binomial

generators. [J

We recall that semigroup ideals minimally generated by a Graver basis have unique minimal
system of binomials generators (see [12, Corollary 16]). As Graver bases are in particular universal
Grobner bases (see [16, Proposition 4.11]), by Example 1, we can assure the minimal system of binomial
generators of | is not a Graver basis.

3. Grobner basis and minimal generators for |

We keep the notation from the Introduction and Section 2 and we set G4 to be equal to

{712 s | 1= i1 DU st~ A =1},

where the underlined monomials again highlight the leading terms with respect to <; of the
corresponding binomials.
Let I(X) be the ideal of [x3, ..., x,] generated by the 2 x 2—minors of the matrix X defined in (2).
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Theorem 1. The set G = g$ ) U Qf) is a minimal Grobner basis of I;(X) with respect to <;. In particular, the
cardinality of G is (5).

Proof. Proceeding as in the proof of Proposition 1, we first need to prove that S(f, g) reduces to zero
with respect to G(), for every f, g € G1). However, since, by Proposition 1, g$ ) is already a Grobner
basis with respect to <; and the leading terms with respect to <; of the binomials in G f) are relatively
prime, it suffices to prove that S(f, g) reduces to zero with respect to G, for every f € Ql(,i ) and

LS g(l) To do this we distinguish three cases:

o fe Ql(i) = {x]-+1x]’z—x;?xk+1 | jefi,....n=2}, ke{j+1,...,n—1}}.Ifj#land k #1+1,
then the leading terms of f and g are relatively prime and there is nothing to prove. So, it suffices
to consider the casesj =lork =1+1.

o Ifj =1, thenl > i, otherwise the leading terms of f and g are relatively prime, and S(f, g)

b (—xbag i) — xb(—xiTxb) = —x?(xkflxn — x{1x0) reduces to zero with respect to G,". (i)

olfk =1+1 then n—-2>k-1= j > i, otherwise the leading terms of f and
a+1,b xbyb

g are relatively prime, and S(f,g) = x%(— x;’xprz) x]+1x§’+11( x1x]) = =X X0 +

xi“ ij;’;lle’. Observe that the leading term of S(f, g) is divisible by the leading term

_ a+l.b (i) _b ba+1 a+ b—1.,b _
of h := xf XpXpp2 — X7 x4 € Gy°. So, S(f,8) — xjx] x,H—i-x1 x]+1xl+1xl =

b a+1,.b—1/.b b
xjh =X (x] X141 — Xj11%] by, Now, since XX 41— x]Hxl € QY , we are done.

o fc géi = {xjﬂxk—x?xkﬂ | jed{l,...,i=2} ke{j+1,...,i—1}}.Ifj+1#land k #1,
then the leading terms of f and g are relatively prime and there is nothing to prove. So, it suffices
to consider the casesj =1 —1ork =1I.

olf j+1 = [, thenl < j = 1-1 < k < i—1, otherwise the leading terms of

f and g are relatively prime, and S(f,g) AN (b xgp) — 2l (—xpqah) =
xlxpqxl — 0 1x§’ Yxgp1. If I = k, then the S-polynomial S(f,g) = xlxj 2§ —
xi’“xi 1x£ Yer = —x]l: xkﬂ(x?Jr xb | — x3x8) reduces to zero with respect to g\,

otherwise, the leading term of S(f, g) is x,lleﬂxb which is divisible by the leading term

b b (i) b a+1,b b1 —
of h := xkx,H — xgx? € G,7. So, S(f,g) = xbh + xbxpqxt —x1 X)X X =
a+1

xbn — xl L (x] xf’ X xl) Now, since x”Jrl xbx; € Q4 , we are done.
o Ifk = I,thenl <j <k =1<i—1, otherwise the lleadmg terms of f and g are relatlvely
prime, and 5(f,g) = ¥+ (—xtxi1) — X1 (—x101xh) = —x,43 (¥t — x;,13%). Now,

since x‘{“xf Xjy1x} € g41), we are done.

o fedy) = (b —xaxd | je{l,.i-1}, ke {i..,n—1}}.1fj#1,j £ Lk #land
k # n — 1, then the leading terms of f and g are relatively prime and there is nothing to prove.
So, is suffices so consider the cases j =1,j =L,k=lork=n—1.

o If j =1, then, in particular, I < i, otherwise the leading terms of f and g are relatively prime.
Now, if a+1 > b, then S(f,g) = x{T1 7 Pxl(—xox?) — x4 1274 1x] and its leading term is

divisible by the leading term of h := xPx; — x; 42} € géi) U géi); then S(f,g) = x”“‘hx,fh -

X (—xax]) = M = x‘f“ "xph — xp1 (¥ x;, — 67 ) which reduces to

zero with respect to Qéi) U Qéi) U Q . Otherwise, if a +1 < b, then S(f, g) = x¥(—xpx) —
o xk+1( xl+1x b) and its leading term is divisible by the leading term of h := x;’ Xy —

a—1

xp1xd € Gy Ug3 ; then S(f,g) = xlh — xb(—xqxb) — x]~ xk+1( xl+1xb) = xkh -
a+1 b

70 (g xh — 287 xd) which reduces to zero with respect to g2 U g3 U g4 , too.
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oIfj=1thenl <[ <1i—1, otherwise the leading terms of f and g are relatively prime,
and 5(f, g) = xilﬂ(_xlﬂx;b — X1 (=xx7) = —xpp (X xh — x‘f“xl’i) which reduces
to zero with respect to G il).

o Ifk =1, theni <[ <n —1, otherwise the leading terms of f and g are relatively prime, and

S(f,g) = xZ(—xijf’) - x}’(—x‘{“xf’) = xf’(x?“x]}? - x]'HxZ) which reduces to zero with

respect to gf).
olfk=n—-1,thenl <j < i< <n,otherwise the leading terms of f and g are relatively

prime. In this case, S(f,g) = x41x571 (—xijlr’l_l)—x]l?(—x?Hxlb) and, since the leading

term of S(f, g) is divisible by the leading term of 1 := x‘f“x? — Xj41xh € Qii), we have that
S(f.g) = xf’h - xf’(—x]'ﬂxf’l) + xz+1x3*1(—xj+1x7ﬁ71) = xf’h - j+1x371(xl+1xz71 - xf’xn),

and since xlﬂxzfl — xlbxn belongs to gl(l), we are done.

Now, since S(f, g) reduces to zero with respect to G (i) in all the three cases we conclude that G() forms
a Grobner basis.

Once we know that G is a Grébner basis, we observe that the leading terms of the binomials in
G are not divisible by the leading term of any other binomial in G() other than itself. That is to say,
the Grobner basis G() is minimal.

Clearly, G1) is a subset of 2 x 2—minors of X. Moreover, its cardinality is equal to the cardinality
of Ql(/i), that is ("El), plus the cardinality, n — 1, of Qf). Therefore, G\ has cardinality equal to
(";1) + (n—1) = (3) which is the number of 2 x 2—minors of X. Hence we conclude that G @
generates I;(X) and we are done. [

Example 2. The minimal Grobner basis, G\), of I,(X) with respect to <; is not reduced in general. For

example, if n = 4,a = 3 and b = 3, then one can see (using, e.g. Singular [4]) that the binomial x§ — x1x5x3

belongs to the Grobner basis of I, (X) with respect to <o, however, x§ — x1x3x3 is not a minor of X.

Corollary 2. If ged(a,ry(n)) = 1, then the ideal I is minimally generated by the 2 x 2—minors of X. In this
case, if n > 3, then I has a unique minimal system of generators if and only if and a < b — 1.

Proof. By Theorem 1, to prove the first part of the statement it suffices to see that I = I;(X).
By Lemma 1, we have that ¢ 4(f) = 0, for every f € GU), where ¢4 is the —algebra
homomorphism define in (1). Therefore I;(X) C I. Conversely, let L be the (n — 1) x n—matrix

b —(b+1) 1 0 ... 0 0 0

0 b —(b+1) 1 ... 0 0 0

0 0 0 0 ... b —(b+1) 1
(a+1) 0 0 0 ... 0 b —(b+1)

and let I} be the ideal of [xy, ..., x,] generated by
{x"* —x"" |uisarowof L}.
Clearly, I; C L(X).

On the one hand, a direct computation shows that the set of (1 — 1) x (n — 1) —minors of L is
equal to {ay,...,a,} and therefore, by [16, Lemma 12.2],

n
IL : (Hxi)oo =1
i=1
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if and only if ged(ay, ..., a,) = ged(a, ry(n)) = 1. On the other hand, by Theorem 1 and [1, Theorem
3.1], we have that ,(X) : (x°) = (X) forevery i = 1,...,n, thatis to say, L(X) : (T, )" =
I)(X). Putting this together we conclude that

n n
LX) =L(X): ([Tx)" 2L: ([]x)" =1
i=1 i=1
and thus I = I;(X) as claimed.
To prove the second part of the statement, we observe that, for every i # 1, the non-leading term,

xi’“xf’, of the binomial x; 1 x% — x’f“xf’ € gf) is divisible by the leading term of x’x; — xzxf’fl € Qéi),

provided that I > 3 (otherwise no such binomial in géi) exists), if and only a + 1 > b. Now, as these are
the only divisibility relationships between the monomials of the binomials in G (), and [ >3 implicitly
requires n > 3, we obtain that forn > 3, G (i) is reduced for every <;ifand onlya < b — 1, and, by [12,
Corollary 14], we conclude that for n > 3, I has a unique minimal system of binomial generators if
andonlyifanda <b—-1. O

Notice that the condition ged(a, r,(n)) = 1 cannot be avoided.
Example 3. Let n = 4,a = 3and b = 2. In this case, a1 = rp(4) = 15,ay = 18,a3 = 24 and a4 = 36.
Clearly, ged(ay, ap,a3,a4) = ged(a,ry(4)) = 3. By direct computation, one can check that 1 is minimally

generated by four binomials whereas Ip(X) is minimally generated by six binomials. In particular, [ # I(X);
in fact, one has that I is a minimal prime of I(X).

The following example shows the minimal system of generators of I for n = 4.

Example 4. If n = 4, then the ideal I C [x1, X2, X3, X4] is minimally generated by

b+1 b b b b+1 b
xy Tt — s, g — 2003, x5 — x5y
and
+b+1 b oya+l b b b+1 +1.b
x] — XpXy, X{ Xy — X3Xg, X, — X] X3

(recall that the first three binomials generates ]). In [71, a complete classification of the monomial curves in
A*() having a unique minimal system of generators is given. By [7, Theorem 3.11], one has that I has a unique
minimal system of generators if and only if xi‘*lx’; is not divisible by x}{xg; equivalently a < b — 1 as we already
knew by Corollary 2. Observe that the result on the uniqueness of the system of generators of I can be deduced

from [9], too.

We end this paper by observing that, since both | and I are determinantal ideals by Corollaries
1 and 2, respectively, one can conveniently adapt [5, Section 2.1] to compute the minimal free
resolution of I and | using the Eagon-Northcott complex. In particular, the —algebras [x1,...,x,]/]
and [xq,...,x,]/I are Cohen-Macaulay of type n — 2 and n — 1, respectively (see [5, Section 2.1] for
further details).
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