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Abstract: Electric streamer discharges (streamers) in air are a very important stage of lightning,1

taking place before formation of the leader discharge, and with which an electric discharge2

starts from conducting objects which enhance the background elecric field, such as airplanes.3

Despite years of research, it is still not well understood what mechanism determines the values4

of streamer parameters, such as its radius and propagation velocity. The Streamer Parameter5

Model (SPM) is aimed to understand this mechanism, as well as to provide a way to efficiently6

calculate streamer parameters. Previously, we demonstrated that SPM results compared well7

with a limited set of experimental data. In this Brief Report, we compare SPM predictions to the8

published hydrodynamic simulation (HDS) results.9

Keywords: atmospheric electricity; electric streamer discharges; streamer theory; streamer param-10

eters; plasma instabilities; partially-ionized plasmas11
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1. Introduction13

Electric streamer discharges, or simply streamers, are ionized columns in gas or14

liquid which advance by ionizing the material in front of them with the enhanced field15

at the streamer tip [1,2]. They are an important stage in the formation of sparks, and16

thus, especially those propagating in air, play a huge role both in technology and natural17

phenomena such as lightning and Red Sprites. Quantifying streamer properties at high18

altitudes is important for understanding how lightning interacts with airplanes [e.g., 3,4].19

Beside being affected by diverse background conditions, streamer properties may not20

simply scale in proportion to air density: in particular, the positive streamer threshold21

field may have nonlinear dependence on air density [5].22

Raether [6], Meek [7], and Loeb and Meek [8] were the first to propose that electrons,23

when undergoing impact ionization avalanche in high electric field in air, create sufficient24

space charge to form a streamer. In the process of the avalanche-to-streamer transition,25

electron diffusion plays a crucial role as it determines the transverse size of the avalanche.26

The same authors also proposed the mechanism of streamer propagation in air, which27

is based on photoionization. The mechanism works in the following way: (1) UV28

photons are generated in the streamer head by de-excitation of N2; (2) photons propagate29

forward and ionize O2 in front of the streamer, thereby creating free electrons; (3) the30

created electrons seed the impact ionization avalanche which propagates in the backward31

direction in the high field near the streamer tip. This mechanism works for both positive32

(cathode-directed) and negative (anode-directed) streamers [2, p. 335, 338], however, the33

difference in electron drift direction makes properties of positive and negative streamers34

very distinct.35
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The physics determining the parameters of a propagating streamer discharge in36

air, such as its radius and speed, had been a long-standing problem [9]. Even though37

the lateral spreading of an avalanche is due to electron diffusion in the avalanche-to-38

streamer transition, it may be shown that the diffusion is not the main mechanism due39

to which the streamer acquires its finite radius [10–12]. In the present work, we calculate40

corrections to streamer parameters due to electron diffusion and demonstrate that they41

are insignificant.42

The usual approach to theoretical studies of streamers is the numerical solution of43

the system of coupled electrostatic and hydrodynamic equations for electric field and44

electron number density. Such hydrodynamic simulations (HDS) are very computation-45

ally intensive as they need to have many spatial grid cells in order to resolve well the thin46

ionization front. This is complicated by the need to resolve other spatial scales, which are47

very different: the streamer head, which may have a radius of two orders of magnitude48

larger than the ionization front thickness, and the streamer length, which may be at least49

an order of magnitude larger than the radius. Despite considerable development effort,50

HDS still remain challenging as the computational stability and accuracy is achieved51

only at small grid cell sizes, and therefore, a large number of cells. There exist even52

more complicated numerical models that attempt to include kinetic effects, such as53

particle-in-cell (PIC) and hybrid codes. A brief review of the HDS modeling efforts is54

given in [13].55

With the Streamer Parameter Model (SPM), we attempt to uncover the mechanism56

responsible for the emergence of streamer parameters, and at the same time develop an57

efficient algorithm for their computation. In Section 3, we demonstrate that SPM results58

compare reasonably well to those of HDS. This Brief Report applies SPM to positive59

streamers, however, SPM also makes predictions about negative streamers: in particular,60

the negative streamer threshold field is calculated to be E−t ≈ 1 MV/m, which is also61

observed in experiments [2, p. 362], and, according to the theory of Lehtinen [11,12], is62

not due to electron attachment process.63

2. Streamer Parameter Model (SPM)64

The details of the Streamer Parameter Model (SPM) are given in [11,12], and also in65

an unpublished manuscript [14]. Here, we give a quick overview of the key points of66

the model.67

The streamer under consideration grows with velocity V from a planar electrode, in68

constant uniform electric field Ee (see Figure 2 in either [11] or [12]). It has a shape of a69

cylinder (channel), which is attached to the electrode on one end and has a hemispherical70

cap (head) of the same radius on the other end. The total length of the streamer is L, and71

the radius of both the head and the channel is a. The electron number density on the axis72

and electric field inside the streamer are both assumed to be constant and have values of73

ns and Es, respectively. The validity of these assumptions is discussed in Subsection 4.1.74

SPM describes a streamer of given length L, in given external field Ee, with the75

following five unknown parameters: the radius, a, the velocity, V, the field inside the76

channel, Es, the electron number density on the axis of the channel, ns, and the maximum77

field at the tip, Em. These parameters are coupled to each other by the following relations:78

• SPM1: Electrostatic relationship between Ee, Em, Es: the field at the streamer tip79

is enhanced because of available voltage due to difference in Ee and Es: ∆U =80

(Ee − Es)L.81

• SPM2: Current continuity at the streamer tip: the conductivity current inside the82

streamer becomes displacement current outside.83

• SPM3: Ionization/relaxation balance: the maximum ionization time at the streamer84

tip is approximately equal to the Maxwellian relaxation time inside the streamer.85

• SPM4: Photo- and impact ionization balance, which provides the relation between86

V and a.87
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The algebraic equations corresponding to these relations and the references to the works88

in which they were originally discussed are given in Lehtinen [11,12].89

The system of equations SPM1–SPM4 is sufficient to uniquely determine the set of90

streamer parameters only if the radius, a, is fixed. This led Lehtinen [11,12] to introduce91

the notion of ‘streamer modes’ by analogy with the normal oscillation modes in a linear92

system. A familiar example of such a system is are infinitesimal perturbations in an93

unstable uniform plasma, such as a plasma with a uniform electron beam penetrating94

through it. Let us restrict ourselves to 1D treatment for simplicity. Such a system also95

possesses one free parameter, namely, the wavelength of a perturbation. Incidentally, this96

parameter, like a, also has the dimensionality of length. For any given wavelength, the97

instability growth rate, as well as the proportionality coefficients between amplitudes98

of perturbations of electric field, electron number density, etc. may be determined.99

When an unstable linear system develops in time, starting from a random fluctuation100

with a broad spectrum of wavelengths, only one mode at a single wavelength (the101

‘preferred’ mode), which has the highest growth rate, i.e, is the most unstable, survives102

in the long run. A less familiar example of an unstable linear system, nevertheless103

more relevant to the streamer studies, is the planar ionization front and its infinitesimal104

transverse perturbations. Derks et al. [15] have calculated unstable modes and found105

the preferred mode in this system. The model included electron drift and diffusion, but106

not photoionization. Unlike these examples, system SPM1–SPM4 is highly nonlinear,107

and the closest analogy to the growth rate that we can find is the streamer velocity, V.108

Thus, we propose that the parameters of a physical streamer are described by the system109

of equations SPM1–SPM4, with a ‘preferred’ or ‘most unstable’ radius a at which V is110

maximized. Selection of the preferred radius by the maximization of velocity may be111

used in one-dimensional streamer models [16–18] (see also suggestions in Section 4.1 for112

the future developments of SPM).113

Function V(a) is an analog of a ‘dispersion function’, connecting the temporal and114

the spatial scale of the system. It is interesting to note that the dependence V(a) indeed115

has a maximum at a chosen radius, while all other parameters Es, ns, Em have monotonic116

dependence on a [14]. This peculiar shape of V(a) may be given the following simplified117

explanation. Velocity is related to the streamer radius by relation SPM4. There exists118

an approximate version of this relation, first noticed by Loeb [19], which we will now119

derive. The ionization front thickness (i.e., the avalanche length in the streamer reference120

frame), d, is related to the radius, a, by a/d = Na, where Na ≈ 8 [10] is number of121

avalanche lengths required to boost the small number density of photoelectrons ahead122

of the streamer up to the high electron number density in the channel, ns. On the123

other hand, d ≈ V/νt(Em), where νt(Em) is the net ionization rate, taken at maximum124

field (see also Subsection 4.2). Thus, velocity V is related to the radius approximately125

as V ≈ aνt(Em)/Na. At small radii, even though Em, and therefore, νt(Em), is high,126

proportionality V ∝ a dominates and V declines with decreasing a. On the other hand,127

at large radii a, the field enhancement at the streamer tip (determined by SPM1) becomes128

smaller. The smaller field yields smaller ionization rate νt(Em), thus V again declines.129

We do not exclude the possibility that there exists a gas in which νt does not decline fast130

enough with growing a, and therefore V(a) does not have a maximum. SPM predicts131

that in such a gas formation of a streamer discharge would be impossible.132

3. Results133

In our earlier work [11,12], we compared SPM predictions to limited experimental134

results by Allen and Mikropoulos [20]. Only velocity at streamer length L = 12 cm was135

compared, in a wide range of background fields Ee, with discrepancy not exceeding136

∼ 30%. In this work, we compare SPM to hydrodynamic simulations (HDS), which137

were performed by several research groups and presented by Bagheri et al. [13]. Such a138

comparison is grounded in the hypothesis that in HDS, as in nature, the preferred, i.e.,139

the most unstable, mode of the streamer propagation is also being selected.140
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We consider the same three test cases as Bagheri et al. [13] for positive streamers in141

dry air at 1 bar and 300 K:142

1. No photoionization; presence of relatively high background free electron number143

density of ne = 1013 m−3.144

2. No photoionization; presence of relatively low ne = 109 m−3.145

3. With photoionization and ne = 109 m−3. Photoionization is treated with three146

different approximations to the original description by Zheleznyak et al. [21]. These147

approximations are described in detail in Bagheri et al. [13, Appendix A]. In this148

Brief Report, we label them as ‘Luque’, ‘Bourdon2’, and ‘Bourdon3’, similarly to149

[13].150

Streamer discharges in HDS [13] were simulated between planar electrodes in a square151

domain with a radius and height of 1.25 cm, with background electric field of Ee =152

1.5 MV/m. In SPM, however, we only take into account the planar anode, and thus do153

not reproduce the effects of image charges induced in the cathode or any effects due to154

the side walls of the simulation domain. In HDS, the positive streamer was started by a155

small ionized region close to the anode.156

Since the background ionization cannot be neglected, it being the only source of157

free electrons in Cases 1 and 2, in the Appendix we have derived equation (A2), which158

replaces the photoionization-impact ionization balance equation SPM4. It may include159

the electron diffusion as a small correction, which is also derived in the Appendix.160

For consistency, we used the same functional dependence on electric field E for161

ionization rate νi, attachment rate νa, electron mobility µ and electron diffusion coefficient162

D as Bagheri et al. [13]. (In this Brief Report, we often use quantities which are derived163

from these, namely net ionization rate νt = νi − νa and electron drift velocity v = µE.)164

To model photoionization in Case 3, we used the same approximations as Bagheri et al.165

[13] instead of the original Zheleznyak et al. [21] expression, which was used in [11,12].166

3.1. Case 1167

The first test case includes a relatively high background number density of electrons168

and ions ne = 1013 m−3 without photoionization. The results are presented in Figure169

1. The black lines reproduce the HDS results presented by Bagheri et al. [13]. The170

maximum field Em presented in Figure 1b is one of the parameters for which the system171

SPM1–SPM4 is solved, i.e., one of the immediate outputs of the SPM. The other plots172

are derived as follows. The streamer length L as a function of time t in Figure 1a is173

calculated by solving dL/dt = V(L), where V(L) is the output of SPM. The total number174

of electrons N in Figure 1c was calculated from SPM results as175

N =
1
2

πa2Lns

The factor of 1/2 is obtained from the consideration that electron number density falls176

off parabolically towards the walls of the streamer channel, i.e. n(r) = ns[1− (r/a)2].177

Unfortunately, the HDS results for streamer radius a as a function of L were not available178

for Case 1 in the form of a plot in [13], but they were available for Cases 2 and 3; we179

presented SPM calculations of a in Figure 1d anyway.180

For sufficiently fine grids good agreement was reached between several HDS codes181

[13]. We observe that SPM also produces reasonable agreement with HDS, reproducing182

the same qualitative features:183

1. Velocity V in Figure 1a grows with streamer length (and with time).184

2. Maximum electric field Em decreases with streamer length L, at least for the middle185

values of L (the discrepancies at low and high L are discussed below).186

3. Number of electrons grows with L; the rate of growth also increases with L.187

In addition to discrepancies caused by approximations in the SPM (see Subsection 4.1),188

additional discrepancies between the SPM and HDS are caused by the fact that the HDS189
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simulations did not start at zero L and the field Em took some time to rise (Figure 1b).190

Furthermore, at large L, the discrepancy is due to the proximity of the opposite electrode191

(cathode) in which the image charges are induced that enhance the field in HDS. The192

cathode, as we already mentioned, was not taken into account in the SPM.193

The effect of electron diffusion is included in SPM according to the prescription194

derived in the Appendix. SPM results with diffusion are shown with dashed lines in195

Figure 1. We observe that the effect of diffusion is quite small, confirming our estimates196

in the Appendix and the suggestion of Naidis [10] that it does not affect streamer197

propagation.198

3.2. Case 2199

In the second case, the background electron number density is ne = 109 m−3.200

The results are presented in Figure 2, with the same notations as in Figure 1. Lower201

value of ne created much steeper gradients in the ionization front, which made HDS202

computations quite challenging [13]: oscillations in the streamer properties, branching203

and numerical instabilities were observed. By using a finer grid spacing some groups204

were able to reach reasonable agreement in their results, without oscillations. Again,205

SPM produces reasonable agreement with HDS, as in Case 1. The new qualitative feature206

here, which was not discussed in Case 1, is the growth of radius a with length L, which207

is present in both HDS and SPM (Figure 2d).208

However, SPM in general produced higher fields Em than HDS, as seen in Figure 2b.209

This could be due both to errors from approximations made in SPM (see Subsection 4.1)210

and simulation conditions. The challenges in HDS, caused, e.g., by the fact that higher211

Em requires smaller grid step ∆x, are discussed in Subsection 4.2. From that discussion,212

it seems that convergence to the correct solution at ∆x → 0 was achieved, at least by213

some of the HDS. The higher field in SPM also led to higher velocity V and smaller214

radius a, than in HDS.215

3.3. Case 3216

The third test case includes both small background electron number density ne =217

109 m−3 and photoionization. The photoionization in SPM is implemented in three218

different approximations, described in Bagheri et al. [13, Appendix A] and labeled in219

Figure 3 as ‘Luque’, ‘Bourdon2’, and ‘Bourdon3’. The numerical differences in HDS220

were more significant than the type of approximation [13], and only ‘Bourdon3’ approxi-221

mation HDS results are shown in the Figure. The differences in L(t) and Em(L) due to222

photoionization approximation choice were presented in Figure 16 of [13]. However,223

they were too small to draw parallels with analogous differences in SPM.224
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Figure 1. Case 1: Initial background electron number density ne = 1013 m−3, and no photoionization: (a) length L as a
function of time t; (b) maximum electric field Em as a function of length; (c) total number of produced electrons N as a
function of length; (d) streamer radius a as a function of length (SPM only). Dashed lines denote SPM results with diffusion.
Panels (a), (b), (c) correspond to Figures 5b, 6a, 6b in Bagheri et al. [13].
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Figure 2. Case 2: Initial background electron number density ne = 109 m−3, and no photoionization: (a) length L as a
function of time t; (b) maximum electric field Em as a function of length; (c) total number of produced electrons N as a
function of length; (d) streamer radius a as a function of length. Dashed lines denote SPM results with diffusion. Panels (a),
(b), (c), (d) correspond to Figures 8, 9a, 9b, 10 in Bagheri et al. [13].
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Figure 3. Case 3: Photoionization is present, initial background electron number density is ne = 109 m−3: (a) length L as
a function of time t; (b) maximum electric field Em as a function of length; (c) total number of produced electrons N as a
function of length; (d) streamer radius a as a function of length. Dashed lines denote SPM results with diffusion. Panels (a),
(b), (c), (d) correspond to Figures 13, 14a, 14b, 15 in Bagheri et al. [13].

4. Discussion225

4.1. Possible errors due to approximations in SPM226

Even though SPM, due to absence of any discretization used in HDS, does not have227

a problem with a steep gradient, there can be significant errors due to approximations228

made when we reduced a complicated hydrodynamic/electrostatic problem to a small229

system of algebraic equations SPM1–SPM4. They were discussed in detail in Lehtinen230

[11,12], so we just briefly mention them here:231

1. Radius a enters system SPM1–SPM4 in relations that describe processes at the tip232

of the streamer. Therefore, value of a is more relevant to the tip curvature radius,233

than to the radius of the channel, which may be different.234

2. We assumed that ns = const along the axis of the channel. At low external fields235

Ee, especially those close to the positive streamer threshold E+t ≈ 0.45 MV/m236

[2, p. 362], the number of electrons in the channel declines due to attachment.237

However, for the field Ee = 1.5 MV/m used in this work, attachment in the channel238

can be neglected, especially when using the attachment coefficient expression239

from Bagheri et al. [13] which gives lower values than we would get if the 3-body240

attachment process were included.241

3. Assumption of Es = const along the channel follows from ns = const taken together242

with the assumption of constant current, J = ensv(Es) = const.243

The last assumption deserves more discussion as it may not be valid in some situations.244

By taking the channel current to be constant along the channel, we assumed that the245

surface charges on the walls of the channel do not change as the streamer grows, and246

the new charges are formed only at its head. This assumption seems to be valid for247

propagating streamers, but breaks down, e.g., for steady-state streamer propagation at248

E+t [22], in which the charges on the walls of the channel change with time, namely,249
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drop to zero towards the tail of a finite-length streamer as it moves through the air. In250

the future versions of SPM, we plan to include Es and ns not as single numbers, but as251

1D variables that vary along the channel, in order to correctly describe such situations.252

This will allow to study, e.g., the nature of positive streamer threshold field and positive253

streamer inception. Understanding and predicting electric field thresholds for streamer254

inception in diverse conditions inside clouds is going to contribute to understanding255

airplane-lightning interactions.256

4.2. Shortest spatial scale in a streamer and in HDS257

The shortest spatial scale in a streamer is found at the streamer front, which has the258

highest gradient of electron number density and electric field. This scale is given by the259

thickness of the ionization front, d, and is related (but not equal) to the shortest impact260

ionization avalanche length, d0 = 1/αt(Em), where αt is the net ionization coefficient261

(also called net Townsend coefficient), taken at the maximum field Em. We may estimate262

d as [11,12]263

d =
V ± v(Em)

νt(Em)
=

[
V

v(Em)
± 1
]

d0,

where νt = vαt is the net ionization rate, v(E) is the electron drift velocity, and upper264

(lower) sign is for positive (negative) streamers. The elongation (d > d0) in the case of265

the positive streamer is due to the fact that the backward electron velocity in respect266

to the moving ionization front is V + v(Em). Usually the streamer speed is rather267

high, so that V � v(Em) and d � d0. However, under some conditions (examples268

given below) the streamer speed is low, so it is possible to have d ≈ d0. For negative269

streamers, it is even possible to have d < d0 when V happens to be in the interval270

v(Em) < V < 2v(Em). Incidentally, it is impossible to have V < v(Em) because then271

d would be negative. Supposedly, this is the underlying reason for negative streamer272

threshold of E−t ≈ 1 MV/m, which was calculated by Lehtinen [11,12].273

The ionization front thickness is the shortest spatial scale that has to be resolved274

in discretized solution methods, such as HDS. The usual criterion for the choice of grid275

step ∆x used in HDS is [13,23–26]:276

αt(E)∆x = C, C . 1, (1)

At the streamer front, this is equivalent to d0/∆x = 1/C, or277

d
∆x

=
V/v(Em)± 1

C
= Ng

i.e., the ionization front thickness is resolved by Ng spatial grid points. For a usual278

situation V � v(Em), criterion (1) works well even for C ∼ 1 because even then Ng � 1.279

However, for short or narrow streamers, which propagate slowly, velocity V is rather280

low and may be even lower than the electron drift speed, v(Em). Below positive streamer281

threshold E+t, propagating streamers slow down and eventually stop [27]. When such282

streamers stop propagating, in addition to declining velocity V, we also have shrinking283

radius a→ 0 as well as increasing electric field Em → ∞, which exacerbates the situation,284

because d0 decreases as well. However, in these situations non-local effects [28] also285

need to be incorporated into the HDS model.286

In Case 2 at length L = 0.35 cm, the SPM-predicted electric field Em ≈ 35 MV/m (see287

Figure 2b), the velocities are V ≈ 0.3 mm/ns and v(Em) ≈ 0.9 mm/ns, so d ∼ d0 and the288

ionization front is not well resolved when criterion (1) is used with C ≈ 1 because then289

Ng ≈ 1. The situation is improved for a longer (and wider) streamer: when L = 1 cm290

in Case 2, the SPM field Em ≈ 25 MV/m, V ≈ 1 mm/ns and v(Em) ≈ 0.72 mm/ns,291

so Ng ≈ 2.4 for C = 1. The resolution of the ionization front, therefore, is better for a292

longer streamer with L = 1 cm than for a shorter one with L = 0.35 cm. Unfortunately,293
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to get to a longer (and wider) streamer, in this particular case the simulation must first294

go through the stage with a shorter (and narrower) streamer.295

Even though these considerations suggest that the choice of the grid step presented296

challenges in HDS simulations of Case 2, we do not know the accuracy of the solutions,297

and thus do not have enough information to state that these challenges were one of the298

sources of discrepancy. The numerical errors depend also on the choice of the discretiza-299

tion scheme of Poisson and advection-diffusion equations: higher-order methods in both300

time and space reduce numerical errors, even when Ng is small. Results presented in301

Figure 11 of Bagheri et al. [13] may suggest that the numerical errors in HDS were not302

large enough to cause the discrepancy between HDS and SPM results for Case 2. In that303

Figure, it was shown that values of Em at resolution ∆x = 0.8 µm were only about 5%304

higher than at ∆x = 1.5 µm. For comparison, at the maximum Em ≈ 23 MV/m obtained305

in HDS, d0 ≈ 2.7 µm.306

5. Conclusions307

We have demonstrated that SPM produces results which are generally in good308

agreement with HDS, with most discrepancies probably caused by the crudeness of309

simplifying assumptions in SPM. Some of the discrepancies, however, were due to the310

different conditions of the problem (streamer starting not from zero length; presence of311

the opposite electrode). Inclusion of electron diffusion changed the results insignificantly.312

We suggest that SPM, despite the crudeness of the model, still provides a computationally313

simple way to reliably assess streamer properties.314
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Abbreviations324

The following abbreviations are used in this manuscript:325

326

SPM Streamer Parameter Model
HDS Hydrodynamic simulation(s)
UV Ultraviolet
1D One-dimensional; one dimension

327

Appendix A328

We solve the following continuity equation for electron number density n, in the329

presence of impact ionization, diffusion and photoionization:330

− ∂ξ([V ± v]n) = νtn + ∂ξ

[
D∂ξ n

]
+ sph(ξ) (A1)

We use the same notations as Lehtinen [11,12]: V is the streamer velocity; ξ = x− Vt331

is the co-moving coordinate along the streamer axis, with ξ = 0 corresponding to the332

streamer front; ∂ξ denotes the derivative in respect to ξ; n(ξ) is the electron number333

density on the axis; v is the electron drift velocity; νt is the net ionization rate; sph(ξ)334

is the source of free electrons due to photoionization. The upper (lower) sign is for335

a positive (negative) streamer. In addition to terms included by Lehtinen [11,12], we336
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introduced the diffusion term with coefficient D. Values of νt, v, D are functions of337

electric field E, which, in turn, is a function of ξ.338

If the diffusion term is neglected, the solution of (A1) is339

n(ξ) =
1

V ± v

∫ ∞

ξ
sph(ξ

′) exp
{∫ ξ ′

ξ

νt dξ ′′

V ± v

}
dξ ′ +

C
V ± v

exp
{∫ ∞

ξ

νt dξ ′

V ± v

}
The integration constant, C = ne[V ± v(Ee)], is obtained from the boundary condition340

n(∞) = ne, where ne is the initial background electron number density. By equating341

n(0) = ns, we get the following condition:342 ∫ ∞

0
Kaph(ξ)e

γ(ξ) dξ +
ne[V ± v(Ee)]

ns[V ± v(Es)]
eγ(∞) = 1, γ(ξ) =

∫ ξ

0

νt dξ ′

V ± v
(A2)

Without photoionization (the first term on the left-hand side) this expression is the same343

as equation (4) of [10]; without background electrons (the second term) it is the same344

as SPM4 equation in Section 3.6, item 4 of [11] (Section 4.6, item 4 of [12]). Thus, (A2)345

should be used instead of SPM4 in the system SPM1–SPM4, when background electron346

number density ne 6= 0.347

Function Kaph(ξ) is given by348

Kaph(ξ) =
sph

ns[V ± v(Es)]
=
∫

r⊥<aph

K(r) d2r⊥, r =
√

ξ2 + r2
⊥

and is dependent only on ξ and aph, which is the effective streamer head radius when349

it acts as the source of photons (Lehtinen [11,12] assumed aph = a/2) and K(r) is the350

kernel of the integral transform which turns Si = νin ≈ νtn into sph [21]. In HDS, K(r) is351

a Helmholtz approximation to the Zheleznyak et al. [21] model [13, Appendix A].352

Let us now tackle the correction due to diffusion and demonstrate that it is small.353

From now on, we neglect the photoionization term in (A1), since the diffusion is impor-354

tant only in the region where n is already high and the impact ionization term dominates355

as the source of free electrons. Substitute356

∂ξn = −
νt ± ∂ξ v
V ± v

n

into the diffusion term in (A1) and transfer it to the left-hand side:357

−∂ξ

([
V ± v− D

νt ± ∂ξ v
V ± v

]
n
)
= νtn

This looks like (A1) without diffusion, with substitution358

V ± v −→ (V ± v)
(

1−
D(νt ± ∂ξv)
(V ± v)2

)
which we can also make in formula (A2) to get condition SPM4 in the next order of359

approximation. For V & 0.3 Mm/s, νt . 1011 s−1 (which is valid for E . 15 MV/m),360

D ≈ 0.1 m2/s and with estimated values of |∂ξ v| . v/a for a & 0.1 mm, the correction361

multiplication factor is different from unity by no more than 10%, which justifies this362

perturbation approach.363
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