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In this letter, a century-old problem is studied; namely, to ﬁnd a uniﬁed analytic description
of the non-uniform distribution of mean velocity across the entire domain of turbulent ﬂow for
all Reynolds numbers within the framework of the Prandtl mixing length theory. Considering the
Prandtl mixing length model, a closed form solution of the mean velocity proﬁle of plane turbulent
ﬂow is obtained. The proﬁles of several useful quantities are given, such as turbulent viscosity,
Reynolds turbulent stress, Kolmogorov’s scaling law, and energy dissipation density. It is shown
that the energy dissipation density at the surface is ﬁnite, whereas Landau’s energy dissipation
density is inﬁnite. The closed form solution reveals that the universality of the turbulent velocity
logarithmic proﬁle no longer holds, but the von Kármán constant is still universal. Furthermore, a
new formulation of the resistance coeﬃcient of turbulent ﬂow in pipes is given in implicit form.
Keywords: turbulent ﬂow, plane, Prandtl mixing length, Reynolds number, boundary layer

INTRODUCTION

The theory of the turbulence boundary layer dates to
the beginning of the 20th century. In 1904, Prandtl [1]
proposed that the high Reynolds ﬂow of parallel walls produces a very thin boundary layer at the wall that
exhibits basically non-viscous motion; however, the viscous eﬀect within the boundary layer cannot be ignored.
In 1908, Blasius [2] obtained a complete description of
the laminar boundary layer, which resulted in the classical laminar boundary-layer theory. However, almost
all boundary-layer movements in nature are turbulent rather than laminar [3–9], meaning related problems
involve predicting the turbulent kinetic energy proﬁle in
addition to the mean velocity proﬁle, which have been
investigated extensively by [10–15] from perspectives of
the Lie symmetry.

A PLANE-PARALLEL TURBULENT FLOW
ALONG AN UNBOUNDED SMOOTH PLANE
SURFACE

We consider here a plane-parallel turbulent ﬂow along
an unbounded smooth plane surface (wall), and take the
direction of the ﬂow as the x axis and the plane of the
surface as the xz plane, so y is the direction orthogonal to
the surface. Assuming that the turbulent ﬂow is steady
with no pressure gradient along the x axis, the y and z
components of the mean velocity are zero, and all of the
quantities depend only on y.
The Reynolds-averaged Navier-Stokes equation of the
2
dτ ′
plane-parallel turbulence is reduced to µ ddyū2 + dyxy = 0,
where µ is the dynamical viscosity, ū is the mean velocity,
′
and τxy
= −ρu′ v ′ is the Reynolds stress. Under boundary conditions, i.e., y = 0 : ū = 0, u′ = 0, v ′ = 0 and

µ dū
dy = τw , the above equation can be integrated to
µ

dū
− ρu′ v ′ = τw ,
dy

(1)

where τw is the wall friction force on a unit area of the
surface. This force is clearly in the x direction. The
quantity τw is the constant ﬂux of the x component of
momentum transmitted by the ﬂuid to the surface per
unit time. The ﬁrst term on the left-hand side of Eq. 1 represents the eﬀect of viscosity on the mean ﬂow,
whereas the second term is the Reynolds stress. In turbulent ﬂow located some distance away from a wall, the
Reynolds stress is of considerably greater magnitude than
the viscous stress; however, the role of viscous stress increases as the distance to a smooth wall decreases until
ﬁnally, at the wall, viscosity predominates.
THE PRANDTL MIXING LENGTH THEORY OF
THE PLANE-PARALLEL TURBULENT FLOW
AND PRANDTL’S ASYMPTOTIC SOLUTIONS

According to the Prandtl mixing length theory [4], the
dū
′
Reynolds stress is proposed to be τxy
= ρℓ2 | dū
dy | dy , where
the mass density is ρ, the mixing length is constructed by
dimensional arguments as ℓ = κy, and κ is a numerical
constant, namely, the von Kármán constant. Hence, Eq.
2 dū dū
1 becomes µ dū
dy +ρ(κy) | dy | dy = τw , namely,
dū
<0 :
dy

µ

dū
>0 :
dy

dū
µ
+ ρ(κy)2
dy

dū
− ρ(κy)2
dy

(
(

dū
dy
dū
dy

)2
= τw ,

(2)

= τw ,

(3)

)2

and the boundary condition is
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y = 0 : ū = 0.

(4)
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So far, no complete solutions have been obtained for
either Eq. 2 or Eq. 3. Instead, asymptotic solutions have
been constructed in two diﬀerent regions (or sub-layers)
[7].
In the inertial sub-layer, the ﬁrst terms of Eq. 2 and
( )2
Eq. 3 are neglected, leading to ρ(κy)2 dū
= τw , the
dy
solution of which is a well-known Prandtl logarithmic
law,
ū
1
yū
1
= log( ) + α − log α,
uτ
κ
ν
κ

(5)

√
where uτ = τw /ρ and ν = µ/ρ.
According to Nikuradse’s famous experiments [6], data
ﬁtting gives κ = 0.4 and α = 11.5; hence, the Prandtl
log-law is
yū
ū
= 5.75 log( ) + 5.5
uτ
ν

(6)

This expression becomes inﬁnite at the boundary y = 0
and is inapplicable at very small distances y from the surface, since the eﬀect of viscosity near the surface becomes
non-negligible [8].
To ﬁx the singularity problem, traditionally a viscous
sub-layer is introduced in which the viscosity of the ﬂuid
begins to be important. The second terms of Eqs. 2 and
3 can be neglected, leading to µ dū
dy = τw , the solution of
which is the Prandtl linear law: ū = τw y/µ.
After obtaining these two sub-layer solutions, matching
them into one segmental solution is done as follows:
u+ = η + (5.394 − η + 2.5 ln η)H(η − 5.394),

(7)

where H(...) is the Heaviside step function, u+ = uūτ , and
η = yuν τ (note: η is denoted as y + in some publications).

A CENTURY-OLD MATHEMATICAL PROBLEM
IN TURBULENCE

CLOSED FORM SOLUTION

To ﬁnd a singularity-free and consistent solution valid
in the whole domain of y, we return to the complete governing equations, Eqs. 2 and 3, and work to ﬁnd their
solutions without any approximations, as in the preceding section. We ﬁnd the exact solutions for both Eqs. 2
and 3, but the solution of Eq. 2 is not physically possible
since two terms of the solution are inﬁnite at y = 0. The
only physically possible equation is Eq. 3, which can be
rewritten as
( + )2
du
du+
+ κ2 η 2
= 1,
(8)
dη
dη
together with the boundary condition
η = 0 : u+ = 0.

Equation 8 has two
solutions, one a singular so∫ 1+√1+4κ2 η2
1+(1+4κ2 η 2 )3/2
+
lution, u = −
−
2κ2 η 2 √ dη =
2κ2 η
√
1
2
2
2
2
2η 1 + 4κ η − κ ln(2κη + 1 + 4κ η ) + C0 due to
1+(1+4κ2 η 2 )3/2
2κ2 η

at η → 0; and the oth∫ −1+√1+4κ2 η2
dη =
er a singularity-free solution, u =
2κ2 η 2
√
∫
2
2
1+4κ η
1
dη.
2κ2 η +
2κ2 η 2
Introducing
a
transformation
2κη = sinh ξ, hence
√
ξ
1 + 4κ2 η 2 = cosh ξ and dη = cosh
2κ dx, the integration
√
∫ 1+4κ2 η2
∫
ξ 2
1
becomes
dη = κ1 ( cosh
− coth ξ).
2κ2 η 2
sinh ξ ) dξ = κ (ξ√
√
1+4κ2 η 2
Notice ξ = ln(2κη+ 1 + 4κ2 η 2 ) and coth ξ =
.
2κη
Therefore, the closed form solution of Eq.8 is obtained as
the singularity of

+

u+ =

√
1
2η
√
ln(2κη + 1 + 4κ2 η 2 ) −
+ C,
κ
1 + 1 + 4κ2 η 2
(10)

where C0 and C are integration constants that can be
determined by the boundary condition in Eq. 9.
The solution in Eq.10 is singularity free because of
of singularity of the term
( the cancellation
)
limη→0

Mathematically speaking, the above two segmental solutions, including linear and log-law solutions, are incomplete, because they are not whole domain solutions.
Rather, it is a local solution of the matching area between
the inertial sub-layer and viscous sub-layer of turbulence.
Between the inertial region and viscous sub-layer, there
is an intermediate region whose empirical solution has
not been obtained [7, 8, 10–15, 17, 18].
Finding a uniﬁed analytic description of the nonuniform distribution of mean velocity and turbulence intensities across the entire domain of turbulent ﬂow for
all Reynolds numbers is an open problem dating back to
Prandtl’s pioneering work in 1904 [9–15, 17, 18].

(9)

√ 2η

1+
+

1+4κ2 η 2

= 0, which leads to the limit

limη→0 u = C. Applying the boundary condition in
Eq. 9 gives C = 0. Hence, the closed form solution of
Eq. 8 is given by
u+ =

√
2η
1
√
.
ln(2κη + 1 + 4κ2 η 2 ) −
κ
1 + 1 + 4κ2 η 2
(11)

Strictly speaking, the solution in Eq. 11 reveals that
the velocity proﬁle of plane-turbulent ﬂow is not logarithmic as stated in [17], owing to the exist of the 2nd
term ” − √ 2η 2 2 ”. However, the logarithmic law of
1+

1+4κ η

the turbulent velocity proﬁle can still be approximately
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maintained for very large η. Near the surface, the velocity proﬁle is not linear.
This singularity-free solution is valid for the whole domain of η ∈ [0, ∞]. The only unknown in the solution is
the von Kármán constant κ, which could be determined
by data ﬁtting from the experiments [6] to be κ ≈ 0.4,
conﬁrming that the von Kármán constant is still a universal constant.
Due √
to the identity of hyperbolic arcsine sinh−1 x =
ln(x + 1 + x2 ), x ∈ (−∞, ∞), the closed form solution
can also be expressed as follows
u+ =

2η
1
√
sinh−1 (2κη) −
.
κ
1 + 1 + 4κ2 η 2

(12)

THE CLOSED FORM SOLUTION VS. THE
PRANDTL LOG-LAW SOLUTION

To visualize the diﬀerence between the segmental solution and the closed form solution, Eqs. 7 and 11 are
depicted in Fig. 1.

FIG. 2: Comparisons: the closed form solution, the Prandtl
solution, van Driest mixing length theory [21], the direct numerical simulation (DNS) solution [18, 19].

mixing length theory and nothing to do with the mathematical rigorous treatment of the Eq.(e-4) and its closed
form solution. Therefore, if we consider the DNS solution as a high-performance solution, to ﬁx the mess we
must modify the Prandtl mixing length model to make
the solution as close to the DNS solution as possible.

VAN DRIEST’S MODIFICATION OF THE
PRANDTL MIXING LENGTH THEORY

FIG. 1: The u+ − log η curve. Eq. 7 is represented by the
blue dashline, and Eq. 11 is represented by the red line. The
plot indicates that the mean velocity of the Prandtl solution is
larger than the velocity obtained by the closed form solution
as a result of neglecting the viscosity in Prandtl’s solution.

THE CLOSED FORM SOLUTION VS. DIRECT
NUMERICAL SOLUTION (DNS)

For validation, a comparison between the closed form
solution in Eq. 11 and direct numerical simulation (DNS)
solution [18, 19] is depicted in Fig. 2
Although we successfully obtained the closed form solution of plane turbulent ﬂow based on the Prandtl mixing length model ℓ+ = κη, where ℓ+ = ℓuτ /ν, unfortunately, Fig. 2 shows that the closed form solution does
not perfectly agree with the DNS solution [18, 19] for a
smooth wall. This disagreement is caused by the Prandtl

Regarding the modiﬁcation, we consider an inﬁnite ﬂat
plate undergoing simple harmonic oscillation parallel to
the plate in an inﬁnite ﬂuid. According to Stokes [20],
the amplitude of the motion diminishes with increasing
distance from the surface (wall) as a consequence of the
factor exp(−y/A), where A is a constant depending the
frequency of oscillation of the plate and kinematic viscosity ν of the ﬂuid. Hence, van Driest [21] pointed out
that when the plate is ﬁxed and the ﬂuid oscillates relative to the plate, the factor [1 − exp(−y/A)] must be
applied to the ﬂuid oscillation to obtain the damping effect on the wall. Furthermore, van Driest believed that
fully developed turbulent motion occurs only beyond a
distance suﬃciently remote from the wall, and eddies are
not damped by the nearness of the wall. Indeed, near a
wall, the damping factor is [1−exp(−y/A)] for each mean
velocity ﬂuctuation, and the Reynolds stress should be
modiﬁed to become
′
τxy
= κ[1 − exp(y/A)](dū/dy)2

= κ[1 − exp(η/A+ )](du+ /dη)2 ,

(13)

in order to take into account the mean motion all the
way to a smooth wall, where κ ≃ 0.4, A+ ≃ 26.
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With the van Driest mixing length theory, Eq. 8 should
be modiﬁed to the following:
( + )2
du+
du
2 2
+ 2
+ κ η [1 − exp(−η/A )]
= 1,
(14)
dη
dη
whose solution can be expressed in an integration [21]
∫
2
+
√
u =
dη, (15)
2
2
1 + 1 + 4κ η [1 − exp(−η/A+ )]2
which unfortunately has no analytical solution. However,
we can solve it numerically. The solution of Eq. 15 is
depicted in Fig. 2. Fig. 2 shows that the van Driest
model agrees well with the DNS solution.

which Koiter postulates there are no perfect structures,
and geometrical imperfection is the key factor aﬀecting
the buckling behaviors of structures. To better predict
buckling loads, imperfections must be taken into account, so Koiter developed a post-buckling theory that gives
much more reliable buckling loads for structures with geometrical imperfections [27–32]. In the same way, there
are no perfectly smooth walls, meaning a real wall will always have some kind of roughness. Therefore, the closed
form solution based on the Prandtl mixing length theory
will give a better prediction of the turbulent ﬂow.

SOME QUALITIES CALCULATED FROM THE
CLOSED FORM SOLUTION

With the obtained closed form solution in Eq. 11, we
can calculate some useful quantities, as follows:
(1) The turbulent viscosity is νT = (κy)2 dū
dy =
√
2
2
+
+
−1+ 1+4κ η
du
√ 2 2 2;
νκ2 η 2 du
=
dη , where dη =
2κ2 η 2
1+

1+4κ η

hence,
νT =

√
1
ν(−1 + 1 + 4κ2 η 2 ).
2

(16)

This relation reveals that the turbulent viscosity is not
constant but rather increases with η. It is depicted in
Fig. 4.
FIG. 3: Comparison between the closed form solution, van
Driest’s solution [21], and Laufer’s experiments [22]. The dimensionless roughness is ϵ = uτ λ/ν, and λ is the roughness
height.

We also depict the closed form solution in the Fig. 3. It
is surprising to see that the closed form solution perfectly
matches the van Driest solution for a rough wall (ϵ = 60),
which indicates that the Prandtl mixing length theory
might be more suitable for rough walls than smooth walls.
The reason of behind this scenario is because the van
Driest mixing length theory applies to a smooth wall under the condition that the proximity to the wall has a
stabilizing eﬀect upon eddies owing to viscosity. The
stabilizing eﬀect of the wall can, however, be nulliﬁed
by introducing an artiﬁcial mixer at the wall-viz., roughness. When suﬃcient roughness is introduced to stir
up motion near the wall (vortex generation), the factor
[1−exp(−y/A)] should disappear from the above formulations, in which case the van Driest mixing length theory
becomes equivalent to the Prandtl mixing length model [21]. This is why the Prandtl mixing length theory is
suitable for rough walls and the van Driest mixing length
theory is suitable for smooth walls [21]. This argument
is well agree with van Driest’s pespective [21].
This situation is very much like Koiter’s post-buckling
theory of structures with geometrical imperfections, in

FIG. 4: The turbulent viscosity ratio, the van Driest turbulent
viscosity [21] is larger than both the closed form solution’s and
Prandtl’s
.

(2) The Reynolds stress is given by
′
τxy
= ρu2τ κ2 η 2 (

4ρu2τ κ2 η 2
du+ 2
√
) =
.
dη
(1 + 1 + 4κ2 η 2 )2
τ′

(17)

The Reynolds stress ratio ρuxy2 of the segmental solution
τ
and the closed form solution is depicted in Fig. 5.
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1.5ε2/3 k −5/3 , namely,
(
E(k) = 1.5ν −2/3 k −5/3 u8/3
τ

2

1+

)2/3

√
1 + 4κ2 η 2

,
(19)

where E(k) is the kinetic energy per unit mass of ﬂuid in
eddies with wave number k. Hence, at the surface η = 0,
8/3
we have E(k)η=0 = 1.5uτ k −5/3 ν −2/3 , which is depicted
in Fig. 7.
τ′

FIG. 5: The Reynolds stress ratio ρuxy2 , generally speaking, the
τ
Reynolds stress calculated from the closed form solution increases with the distance from the surface before it becomes a
constant, but the segmental solution gives constant Reynolds
stress

′
τxy

ρu2
τ

= 1 for all η.

(3) According to Landau [8], the mean energy ﬂux density is < q >= ūτw , and the energy dissipation density
in the turbulent ﬂow is
1d<q>
1 τw du+
u4 du+
= ( )2
= τ
ρ dy
ν ρ
dη
ν dη
u4τ
2
√
=
,
ν 1 + 1 + 4κ2 η 2

FIG. 7: Kolmogorov’s law: Eq. 11 (in red) and van Driest
[21] (in blue).

ε=

(18)

u4

which gives limη→0 ε = ντ , i.e., a power law u4τ ; in contrast, Landau’s energy dissipation density [8], εLandau =
u4 1
1
( τρw )3/2 κy
= ντ κη
, is inﬁnite at the surface η = 0, indicating that maintaining turbulent ﬂow requires supplying
an inﬁnite energy source, which is physically impossible.
Our energy dissipation density and Landau’s are depicted
in Fig. 6.

FIG. 6: The energy dissipation density ratio uεν4 decreases to
τ
null rapidly as η increases away from the surface.

(4) According to Kolmogorov [23–26], we have E(k) =

Figure 7 shows that the turbulent energy dissipation
is mainly concentrated in a narrow region close to the
boundary surface and decays rapidly away from the surface.

APPLICATION TO THE FRICTION OF
CIRCULAR PIPES

As an application of the solution in Eq. 11, let us now
apply Eq. 11 to turbulent ﬂow in a pipe with length l
and radius a. The area near the walls of the pipe may
be approximately regarded as a plane, and the velocity
proﬁle must be given by Eq. 11. The mean velocity ū of
the ﬂow in the pipe is calculated by ū = Q/(ρπa2 ), where
Q is the volume of ﬂuid that passes through a crosssection of the pipe per unit time divided by the crosssection area. Since the frictional force per unit area of
the wall is τw = ρu2τ , the total frictional force is 2πalρu2τ .
Assuming the pressure gradient ∆p/l maintains the ﬂow,
the force on the cross-section is πa2 ∆p. Equating the two
forces, namely πa2 ∆p = 2πalρu2τ , leads to ﬂow pressure
gradient ∆p/l = 2ρu2τ /a.
We must point out that the obtained closed form solution of Eq. 11 is only valid for turbulent ﬂow with no
pressure gradient, namely, ∆p/l = 2ρu2τ /a = 0. Strictly
speaking, the closed form solution cannot be used to deal
with ﬂow with pipe friction and a ﬂow pressure gradient.
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We can still use the solution as an approximation if we assume the pressure gradient is inﬁnitesimal, for instance,
in the case of large radius a, i.e., a large Reynolds number. Therefore, van Driest argues that the above results
for ﬂow in the vicinity of smooth walls are also approximately valid with a pressure gradient in the direction
of ﬂow because the shear stress near the wall is approximately equal to the wall stress [21]. In the following,
all formulations are derived under the condition of small
∆p/l.
The dependence of the resistance coeﬃcient λ =
2a∆p/l
(1/2)ρū2 on the dimensionless Reynolds number Re =
2aū/ν is given in implicit form by the equation
√
1
1
ln 2
16 + 2κ2 Re2 λ
√ =
√ −√ +
√
2κ
λ
κ2 Re λ
4κ2 Re λ
√
√
√
√
2
ln( 2κRe λ + 16 + 2κ2 Re2 λ),
+
(20)
4κ
where a is the pipe radius, and ∆p/l is the pressure gradient. If we set κ = 0.4, we have
√
1
6.25
16 + 0.32Re2 λ
√ − 1.225 − 1.5625
√
√ =
λ
Re λ
Re λ
√
√
+ 0.8839 ln(0.5657Re λ + 16 + 0.32Re2 λ). (21)
√
√
Eq. 21 and the Prandtl log-law, 1/ λ = 2 log(Re λ) −
0.8, are depicted in Fig. 8.

FIG. 8: Pipe resistance coeﬃcient. The Prandtl log-law is
represented by a dotted line, and Eq. 21 is represented by a
solid line. The resistance coeﬃcient derived from Eq. 21 is
higher than that derived from the Prandtl log-law since the
closed form solution includes the viscous inﬂuence, whereas
the Prandtl log-law does not.

CONCLUSIONS

To the best of the author’s knowledge, the solution in
Eq. 11 is the ﬁrst closed form solution of plane turbulent
ﬂow ever obtained in the context of rigorous mathematics. This study may help to have a better understanding
of turbulence phenomena.
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