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Abstract1

Factorization reduces computational complexity and is therefore an important tool in sta-2

tistical machine learning of high dimensional systems. Conventional molecular modeling,3

including molecular dynamics and Monte Carlo simulations of molecular systems, is a large4

research field based on approximate factorization of molecular interactions. Recently, the lo-5

cal distribution theory was proposed to factorize global joint distribution of a given molecular6

system into trainable local distributions. Belief propagation algorithms are a family of exact7

factorization algorithms for trees and are extended to approximate loopy belief propagation8

algorithms for graphs with loops. Despite the fact that factorization of probability distribution9

is their common foundation, computational research in molecular systems and machine learn-10

ing studies utilizing belief propagation algorithms have been carried out independently with11

respective track of algorithm development. The connection and differences among these fac-12

torization algorithms are briefly presented in this perspective, with the hope to intrigue further13

development in factorization algorithms for physical modeling of complex molecular systems.14

1

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 7 October 2021                   doi:10.20944/preprints202110.0113.v1

©  2021 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202110.0113.v1
http://creativecommons.org/licenses/by/4.0/


Introduction to belief propagation algorithm15

Marginalization of high dimensional joint distributions is a difficult, and in many cases intractable

task. For a joint distribution p(x) with x = (x1, x2, · · · , xn), assuming each of xi is on an alphabet

X and has |x| possible states, a brute force marginalization to a single variable is an operation

of O(|x|n) computational complexity. Fortunately, factorization can significantly reduce this cost.

x = (x1, x2, · · · , xn) forms an undirected graph with each variable being a node and an edge between

all pairs of interacting variables. In graph theory,1 a clique is a set of nodes that have edges between

each pair of nodes in this set, and a maximum clique is a clique that will be destroyed by addition

of a new node into this set. For a graph G with a set of maximum cliques C:

p(x) =
1
Z

∏
c∈C

f (xc) (1)

with f (xc) being potentials over variable set c and Z being the partition function
∑

x
∏

c∈C f (xc). In

a tree, the maximum clique set is the edge set E, for the specific example with 5 nodes shown in

fig. 1:

p(x) ∝ f1,2(x1, x2) f1,3(x1, x3) f2,4(x2, x4) f2,5(x2, x5) (2)

The cost bound of marginalization goes from |x|5 to 4 × |x|2. For marginal probability p1(x1):

p1(x1) ∝
∑

x2,x3,x4,x5

f1,2(x1, x2) f1,3(x1, x3) f2,4(x2, x4) f2,5(x2, x5)

=
∑

x2,x3,x4

f1,2(x1, x2) f1,3(x1, x3) f2,4(x2, x4)
∑

x5

f2,5(x2, x5)︸           ︷︷           ︸
,m5(x2)

=
∑
x2,x3

f1,2(x1, x2) f1,3(x1, x3)
∑

x4

f2,4(x2, x4)m5(x2)︸                    ︷︷                    ︸
,m4(x2)
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=
∑

x2

f1,2(x1, x2)m4(x2)
∑

x3

f1,3(x1, x3)︸           ︷︷           ︸
,m3(x1)

= m3(x1)
∑

x2

f1,2(x1, x2)m4(x2)︸                    ︷︷                    ︸
,m2(x1)

, m3(x1)m2(x1) (3)

p1(x1) may be subsequently obtained with normalization shown below:16

p1(x1) =
m2(x1)m3(x1)∑

x′∈Xm2(x′)m3(x′)
(4)17

Similarly, for marginal probability p3(x3):

p3(x3) ∝
∑

x1,x2,x4,x5

f1,2(x1, x2) f1,3(x1, x3) f2,4(x2, x4) f2,5(x2, x5)

=
∑

x1,x2,x4

f1,2(x1, x2) f1,3(x1, x3) f2,4(x2, x4)
∑

x5

f2,5(x2, x5)︸           ︷︷           ︸
,m5(x2)

=
∑
x1,x2

f1,2(x1, x2) f1,3(x1, x3)
∑

x4

f2,4(x2, x4)m5(x2)︸                    ︷︷                    ︸
,m4(x2)

=
∑

x1

f1,3(x1, x3)
∑

x2

f1,2(x1, x2)m4(x2)︸                    ︷︷                    ︸
,m2(x1)

=
∑

x1

f1,3(x1, x3)m2(x1)

, m1(x3) (5)

p3(x3) =
m1(x3)∑

x′∈Xm1(x′)
(6)18
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In calculation of both marginals p1(x1) and p3(x3), the following messages are computed:

m5(x2) =
∑

x5

f2,5(x2, x5)

m4(x2) =
∑

x4

f2,4(x2, x4)m5(x2)

m2(x1) =
∑

x2

f1,2(x1, x2)m4(x2) (7)

Computing marginal for each node in a tree takes n−1 message passing, and consequently n(n−1)19

message passing are necessary for n nodes when computed respectively (see Fig 1a,b). However,20

instead of computing marginals for each variable separately, 2(n−1)messages over n−1 edges of a21

n-node tree maybe computed so that all marginals obtained without repetitive message computation22

as illustrated in Fig 1c and demonstrated in the equation below. This message passing is the sum-23

product, or belief propagation algorithm.2–4
24

mi→ j(x j) =
∑

xi

fi, j(xi, x j)
∏

k∈N(i)\ j

mk→i(xi) (8)25

The marginals for each variable is obtained by:26

pi(xi) ∝
∏
j∈N(i)

m j→i(xi) (9)27

message from i to j (mi→ j) is sent once i receives messages from all of its neighbors N(i) except28

node j. When a unary potential is included for each node, we have:29

mi→ j(x j) =
∑

xi

gi(xi) fi, j(xi, x j)
∏

k∈N(i)\ j

mk→i(xi) (10)30

31

pi(xi) ∝ gi(xi)
∏
j∈N(i)

m j→i(xi) (11)32

One may easily compute the maximum probability configuration x∗ by replacing sum operations33

in equations 8 or 10 and bookkeeping the corresponding state of each variable in each maximum34
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operation for backtracking. This algorithm is the max-product algorithm.35

Junction tree algorithm, loopy and gaussian belief propagation36

In graphs where one or more loop(s) exist(s), the above mentioned belief propagation algorithm37

does not ensure correct calculation of marginals, and max product algorithm does not ensure ob-38

taining maximum probability configuration. Exact belief propagation maybe realized for general39

graph by constructing chordal graph through triangulation, which involves adding edges to a graph40

such that no chordless loop of length greater than 4 exists (see Fig. 2 for a schematic illustration).41

Maximum cliques in a triangulated graph can be joined to form a junction tree. The most impor-42

tant property of such a tree is the junction tree property, which ensures that if a node xi is in two43

maximum cliques c j and ck, then it must be a member of every maximum clique that is on the44

path from c j to ck.5,6 Computational complexity of a junction tree is determined by the maximum45

tree width, which is the size of the largest maximum clique. Many different chordal graphs with46

different tree width may be generated from a given graph with loops, a number of algorithms are47

available to perform triangulation and construct chordal graphs.7–10 However, no algorithm is able48

to ensure finding the best triangulation scheme corresponding to the ( or one of if multiple chordal49

graphs with the same tree width exist) smallest tree width.50

Despite there is no assurance that exact marginals would be obtained by belief propagation51

algorithm for graphs with loops, we may carry out such message passing computations anyway,52

and the algorithm is termed loopy belief propagation accordingly. Turbo code11 is one outstanding53

example of utilizing loopy belief propagation for telecommunication encoding and decoding. From54

the parallel version12 of the belief propagation algorithm (see equation 10) shown below:55

mt+1
i→ j ∝

∑
xi

gi(xi) fi, j(xi, x j)
∏

k∈N(i)\ j

mt
k→i(xi) (12)56

Messages are usually initialized to be 1 and normalized at each time step. If loopy belief propa-57

gation converges, then equation 12 suggests that the converged message would be a fixed point of58
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the messaging updating function. It was proved that the fixed point of belief propagation message59

updates result in marginals that are some local extrema of the Bethe variational problem.13 The de-60

tails of both Bethe approximation and other treatment of loopy belief propagation is well beyond61

the scope this perspective and readers are refereed to references elsewhere.14,15
62

Belief propagation was developed for discrete variables initially.2 The summation in message63

computation becomes integration for continuous variable, which is usually intractable for arbitrary64

distributions. Fortunately, gaussian distributions may be both analytically integrated and resulting65

in gaussians. This great property may be utilized in belief propagation to treat continuous variables66

as gaussians. In cases where such naive approximation is not sufficient, linearization with first67

order Taylor expansion may be utilized to improve accuracy.16
68

Factorization in conventional molecular modeling69

Conventional molecular simulation is a mature methodology with a wide variety of tools, which70

are routinely utilized in many research fields including but not limited to chemistry, biology and71

materials science with more than 30,000 relevant publications each year.17 The foundation of72

molecular simulation is a parameter set termed force fields, which represent interaction energy be-73

tween/among various molecular degrees of freedom as a function of relevant coordinates. Molec-74

ular simulation is deemed by many of its practitioners as an independent research field from, while75

being in fact a well defined form of, statistical machine learning. The force fields parameterization76

is the learning stage and the simulation and sampling constitute the inference process.77

The total energy of a given molecular configuration x = (x1, x2, · · · , xn) for a simple Lennard-78

Jones18 system is usually as shown below:79

Etotal(x) =
∑

i− j,ri j≤rcut

4ε
((ri j

σ

)12
−

(ri j

σ

)6
)

(13)80
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This equation is fundamentally a factorization as shown below:

p(x) ∝ Exp(−Etotal) =
∏

i− j,ri j≤rcut

Exp
(
− fi− j,ri j≤rcut(ri j(xi, x j))

)
fi− j = 4ε

((ri j

σ

)12
−

(ri j

σ

)6
)

(14)

Let us denote each particle as a node, and the corresponding interaction between a pair of particles81

as an edge, then each factor representing an interacting pair of particles. This is a factorization82

that has a very similar form as that in the belief propagation (equation 1). However, there are three83

major differences if examined carefully. Firstly and most importantly, in equation 1, the graph itself84

is static with fixed number of edges. However, for Lennard-Jones particles, edges are dynamic in85

two aspects. One is that as the system propagate with time, edges broke as some pairs of particles86

drift from within to beyond cutoff and new ones form as some other drift from beyond to within87

cutoff. The other is that for pairs within cutoff, their interactions change as a function of distance.88

Secondly, in equation 1, each factor is over a maximum clique in which all pairs of nodes are89

connected by an edge. For Lennard-Jones particles, when the cut-off for direct interaction is taken90

as 3σ, all particles within a sphere of radius of cutoff are certainly within a single clique as shown91

in Fig. 3a. Factorization into pairwise terms is apparently an approximation, the resulting error92

is not easy to quantify for arbitrarily complex interactions. Certainly exact number of particles93

in each maximum clique can be different as Lennard-Jones particles usually do not form a strict94

single crystal and local packing continuously change. Thirdly, nodes in equation 1 have discrete95

states, while properties of Lennard-Jones particles (e.g. position and momentum) are continuous.96

For more general molecular systems, energy contributions are more complex19–21 and usually

calculated as shown below:

Etotal = Ebonding + Ebending + Edihedral + EVdW + EElectro (15)

=
∑
bondi

Ebondi +
∑
bend j

Ebend j +
∑

dihedralk

Edihedralk +
∑
VdW l

EVdW l +
∑
esi

EES esi (16)
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Here i, j, k, l, esi are indices for bonding, bending, dihedral, Van de Waals and electrostatic inter-

actions respectively. Take exponentiation of this equation:

Exp(−Etotal) =
∏
bondi

Exp(−Ebondi)
∏
bend j

Exp(−Ebend j)

×
∏

dihedralk

Exp(−Edihedralk)
∏
VdW l

Exp(−EVdW l)
∏
esi

Exp(−EES esi) (17)

Bonded terms, including that accounting for bonds, bends and dihedrals/impropers, are fun-97

damentally local. Van der Waals interactions are usually modeled by LJ potentials. So similar98

to simple LJ systems, there is approximation of representing interactions in maximum cliques99

by assumed independent local interactions, challenges of continuous variables with non-gaussian100

distributions and dynamic edges. More importantly, there are usually partial charges of various101

magnitude in atoms and resulting long-range electrostatic interactions. Should such interactions to102

be treated exactly, then factorization is not possible and a molecular system need to be treated as103

one single maximum clique. The exponential complexity with respect to the size of the maximum104

clique renders exact treatment intractable in many realistic molecular systems. So treating long105

range interactions as being independent from local ones is an essential approximation in computa-106

tional molecular science. In reality, naive pairwise calculation of electrostatic interaction diverges107

and usually some form of Ewald summation is utilized to ensure convergence.22,23 Fortunately, in108

molecular simulations, treating long-range interactions as being independent from local interac-109

gions has been widely tested with great successes.24 Additionally, maximum cliques usually form110

loops in condensed molecular systems, and molecular degrees of freedom usually do not have111

gaussian distributions. Therefore, exact inference in not tractable even if only local interactions112

contribute to molecular correlations.113

8

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 7 October 2021                   doi:10.20944/preprints202110.0113.v1

https://doi.org/10.20944/preprints202110.0113.v1


Factorization in the local distribution theory114

Just as in the case of repetitive local computation exist in the calculation of marginals as demon-115

strated in equations 3, 5 and 7. Ubiquitous repetitive local sampling (RLS) exist in molecu-116

lar simulations.17,25,26 From a graph perspective, such RLS is fundamentally associated with the117

intrinsic dynamic property of graphs describing molecular systems, in contrast to conventional118

static graph as studied by sum-product algorithm. The local distribution theory (LDT) was de-119

veloped to address RLS and tremendously increase computational efficiency without reducing ac-120

curacy/resolution.17,26 LDT is fundamentally a new factorization scheme for facilitating statistical121

machine learning for dynamic graphs in high dimensional space as shown in the following:122

P(Φ, x) = Q(Φ,R)

=
Q(Φ,R)∏m
i=1 q(Φ, ri)

m∏
i=1

q(Φ, ri)

≈

m∏
i=1

q(Φ, ri)exp(−
∑

FMED(Φ,R))exp(−
∑

FLR(Φ,R)) (18)

Here, Φ = (φ1, φ2, · · · , φk) is relevant thermodynamic and environmental variables, x = (x1, x2, · · · , xn)123

are molecular coordinates, R = (r1, r2, · · · , rm)(m ≤ n,m = n is preferred) are dynamic local re-124

gions, each of which represent a dynamic collection of coordinates (ri = M(xi1, xi2, · · · , xil)) for125

molecular degrees of freedom. M is a translation, rotation and permutation invariant coordinate126

transformation matrix that transforms from global to local coordinates.
∏m

i=1 q(Φ, ri) is the product127

of local distributions and the global correlation factor Q(Φ,R)∏m
i=1 q(Φ,ri)

is approximately factorized into128

mediated (
∑

FMED(Φ,R)) and long range (
∑

FLR(Φ,R)) interactions. The learning stage of LDT is129

to train local distributions, which cache statistical significance of various molecular configurations130

within local spaces defined by a preset cutoff from the origin of a local coordinates originating131

from a given molecular DOF. Such local distributions, defined by fully trainable neural network132

parameters in combination with selected neural network architectures, store both energetic and133
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entropic contributions from extensive local sampling data of either experimental or computational134

origin. By caching and repetitively utilizing such local distributions, LDT eliminates RLS to a135

great extent and therefore saves computational resources in sampling dynamic graphs, similarly136

as belief propagation algorithm saves computation in static graphs. In the inference stage, local137

distributions are assembled under sampling constraints due to mediated interactions and correction138

of direct long range interactions if exist.139

As illustrated in Fig.3b, in contrast to conventional molecular simulations, in which each pair140

of interaction ( or an edge in graph representing molecular system) is included as an indepen-141

dent factor (Fig. 3a), both local interactions confined within cutoff spherical space and mediated142

interactions are jointly considered in LDT. Independence assumptions are therefore significantly143

weaker and accordingly, improvement of accuracy is expected simultaneously with tremendously144

increased efficiency due to substitution of RLS by local distributions. Therefore, LDT has great145

potential to address the tradeoff dilemma between accuracy and efficiency in more than half cen-146

tury of molecular simulations. However, this does come with a significant one-time price to pay,147

which is to accurately fitting local distributions. This is fundamentally a density estimation task in148

high dimensional system, which is an open problem with many feasible approaches with respective149

limitation.27,28
150

Distinction and potential synergy among different factorization151

schemes152

The fundamental difference between factorization in belief propagation algorithm and that in153

molecular modeling of physical systems is that the former deals with a static graph (V, E) while154

the latter addresses a dynamic one(V, Edynamic). The variation of edges in molecular systems is con-155

tinuous but may be simplified as binary as in the case of protein contact map.? Specifically, as the156

distance between two atoms changes over time, so is the corresponding factor potential. In belief157

propagation, an isolated maximum clique has a fixed factor potential, the computation is to fig-158
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ure out how interaction with neighboring cliques influence distribution of internal states of nodes159

with respective factor potentials being constant. Belief propagation algorithms reduces repetitive160

local computation in redistribution of marginals for internal node states by nodes in surrounding161

cliques. LDT reduces repetitive local sampling of dynamic edges. These distinct ways of factor-162

ization may be combined in different ways to facilitate statistical inference of high dimensional163

molecular physical systems. The first step of utilizing both factorization is definition of nodes with164

internal states. For example, in full quantum mechanical treatment, one may define each atom as165

a node with rich internal electronic states. For proteins, residues may de defined as distinct nodes166

with internal rotameric states. Node internal states may be approximately discretely or continu-167

ously represented. Apparently, definition of nodes is very flexible and requires significant effort to168

explore with given type of molecular systems. For a given definition of nodes, at each instant, we169

may perform loopy belief propagation to search for the maximum likelihood global configuration170

(or a number of configurations with the most statistical weights) of internal node states, followed171

by sampling of different edge configuration with LDT and properly selected global sampling strat-172

egy. It is likely that definition of nodes, selection of various approximate loopy belief propagation173

algorithms and selection of global sampling strategy may interact. Exploring different combina-174

tions of these efficient algorithms are likely fertile grounds for development of next generation175

molecular modeling methodology.176

Conclusions and prospects177

Belief propagation is a family of algorithms in a large class of factorization methodology called178

probabilistic graphical models with focus on static graphs. These algorithms are mainly developed179

by informational scientist and applied in coding, communication and machine learning. Conven-180

tional molecular simulations and the local distribution theory, are fundamentally factorization with181

focus on dynamic graphs representing complex molecular systems, and are mainly developed com-182

putational chemists and physicists. Both are extensive research fields with very rich contents and183
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numerous important contributions from many scientists. Comprehensive summary of these two184

fields is apparently well beyond the scope of this work. This perspective is intended to bridge this185

discipline gap, and intrigue interest for development of next generation algorithms that assimilate186

the best of both fields.187
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(a) (b) (c)

Figure 1: A schematic illustration of marginalization in examples. (a)equation 3 for marginal
p1(x1), (b) equation 5 for marginal p3(x3) and (c)equation 8 for belief propagation.
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Figure 2: A graph with a loop (left) triangulated with addition of two edges and become chordal
(right).
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(a) (b)

Figure 3: (a) An example of 13 Lennard-Jones particles of diameter σ enclosed within a sphere of
diameter 3σ (rcuto f f ). Three particles partially covered by other particles are shown with dashed
circles. These 13 particles form a clique with 78 edges, all should be represented by a single
factor/potential for exact inference while in conventional molecular simulation, 78 edges corre-
spond to 78 factors. (b) A schematic illustration of LDT theory in which each spherical space of
radius rcuto f f is represented as a single factor, a central particle experiences mediated interactions
from particles beyond rcuto f f but within 2rcuto f f , only interactions further than 2rcuto f f are treated
as long-range interactions.
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