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L2 BOUNDEDNESS OF DISCRETE DOUBLE HILBERT

TRANSFORM ALONG POLYNOMIALS
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Abstract : We will show L2 boundedness of Discrete Double Hilbert
Transform along polynomials satisfying some conditions. Double Hilbert
exponential sum along polynomials:µ(ξ) is Fourier multiplier of the opera-
tor. In chapter 1, we introduce definitions and main Theorem and we also
define the reverse Newton diagram. In chapter 2, We make approximation
formula for the multiplier of one valuable discrete Hilbert transform by cir-
cle method as [1]. In chapter 3, We obtain the result that µ(ξ) is bounded
by constants if |D| ≥ 2 or all (m,n) are not on one line passing through the
origin (Λ ⊆ {(m,n)|m,n are even natural number}). We will study prop-
erty of 1/(qtn) and use circle method (Propsotion 2.1) to calculate sums.
We also envision combinatoric thinking about N2 lattice points in j-k plane
for some estimates. Finally, we use geometric property of some inequalities
about (m,n) ∈ Λ to prove Theorem 3.3. In chapter 4, We obtain the re-
sult that µ(ξ) is bounded by sums which are related to log2(ξ1 − a1/q) and
log2(ξ2 − a2/q) and the boundedness of double Hilbert exponential sum for
even polynomials with torsion without conditions in Theorem 3.3. We also
use N2 lattice points in j-k plane and Proposition 2.1 which are shown in
chapter 2 and some estimates to show that the Fourier multiplier of discrete
double Hilbert transform is bounded by terms about log.

Keyword : Discrete Double Hilbert transform, Circle method, Exponen-
tial sums, Double Hilbert transform, Discrete Hilbert transform.

1. introduction

There are good results of continuous version of Lp boundedness of double
moreover multiple hilbert tranform along the polynomials with special con-
ditions and Lp boudedness of discrete singular trasnform along polynomials.
For f ∈ S (i.e., a Schwartz class function), we define

Hlocf(x, y, z) = p · v ·
∫ 1

−1

∫ 1

−1
f(x− s, y − t, z − P (s, t))

ds dt

st

where P (s, t) is a real-valued polynomial in s and t. Carbery, Wainger and
Wright determined the necessary and sufficient condition on the polynomial
P so that Hloc is Lp bounded for 1 < p <∞. We state their result.
Let P (s, t) =

∑
(m,n)∈Λ am,ns

mtn be a polynomial with real coefficients such
1
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that P (0, 0) = 0,∇P (0, 0) = 0 and where Λ is indexing the set of lattice
points (m,n) ∈ N2 such that am,n 6= 0. For each (m,n) in Λ, we let

Qm,n =
{

(x, y) ∈ R2 | x ≥ m and y ≥ n
}
,

Set Q =
⋃

(m,n)∈ΛQm,n. Then the Newton diagram Π of P is the smallest

(closed) convex set containing Q. Π is an unbounded polygon with a finite
number of corners. We denote the set of corners by D. Then D ⊂ Λ.

THEOREM 1.1. For any p, 1 < p <∞,

‖Hlocf‖Lp ≤ Ap‖f‖Lp

iff for each (m, n) that is a corner point of the Newton diagram corresponding
to P, at least one of m and n is even.(Anthony Carbery, Stephen Wainger,
James Wright [2].)

Sanjay Patel determined the necessary and sufficient condition on P so
that the (global) double Hilbert transform defined by

Hf(x, y, z) = p · v ·
∫ ∞
−∞

∫ ∞
−∞

f(x− s, y − t, z − P (s, t))
dsdt

st

is bounded on Lp, 1 < p <∞. The operator is defined for f ∈ S by integrat-
ing where ε′ ≤ |s| ≤ R′, ε ≤ |t| ≤ R, and then, taking the limits as ε, ε′ → 0
and R,R′ → +∞. Let P (s, t) =

∑
(m,n)∈Λ am,ns

mtn be a polynomial with

real coefficients such that P (0, 0) = 0,∇P (0, 0) = 0 and where Λ is indexing
the set of lattice points (m,n) ∈ Z2 such that am,n 6= 0. Let C be the closed
convex hull of Λ in R2 and D = {(m,n) ∈ Λ : (m,n) is a corner point
(vertex) of C}.

THEOREM 1.2. For any p, 1 < p <∞,

‖Hf‖LP ≤ Ap‖f‖LP

if and only if for each (m,n) ∈ D, at least one of m and n is even and
furthermore, if any (extended) edge of C passes through the origin (there
are at most two such edges), then every point of Λ on that edge must have
at least one even coordinate.(Sanjay Patel [6])

Assume that d1 ≥ 1 is an integer and K ∈ C1
(
Rd1\{0}

)
satisfies the dif-

ferential inequalities |x|d1 |K(x)|+ |x|d1+1|∇K(x)| ≤ 1 for any x ∈ Rd1 , |x| ≥
1, and the cancellation condition∣∣∣∣∣

∫
|x|∈[1,λ]

K(x)dx

∣∣∣∣∣ ≤ 1

for any λ ≥ 1 (i.e., K is a Calderón-Zygmund kernel on Rd1 away from 0
). Let P = (P1, . . . , Pd2) : Rd1 → Rd2 denote a polynomial of degree A ≥ 1

2
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with real coefficients. We define the (translation invariant) discrete singular
Radon transform operator T by the formula

T (f)(x) =
∑

n∈Zd1\{0}

f(x− P (n))K(n)

for any Schwartz function f : Rd2 → C. Ionescu and Wainger proved fol-
lowing theorem.

THEOREM 1.3. The operator T extends to a bounded operator on
Lp
(
Rd2
)
, p ∈ (1,∞), with ‖T (f)‖LP (Rd2) ≤ Cp‖f‖Lp(Rd2). The constant Cp

may depend only on the exponent p, the dimension d1, and the degree A.
(Alexandru D .lonescu and Stephen Wainger [1])

We introduce some definitions. Assume d ≥ 1 is an integer. For any µ ≥ 1,
let Zµ = Z ∩ [1, µ] and Pq = {a ∈ Z : (a, q) = 1}. If a = (a1, . . . , ad) ∈ Zd
is a vector and q ≥ 1 is an integer, then we denote by (a, q) the greatest
common divisor of a and q, i.e., the largest integer q′ ≥ 1 that divides q
and all the components a1, . . . , ad. Clearly, any vector in Qd has a unique
representation in the form a/q, with q ∈ {1, 2, . . .}, a ∈ Zd, and (a, q) = 1;
such a vector a/q will be called an irreducible d -fraction. We let |(m,n)|
denote |(m,n)| = m+n. We set p(s, t) =

∑
(m,n)∈Λ am,ns

mtn be a polynomial

with real coefficients such that p(0, 0) = 0,∇p(0, 0) = 0.(Λ ⊆ {(m,n)|m,n
are even natural number, |(m,n)| ≤ A }).
We let ξ = (ξ(m,n)) ∈ Rd ((m,n) ∈ {(0, 1), (1, 0)}∪Λ, indeed d = |Λ|+2). We

also let P : R2 → Rd, [P (x)]α = xα(x = (s, t), α = (m,n) ∈ {(0, 1), (1, 0)} ∪
Λ).
For each (m,n) in Λ, we let

QReversem,n =
{

(x, y) ∈ R2 | x ≤ m, y ≤ n
}
,

Set QReverse =
⋃

(m,n)∈ΛQ
Reverse
m,n . Then we let the reverse Newton diagram

ΠReverse of P denote the smallest (closed) convex set containing QReverse.
Π is an bounded polygon with a finite number of corners. We denote the
set of corners by D. Then D ⊂ Λ.
Now we define the discrete double Hilbert transform operator Hdiscrete by
following formula

Hdiscretef(x, y, z) =
∑

(s,t)∈Z2\{0}

f(x− s, y − t, z − p(s, t)) 1

s · t
.

We also define the discrete double hilbert exponential sum :

µ(ξ) =
∑

(s,t)∈Z2\{0}

e−2πi·P (s,t)·ξ · 1

s
· 1

t
, ξ ∈ Rd

3
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which is the Fourier multiplier of Hdiscrete(f) : Ĥdiscrete(ξ(1,0), ξ(0,1), γ) if we
let ξ(m,n) = am,nγ for all (m,n) ∈ Λ. It suffices to show that µ(ξ) is bounded
by constants to show Theorem 1.4.
Chronologically, there have been important results such that∫ ∞

−∞
e−2πi·(x·ξ1+p(x)ξ2) · 1

x
≤ C,

∫ ∞
−∞

∫ ∞
−∞

e−2πi·(x·ξ1+y·ξ2+p(x,y)·ξ3) · 1

x
· 1

y
≤ C

(with conditions mentioned in Theorem 1.2),∑
s∈Z\{0}

e−2πi·P (s)·ξ · 1

s
≤ C, ξ ∈ Rd.

But following inequality is unsolved.∑
(s,t)∈Z2\{0}

e−2πi·P (s,t)·ξ · 1

s
· 1

t
≤ C, ξ ∈ Rd (?)

Our main result(Theorem 3.3) is last inequality along polynomials with some
conditions.

Theorem 1.4 ‖Hdiscrete(f)‖L2(R3) ≤ C|f‖L2(R3) if |D| ≥ 2 or all (m,n)
are not on one line passing through the origin (Λ ⊆ {(m,n)|m,n are even
natural number}). The constant C may depend only on the polynomial and
d.

Proof of Theorem 1.4. It follows from Theorem 3.3. �

Remarks (1) Since 1
s·t does not have good property of Calderón-Zygmund

kernel, we can’t apply Theorem 1.3 to Theorem 1.4 but when we consider
one valuable fraction 1

s , we can apply the same methods used to prove The-
orem 1.3. in [1].
(2) Since µ(ξ) is periodic, we concentrate only on [0, 1]d.

Question 1.5 What are the necessary and sufficient conditions of Λ for
‖Hdiscrete(f)‖Lp(R3) ≤ C|f‖Lp(R3)? (The constant C may depend only on the
polynomial and d)

We introduce following Lemmas which are used many times in this paper.

Lemma 1.6. (Diriclet’s principle) For any Λ ≥ 1 and ξ ∈ R, there are
q ∈ ZΛ and a ∈ Z with (a, q) = 1, with the property that |ξ − a/q| ≤ 1/qΛ.

4
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Lemma 1.7. For anyR ≥ 1, letBR =
{
x ∈ Rd1 : |xl| < R, l = 1, . . . , d1

}
.

Assume that k : BR → C is a C1 function with the property that

|k(x)|+R · |∇k(x)| ≤ 1

for any x ∈ BR. Assume that ε ∈ (0, 1/10) is fixed and ξ ∈ Rd has the
property that for some α, 1 ≤ |α| ≤ A, there are integers a and q, with

(a, q) = 1, q ∈
[
Rε, R|α|−ε

]
, and |ξα − a/q| ≤ 1/q2. Then∣∣∣∣∣∣

∑
n∈Ω∩Zd1

e−2πiP (n)·ξk(n)

∣∣∣∣∣∣ ≤ CRd1−δ, δ > 0

for any open, convex set Ω ⊂ BR. The constants C and δ may depend
only on d1, A, and ε but not on R, ξ, or the irreducible fraction a/q. [22,
Proposition 3]
Remark (1)We can’t apply Lemma 1.7 to k(x) = 1/(st) because the k(x) is
not a function with the property in 1.7. This is reason why it is difficult to
prove Lp boundedness of double Hilbert transform along general polynomi-
als.

We introduce Guass sum. For any q ∈ {1, 2, . . .} and a ∈ Zd with (a, q) =
1, let

S(a/q) =
1

qd1

∑
n∈[Zq ]

d1

e−2πiP (n)·a/q.

Lemma 1.8. If (a, q) = 1, |S(a/q)| ≤ C · q−δ (for some constant
δ = δ(d) > 0).

Proof of Lemma 1.8. Let a = (aα) , and assume that aα/q = a′α/q
′
α,

where a′α/q
′
α is an irreducible. Since (a, q) = 1, there are dα, q

′
α satisfying

q = dαq
′
α, (d1, . . . , dα, . . .) = 1. Since q has dα and (d1, . . . , dα, . . .) = 1,Πdα

can’t divide all dα of qd. So Παq
′
α = qd/Πdα ≥ q. First, if q′α ≥ q1/10d2

for
some index α with |α| ≥ 2, we shall know∣∣∣∣∣∣

∑
n∈[zq ]

d1

e−2πiP (n)·a/q

∣∣∣∣∣∣ ≤ C2d1 · qd1−δ, δ > 0

by lemma 1.7 with R = 2q, k = 1, and ε = 1/20d2 which means q′α ∈[
Rε, R|α|−ε

]
. Second, if q′α ≤ q1/10d2

for any α with |α| ≥ 2, then q′α ≥ 1/

q2d for some α0 with |α0| = 1. In this case, by summing first the variable
corresponding to the index α0 with summation by parts, we have S(a/q) = 0.
�
In chapter 2, We make approximation formula for the multiplier of one
valuable discrete Hilbert transform by circle method as [1]. In chapter 3, We
obtain the result that µ(ξ) is bounded by constants if |D| ≥ 2 or all (m,n)
are not on one line passing through the origin (Λ ⊆ {(m,n)|m,n are even

5
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natural number}). We will study property of 1/(qtn) and use circle method
(Propsotion 2.1) to calculate sums. We also envision combinatoric thinking
about N2 lattice points in j-k plane for some estimates. Finally, we use
geometric property of some inequalities about (m,n) ∈ Λ to prove Theorem
3.3. In chapter 4, We obtain the result that µ(ξ) is bounded by sums which
are related to log2(ξ1 − a1/q) and log2(ξ2 − a2/q) and the boundedness of
double Hilbert exponential sum for even polynomials with torsion without
conditions in Theorem 3.3. We also use N2 lattice points in j-k plane and
Proposition 2.1 which are shown in chapter 2 and some estimates to show
that the Fourier multiplier of discrete double Hilbert transform is bounded
by terms about log.

2. Some estimates with circle method.

In this section, We make approximation formula for the multiplier of one
valuable discrete Hilbert transform by study circle method. Our method is
similar to the method of Alexandru D. Ionescu, Stephen Wainger [1] and J.
Bourgain [4].

Let N(m,n) denote N(m,n) = n and M(m,n) denote M(m,n) = m. Let

Pt(s, t)⊗ξ denote Pt(s, t)⊗ξ = (tN(m,n) ·ξ(m,n)), (m,n) ∈ {(1, 0)}∪Λ and let

Ps(s, t)⊗ ξ denote Ps(s, t)⊗ ξ = (sM(m,n) · ξ(m,n)), (m,n) ∈ {(0, 1)} ∪Λ. For

example, if p(s, t) = s2t2 + s4t4 + s6t8, then Pt(s, t)⊗ ξ = (ξ(1,0), t
2 · ξ(2,2), t

4 ·
ξ(4,4), t

8 · ξ(6,8)) and Ps(s, t) ⊗ ξ = (ξ(0,1), s
2 · ξ(2,2), s

4 · ξ(4,4), s
6 · ξ(6,8)). We

also let PΛ
t (s, t) ⊗ ξ denote Pt(s, t) ⊗ ξ = (tN(m,n) · ξ(m,n)), (m,n) ∈ Λ and

let PΛ
s (s, t)⊗ ξ denote Ps(s, t)⊗ ξ = (sM(m,n) · ξ(m,n)), (m,n) ∈ Λ.

We will first consider the case when if (m1, n1) and (m2, n2) ∈ Λ,M(m1, n1) 6=
M(m2, n2) and N(m1, n1) 6= N(m2, n2) in the chapter 2. The proof for
other cases is similar but we should consider reverse Newton diagram. We
will mention this in the last part of Theorem 3.3.

Let η : Rd1 → [0, 1] denote a smooth function supported in {x : |x| ∈
[1/2, 2]} with the property that

∑∞
j=0 η

(
2−jx

)
= 1 for any x ∈ R with

|x| ≥ 1.

We also define µj(t)(ξ) as

µj(t)(ξ) =
∑
s∈Z

η
(
2−js

)
e−2πi·(sM(m,n))·Pt(s,t)⊗ξ · 1

s

for each t and j.

Proposition 2.1 There is a large constant Cd with the property that for
any D1 ≥ 2, we have (2.1)

6
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µj(t)(ξ) =

q≤(j+1)CdD1∑
q=1

∑
a∈Pq

S(a/q) · ϕj (Pt(s, t)⊗ ξ − a/q)

·χ
([

2(m−1/4)j
(
tN(m,n)ξ(m,n) − a(m,n)/q

)]
(m,n)∈{(1,0)}∪Λ

)
+Ẽj(ξ)

The functions ϕj are defined in proof, and |Ej(ξ)| ≤ CD1(j + 1)−D1 .

Proof of Proposition 2.1. For Each fixed t, Fisrt we consider this case:
For all α = (m,n), there is q which satisfies∣∣∣tN(m,n)ξ(m,n) − a(m,n)/q

∣∣∣ ≤ (2(m−1/2)j
)−1

, q ∈
[
1, 2(1/10)j

]
.

If we let

Lj(s) = η1

(
2−js

) 1

s
, Pt(s, t)⊗ ξ = a/q + β,Q(s) = (sM(m,n)).

(a, q, β depend on t)
Then

µj(t)(ξ) =
∑
n∈Z1

∑
l∈[Zq ]1

Lj(nq + l) · e−2πiQ(l)·a/q · e−2πiQ(nq+l)·β

=
∑
n∈Z1

∑
l∈[Zq ]1

(Lj(nq + l) · e−2πiQ(nq+l)·β − Lj(nq) · e−2πiQ(nq)·β) · e−2πiQ(l)a/q

+Lj(nq) · e−2πiQ(nq)·β · e−2πiQ(l)a/q

≤
∑
n∈Z1

∑
l∈[Zq ]1

|(Lj(nq + l) · e−2πiQ(nq+l)·β − Lj(nq) · e−2πiQ(nq+l)·β)

+(Lj(nq) · e−2πiQ(nq+l)·β − Lj(nq) · e−2πiQ(nq)·β)|

+
∑
n∈Z1

∑
l∈[Zq ]1

Lj(nq) · e−2πiQ(nq)·βe−2πiQ(l)a/q

=

 ∑
l∈[Zq ]1

e
−2πiQ(l)·a

q

 ·
∑
n∈Z1

Lj(nq)e
−2πiQ(nq)·β

+ O
(

2−j/4
)

(by mean value theorem)

= S(a/q)

∫
Lj(x)e−2πiQ(x)·βdx + O

(
2−j/4

)
.

(by Van Da Corput theorem)

Let ϕj(ξ) =
∫
Lj(x)e−2πiQ(x)·ξdx. In addition, we know that |ϕj(ξ)| ≤

7
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C (d,A)(1 +
∑

1≤|α|≤A 2|α|j |ξα)−
1
d . . . (2.2) which follows from [3, proposi-

tion 2.1] and the fact that

|ϕj(ξ)| = |
∫
Lj(x)e−2πiQ(x)·ξdx| ≤ C|2jξ1|

which follows from mean-value theorem.
Second we consider this case : (tN(m,n)ξ(m,n)) does not belong to the union

over q ∈
[
1, 2j/10

]
of the above arcs.

In this case, we can show∣∣µj(t)(ξ)∣∣ = O
(
2−cdj

)
, cd > 0

Let ξ =
(
tN(m,n)ξ(m,n)

)
and, for each (m,n) consider a Farey dissection at

level Λ(m,n) = 2(|(m,n)|−1/2)j . Thus∣∣∣t(m,n)ξ(m,n) − a(m,n)/q(m,n)

∣∣∣ ≤ (q(m,n) · 2(m−1/2)j
)−1

for some integers a(m,n) and q(m,n), with
(
a(m,n), q(m,n)

)
= 1 and q(m,n) ∈[

1, 2(m−1/2)j
]
. Since ξ does not belong to the union over q ∈

[
1, 2j/10

]
of the

major arcs, at least one of the denominators q(m,n) is ≥ 2j/(10d). The bound

follows from Lemma 1.12 with R = 2j+1,K = 2j  Lj , and ε = 1/(20d).
Finally we can insert the cutoff function χ :

µj(t)(ξ) = S(a/q) · ϕj(Pt(s, t)⊗ ξ − a/q)

·χ
([

2(m−1/2)j
(
tN((m,n))ξ(m,n) − a(m,n)/q

)]
1≤|(m,n)|≤A,(m,n)∈{(1,0)}∪Λ

)

+O
(
2−cdj

)
.

Then it is easy to see (2.1) by Lemma 1.8 with the constant Cd equal to 1/δ
and (2.2) and disjointness of above arc (socalled t-major arc). �

Before proposition 2.2, we define

mk(β) = χ(β/2)

∞∑
j=k+1

ϕj(β), Λt = (1, 0) ∪ Λ.

8
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Proposition 2.2 Given Cd and D1 ≥ 2 as is Proposition 2.1, we have
(2.3)

∞∑
j=k+1

µj(t)(ξ) =

q≤kCdD1∑
q=1

∑
a∈Pq

S(a/q) ·mk(Pt(s, t)⊗ ξ − a/q)

· χ
([

2(m−1/4)k
(
tN(m,n)ξ(m,n) − a(m,n)/q

)]
(m,n)∈Λt

)
+ Ẽk(ξ)

for any integer k ≥ 1, where
∣∣∣Ẽk(ξ)∣∣∣ ≤ Cd,D1k

−(D1−1).

Proof of Proposition 2.2 . This proof is almost same with [1. Lemma
[6.4]]. But we rewrite for reader. We use formula (2.1). The sum of the

error terms Ej(ξ), j ≥ k + 1, can be incorporated into the error term Ẽk.
Let χ+ denote the characteristic function of the set [0,∞). By (2.1) , we can
get following folmula (2.4)

∞∑
j≥k+1

µj(t)(ξ) =
∞∑
q=1

∑
a∈Pq

S(a/q)·
∑
j≥k+1

χ+

(
(j + 1)CdD1 − q

)
·ϕj(Pt(s, t)⊗ξ−a/q)

·χ
([

2(m−1/4)j
(
tN(m,n)ξ(m,n) − a(m,n)/q

)]
(m,n)∈Λt

)
+ Ẽk(ξ).

Assume first that q ≤ kCdD1 . Then χ+

(
(j + 1)CdD1 − q

)
= 1. In addition,

ϕj(Pt(s, t)⊗ ξ − a/q) · χ
([

2(m−1/4)j
(
tN(m,n)ξ(m,n) − a(m,n)/q

)]
(m,n)∈Λt

)
= ϕj(Pt(s, t)⊗ ξ−a/q) ·χ

([
2(m−1/4)k

(
tN(m,n)ξ(m,n) − a(m,n)/q

)]
(m,n)∈Λt

)
+O

(
2−j/(4d)

)
by (2.2). Thus, the sum over q ≤ kCdD1 in (2.4) coincides with the main
term in (2.3), modulo acceptable errors.

We break up the sum over q > kCdD1 in (2.4) into dyadic pieces, q ∈[
2s, 2s+1

)
∩
(
kCdD1 ,∞

)
∩ Z. Since Cd = 1/δ, it suffices to prove that (2.5)

2s+1−1∑
q=2s

∑
a∈Pq

S(a/q)
∑
j≥k+1

χ+

(
(j + 1)CdD1 − q

)
·

ϕj(Pt(s, t)⊗ ξ − a/q) · χ
([

2(m−1/4)j
(
tN(m,n)ξ(m,n) − a(m,n)/q

)]
(m,n)∈Λt

)
= O

(
2−δs

)
.

9
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whenever 2s+1 ≥ kCdD1 . We may assume j ≥ CD1 . Then the support of the

sum over j in (2.5) is contained in the set
{
ξ : |Pt(s, t)⊗ ξ − a/q| ≤

(
10q2

)−1
}

.

These sets are disjoint when q runs over the integers in the dyadic interval[
2s, 2s+1 − 1

]
. By Lemma 2.1 , S(a/q) = O

(
2−δs

)
. Therefore it remains to

prove that ∑
j≥k+1

χ+

(
(j + 1)CdD1 − q

)
ϕj(Pt(s, t)⊗ ξ − a/q)

·χ
([

2(m−1/2)j
(
tN(m,n)ξ(m,n) − a(m,n)/q

)]
(m,n)∈Λt

)
= O(1)

for any irreducible d -fraction a/q. This follows easily from

|ϕj(ξ)| = |
∫
Lj(x)e−2πiQ(x)·ξdx| ≤ C(d,A)

1 +
∑

1≤|α|≤A

2|α|j |ξα|

− 1
d

and

|ϕj(ξ)| = |
∫
Lj(x)e−2πiQ(x)·ξdx| ≤ C

∣∣2jξ1

∣∣ · · · (2.6).

�

3. Uniformly boundedness of Discrete Double Hilber
Exponential Sum

This chapter is our main chapter and our own results are in chapter 3 and
chapter 4. In this chapter, We will show that for p(s, t) =

∑
(m,n)∈Λ am,ns

mtn,

‖Hdiscrete(f)‖L2(R3) ≤ C|f‖L2(R3)

if all (m,n) ∈ Λ ⊆ {(m,n)|m,n are even natural number} are not on one
line passing through the origin. It suffices to prove the Fourier multiplier of
the operator µ(ξ) is bounded function.
In this chpater, We study property of 1/(qtn) and use circle method (Prop-
sotion 2.1) to calculate sums. We also use combinatoric thinking in j-k
N2 plane. Finally, we use geometric property of some inequalities about
(m,n) ∈ Λ to prove Theorem 3.3.

For 2j−1 ≤ |s| ≤ 2j+1, 2k−1 ≤ |t| ≤ 2k+1, q ≤ (j + 1)CdD1 , a ∈ Pq if

|tnξ(m,n) − a/q| ≤ 2−(m−1/4)j , then |ξ(m,n) − a/(q · tn)| ≤ 2(j−1)m)+1/4j/|t|n.

And there are q′, a′ satisfying a/(q ·tn) = a′/q′, q ≤ q′ ≤ 2(k+1)n · (j + 1)CdD1

and (a′, q′) = 1.
In this manner, we define function ftn(a/q)

ftn(a/q) = a′/q′,

(a/q · tn = a′/q′, q ≤ q′ ≤ 2(k+1)n · (j + 1)CdD1 , (a′, q′) = 1).
10
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and we let β
(m,n)
a/q,t (j, k)

β
(m,n)
a/q,t (j, k) = |ξ(m,n) − ftn(a/q)| ≤ 2−((k−1)n+(j−1)m)+1/4j .

With same manner by exchaging t,s and m,n and j,k, we also define function
fsm(a/q)

fsm(a/q) = a′/q′,

(a/q · sm = a′/q′, q ≤ q′ ≤ 2(j+1)m · (k + 1)CdD1 , (a′, q′) = 1).

and we also let β
(m,n)
a/q,s (j, k)

β
(m,n)
a/q,s (j, k) = |ξ(m,n) − fsm(a/q)| ≤ 2−((k−1)n+(j−1)m)+1/4k.

Lemma 3.1 If nk ≤ (m − 1/4)j − CdD1 log2(j + 1) − log2 10, for fixed
a(m,n)/q ((a(m,n), q) = 1), there are at most Cn(log2 q) t’s in 2k−1 ≤ t ≤
2k+1 satisfying

χ
(

2(m−1/4)j
(
tN((m,n))ξ(m,n) − a(m,n)/q

))
) 6= 0

(Cn depends only on n) and if mj ≤ (n−1/4)k−CdD1 log2(k+1)− log2 10,
for fixed a(m,n)/q ((a(m,n), q) = 1), there are at most Cm(log2 q) s’s in

2j−1 ≤ s ≤ 2j+1 satisfying

χ
(

2(n−1/4)k
(
sM((m,n))ξ(m,n) − a(m,n)/q

))
) 6= 0

(Cm depends only on m).

Proof of Lemma 3.1. It suffices to think when a(m,n) ≥ 0, t ≥ 0. If

nk ≤ (m−1/4)j−CdD1 log2(j+1)− log2 10, then 2−mj+1/4j/tn ≤ 1/(qtn)2.

So q′ satisfies |ξ(m,n) − a′/q′| ≤ 2−(m−1/4)j · 1/tn ≤ 1/(10q′)2 which means

q′ runs over the integers in the dyadic interval [2y, 2y+1 − 1] (q′ is from
ftn(a(m,n)/q) = a′/q′). Since l ≤ q and the fact that if (a(m,n), t

n) = l,

q′ = qtn/l, we know that q2n(k−1)/q ≤ q′ ≤ 2n(k+1). So there are at most
Cn(log2 q) of t’s in 2k−1 ≤ t ≤ 2k+1 satisfying

·χ
(

2(m−1/4)j
(
tN((m,n))ξ(m,n) − a(m,n)/q

))
) 6= 0

(Cn depends only on n). Counting β
(m,n)
a/q,s (j, k) is exactly same. �

Remark(1) For fixed a/q, We can choose any (m,n) ∈ Λ so that there are
at most Cn(log2 q)

2 t’s in 2k−1 ≤ t ≤ 2k+1 satisfying

·χ
([

2(m−1/4)j
(
tN((m,n))ξ(m,n) − a(m,n)/q

)]
(m,n)∈{(1,0)}∪Λ

)
) 6= 0.
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For Theorem 3.3, we begin by choosing an odd C∞-function ψ(s), defined
on the real line, nonnegative for s ≥ 0, and supported in 1/2 ≤ |s| ≤ 2 such
that

∞∑
p=−∞

2jψ
(
2js
)

=
1

s
.

We let (3.1)

µj,k(ξ) =
∑
t

∑
s

2−jψ(2−js) · 2−kψ(2−kt) · e−2πi(P (s,t)·ξ).

and set

ϕ1
j (ξ) =

∫
2−jψ(2−jx)e−2πi(xξ1+

∑
(m,n)∈Λ x

m·ξ(m,n))dx,

ϕ2
j (ξ) =

∫
2−jψ(2−jx)e−2πi(xξ1)dx,

ϕ3
j (ξ) =

∫
2−jψ(2−jx)e−2πi(

∑
(m,n)∈Λ x

m·ξ(m,n))dx.

Lemma 3.2
(1)

|ϕ1
j (ξ)− ϕ3

j (ξ)| ≤ C · 2jξ(1,0)

(2) If s ≤ 2j ,∫
|x|≤2j−1+s

2−jψ(2−jx)e−2πi(xξ1)dx ≤ C · (s/2j) · 2j+1ξ(1,0).

Proof of Lemma 3.2. By mean value theorem, It is easy to show. �

Theorem 3.3 µ(ξ) is uniformly bounded according to ξ(1,0), ξ(0,1), γ by
constant C if |D| ≥ 2 or all (m,n) are not on one line passing through the
origin (Λ ⊆ {(m,n)|m,n are even natural number}). The constant C may
depend only on polynomial and d..

Proof of Theorem 3.3. We first consider the case when if (m1, n1) and
(m2, n2) ∈ Λ,M(m1, n1) 6= M(m2, n2) and N(m1, n1) 6= N(m2, n2). Since
m,n are both even,

|µj,k(ξ)| = |
∑
t

∑
s

2−jψ(2−js) · 2−kψ(2−kt)e−2πi(P (s,t)ξ(m,n))|

= |
∑
t

∑
s

2−kψ(2−kt)·e−2πi(tξ(0,1))·(2−jψ(2−js)·e−2πi(sξ(1,0)+
∑

(m,n)∈Λ am,ns
mtnξ(m,n))

−2−jψ(2−js) · e−2πi(
∑

(m,n)∈Λ am,ns
mtnξ(m,n)))|. · · · (3.2)

If we apply Proposition2.1, then for any D1 ≥ 2,∑
s

2−jψ(2−js)e−2πi(sξ(1,0)+
∑

(m,n)∈Λ am,ns
mtnξ(m,n))

12
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=

q≤(j+1)CdD1∑
q=1

∑
a∈Pq

S(a/q) · ϕ1
j (Pt(s, t)⊗ ξ − a/q)

·χ
([

2(m−1/4)j
(
tN((m,n))ξ(m,n) − a(m,n)/q

)]
(m,n)∈{(1,0)}∪Λ

)
+ Ẽ1

j (ξ),∑
t

e−2πi(tξ(0,1)) · 2−kψ(2−kt)

=

q≤(k+1)CdD1∑
q=1

∑
a∈Pq

S(a/q) · ϕ2
k(ξ(0,1) − a/q)

·χ
([

2(n−1/4)k
(
sM((m,n))ξ(m,n) − a(m,n/q

)]
(m,n)∈{(0,1)}

)
+ Ẽ2

k(ξ),∑
s

e−2πi
∑

(m,n)∈Λ am,ns
mtnξ(m,n) · 2−jψ(2−js)

=

q≤(j+1)CdD1∑
q=1

∑
a∈Pq

S(a/q) · ϕ3
j (P

Λ
t (s, t)⊗ ξ − a/q)

·χ
([

2(m−1/4)j
(
tN((m,n))ξ(m,n) − a(m,n)/q

)]
(m,n)∈{(m,n)}

)
+ Ẽ3

j (ξ)

(For all i, |Ẽij(ξ)| ≤ CD1(j + 1)−D1 , for any D1 ≥ 2).

(1) We first consider the case when nk ≤ (m − 1/4)j − CdD1 log2(j + 1) −
log2 10.We let Em,n = {(j, k)|nk ≤ (m− 1/4)j − CdD1 log2(j + 1)− log2 10}).
By applying summation by part with Lemma 3.2 (2),(2.2) and applying
Lemma 3.1, (2.2) to χ part and applying the fact that

∑
t |2−kψ(−2kt)| ·

CD1(j + 1)−D1 ≤ 2 · CD1(j + 1)−D1 to Ẽ1
j (ξ) , (3.1) is bounded by

(|
q≤(k+1)CdD1∑

q=1

∑
a∈Pq

S(a/q) ·min{C · 2k|ξ(0,1) − a/q|, C1,1/(2
k|ξ(0,1) − a/q|)}

·χ
([

2(n−1/4)k
(
sM((m,n))ξ(m,n) − a(m,n)/q

)]
(m,n)∈{(0,1)}

)
+CD1(k+ 1)−D1 |)

·(4Cn log2 q·
q≤(j+1)CdD1∑

q=1

∑
a∈Pq

|S(a/q)|·
Cd,A

(1 + 2j · β(1,0)
a/q,t +

∑
(m,n)∈Λ(2mj · β(m,n)

a/q,t ))1/d−1

·χ(
[
2(m−1/4)j

(
tN((m,n))ξ(m,n) − a(m,n)/q

)]
(m,n)∈{(1,0)}

)) + 2 ·CD1(j+ 1)−D1 ,

and by (3.2) and Lemma 3.2, (3.1) is also bounded by

(|
q≤(k+1)CdD1∑

q=1

∑
a∈Pq

S(a/q) ·min{C · 2k|ξ(0,1) − a/q|, C1,1/(2
k|ξ(0,1) − a/q|)}

13
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·χ
([

2(n−1/4)k
(
sM((m,n))ξ(m,n) − a(m,n)/q

)]
(m,n)∈{(0,1)}

)
+CD1(k+ 1)−D1 |)

·(4Cn log2 q ·
q≤(j+1)CdD1∑

q=1

∑
a∈Pq

|S(a/q)| · (C2jβ
(1,0)
a/q,t,0)

·χ(
[
2(m−1/4)j

(
tN((m,n))ξ(m,n) − a(m,n)/q

)]
(m,n)∈{(1,0)}

)) + 2 ·CD1(j+ 1)−D1 .

So (3.1) is bounded by (3.3)

(|
q≤(k+1)CdD1∑

q=1

∑
a∈Pq

S(a/q) ·min{C · 2k|ξ(0,1) − a/q|, C1,1/(2
k|ξ(0,1) − a/q|)}

·χ
([

2(n−1/4)k
(
sM((m,n))ξ(m,n) − a(m,n)/q

)]
(m,n)∈{(0,1)}

)
+CD1(k+ 1)−D1 |)

·(4Cn log2 q ·
q≤(j+1)CdD1∑

q=1

∑
a∈Pq

|S(a/q)| ·min(C2jβ
(1,0)
a/q,t,

Cd,A

(2j · β(1,9)
a/q,t)

1/d−1
)

·χ
([

2(m−1/4)j
(
tN((m,n))ξ(m,n) − a(m,n)/q

)]
(m,n)∈{(1,0)}

)
)+2·CD1(j+1)−D1 .

So by Lemma 1.8 with the fact that q runs dydically and summing j first
and choosing D1 = 3, it is easy to show that∑

(j,k)∈Em,n

|µj,k(ξ)| ≤ O(1).

(2) We will consider the case when mj ≤ (n − 1/4)k − CdD1 log2(k + 1) −
log2 10. We set Fm,n = {(j, k)|mj ≤ (n−1/4)k−CdD1 log2(k+1)− log2 10}.
Since m and n are both even, we can do the exactly same thing with ex-
changing s and t. So (3.1) is also bounded by

(|
q≤(j+1)CdD1∑

q=1

∑
a∈Pq

S(a/q) ·min{C · 2j |ξ(1,0) − a/q|, C1,1/(2
j |ξ(1,0) − a/q|)}

·χ
([

2(m−1/4)j
(
tN((m,n))ξ(m,n) − a(m,n)/q

)]
(m,n)∈{(1,0)}

)
+CD1(k+ 1)−D1 |)

·(4Cm log2 q ·
q≤(k+1)CdD1∑

q=1

∑
a∈Pq

|S(a/q)| ·min(C2kβ
(0,1)
a/q,s,

Cd,A

(2k · β(0,1)
a/q,s)

1/d−1
)

·χ
([

2(n−1/4)k
(
sM((m,n))ξ(m,n) − a(m,n)/q

)]
(m,n)∈{(0,1)}

)
)+2·CD1(j+1)−D1 .
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So by Lemma 1.8 with the fact that q runs dydically and summing k first
and choosing D1 = 3, it is easy to show that∑

(j,k)∈Fm,n

|µj,k(ξ)| ≤ O(1).

(3) Since our the assumption(|Λ| 6= 1), we can do the same things to an-
other (m,n) ∈ Λ. For (m1, n1), (m2, n2), since we only need to condsider
Ecm1,n1

∩ F cm1,n1
and Ecm2,n2

∩ F cm2,n2
by (1),(2), it suffices to prove that

(m1, n1), (m2, n2) ∈ Λ satisfy

m1n2 ≤ (n1 − 1/4)(m2 − 1/4)

or
m2n1 ≤ (n2 − 1/4)(m1 − 1/4).

Since above can be changed as

n2/(m2 − 1/4) ≤ (n1 − 1/4)/m1,

n1/(m1 − 1/4) ≤ (n2 − 1/4)/m2,

we can understand this as the absolute values of the slopes of the line joining
(1/4, 0) to (m2, n2), (0, 1/4) to (m1, n1) and (1/4, 0) to (m1, n1), (0, 1/4) to
(m2, n2). On the other hand, if all (m,n) are not on one line passing through
the origin, there are small number ε which make (m1, n1), (m2, n2) ∈ Λ
satisfy

m1n2 ≤ (n1 − ε)(m2 − ε)
or

m1n2 ≤ (n1 − ε)(m2 − ε).
However, We can replace 1/4 in the proof of the Proposition 2.1 with ε and
the constant depends only on (m1, n1), (m2, n2) ∈ Λ which means the con-
stant depends only on A.

(4)We will consider the cases when there exist m1 and n2 which satisfy
that there are many nr satisfying (m1, nr) ∈ Λ and there are many mr′ sat-
isfying (mr′ , n2) ∈ Λ. In this cases, We will do the same things above exept
that we replace Pt(s, t)⊗ ξ, Ps(s, t)⊗ ξ, with P ′t(s, t)⊗ ξ, P ′s(s, t)⊗ ξ in the
Proposition 2.1. We define P ′t(s, t)⊗ ξ, P ′s(s, t)⊗ ξ

P ′t(s, t)⊗ ξ = (· · · ,
∑
r

(tnr)ξ(m1, nr), · · · ),

P ′s(s, t)⊗ ξ = (· · · ,
∑
r

(smr′ )ξ(mr′ , n2), · · · ).

Since when we apply the Lemma 3.1, the biggest nr and mr dominate, we
only need to consider the D(the corners of ΠReverse). So in this cases, if
|D| ≥ 2, the Theorem 3.3 is true because any two corners of ΠReverse can
not be on line passing through the origin. And if |D| = 1 and all (m,n) are
not on one line passing through the origin, Theorem 3.3 is also true as we
can see above. �
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4. Double Hilbert Exponetial sums with torsion.

In this chapter, we will remove all conditions of Λ of Theorem 1.4 and
3.3 except Λ ⊆ {(m,n)|m,n are even natural number}, but we will consider
only the case when if (m1, n1) and (m2, n2) ∈ Λ,M(m1, n1) 6= M(m2, n2)
and N(m1, n1) 6= N(m2, n2). We will use N2 lattice points in j-k plane
and Proposition 2.1 which are shown in chapter 3 and integralable function
log x in local area to show that Fourier multiplier of discrete double Hilbert
transform is bounded by terms about log and integral of this with torsion
is bounded by constants.
For each integers p ≥ 1 and n,N ≥ 2, we denote Jp,n(N) by the number of
integral solutions for the following system

Xi
1 + . . .+Xi

p = Xi
p+1 + . . .+Xi

2p, 1 ≤ i ≤ n
with 1 ≤ X1, . . . , X2p ≤ N. The number Jp,n(N) has the following analytic
representation

Jp,n(N) =

∫
[0,1]n

∣∣∣∣∣∣
N∑
j=1

e−2πi(x1j+x2j2+...+xnjn)

∣∣∣∣∣∣
2p

dx1 . . . dxn.

We introduce main conjecture in Vinogradov’s Mean Value Theorem. Apart
from the N ε loss, this bound has been known to be sharp. The case n = 2
follows easily from elementary estimates for the divisor function.

THEOREM 4.1. For each p ≥ 1 and n,N ≥ 2 we have the upper bound

Jp,n(N) ≤ε Np+ε +N2p−n(n+1)
2

+ε.

This is proved by Jean Bourgain, Ciprian Demeter, Larry Guth [7] and a
second proof was later provided by Wooley in [9].

We also know following results.

THEOREM 4.2. For p ≥ 2 and at ∈ C, we have∥∥∥∥∥
N∑

t=−N
ate
−2πi(x1tβ1+···+xntβn)

∥∥∥∥∥
Lp([0,1]n)

≤ε N ε

(
1 +N

1
2
−n(n+1)

2p

)
‖at‖l2 .

But following conjectures have not been proved yet.

Conjecture 4.3. For each p ≥ 2 and at ∈ C∥∥∥∥∥
N∑

t=−N
ate
−2πi(x1tβ1+···+xntβn)

∥∥∥∥∥
Lp([0,1]n)

≤ε N ε

(
1 +N

1
2
−β1+···+βn

p

)
‖at‖`2 .
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Conjecture 4.4 is double case of Conjecture 4.3

Conjecture 4.4. For each p ≥ 2 and at, bs ∈ C∥∥∥∥∥
M∑

s=−M

N∑
t=−N

atbse
−2πi(x1sα1 tβ1+···+xnsαn tβn)

∥∥∥∥∥
Lp([0,1]n)

≤ε N ε

(
1 +N

1
2
−β1+···+βn

p

)
M ε

(
1 +M

1
2
−α1+···+αn

p

)
‖at‖`2 ‖bs‖`2 .

We define Double Hilbert Exponetial sums for even polynomials with tor-
sion. ∥∥∥∥∥

∞∑
s=−∞

∞∑
t=−∞

1

s

1

t
e−2πi(x1s1+x2t1+x3sα3 tβ3 ···+xnsαn tβn)

∥∥∥∥∥
Lp([0,1]n)

(αn, βn are even).
This is special case of 4.4 when at = 1/t, bs = 1/s and α1 = 1, β1 = 0, α2 =
0, β2 = 1, αn, βn are evens and N → ∞, M → ∞. We get better bounded-
ness of this without N ε, M ε in conjecture 4.4 by Theorem 3.4 which is our
main results.

Theorem 4.5∥∥∥∥∥
∞∑

s=−∞

∞∑
t=−∞

1

s

1

t
e−2πi(x1s1+x2t1+x3sα3 tβ3 ···+xnsαn tβn)

∥∥∥∥∥
Lp([0,1]n)

≤ Cp,n.

(αn, βn are even.)

Proof of Thoerem 4.5. The following Theorem 4.9 means exactly Theo-
rem 4.5 �

Let ξ1 = ξ(1,0) and ξ2 = ξ(0,1) for comfort.

Lemma 4.6. For any positive small number ε and β ∈ Rd and
k0, k ∈ N satisfying β1 ≈ 2−k0 , if let Ak,k0 = ([1, k0 − (1 + ε) log2 k] ∪
[k0 + d(1 + ε) log2 k,∞]) ∩ Z ∩ [k,∞], then

∑
j∈Ak,k0

ϕj(β) ≤ k−(1+ε).

Proof of Lemma 4.6. 2j−k0 ≤ k−(1+ε) means j − k0 ≤ −(1 + ε) log2 k and

2j−k0 ≥ k+d(1+ε) means j− k0 ≥ +d(1 + ε) log2 k. If we sum ϕj(β) only on j

satisfying |2jβ1| ≤ k−(1+ε) or |2jβ1| ≥ k+d(1+ε), We can get the boundedness
in Lemma 4.6 by the two facts that

ϕj(ξ) =

∫
Lj(x)e−2πiQ(x)·ξdx ≤ C

∣∣2jξ1

∣∣ ,
17
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ϕj(ξ) =

∫
Lj(s)e

−2πiP (s)·ξds ≤ C(d,A)

1 +
∑

1≤|α|≤A

2|α|j |ξα|

− 1
d

. �

Lemma 4.7 If we let Kk0 = {j | j ∈
⋃
k(A

C
k,k0
∩ [k,∞])}, Kk0 has at

most 2d(1 + ε) log2M(d)k0 elements.

Proof of Lemma 4.7. We let k# ≤ k0 a solution of equation d(1 +
ε) log2 k = k − k0. By definition of Ak,k0 , smallest integer j in

⋃
k(A

C
k,k0
∩

[k,∞])} is bigger than k0 − d(1 + ε) log2 k
# and largest integer j in Ak,k0 is

smaller than k0 + d(1 + ε) log2 k
#. So there are at most 2d(1 + ε) log2 k

#

elements in Kk0 . Meanwhile it is easy to check that there is M(d) which sat-
isfies d(1 + ε) log2M(d)k0 ≤M(d)k0− k0.(M(d) depends only on dimension
d.) So k# ≤M(d)k0. And this means Kk0 has at most 2d(1+ε) log2M(d)k0

elements. �

To prove proposition 4.8, we shall apply the above results for k ≤ j case,
and for the other case (j ≤ k case), we can apply the same above results. For
this we define Jj0 = {j | (j, k) ∈

⋃
j(A

C
j,j0
∩ [j,∞])} with the same manner in

Lemma 3.1 and Lemma 3.2. We also define
∑∞

k≥j+1 µk(s)(ξ) with the same
manner in Proposition 2.2, Proposition 2.3.

Propostion 4.8. There are constants C,D,E which depend only on |Λ|
satisfying

|µ(ξ)| = O(

∞∑
q

∑
a1∈Pq

(χ
([

2(1/4)q1/CdD1
(ξ1 − a1/q)

])
· | log2(ξ1 − a1/q)|)

+
∞∑
q

∑
a2∈Pq

(χ
([

2(1/4)q1/CdD1
(ξ2 − a2/q)

])
· | log2(ξ2 − a2/q)|) + C ).

Proof of Proposition 4.8. For any q, there are ka1,q and ja2,q satisfying

|ξ1 − a1/q| ≈ 2−ka1,q ,

|ξ2 − a2/q| ≈ 2−ka1,q .

Then

|µ(ξ)| = |
∑

(k,j)∈N2

µk,j(ξ)| ≤
∑
q

∑
j∈Kka1,q

∑
k∈[1,j]

|µj,k(ξ)|

+
∑
q

∑
k∈Jja2,q

∑
j∈[1,k]

|µk,j(ξ)|+ |
∑

(k,j)∈remainder

µk,j(ξ)|.

18
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By remark (1) in chapter 1, for any k, there is D satisfying
∑

j |µk,j(ξ)| ≤ D
and for any j, there is E satisfying

∑
k |µk,j(ξ)| ≤ E. So

|µ(ξ)| = |
∑

(k,j)∈N2

µk,j(ξ)|

≤ D ·
∑
q

|Kka1,q
|+ E ·

∑
q

|Kka1,q
|+ |

∑
(k,j)∈remainder

µk,j(ξ)|.

By Lemma 4.7,

D ·
∑
q

|Kka1,q
|+ E ·

∑
q

|Jja2,q
|+ |

∑
(k,j)∈remainder

µk,j(ξ)|

≤ D ·
∑
q

log2M(d)ka1,q + E ·
∑
q

log2M(d)ja2,q + |
∑

(k,j)∈remainder

µk,j(ξ)|.

For |
∑

(k,j)∈remainder µk,j(ξ)|, first we will sum (k, j) of case k ≤ j. Let

β1,q = ξ1 − a1/q,β2,q = ξ2 − a2/q and we now use fomula (2.3) with Lemma
4.6. Then we get

|
∑

(k,j)∈remainder,k≤j

µk,j(ξ)|

≤
∞∑
k

∑
t≈2k

|1/t · (
q≤kCdD1∑
q=1

∑
a∈Pq

S(a/q) ·
∑

j∈remainder
ϕj(Pt(s, t)⊗ ξ − a1/q)

·χ
([

2(|(m,n)|−1/4)k
(
tN(m,n)ξ(m,n) − a1,(m,n)/q

)]
(m,n)∈Λt

)
|+

∞∑
k

Ẽk(ξ)

≤
∞∑
k

|(
q≤kCdD1∑
q=1

∑
a∈Pq

S(a/q)
∑

j∈remainder
min{C(d,A)

(
1 + 2j |β1,q|

)− 1
d , |2jβ1,q|}

·χ
([

2(3/4)q1/CdD1
(ξ1 − a1/q)

])
|+

∞∑
k

Ẽk(ξ)

≤ |(
∞∑
q=1

∑
a∈Pq

S(a/q)·χ
([

2(3/4)q1/CdD1
(ξ1 − a1/q)

])
|·|
∑
k

C(d)k−(1+ε)|+
∞∑
k

Ẽk(ξ).

So it is easy to show that there is C satisfying

|
∑

(k,j)∈remainder,k≤j

µk,j(ξ)| ≤ C

by Lemma 1.8 with the fact that there is constant C(CdD1) satisfying |ξ1−
a1/q1| ≤ C(CdD1) · 1/q2 which follows from χ

([
2(1/4)q1/CdD1 (ξ1 − a1/q)

])
.
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For the other case: j ≤ k, we can apply same idea.
So it is clear that

|µ(ξ)| = O(
∞∑
q

∑
a1∈Pq

(χ
([

2(1/4)q1/CdD1
(ξ1 − a1/q)

])
· | log2(ξ1 − a1/q)|)

+

∞∑
q

∑
a2∈Pq

(χ
([

2(1/4)q1/CdD1
(ξ2 − a2/q)

])
· | log2(ξ2 − a2/q)|) + C ).�

Theorem 4.9 There are Cp satisfying
∫

[0,1]d |µ(ξ)|pdξ ≤ Cp for all

p ∈ [1,∞).

Proof of Theorem 4.9. By the fact that
∫

log xdx = xlogx − x + c and
|Pq| ≤ q − 1 and Proposition 4.8,∫

[0,1]d
µ(ξ)dξ = O(

∑
q

(q − 1) · q · 2−(1/4)q1/CdD1
+ C).

So there is C1 satisfying
∫

[0,1]d |µ(ξ)|dξ ≤ C1. With the same above meth-

ods, we can show that there are Cp satisfying
∫

[0,1]d |µ(ξ)|pdξ ≤ Cp for all

p ∈ [1,∞) easily. �
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