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Abstract 

We investigate the behavior of thermal quantum coherence in the Heisenberg XXX model for two-

qubit the system placed in independently controllable Inhomogeneous magnetic fields applied to 

two qubits respectively. We discuss the behavior of quantum coherence by systematically varying 

the coupling parameter, magnetic field, and temperature for both ferromagnetic and 

antiferromagnetic cases. The results show interesting behavior of quantum coherence in a certain 

range of parameters. Generally it is observed that quantum correlations decay with temperature, 

but in ferromagnetic case with uniform magnetic interaction, it rises with temperature up to a 

certain threshold value and ultimately it decreases its value to zero. Moreover, it is observed that 

preserving the quantum coherence for small temperatures is very hard with the increasing magnetic 

field because at small temperatures, quantum coherence decays sharply with the increase in 

magnetic field whereas at larger temperatures it decays completely at fairly large values of the 

magnetic field. The variation of quantum coherence with uniform magnetic field in 

antiferromagnetic case is observed to be Gaussian for larger temperature but at zero or nearly zero 

temperature it behaves as a constant function for uniform magnetic field up to a threshold value and 

then decays to zero with an infinite slope. This shows the signature of quantum phase transition 

from quantum nature to the classicality.   

Keywords: Thermal quantum coherence.  Heisenberg XXX model.  

1               Introduction           

Quantum coherence is a fundamental phenomenon in quantum physics and hence its quantification 

and detection is an elementary task. In the past, the distinction between quantum and classical 

coherence is made using phase-space distributions [1-2] and higher-order correlation functions [3]. 

While this gives some insight into the nature of coherence, these techniques don’t quantify 

coherence in a rigorous sense. Recently a scheme for measuring coherence was developed by 

Baumgratz and co-workers in ref [4] based on the framework of quantum information theory. Rapid 

developments have been made in using it as a resource in quantum information theory [5-11]. 

Investigation on the role of quantum coherence in thermodynamic processes [12-14] assisted 

subspace discriminations [15], quantum state merging [16] and in the generation of Gaussian 

entanglement [17] has been carried out. Currently, there is a lot of interest in applying the 

procedure of quantifying quantum coherence and relating them to the experimental quantities 

infeasible systems like Bose-Einstein condensates [18-19] cavity opto-mechanical systems and spin 

systems [20-25].  

In the context of quantum many-body systems, it was found in numerous works that entanglement 

can be used to detect quantum phase transitions in condensed matter systems [26-30]. This is 
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natural since quantum correlations underlie both entanglement and quantum phase transitions. But 

entanglement accounts only for nonlocal quantum correlations and doesn’t consider other kinds of 

correlations and quantum features [31-32]. To have a complete understanding of the role played by 

the quantumness of an object in physical phenomena it is important to consider the role played by 

other features like quantum coherence. In this paper, we study the behavior of thermal quantum 

coherence in two-qubit Heisenberg’s XXX model under inhomogeneous magnetic field. Two cases, 

ferromagnetic and antiferromagnetic spin chain are discussed for two-qubit under uniform as well as 

nonuniform magnetic fields. We show that in the case of ferromagnetic two-qubit spin chain under 

uniform magnetic field, quantum coherence �(�) increase with increase in temperature � up to a 

certain threshold value scaled by the various fix values of magnetic field � and b which control the 

degree of homogeneity in magnetic field. 

The scheme of this paper runs as follows: In section 2 we discuss the two-qubit Heisenberg’s XXX 

model under an inhomogeneous magnetic field. In section 3, we define and discuss the recently 

proposed relative entropy-based definition of quantum coherence by [4]. In section 4, we calculate 

quantum coherence for our model and discuss its different cases with the help of obtained plots, 

and finally, in section 5, we summarized the conclusions drawn.  

2  The Heisenberg XXX Model 

The Hamiltonian for two qubit system placed in magnetic field(� − �) and (� + �)to each qubit 

respectively is given by  

���� = �(��
���

� + ��
���

� + ��
���

�) + (� − �)��
� + (� + �)��

�    (1) 

Where� is exchange coupling constant between spins in which � < 0 corresponds to the 

ferromagnetic chain case and � > 0  to the antiferromagnetic chain case, ��
� ({� = {�, �, �})is the 

Pauli spin operator. And � indicates the degree of inhomogeneity of uniform magnetic field �.The 

two independently controllable magnetic fields are applied to two qubits respectively. Obviously the 

in-homogeneity of magnetic fields can be controlled by controlling the magnitude and direction. We 

notice that we are working in units so that�, � and � are dimensionless. We have also set Plank’s 

constant and Boltzmann constant to be one ℎ = � = 1.  

Using the standard computational basis {|00⟩, |01⟩, |10⟩, |11⟩} The Hamiltonian (1) can be expressed 

under its matrix form as follows 

� = �

� − 2� 0 0 0
0 −� + 2� 2� 0
0 2� −� − 2� 0
0 0 0 � + 2�

�    (2) 

The eigenvectors and corresponding Eigen values of � are given 

�� = −2� + � , �� = −� − ��� + �� , �� = −� + ��� + �� , �� = 2� + �  (3) 

 

�� = |00⟩       

�� = ��(��|01⟩ + |10⟩)    (4) 

�� = ��(��|01⟩ + |10⟩)     

�� = |11⟩       
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Where|0⟩ and |1⟩denote spin up and spin down states respectively  

�� =
���������

�
 , �� =

���������
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���
���

 , �� =
�

���
���

   (5) 

The expression for thermal equilibrium state of a quantum system is �(�) =
��� (�

�

��
)

�
 and 

� = ��[exp (−
�

��
)] is the partition function of the system and k is the Boltzmann constant. The 

partition function and the density matrix for the current system can be expressed as  

� = exp �
����
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��������
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3 Thermal quantum coherence 

We employ the relative entropy-based definition of quantum coherence in Heisenberg XXX model 

which is defined as follows. 

For a quantum state, |�⟩ the geometrical coherence can be witnessed by measuring �� trace norm 

between the state and the nearest incoherent state. Mathematically referring to fix basis {|�⟩}���
�  

The  �� norm of coherence is defined as [4] . 

�(�)��
= ∑ |��,�|�,�,���        

Where ��,�  are the elements of density matrix �{= |�⟩⟨�|}. Using von Neumann entropy �(�) =

−��(� log �), the relative entropy of coherence is defined as 

    �(�) = �������� − �(�)                  (10) 

Where ����� represents the diagonal state obtained from deleting all the off-diagonal elements of �. 

4  Numerical calculation and theoretical results 
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We initially consider the case of ferromagnetic chain and

are further two magnetic field interactions

nonuniform magnetic field (� =

When � < 0: For ferromagnetic 

there are further two case; uniform magnetic field (

(� = 0 ,� ≠ 0). 

4.1 Ferromagnetic case with uniform magnetic field

The behavior of quantum coherence

field � and temperature � when 

Figure 1. Quantum coherence versus

projections of this 3D plots reveal

as shown below. 

Figure 2.Quantum coherence �(

temperature. 

From the figure, we can know that the thermal quantum coherence is symmetric with respect to the 

uniform magnetic field for different values of temperatures. It furthermore shows the delicacy in the 

decay rate of coherence with inc

values. As we increase the magnetic field, quantum coherence decays rapidly as temperature is 

small and slowly when temperature increases slightly.

We initially consider the case of ferromagnetic chain and then antiferromagnetic one

interactions cases; uniform magnetic field (� = 0 

= 0 and � ≠ 0).  

ferromagnetic case we set � = −1 for the convenience of discussion.

case; uniform magnetic field (� = 0,� ≠ 0) and non uniform

with uniform magnetic field 

The behavior of quantum coherence �(�) under uniform magnetic field as a function of

when � = 0 is shown below. 

 

versus �(�) uniform magnetic field � and Temperature

of this 3D plots reveal some interesting results at different values of certain parameters

 

(�) versus uniform magnetic field � for certain fi

From the figure, we can know that the thermal quantum coherence is symmetric with respect to the 

uniform magnetic field for different values of temperatures. It furthermore shows the delicacy in the 

decay rate of coherence with increasing values of the magnetic field at different fixed temperature 

values. As we increase the magnetic field, quantum coherence decays rapidly as temperature is 

small and slowly when temperature increases slightly. 

then antiferromagnetic one. In them, there 

 and� ≠ 0) and 

nce of discussion. In this case, 

uniform magnetic field 

as a function of magnetic 

and Temperature �. The 2D 

at different values of certain parameters 

for certain fix values of 

From the figure, we can know that the thermal quantum coherence is symmetric with respect to the 

uniform magnetic field for different values of temperatures. It furthermore shows the delicacy in the 

reasing values of the magnetic field at different fixed temperature 

values. As we increase the magnetic field, quantum coherence decays rapidly as temperature is 
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Figure 3. �(�) Versus  � for different

It is seen from figure 3 that for low 

coherence improves with increase in temperature

magnetic field quantum coheren

large magnetic field values, quantum coherence increase relatively slowly.  

4.2 Ferromagnetic case with non

The behavior of quantum coherence

magnetic field � and temperature 

 

Figure 4.Dependence of �(�) with 

some interesting results at different values of certain parameters as shown below.

 

for different fix values of �. 

low temperature range from 0 to around 2, the amount of 

increase in temperature for fixed values of magnetic fields

magnetic field quantum coherence increase to maximum rapidly and decays slowly whereas for 

quantum coherence increase relatively slowly.   

Ferromagnetic case with non-uniform magnetic field  

The behavior of quantum coherence �(�) under nonuniform magnetic field as a function of 

temperature � when B= 0 is shown below. 

 

with � and � for � = 0 .The 2D projections of this 3D plots reveals 

some interesting results at different values of certain parameters as shown below.

the amount of quantum 

values of magnetic fields. For small 

ce increase to maximum rapidly and decays slowly whereas for 

as a function of 

of this 3D plots reveals 

some interesting results at different values of certain parameters as shown below. 
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Figure 5.Dependence of �(�) on nonuniform magnetic field 

In figure 5, we display the quantum coherence behavio

temperatures as a function of nonuniform magnetic field

correlations are symmetric with respect to 

the interesting dynamic of quantum coherence as a function of

temperatures, the quantum coheren

certain threshold value and then decays to zero. This interesting behavior is very prominent a

temperatures as compare to larger temperatures.

Figure 6. Thermal quantum coherence as a function of temperature for various values of the non

uniform magnetic field.  

From the figure, it can be seen that quantum coherence decreases with the temper

values of the nonuniform magnetic field parameters.

When � > 0: For antiferromagnetic 

further two cases; uniform magnetic field (

and � ≠ 0).  

4.3 Antiferromagnetic case with uniform magnetic field

The behavior of quantum coherence

field � and temperature � when 

 

on nonuniform magnetic field � for various temperatures.

y the quantum coherence behavior for ferromagnetic case at different 

as a function of nonuniform magnetic field �. From the figure, we know that quantum 

correlations are symmetric with respect to the nonuniform magnetic field �. It furthermore shows 

quantum coherence as a function of �. At different fix values of 

temperatures, the quantum coherence initially increases with nonuniform magnetic field up to a 

certain threshold value and then decays to zero. This interesting behavior is very prominent a

as compare to larger temperatures. 

 

Thermal quantum coherence as a function of temperature for various values of the non

From the figure, it can be seen that quantum coherence decreases with the temper

values of the nonuniform magnetic field parameters. 

ferromagnetic case, we set � = +1 for the convenience of discussion. There are 

; uniform magnetic field (� = 0 and � ≠ 0) and non uniform magnetic field (

Antiferromagnetic case with uniform magnetic field 

The behavior of quantum coherence �(�) under uniform magnetic field as a function of magnetic 

when � = 0 is shown below. 

for various temperatures. 

r ferromagnetic case at different 

we know that quantum 

It furthermore shows 

At different fix values of 

uniform magnetic field up to a 

certain threshold value and then decays to zero. This interesting behavior is very prominent at low 

Thermal quantum coherence as a function of temperature for various values of the non-

From the figure, it can be seen that quantum coherence decreases with the temperature at various 

or the convenience of discussion. There are 

uniform magnetic field (� = 0 

as a function of magnetic 
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Figure 7. Quantum coherence �

and � = 0). 

The 2D projections of this 3D plots reveals some interesting results at different values of certain 

parameters as shown below. 

 

Figure 8. Quantum coherence �

From the figure, we can know that the thermal quantum coherence is symmetric with respect to 

uniform magnetic field for different values

the amount of coherence with increasing value of 

larger temperature values the graph of quantum coherence versus uniform magnetic field behaves 

like Gaussian function but for small values of temperature (say at 

a rectangular function. In fact at 

−2 < � < 2 and beyond that at 

interesting. This shows that at zero

coherence remains maximum under 

then it becomes clearly zero (no quantumness) within

phase transition which shows the emergence of classicality from quantumness.

transition becomes faint at larger temperatures.

 

(�) versus temperature and uniform magnetic field 

The 2D projections of this 3D plots reveals some interesting results at different values of certain 

 

(�) versus  � at different fix values of T for � = 0

From the figure, we can know that the thermal quantum coherence is symmetric with respect to 

uniform magnetic field for different values of temperatures. Furthermore, it shows

nce with increasing value of the magnetic field at different temperatures. For 

larger temperature values the graph of quantum coherence versus uniform magnetic field behaves 

like Gaussian function but for small values of temperature (say at � = 0.5 and �

a rectangular function. In fact at � = 0, quantum coherence becomes a constant function of 

at � = ±2 it goes to zero with an infinite slope which

zero temperature (nearly zero temperature as well),

under a certain range of magnetic field (maximum quantumness)

zero (no quantumness) within no time. This is a clear signature of 

which shows the emergence of classicality from quantumness. However

transition becomes faint at larger temperatures. 

uniform magnetic field � ( � = +1 

The 2D projections of this 3D plots reveals some interesting results at different values of certain 

0. 

From the figure, we can know that the thermal quantum coherence is symmetric with respect to the 

of temperatures. Furthermore, it shows the decrease in 

magnetic field at different temperatures. For 

larger temperature values the graph of quantum coherence versus uniform magnetic field behaves 

= 0), It behaves like 

tant function of � from  

infinite slope which is very 

arly zero temperature as well), the quantum 

certain range of magnetic field (maximum quantumness) and 

time. This is a clear signature of sudden 

However, this phase 
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Figure 9. Quantum coherence �

� ( � = +1 and � = 0). It can be seen that in this non

coherence decreases with the increase in the values of both the magnetic field as well as 

temperature.  

Antiferromagnetic case with non

The behavior of quantum coherence

field (� ≠ 0 and � = 0) as a function of magnetic field 

below 

Figure 10. Quantum coherence �

The corresponding 2D projections of this 3D plot

below. 

 

 

(�) versus Temperature for various values of uniform magnetic field 

can be seen that in this nonuniform ferromagnetic case quantum 

coherence decreases with the increase in the values of both the magnetic field as well as 

Antiferromagnetic case with non-uniform magnetic field 

The behavior of quantum coherence �(�) in the case of non uniform antiferromagnetic magnetic 

as a function of magnetic field � and temperature � when 

 

�(�) versus temperature T and non uniform magnetic field

projections of this 3D plot at different values of certain parameters as shown 

versus Temperature for various values of uniform magnetic field 

uniform ferromagnetic case quantum 

coherence decreases with the increase in the values of both the magnetic field as well as 

in the case of non uniform antiferromagnetic magnetic 

when � = 0 is shown 

uniform magnetic field b 

at different values of certain parameters as shown 
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Figure 11. Quantum coherence �

Figure show a decrease in the amount of quantum 

temperature as well as nonuniform magnetic field parameter. 

Figure 12.Quantum coherence �

field. It can be seen that the quantum coherence de

magnetic field parameters. 

5. Conclusion 

The quantum coherence is a key characteristic feature of quantum theory and it is proved to be a 

resource in various quantum information and estimation protocols and is primarily accountable for 

the advantage offered by quantum tasks versus classical ones.

coherence is well established historically in quantum optics but a rigorous framework for its explicit 

quantification for generals states in information

years.   

Quantum coherence like any other quantum property which is based on the quantum superposition 

principle within a system as well as among multipartite systems shows fragility toward 

environmental noise like thermal agitations and perturbations. One may ask how thermal f

and perturbations affect quantum coherence in many

that we asked and investigated in this paper for two

 

�(�) versus nonuniform magnetic field b at various temperatures T 

decrease in the amount of quantum coherence with the increase in values of 

uniform magnetic field parameter.   

 

�(�) versus temperature at various values of non

. It can be seen that the quantum coherence decays with time for different values of non

The quantum coherence is a key characteristic feature of quantum theory and it is proved to be a 

resource in various quantum information and estimation protocols and is primarily accountable for 

the advantage offered by quantum tasks versus classical ones. While the theory of quantum 

coherence is well established historically in quantum optics but a rigorous framework for its explicit 

quantification for generals states in information-theoretic terms has been attempted in the last five 

ence like any other quantum property which is based on the quantum superposition 

principle within a system as well as among multipartite systems shows fragility toward 

environmental noise like thermal agitations and perturbations. One may ask how thermal f

and perturbations affect quantum coherence in many-body quantum systems. This is the question 

that we asked and investigated in this paper for two-qubit Heisenberg XXX models under 

versus nonuniform magnetic field b at various temperatures T  

increase in values of both 

nonuniform magnetic 

ime for different values of nonniform 

The quantum coherence is a key characteristic feature of quantum theory and it is proved to be a 

resource in various quantum information and estimation protocols and is primarily accountable for 

While the theory of quantum 

coherence is well established historically in quantum optics but a rigorous framework for its explicit 

theoretic terms has been attempted in the last five 

ence like any other quantum property which is based on the quantum superposition 

principle within a system as well as among multipartite systems shows fragility toward 

environmental noise like thermal agitations and perturbations. One may ask how thermal fluctuation 

body quantum systems. This is the question 

qubit Heisenberg XXX models under 
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inhomogeneous magnetic field perturbation and thermal agitation of an environmental bath. We 

have tried to extract the information from the given model by discussing each and every possible 

case by systematically varying the values and variables.  

We discussed ferromagnetic and antiferromagnetic spin chain cases under uniform and nonuniform 

magnetic field perturbations placed in an environmental bath. In particular, we have shown how 

different factors like exchange coupling constant and magnetic fields interplay with temperature to 

preserve or collapse the quantum coherence. The interesting behavior of quantum coherence with 

uniform magnetic field in antiferromagnetic case is observed to be Gaussian for larger temperature 

but at zero or nearly zero temperature it behaves as a constant function for uniform magnetic field 

up to a threshold value and then decays to zero with an infinite slope. This shows the signature of 

quantum phase transition from quantum nature to the classicality. 
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