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1. INTRODUCTION

Abstract : Double Hilbert Exponential Sums along polynomials is the
Fourier multiplier of Discrete Double Hilbert Transform along polynomials.
In this paper, we prove that Double Hilbert Exponential Sums along polyno-
mials that satisfy a certain condition is uniformly bounded function except
very small area.

Keywords: Discrete; Double Hilbert transform; Circle method; exponen-
tial sums; discrete double Hilbert transform; discrete double exponential
sums.

The 1-parameter hilbert transform along polynomials has been studied
(E. M. Stein and S. Wainger [7], F. Ricci, E. M. Stein [8], [9], [10]). For
LP theory of those singular integrals has also been studied quite well (M.
Christ, A. Nagel, E. M. Stein and S. Wainger [18], M. Folch-Gabayet and
James Wright [17]). The 2-parameter Hilbert transform along polynomials
were introduced in [6],[16]. And the monomial case has been studied[10].
The necessary and sufficient condition for LP (R3) was obtained in Anthony
Carbery, Stephen Wainger, James Wright [4]. Sanjay Patel [19] proved the
necessary and sufficient condition for LP boundedness of global case

ds dt

Hf(:v,y,z):p'v-/_ /_ flx—s,y—t,z— P(s,1)) prad

The multiple parameter cases has been studied [15]. Similar question has
been studied as discrete version. For this, the Circle method plays a great
role(Hardy and Ramanujan [11]). The boundedness of the maximal operator

M) = swp = S |f(n—P(m))

Ne[l,00) 1<m<N

(di = dy = 1, and P is a polynomial with integer coefficients) has been
studied (J. Bourgain [14], [12], [13]). Alexandru D .lonescu and Stephen
1
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Wainger([1]) proved the LP boundedness of discrete singular radon transform

T(f)@)= Y, flz—Pn)K(n).

nezd1\{0}

But there are no results about discrete double Hilbert transform before our
paper. We will consider

1
Hdiscretef(xuy7z) = Z f(x_suy_t7z_p(37t))§
(s,t)EZ2,5,t#0

and

Z e—27ri-(5-5(1,0)+t'f(0,1)+P(57t)'7) . l

st
(s,t)€Z2,5,t£0

Question: What is the necessary and sufficient condition of polynomials for

Z 6—27fi'(5'f(1,0)+t'§(0,1)+p(57t)"¥) . < C?

(s,t)€Z2,8,t£0

(The constant C may depend only on the polynomial and d).
Since é is not good funtion like Calderén-Zygmund kernel and s and ¢ affect
each other, we can’t apply the circle method to 2-parameter in this case.
So we should probably consider one variable fraction % to apply the circle
method. But if we do this, infinitely many changing variables related to s
or t appear in the functions of the continuous version linked to the major
arc. This is why the Question may be difficult. Our main result is double
Hilbert exponential sums along polynomials that satisfy a certain condition
is uniformly bounded function except very small area. We hope that one
day we will know the necessary and sufficient conditions perfectly.

1
st

We first introduce continuous version of double Hilbert transform along
polynomials. For f € S (i.e., a Schwartz class function), we define

Lot ds dt
Hlocf(l',y,Z):p"U'/ / f(l'—S,y—t,Z—P(S,t))
1J1

st
where P(s,t) is a real-valued polynomial in s and ¢t. Carbery, Wainger and
Wright determined the necessary and sufficient condition on the polynomial
P so that Hj,. is LP bounded for 1 < p < co. We state their result.
Let P(s,t) = > (. n)en @mans™t" be a polynomial with real coefficients such
that P(0,0) = 0,VP(0,0) = 0 and where A is indexing the set of lattice
points (m,n) € N? such that a,,, # 0. For each (m,n) in A, we let

Qm,nZ{(ﬂc,y)€R2|$2mandy2n},

Set @ = U(m,n) cA @mn- Then the Newton diagram II of P is the smallest
(closed) convex set containing . II is an unbounded polygon with a finite
number of corners. We denote the set of corners by D. Then D C A.

2
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THEOREM 1.1. For any p,1 < p < o0,
[ Hioc I < Apll flLv

iff for each (m, n) that is a corner point of the Newton diagram corresponding
to P, at least one of m and n is even.(Anthony Carbery, Stephen Wainger,
James Wright [4].)

Sanjay Patel determined the necessary and sufficient condition on P so
that the (global) double Hilbert transform defined by

Hf(mvyvz)zp'v'/_oo /_oo f(w—s,y—t,z—P(s,t))det

is bounded on LP;1 < p < co. The operator is defined for f € S by integrat-
ing where € < |s| < R',e < |t| < R, and then, taking the limits as ¢, — 0
and R, R' — +o00. Let P(s,t) = > (mmn)ea Amn s t" be a polynomial with
real coefficients such that P(0,0) = 0, VP(0,0) = 0 and where A is indexing
the set of lattice points (m,n) € Z? such that a,, # 0. Let C be the closed

convex hull of A in R? and D = {(m,n) € A : (m,n) is a corner point
(vertex) of C}.

THEOREM 1.2. For any p,1 < p < o0,
IH fllr < Apll fllpe

if and only if for each (m,n) € D, at least one of m and n is even and
furthermore, if any (extended) edge of C passes through the origin (there
are at most two such edges), then every point of A on that edge must have
at least one even coordinate.(Sanjay Patel [19])

Assume that di > 1 is an integer and K € C* (R%\{0}) satisfies the dif-
ferential inequalities |z|%| K (z)|+ |z|" VK (z)| < 1 for any x € R |z| >
1, and the cancellation condition

/ K(z)dx
|z[€[1,A]

for any A > 1 (i.e., K is a Calderén-Zygmund kernel on R% away from 0
). Let P = (Py,...,Py,) : R — R% denote a polynomial of degree A > 1
with real coefficients. We define the (translation invariant) discrete singular
Radon transform operator T by the formula

T(f)z)= Y fla—P®n)K(n)

nezd1\{0}

<1

for any Schwartz function f : R% — C. Tonescu and Wainger proved fol-
lowing theorem.


https://doi.org/10.20944/preprints202110.0204.v2

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 17 November 2021 d0i:10.20944/preprints202110.0204.v2

HoYoung-Song

THEOREM 1.3. The operator T' extends to a bounded operator on
LP (R%) ,p € (1,00), with ||T(f)HLP(JRd2) < C’p||f||Lp(Rd2). The constant C,

may depend only on the exponent p, the dimension di, and the degree A.
(Alexandru D .lonescu and Stephen Wainger [1])

We introduce some definitions. Assume d > 1 is an integer. For any
p>1let Z, =7ZN[1,pl. fa=(a1,...,aq4) € Z%is a vector and ¢ > 1 is an
integer, then we denote by (a, q) the greatest common divisor of a and g, i.e.,
the largest integer ¢’ > 1 that divides ¢ and all the components aq, ..., aq.
Clearly, any vector in Q¢ has a unique representation in the form a/q, with
q €{1,2,...},a € Z% and (a,q) = 1; such a vector a/q will be called an
irreducible d -fraction. We also let P, = {a € Z¢ : (a,q) = 1,0 < a; < ¢}
and let |(m, n)| denote |(m, n)| = m+n. We set p(s,t) = >, yep Gmns™t"
be a polynomial with real coefficients such that p(0,0) = 0, Vp(0,0) = 0.
Welet & = () € RY ((m,n) € {(0,1), (1,0)}UA, indeed d = |A|+2). We
also let P : R? — R [P(x)]y = 2%(z = (s,t),a = (m,n) € {(0,1),(1,0)} U
A).

Now we define the discrete double Hilbert transform operator Hg;screte by
following formula

Hdiscretef(x7y7 Z) = Z f(.%' —5Y - t? zZ = p(37t))L

(s,t)EZ2,8,t£0 st
We also define the discrete double hilbert exponential sum :
_omi- e 11
1(€,0)€0,1),7) = Z e 2Pl g 5 276 e R?
(s,t)EZ2,5,t£0

which is the Fourier multiplier of Hg;serete(f) : Hiserete (§1,0:&0,1), ) if we
let §(n) = @y for all (m,n) € A. From now, we let &, ) = amn7-
Chronologically, there have been important results such that

/°° ,gm.(z-gﬁp(:v)&z). <(J

/ / —27rz (z-&14y-Ea+p(z,y)-£3) | 1 l C
Yy

(with conditions mentioned in Theorem 1.2),
S e 1 <0 ceRre
s€Z\{0} 5
(by Theorem 1.3)
But followung inequality has not yet been solved.
(€100, €0,1),7) = Z e 2miPlst)E . - Z <C, ¢eRr?

S
(s,t)EZ2,8,t#0
4
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Our main result(Theorem 1.4) is about the last inequality.

We define funtion ¢(7): For ¢ > 1001904/ if there is a/q ((a, q) = 1) satisfy-
ing |[y—a/q| < min{l/amn, 1}-2*‘16/%, then ¢(y) = 0. Otherwise, ¢(y) = 1.
(6 will be mentioned in Lemma 1.7.)

Main Theorem If all (m>;,n>1) € A are not on one line passing through
the origin, (§(1,0):(0,1),7)¢(7) is uniformly bounded by constant C'. The
constant C may depend only on the polynomial and the d.

Remark(1) If v is not very close to a/q, 1(§(1,0):&(0,1),7) is uniformly bounded

by constant C. In [0,1]%, the very small area may be less than 9-100%
(2) As we can see in the proof of the Main Theorem, if ¢(vy) = 0, then

1(E1.0): €0, 1) & Sagloga(ly — a/al)x(maz{amn, 1} - 20" (v — a/q)).
So it is easy to show “”(5(1,0)’5(0,1)7V)HLp([o,uS) <O0(1).

We now introduce following Lemmas which are used many times in this
paper.

Lemma 1.5. For fixed £ € R and increasing sequence ¢, (¢, € N), If
there are a,, satisfying |€ — a,,/qn| < 1/(10¢2) for all n, then the sequence is
lacunary series and gp+1/qn > 2.

Lemma 1.6. (Diriclet’s principle) For any A > 1 and £ € R, there are
q € Zp and a € Z with (a,q) = 1, with the property that | —a/q| < 1/qA.

Lemma 1.7. Forany R > 1,let B = {x e R% |z < Ryl = 1,...,d1}.
Assume that k : Bgp — C is a C! function with the property that

|k(x)| + R |Vk(z)] <1

for any z € Bg. Assume that e € (0,1/10) is fixed and ¢ € R? has the
property that for some «,1 < |a| < A, there are integers a and ¢, with
(a,9) =1,q € [R%, RI*I™¢] | and |¢, — a/q| <1/¢*. Then

> e PEE(n)| < CRM0,6 > 0
neQNZ

for any open, convex set 2 C Br. The constants C' and § may depend
only on dy, A, and € but not on R,§, or the irreducible fraction a/q. [6,
Proposition 3]

We introduce Guass sum. For any ¢ € {1,2,...} and a € Z? with (a,q) =
1, let
L ~2miP(n)-a/
S(a]/q):q71 Z e T (N aq.
nElZM
5
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Lemma 1.8. If (a,q) = 1, |S(a/q)] < C -q% (for some constant
d=14(d) > 0).

Proof of Lemma 1.8. Let a = (a,), and assume that an/q = al,/q,,
where al,/q), is an irreducible. Since (a,q) = 1, there are d,, ¢/, satisfying
q=daq,,(d1,...,dy,...) = 1. Since q has d,, and (dy,...,dy,...) = 1,11d,
can’t divide all d,, of ¢?. So I.q,, = ¢?/Ild, > q. First, if ¢/, > qH/10d* for
some index a with |a| > 2, we shall know

Z 6—2m’P(n)va/q < C2d1 . qd1—§’ §>0

"e[zq]dl

by lemma 1.7 with R = 2¢,k = 1, and ¢ = 1/20d?> which means ¢/, €
[Re, R|a|*€] . Second, if ¢}, < ql/m”l2 for any a with |a| > 2, then ¢/, > 1/¢%*
for some o with |ap| = 1. In this case, by summing first the variable cor-
responding to the index o with summation by parts, we have S(a/q) = 0. O

In chapter 2, we make asymtotic formula for the multiplier of 1-parameter
discrete Hilbert transform which has variables related to ¢ terms through the
circle method. In chapter 3, we will show that double Hilbert exponential
sum along polynomials(x(€)) which is the Fourier multiplier of the operator
is uniformly bounded by constants with the condition mentioned in Theorem
1.4. For this, we apply the circle method (Propsotion 2.1) to 1-parameter
exponential sums and the other exponential sums related to the other vari-
able. And we study the property of a/(¢t") in Lemma 3.1 and use this to
reduce the complexity created by each variables. We also use combinatorial
thinking related to (j,k) € N? plane. And we use geometric property of
some inequalities about (m,n) € A for problem area in (j, k) € N? plane.

2. ASYMTOTIC FORMULA WITH CIRCLE METHOD.

In this section, We make asymtotic formula for the multiplier of 1-parameter
discrete Hilbert transform(s valuable) which is according to  with ¢ terms
by circle method. Our method is similar to the method of Alexandru D.
Ionescu, Stephen Wainger [1] and J. Bourgain [14].

Let N(m,n) denote N(m,n) = n and M(m,n) denote M (m,n) = m. Set
Ap>1 = {(m,n) € A)m > 1} and A,>; = {(m,n) € Ajn > 1}. Then we let
Pn(t) ® € denote Py (t) ® € = (¢ (mm) “Emomy)s (myn) € {(1,0)} UA,>1 and
let Pps(s) @€ denote Py(s) @& = (sM0mm) “Emmy), (mym) € {(0, 1) JUAy>1.
For example, if p(s,t) = 510 4+ 2 + s2t2 4+ s*t* + 5648, then Py(t) ® & =
(€01,0) 2€(2,2), € (4,0), 1% (6,8)) and Par(s)QE = (£(0,1), $°6(2,2), 5 E(,4)> %€ (6,8))-

6
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We will first consider the case when if (m1,n1) and (mg, ng) € A, M(mq,n1) #
M (mga,n2) and N(my,n1) # N(mg,n2) in the chapter 2. The other cases is
mentioned in the chapter 3.

We begin by choosing an odd C*°-function 1 (s), defined on the real line,
nonnegative for s > 0, and supported in 1/2 < |s| < 2 such that

SRTICORE

p=—00
We also define
i (Pn(t) 22 Jz/; 97Jg _2”(55(1,0)+Z(m,n)e/\,n21 s (" E(mn)))
SEL
for each t and j,
and
pii(Pps = 3 27 Fyp(2 ke 2O T e menma (T Som )
teZ

for each s and k. And we will treat only j, k > 0.

Proposition 2.1 There is a large constant C; with the property that for
any D; > 2, we have

q<(j+1)“aP1

(1) p(Py(t)®€) = Z > S(a/q) - ¢; (Px(t) ® & —a/q)

achy

o(m—1/4)j ((Nimme )
X <[ ( Smom) a(m’")/qﬂ (m,n)e{(1,0)}UAn> 1

+ E5(¢)
The functions ¢; are defined in proof, and |E;(¢)| < Cp, (j + 1)~ Pt

Proof of Proposition 2.1. For each fixed t, we fisrt consider this case(major
arc): For all @ = (m,n), there is ¢ which satisfies

‘tzwm,n) Eoman) — Gy /q} < (Q(m—l/zn')*l qe [1, 2(1/10»} .
If we let

Li(s) = m (2795) - Pu(0) @ € = a/q + 5,Q(s) = (M"™)
(a, q, 8 depend on t) then

MJ(PN Z Z L nq—H 27riQ(l)-a/q'ef2ﬂiQ(nq+l)-ﬁ
nez! ily/ }

7
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=5 S (Lylng+1) - QNG _ [ (ng) . ~2miQ)B) . (=2miQ(Dala

nezt l€[Zq ]
+Lj(ng) - e 2mQMa)B . o=2miQDa/q
Z Z |(Lj(ng +1) - e 2miQ(ng+l)-f _ L;(ng) - ¢~ 2miQna+l)-By
n€Z! 1e[z,]"
+(Lj(ng) - e 2miQ(ng+l)-6 _ L;(nq) - e~ 2miQna)-By)|
_|_ Z Z L] (nq) . e—27riQ(nq)~Be—27riQ(l)a/q
n€Z! e[z,
=Y e —2miQ() | . S Li(ng)e Q08| 10 (27]-/4)
1€z} nez!

(by mean value theorem)

~ S(a/q) / Li(x)e 70 s 10 (279/4).
(by Van Da Corput theorem)

Let ;(€) = [ L;j(x)e ?™Q@)<dx. Then, we know that

(2) PO <C A+ D 2g )

1<[a|<A
which follows from [3, proposition 2.1].
Second, we consider this case(minor arc) : (tV (m’")f(mm)) does not belong

to the union over q € [1, 2j/10] of the above arcs.
In this case, we can show

(O] = 0 (275 cea > 0.
Let ¢ = (tV (m’”)ﬁ(m,n)) and, for each (m,n) consider a Farey dissection at

level Agy, ) = 2(m=1/2)j  Thus
-1

< <(J(m,n) .2(m*1/2)j>

for some integers a(,, ) and q(m ), with (a(mm),q(m,n)) =1 and g €
[1, 2(7”*1/2)3'] . Since £ does not belong to the union over q € [1, 2j/10] of the
major arcs, at least one of the denominators q(,, ) is > 23/(10d) " The bound
follows from Lemma 1.7 with R = 2771 K = 2/L;, and € = 1/(20d).
Finally, we can insert the cutoff function y :

‘t(m’n)g(m,n) - a(m,n) /Q(m,n)

i (Pn(t) ® &) = S(a/q) - 0;(Pn(t) ® & — a/q)

" ([2<m—1/2>j (Y = g 0]
8

1§(m’n)|§A7(m7n)€{(170)}UAn>1>
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+0 (277).
Then it is easy to see (1) by Lemma 1.8 with the constant Cy equal to 1/
and (2) and disjointness of above arc.
Thus the proof of Proposition 2.1 is complete. [
Remark (1)In the last part of proof of proposition 2.1, we can replace
(m —1/2)7 by (m — 1/4)j in x because of (2). In this same manner, it
is obvious that for e < 1/4, we can replace (m — 1/2)j by (m — €)j in x.
(2)We can’t apply Lemma 1.7 to minor arc part if we take k(z) = 1/(st), z =
(s,t) because the K in the proof of Proposition 2.1 is not a function sat-
isfying the condition required to use Lemma 1.7 and we can’t get a good
error term in major part because k(x) = 1/(st) does not satisfy the ferential
inequalities |x|™ |K (z)| + |z|“ T VK (2)| < 1 for any x € R% |z| > 1.

3. DOUBLE HILBERT EXPONENTIAL SUMS

This chapter is our main chapter and we will prove Main Theorem. For
this, we apply the circle method (Propsotion 2.1) to 1-parameter exponen-
tial sums and the other exponential sums related to the other variable. And
we will study the property of a/(gt") in Lemma 3.1 and use this to reduce
the complexity created by each variables. And we will study (i) of Lemma
3.2 for j sums and we will study (ii) of Lemma 3.2 for a sums. We also
use combinatorial thinking related to (j, k) € N? plane. And we use geo-
metric property of some inequalities about (m,n) € A for problem area in
(4,k) € N? plane.

We first introduce some definitions which are used to prove Theorem 3.3.
For each (m,n) in A, we define

Reverse _ {(l‘,y) c R2 ‘ T <m,y < n}v

m,n
Set Qfieverse — U(m,n)e AANZ Qﬁfﬁeme. Then we let the reverse Newton di-
agram ITeverse of P denote the smallest (closed) convex set containing
QRteverse  [rlReverse ig an unbounded polygon with a finite number of cor-

ners. We denote the set of corners by D. Then D C A.

For 2771 < |s] < 2F1 2k=1 < |t < 281 ¢ < (j + 1)%P1 q € P, if
|tn§(m,n)_a/q| < 2—(m—1/4)], then |£(m,n)_a q'tn)| < 2_(m_1/4)J/|t|n' And
there are ¢/, a’ satisfying a/(q - t") = d'/¢/, q¢ < ¢’ < 2k+Dn . (5 4 1)CaDr,
(a',¢)=1.

In this manner, we define function fin(a/q)

fenla/a) =d'/d,
(a/g- 1" =d'/q,q < ¢ <2 (j+1)%P1 (o, ¢') = 1).

Similarly, by exchaging t,s and m,n and j,k, we also define function fsm(a/q)

Jsm (a/Q) = a//q/,
9
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(a/q-s™=d' /¢ q<q <200 (k+1)%D (o ¢)=1).
Lemma 3.1 For fixed (m,n), if j and k satisfies following inequality
(3) n(k+1) < (m—1/4)j — 204D logy(j + 1) — log, 10,

for fixed a(mn)/q, ¢ < (J + 1)%aP1) there are at most C,(logyq) t’s in
2F—1 < |t| < 2k satisfying

b% (2(m71/4)j (tN((m’"))é(m,n) - a(m,n)/Q>>) #0
(C), depends only on n) and if (j, k) satisfies following inequality
(4) m(j+1) < (n—1/4)k — 2Cq D1 logy(k + 1) — log, 10,

for fixed a(pny/q, ¢ < (b + 1)%P1) there are at most C,,(logyq) s’s in
271 < |s| < 27*1 satisfying

X <2<n—1/4)k (sM“mv"))g(m,n) P /q)>) £0

(Cy, depends only on m).

Proof of Lemma 3.1. It suffices to consider the case when a(,, ) > 0, > 0.

If
n(k+1) < (m—1/4)j —2C;3D;logy(j + 1) — logy 10,
then
ok < om—1/0)jg—log,(j+1)CaP1 | L
- 10
which means
glktn < L om-1/y; L omerjay L
=10 (j + 1)20aDr = 1042
Therefore if 281 <t < 2k+1,
o 1
2—m]+1/4j "< Cp—.
= 10(gt™)?
So by above definition of ¢’, ¢’ satisfies
. 1
1yt —(m—1/4 n
’f(m,n)_a/q,§2 ( /)j'l/t SCnW

which means ¢’ runs over the integers in the dyadic interval [2¥,2Y+1 — 1] by
Lemma 1.5 (¢' is from fin(a(mn)/q) = @'/q’). And since I < ¢ and the fact

that if (a(m,n)atn) = l7 q’ = qt"/l, we know that Qn(k_l)/q < q/ < q2”(k+1)_
So there are at most Cj,(log, q) of t’s in 281 <t < 2K+1 satisfying

X <2<m—1/4>j (tzv«m,n)) Emm) — U /q))) £0
10
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(C), depends only on n). Counting s is exactly same.
Thus Lemma 3.1 is complete. [J
Remark (1)If we replace above x by

x( mlg (Zt” a/Q))),

the biggest number of n, dominates in the proof. So for large j and k,
if 7 and k satisfies following inequality (max, n,)(k+ 1) < (m — 1/4)j —
204D logy(j + 1) — log, 10, for fixed a/q ((a,q) = 1,q < (j + 1)%4P1), there
are at most Cy,(logyq) t's in 2871 < |t| < 2FF1 satisfying

X (2(”‘1/4” <(Z ")y — a/Q) )) #0

Ny

(C), depends only on n).
We let
1 (€ Zzz p(279s)2 (2 Fe)e 2P O g ()
- k(o) B "60)) (P ) 6

22 (2 s)e 2T TR e " En0)) -y (P (5) @ €)(7)-

In order to prove Theorem 3.3, we define following function which are used
in major parts when we apply Proposition 2.1 to p;(Pn(t) ® §).

;3 (€) :/2_j¢(2_ja:)6_2”i(”"5<1,0)+Z(m,n>emn21“”m'f(m,n))da:.

And we let k, o denote a subset of P, which has all a such that there exist
t € [2F=1 2k+1] satisfying

X ([Q(m—l/@nk/m (tN((m,n))é(m’n) — a(mm)/q)] #0.

(m,n)E{(l,O)}UA,n>1)
Lemma 3.2 (i) For fixed ¢, £ and a/q,
ZI% Pn(t) ® € —a/q)| < O(1).

(ii) If ¢(y) = 1 and ¢ > 100109/9,
> 27 lkgal < 0(¢"?)
k

11
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Proof of Lemma 3.2. (i)By the mean value theorem and [3, proposition 2.1],
it is easy to show. (ii) O

Now we are ready to prove our main Theorem.

Proof of Main Theorem If |D| = 0, p(§) is bounded function by
Theorem 1.3. Otherwise, we first consider the case where if (m1,n;) and
(ma,n2) € A, M(mi,n1) # M(ma,na) and N(mi,n1) # N(ma,na).

By proposition 2.1,

q<(j+1)“aP1

pi(Pr(t) ©€) = Z > S(a/q) - o}(Pn(t) ® € —a/q)

ach,

o(m—1/8)j (N(ma)e 6.
X<[ (t Sman) ~ Amam)/ q)](m,n)E{(l,O)}UAnzl + B5(8)

(|EJ(§)] < COp,(j +1)~Pt and we choos Dy > 3 for proof.)
So by (5), we see

,uj L= Z 9 k@b kt =2mi(t§(0,1)+2_(0,n)ea t 60, n))) . Mj(PN(t) ® &)p(7)

22 By (27 ) e 20 TE 0 men t"E0m))

q< (J+1)CdD1

( Z > S(a/q) - ¢j(Pn(t) ® € - a/q))

achly

(m=1/4)j (4N ((m,n)) _
X([Q (t Smm) = Cmn)/ q)](mn)e{(l,ﬂ)}UA,n21>)

+ (2 hu e e R ) - By(€)o(0).

On the other hand, since Lemma 3.1, for fixed (m,n), a/q, if (j, k) satisfies
(3), there are at most C,(logyq) t’s in 2F~1 < |t| < 28+ which make

S(a/q) - ¢j(Pi(s,t) ® & — a/q)

y ([2(m1/4)3 (tN M) E iy — m,n)/‘J)] (m,n)e{(l,O)}UAmZ1> £0

Therefore, by applying the fact that ]2*k¢(2*kt)ef2m(t5(0’1)+Z(0,n)e/\ ltn§<07n>)| <
27% and (i) of Lemma 3.2 to (6) (when we sum j terms first), it suffices to
consider following (7) for boundedness if (4, k) satisfies (3).

M Y ’“Z Y ¢(1)Cn (logz ) |S(a/a)x ([¢* (§1.0) — 2.0)/9)])
k

q=1 ackp
+ Cp, (nk/m 4 1)~P1thy,
12
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Thus, since Lemma 1.5, Lemma 1.8 and (ii) of Lemma 3.2, if we let
Emn ={0,k)|(G,k) satisfy (3)},

we see
Y lms@l <o),
(4:k)EEm,n
And by exactly same method, if we let

Fopn =1{0,k)|(4,k) satisfy (4)},
we know
o @l o).
(J:k)EFmn
Next we will conside the cases where there exist m; and no which satisfy
that there are many n, satisfying (mi,n,) € A and there are many m,
satisfying (m,,na) € A. For this cases, we define Py (t) ® &, Py, (s) ® &

PRty @€ = (-3 (t")ema,ng), ) = (7 D (" )y ),

r

Pl(s)®@€=(--- ,Z(Sm’“’)é(mw,m), Y= (- 772(3%/)(1%“”27...)_
T T

We will do the same things above exept that we replace Py (t)®¢&, Py (s)®¢,
by Py (t) ® &, Pp;(s) ® € in the Proposition 2.1. Since the biggest number
of n, and m, dominate when we apply the Lemma 3.1(see remark (1) of
Lemma 3.1), we shall consider the D(the corners of ITfeverse),

If |D| > 2, there are two points (my,n1), (ma,ng) € D. If we do above same
things, we know that

> k@I <00), D k9l <0,

(4:k)EEmy ny (4.k)EFmy ny

> Im@I<00), Y0 mk©l <O,
(4,k)EEmy ,ny (3,K)EFmy ,nq

Then, EY, , NFS ., and Ef . NF7 . are the remaining area that we
need to treat. Since for large j, k, lines like ni(k + 1) = (my — 1/4)4,
mi(j+1) = (n1—1/4)k or na(k+1) = (mo—1/4)j, ma(j+1) = (no—1/4)k
dominate the inequalities (3),(4) with m1, ny or ma, na , it suffices to consider
those four lines for the remaining area. However, we can replace 1/4 in the
proof of the Proposition 2.1 by any small positive number ¢ < 1/4 (see
remark(1) of Proposition 2.1) and there is a € < 1/4 which satisfies

my/(n1 —e€) < (m2 —€)/ng
(m1 —€)/(n1) = ma/(n2 — e).

S0 By ny U Fy g and Epy, n, U Frypy o, cover the remaining area each other

which means >~ ; 1 |1,k (€)| < O(1).
The proof of the case when |D| = 1 and all (m, n) are not on one line passing

13
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through the origin is same. Thus Theorem 3.3 is complete.[]
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