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Abstract. In this paper, we investigate the generalized Padovan sequences and we deal with, in detail,
four special cases, namely, Padovan, Perrin, Padovan-Perrin and modified Padovan sequences. We present
Binet’s formulas, generating functions, Simson formulas, and the summation formulas for these sequences.
Moreover, we give some identities and matrices related with these sequences.
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1. Introduction

Recently, there have been so many studies of the sequences of numbers in the literature that concern
about subsequences of the Horadam numbers and generalized Tribonacci numbers such as Fibonacci, Lucas,
Pell and Jacobsthal numbers; Tribonacci, Tribonacci-Lucas, Narayana, third order Jacobsthal and third
order Jacobsthal-Lucas numbers. The sequences of numbers were widely used in many research areas,
such as physics, engineering, architecture, nature and art. The ratio of two consecutive Fibonacci numbers

1+v5.
2 b

converges to the Golden section (ratio), ap = which appears in modern research, particularly physics

of the high energy particles or theoretical physics. Another example, the ratio of two consecutive Tribonacci

3 3
numbers converges to the Tribonacci ratio, ar = Lt \/19+3\/§+ \/1973\/§. One last example, the ratio of
two consecutive Padovan numbers converges to the Plastic ratio, ap (which is given in (1.1) below), which

have many applications to such as architecture, see [53]. For a short introduction to these three constants,

see [62].
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Padovan (Cordonnier) numbers, Perrin (Padovan-Lucas) numbers and Van der Laan numbers are defined,

respectively, by the third-order recurrence relations

Pn+3 = Pn+1 + Pn, Py = 1,P1 = ].,PQ =1,
Enys = Enni+En, Ey=3,E=0,E =2,
Rn+3 = Rn+1 + R,, Ry=1,Ri=0,Ry =1, or Ry=0,R, =1,Ry =0.

For historical background issues on these particular cases of generalized Padovan sequences, see [68].

Edouard Lucas [51] in 1876 introduced the sequence E,, (Perrin sequence, see for example [56]) and the
sequence E,, was also discussed by Lucas in 1878 (American Journal of Mathematics, vol 1, page 230ff), who
noted that if p is a prime then p divides E,,. This is an immediate consequence of Fermat’s Little Theorem,
and as such is a necessary but not sufficient condition for primality (for a proof see [57]). Subsequently
(1899) the same sequence was mentioned by R. Perrin [60]. There are some other papers on the sequence
E,, after Perrin’s works, see [26,40,52]. The most extensive (published) treatment of this sequence was given
in an excellent paper by Bill Adams and Dan Shanks in [2]. Shanks and Adams referred (called) to this as
Perrin’s sequence.

Originating and naming of { P, } is rather less straightforward. Termed by Steward [80] (and Broadhurst
and Kreimer [9] with the initial condion Py, = 0,P; = 0,P, = 1) as the Padovan numbers in honour
of the contemporary architect Richard Padovan, these numbers seemingly have a more extensive origine.
The sequence {P,} seems to have been first discovered in 1924 by a French architecture student, Gérard
Cordonnier and independently, the {P,,} were rediscovered by Dom Hans van der Laan (see [68]).

The characteristic equation associated with Padovan, Perrin, Van der Laan sequences is 2% — 2 — 1 =0

with roots «, 8 and y in which

1 3\ (1 5\’
(1.1) a= <2+ 108) +<2—\/108> ~ 1.32471795724

is called plastic number (or plastic ratio or plastic constant or silver number) and

En+l
= lim =«
n— oo n

. P
lim —2F
n— oo

n

The plastic number is used in art and architecture. Richard Padovan studied on plastic number in Archi-
tecture and Mathematics in [58, 59]. The “plastic number” made popular by Richard Padovan. Padovan
pointed out that the plastic number was invented by a French architectural student, Gérard Cordonnier, in
1924 and by a Dutch Benedictine monk-architect, Hans van der Laan, in 1928. Pastic number was originally
studied by G. Cordonnier in 1924. However, Hans van der Laan was the first who explained how it relates to
the human perception of differences in size between three-dimensional objects and demonstrated his discov-
ery in architectural design. Laan’s main premise was that the plastic number ratio is “truly aesthetic in the
original Greek sense, i.e. that its concern is not ‘beauty’ but clarity of perception” (see [58]). Cordonnier

described applications to architecture, using the name radiant number and in 1958 he gave a lecture tour
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that illustrated the use of the plastic number in many existing buildings and monuments. Marohni¢ and
Strmecki [53] constructed the Plastic number in a heuristic way, explaining its relation to human perception
in three-dimensional space through architectural style of Dom Hans van der Laan. Note that plastic number
is a morphic number, see [1] for details. For more details on plastic number, see [5,38,79,85,87].

Recently, these sequences ({P,} ,{E,} ,{R.} ) have been studied extensively by many authors, see for
instance [3,8,15,36,27,46,49,66,69,73,74,80,86,89]. See also web pages [54,55,56] for Padovan numbers.

Kaygisiz and Bozkurt [43] defined k sequences of generalized order-k Perrrin numbers. Kaygisiz and
Sahin [44] defined generalized Van der Laan and Perrin Polynomials, and generalizations of Van der Laan
and Perrin Numbers.

Many researchers have studied matrix representations of number sequences. In [92] and [94], Yilmaz
and Taskara developed the matrix sequences that represent Padovan and Perrin numbers. Sahin [64] defined
and studied generalized Perrin and Cordonnier matrices using the associated polynomials of Perrin and
Cordonnier numbers. Kaygisiz and Sahin [45] calculated terms of associated polynomials of Perrin and
Cordonnier numbers by using determinants and permanents of various Hessenberg matrices. In [90] authors
gave matrix representation of Perrin sequences. See also [66,73,74,72] for Padovan Q-matrix and related
matrices. In [16], Cereceda provided some determinantal representation of the Padovan numbers by using
the Hessenberg matrices.

The Padovan numbers and their properties have been studied by some other authors too, see for example,

[4,6,10,18,19,21 ,22,23,28,29,30,31,32,33,34,35,39,42,63,81,82,84,91,93,96]

It is the aim of this paper to define and to explore some of the properties of generalized Padovan numbers
and is to investigate, in details, four particular case, namely sequences of Padovan, Perrin, Padovan-Perrin
and modified Padovan numbers {P,}, {E,}, {S»} and {A,}, respectively. Before, we recall the generalized
Tribonacci sequence and its some properties.

The generalized Tribonacci sequence {W,,(Wy, W1, Wa;r, s,t)}n>0 (or shortly {W,},>0) is defined as

follows:
(12) Wop=rWpn_1+sW,_o+tW,_3, Wo=a, Wy =bWy=¢, n>3

where Wy, Wy, Wy are arbitrary complex (or real) numbers and r, s, ¢ are real numbers.
This sequence has been studied by many authors, see for example [11,12,17,24,25,50,61,65,67,77,78,88,95].

The sequence {W,, },,>0 can be extended to negative subscripts by defining
S r 1
W_, = 7¥W—(n—1) - EW—(n—Q) + EW—(n—S)

for n =1,2,3,... when t # 0. Therefore, recurrence (1.2) holds for all integer n.

As {W,} is a third order recurrence sequence (difference equation), it’s characteristic equation is

(1.3) 3 —ra? —sr—1t=0
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whose roots are

a = a(r,s,t):g—l—A—i—B
B = Blrst)=z+wA+w’B
Yy = ’Y(’?S,t):ngwQAerB
where
r3 rs t 1/3 r3 rSs t 1/3
A = — 4 — 4+ = A B=—+—4+--VA
(27+6+2+\/>> ’ (27+6+2 )
st r2s?  rst  $° 2 -1+ z\/g
A = A )=——— 4+ — — — + — = = 271 /3
st =5~ Tos "6 w1 ¥ 2 exp(2mi/3)

Note that we have the following identities

O‘+ﬂ+7 = T
af+ay+py = —s,
afy = t.

If A(r,s,t) > 0, then the Equ. (1.3) has one real (@) and two non-real solutions with the latter being
conjugate complex. So, in this case, it is well known that generalized Tribonacci numbers can be expressed,

for all integers n, using Binet’s formula

bia” b 3" b3y"
@=B)a—7 " B-aB-7 G-an-p

(1.4) W, —
where
by =Wy — (6 + ’7)W1 + YWy, by = Ws — (Oé + ’7)W1 + ayWy, bg = Wsy — (Oé + B)Wl + afWy.

Note that the Binet form of a sequence satisfying (1.3) for non-negative integers is valid for all integers n, for
a proof of this result see [37]. This result of Howard and Saidak [37] is even true in the case of higher-order
recurrence relations.

In this paper we consider the case r = 0, s =t = 1 and in this case we write V,, = W,,. A generalized

Padovan sequence {V,, }n>0 = {V,(Vo, V1, V2) }n>0 is defined by the third-order recurrence relations
(1.5) Vie="Va2+ Vi3

with the initial values Vi = ¢g, Vi = ¢1, Vo = ¢2 not all being zero.

The sequence {V;,},>0 can be extended to negative subscripts by defining
Vo ==V_ 1)y + Vo(n—3)

for n =1,2,3,.... Therefore, recurrence (1.5) holds for all integer n.
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(1.4) can be used to obtain Binet formula of generalized Padovan numbers. Binet formula of generalized
padovan numbers can be given as

b1 a™ bgﬁn b3’yn

[ Py P Ll ) Rl ooy vy

where
(1.6) by =Vo— (B+Vi+ vV, be =Vo — (a+7)V1 + ayWVo, by = Vo — (a+ 8)V1 + a8V.

3

Here, «, # and ~ are the roots of the cubic equation z° — x — 1 = 0. Moreover

S
- (iofB) ()
- o (iof) (i3]

where
_ _HT“/g — exp(2i/3)
Note that
a+p+y = 0,
af+ay+py = -1,
afy = 1.

The first few generalized Padovan numbers with positive subscript and negative subscript are given in
the following Table 1.

Table 1. A few generalized Padovan numbers

n Va V_on

0 Vo

1 Vi Va—Vo

2 Va -Vo+Vi+V

3 Vi+W Vo—W1

4 Vo+ Wi i—W

5 Va+Vi+ Wy Vo + 2V

6 V+2i+VW  2V2—-V1 -2V
7T 242V 4+ Ve 2V 42V +
8 2Vu4+3Vi+2V, Vo -2+
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Now we define four special cases of the sequence {V,,}. Padovan (Cordonnier) sequence{P, },>0, Per-
rin (Padovan-Lucas) sequence {E, },>0, Padovan-Perrin sequence {5, },>0 and modified Padovan sequence

{A, }n>0 are defined, respectively, by the third-order recurrence relations

Puts = Po1+ P, Py=1,P=1P=1,
Enis = Epii+E, Ey=3E =0,E =2,
Spis = Sup1+Sn,  So=0,8=0,8=1,

Apis = Apsi+An,  Ag=3A1=1,4,=3.

Note that the case V,, = R,,, Rp = 1,Ry =0,Ry =1 (or V;, = R,, Ry = 0,R; = 1, Ry = 0) is called the
sequence of the Van der Laan numbers, in the literature.

The sequences {P,}n>0, {En}n>0, {Sn}tn>0 and {4, },>0 can be extended to negative subscripts by

defining

(1.7) P, = —P (i 1)+ P_(n_3
(1.8) E . = —E_(_1)+E_(n_3
(1.9) S = =S_(-n+ S_(n_3)
(1.10) A_, = —A,(nfl) + A,(n,3)

for n = 1,2,3, ... respectively. Therefore, recurrences (1.7), (1.8), (1.9) and (1.10) hold for all integer n.

Note that P, and S,, are two variants of the same sequence in [71]. In fact, the following are basically
all variants of the same sequence in [71] which P, and S,, belong: A000931, A078027, A096231, A124745,
A133034, A134816, A164001, A182097, A228361 and probably A020720 (however, each one has its own
special features and deserves its own entry). FE, is the sequence A001608 in [71] and A, is the sequence
A276276 in [71].

Next, we present the first few values of the Padovan, Perrin, Padovan-Perrin and modified Padovan
numbers with positive and negative subscripts:

Table 2. The first few values of the special third-order numbers with positive and negative subscripts.

n 0 1 2 3 4 ) 6 7T 8 9 10 11 12 13
P, 1 1 1 2 2 3 4 5 7 9 12 16 21 28
P_, 0 1 0 0 1 -1 1 o0 -1 2 -2 1 1
E, 3 0 2 3 2 ) 5 7 10 12 17 22 29 39
E_, -1 1 2 -3 4 -2 -1 5 -7 6 -1 -6 12
S, 0 0 1 0 1 1 1 2 2 3 4 5 7T 9
S_n 1 -11 0 -1 2 -2 1 1 -3 4 -3 O
A, 3 1 3 4 4 7 8 11 15 19 26 34 45 60
A, 0 1 2 -2 3 -1 -1 4 -5 4 0 -5 9
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For all integers n, Padovan, Perrin, Padovan-Perrin and modified Padovan numbers (using initial condi-

tions in (1.6)) can be expressed using Binet’s formulas as

P an+4 5n+4 ,_Yn+4
S P ) S e ) Sl vy T vy
En = o + ﬂn + ’Yna
@-Pla- GB-aB- -a0-5
y (Bat+ D™ (BE+1FH (3y+ 1)yt

+ + ,
(a=B)a=v) B-a)B-7) (O-a)ly-5)
respectively. Note that P,, S, and A, can be written as

n+5 n+5 n+5
P, S
2004+3  28+3  2y+3
anJrl n+1 n+1
S, = TR iy
204+3  28+3  2y+3
4 (Ba+1)am™?  (3B+1)p"2  (3y+ 1)yt
n .

200+ 3 28+3 2v+3
2. Generating Functions

[ee]
Next, we give the ordinary generating function > V,,z™ of the sequence V,.

n=0
o0
LEMMA 1. Suppose that fy, (x) = > V,a™ is the ordinary generating function of the generalized
n=0

oo
Padovan sequence {Vy,}n>0. Then, > Vya™ is given by

n=0

o0

Vo + Vi Vo — Vp)a?
Zan"Z o+ iz + (V2 O)m.
1—22—23

(2.1)

n=0
Proof. Using the definition of generalized Padovan numbers, and substracting x? oo o Vax™ and

z? Zi’fzo Vpz™ from ZZO:() V,x™ we obtain

o0 o0 o0 o0
(1— 22 —2?) g Vo = g V,z" — 22 E V,z" — 2® g V™
n=0 n=0 n=0 n=0
o0 o0 o0
= g V,z" — g V,z"t? — E V"3
n=0 n=0 n=0

o0 o0 o0
= YV =Y Viar” = Y Vaae”
n=0 n=2 n=3
= (Vo4 Viz + Vaz?) — Va2
+ Z(Vn - Vn—2 - Vn—S)xn
n=3
= Vo + Viz + Vaa? — Vya?

= Vo+Viz+ (Vo — V)22,
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Rearranging above equation, we obtain

$5 g = Vit Vit (V2 Vi
— " 1—a2—213 '

The previous lemma gives the following results as particular examples.

COROLLARY 2. Generated functions of Padovan, Perrin, Padovan-Perrin and modified Padovan numbers

are
o0
S Pat = _t+x
~ " 1—a2— 23
o0
3 — 22
n —
Z%E"x T o1
-
00 2
x
n o _
Z)S"x T 2 g3
e
(oo}
S At = _ 34z
. " o l—a?2— a3
e
respectively.

3. Obtaining Binet Formula From Generating Function
We next find Binet formula of generalized Grahaml numbers {V;,} by the use of generating function for

Va.

THEOREM 3. (Binet formula of generalized Padovan numbers)

dia” da 3" d3y™

(3. R Ty R R e A R o)
where
di = Vool +Via+ (Vo — V),
dy = Vo +Vip+ (Va— Vo),
ds = Vo’ +Viy+ (Vo — V).
Proof. Let

h(z) =1 — 22 — 23

Then for some «, 8 and v we write

h(z) = (1 — az)(1 — Bz)(1 — vyx)

(3.2) 1—2?—2%=(1-ax)(1 - Bx)(1 —vyz)
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Hence é, %7 ve % are the roots of h(x). This gives «, 3, and ~ as the roots of
1 1 1
ME)=1-— - =0
T 2 23

This implies 22 — x — 1 = 0. Now, by (2.1) and (3.2), it follows that

= n_ Vo + Viz + (Vo — Vp)z?
;an T (1 —ax)(1—-Bz)(1 —~z)

Then we write

Vo +Vix + (VQ - ‘/o)xz . A As A3
(33) (= an)(i= ) —n2) (I —az)  (1=pz) " T=n2)

So
Vo+Viz+ (Vo —Vo)a? = A;(1 — Bx)(1 — yx) + As(1 — ax)(1 — yx) + A3(1 — ax)(1 — Bz).
If we consider z = 1, we get Vo + Vi1 + (Vo — Vo) = 4, (1 — g)(l — ). This gives

4 Mot Vig + (V2= Vo)h) _ Voo +Via + (Vo — V)
L (@—B)(a—1) T (@-Bla—n)

Similarly, we obtain

W+ VB + (Vo — Vo)

4y _ VoY +Viy + (- Vo)
(B=a)(B =)

A= T T B)

Thus (3.3) can be written as

Z Vo™ = Aj(1 —ax) ™t + Ax(1 — Bz) ™' 4+ Az(1 — )™t

n=0
This gives
o0 o) o0 o0 o0
Z Vo,a™ = A Z ax™ + Ay Z Bra™ + As Z A" = Z(Awtn + AyB" 4 Azy™)a™.
n=0 n=0 n=0 n=0 n=0

Therefore, comparing coeflicients on both sides of the above equality, we obtain
Vo = Ara" + A8 + Asy"

where

Voa? + Via + (Vo — Vo)

A @ Ba—n)

A VoB2 +ViB+ (Vo — Vo)

? B—a)(B-")

" Vor? + Viy + (Va = Vo)
(v —a)(y—B)

and then we get (3.1).
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Note that from (1.6) and (3.1) we have

Vo = (B+7)V1+ B7Vo
‘/2 - (CX""Y)VYI +C¥’}/V0

Vo — (a + B)Vl + afBVy

V()Ck2 +Via+ (V2 - VO)a
Vo2 + ViB + (V2 — Vo),

Vorr + Viy + (Va — Vo).

doi:10.20944/

reprints202110.0101.v1

Next, using Theorem 3, we present the Binet formulas of Padovan, Perrin, Padovan-Perrin and modified

Padovan sequences.

COROLLARY 4. Binet formulas of Padovan, Perrin, Padovan-Perrin and modified Padovan sequences

p _ _(atDam (B+1)B"H (v + 1y
! (a=B)a=7) B-a)B=7) ©G-a)y-8)
En = a"+ Bn + ,yn7
" (@=B)la=7) B-a)B-7) (-a)y-5)
A = (3a + 1)amt! (384 1)t (3y + 1)yt
! (@a=B)a=7) B-a)B-7) (G—a)ly-8)
respectively.

We can find Binet formulas by using matrix method with a similar technique which is given in [47]. Take

k =14 =3 1in Corollary 3.1 in [47]. Let

Then the Binet formula for Padovan numbers is

1 3
Pn = P4_j det(A]‘) =
=1

L
A

Q.

et(A)
1

J

n—1

= gt g1 )

n—1

a2 a a7l

As=| g g g

o G A

(Ps det(Ay) 4 Py det(Az) + Py det(As))

- (2det(A;) + det(Ag) + det(Asz))

det(A)

n—1 2

a" a1 o«

2 ﬁn—l ﬁ 1|+ 52 ﬁn—l

n—1 2

oy 1 oy

2 n—1

1 o o o«

1|+ 82 g

1 2 n—1

LA e

=2 W ©°
—_ = =
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Similarly, we obtain the Binet formula for Perrin, Padovan-Perrin and modified Padovan as

B, - KE3det(A1)+E2det(A2)+E1det(A3))
-1 4 1 o2 ol 1 a? a1
:35n151+2ﬁ2ﬁ”—11/ﬁ251
oy 1 ot 7oy 1
and
s, = X(Sgdet(A1)+52det(A2>+Sl det(A3))
a? anlo1 o a1
= | g gt/ B Bl
N e | v oy 1
and
A, = KAg,det (A1) + A det(Az) + A; det(Az))
1 a1 a? an b1 o a o™t a? a1
_ 4ﬂn151+3ﬂ25”*11+52ﬁ5”’1 A
Anloy Vot oy 7oyl
respectively.

4. Simson Formulas

There is a well-known Simson Identity (formula) for Fibonacci sequence {F, }, namely,
Fop1Fno1 — F72L = (71)n

which was derived first by R. Simson in 1753 and it is now called as Cassini Identity (formula) as well. This

can be written in the form
Fn+1 Fn

Fn Fn—l

=(-1)"™
The following theorem gives generalization of this result to the generalized Padovan sequence {V,, }n>0.

THEOREM 5 (Simson Formula of Generalized Padovan Numbers). For all integers n, we have

Vire Vo1 Vo Voo i W
(41> Vn+1 Vn Vn—l = Vl ‘/0 V—l
Vn an 1 Vn72 VO Vfl V72

Proof. (4.1) is given in Soykan [76].

The previous theorem gives the following results as particular examples.
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COROLLARY 6. For all integers n, Simson formula of Padovan, Perrin, Padovan-Perrin and modified
Padovan numbers are given as
Puis Pun Py
Poy1 P, Py |=-1
P, P,1 P,

and
Enio Eny1 By
E.,.1. E, E,|=-23
E, E,1 E,
and
Spt2 Snt1 Sn
Spy1 Sn Sno1 | =1
Sn Sn-1 Sn-2
and
Apt2 Ant1 An
Anpr Ap Apr | =19
A, A,1 A,_o
respectively.

5. Some Identities

In this section, we obtain some identities of Padovan, Perrin, Padovan-Perrin and modified Padovan

numbers. First, we can give a few basic relations between {P,} and {E,}.

LEMMA 7. The following equalities are true:

(5.1) E, = 2P,y +A4Puis— Prio,
E, = 4P,y3—3P,2— 2P, 1,
En = —3Puio+ 2P +4P,,
E, = 2P+ Py —3P, 1,
E, = Py—Py1+2P, s,
and
93P, = —2Fni4+3Fni3+ 902,
93P, = 3Enis+TEnis — 2Eni1,
93P, = TEnio+ Enii +3En,
93P, = Epp1+ 10E, + TE, 1,

23P, = 10E, +8E,_ 1+ Ep_s.
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Proof. Note that all the identities hold for all integers n. We prove (5.1). To show (5.1), writing
En:aXPn+4+b><Pn+3+c><Pn+2
and solving the system of equations

EFy = axPi+bxPs+cecx Py

E, CL><P5+bXP4+CXP3

FEs ax Pg+bx Ps+cx Py

we find that a = —2,b = 4, ¢ = —1. The other equalities can be proved similarly.
Note that all the identities in the above Lemma can be proved by induction as well.

Next, we present a few basic relations between {P,} and {S,}.

LEMMA 8. The following equalities are true:

Sn = 2Pn+4 - Pn+3 - 2Pn+2u
Sp = - n+3 + 2Pn+17
Sn - Pn+1 - P’ru
Sn = _Pn+Pn—1+Pn—2v
and
Pn - Sn+4;
Pn = Sn+2 + Sn+1a
Pn = Sn+1 +Sn+Sn717

=
I

Sn + 2Sn—1 + Sn—Q-
Now, we give a few basic relations between {P,} and {4, }.

LEMMA 9. The following equalities are true:

A, = —Poya+3Py3— Poio,
Ap = 3Puy3—2P,10— Pyya,
A, = —2Pyio+2Pni1 + 3P,
Ay = 2P+ Py — 2Py,
A, = P,+2P, o,
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and
19P, = —3A,44+Apnis+94,40,
19P, = Apy3+ 64542 — 34541,
19P, = 64,42 —2A,41+ Ay,
19P, = 24,41 +7A, +6x Ay_q,
19P, = TA,+4A,_1 —24A, 5.

Next, we present a few basic relations between {E, } and {S,}.

LEMMA 10. The following equalities are true

23S, = 5,44+ 4B,y — 115,40,
935, = 4E45—6Fms+5Em1,
935, = —6Enio+ 9B, 1 +AE,,
23S, = 9E,i1 —2E, —6E,_1,
23S, = —2E,+3E,_1+9FE, .
and

By = Swid—Snis+25mi0,

E, = —Spt3+3S+2+ Snt1,

E, = 3Su12—Sn,

E, = 25,+3S5,-1.

Next, we give a few basic relations between {4, } and {E,}.

LEMMA 11. The following equalities are true

19E, = —28A,.4+ 224,45+ 27440,
19E, = 224,43 — Anio—284,.1,
19E, = —Apis— 64,41 + 224,
19E, = —6A,11+214, — A, 1,

19E, = 21A, —TA,_1 — 64, o,
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and

234, =
234, =
234, =
234, =

234, =

—14E, 44+ 21Eyy5 + 17E, 40,
2B,y 5 + 3En40 — 14F,.1,
3Eni2 4 TEps1 + 21E,,
TEns1 + 24E, 4+ 3E,_1,

24FE, +10E,_1 +7E,_s.

Now, we present a few basic relations between {S,} and {4,}.

LEMMA 12. The following equalities are true

S

3 3

D>D>§>D>D>

3

and

195,
195,
19S5,
195,

195,

Sn+4 + 2Sn+2)

- 3Sn+2 + Sn—i-l)
= 3Sn+2 + Sn+1a

Sn+1 + 3Sn + 3Sn—17

3Sn + 4Sn71 + Sn727

AApia + 5Anss — 124,40,
5Anis — 84 g + 4An 1,
—8Ap12+ 9Ani1 +5A,,
9Ap i1 — 3A, — 84,1,

—3A, + A1+ 94, 5.
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We now present a few special identities for the modified Padovan sequence {4,,}.

THEOREM 13. (Catalan’s identity) For all integers n and m, the following identity holds

An+mAn—m - Ai = (Pn+m + 2Pn+m—2)(Pn—m + 2Pn—m—2) - (Pn + 2Pn—2)2

= _qu —4P,P,_5 — 4P372 + PernPnfm + 2Pm+nPn7m72

+2Pm+n—2pn—m + 4Pm+n—2pn—m—2-

Proof. We use the identity

An, =P, +2P, .

Note that for m = 1 in Catalan’s identity, we get the Cassini identity for the modified Padovan sequnce
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COROLLARY 14. (Cassini’s identity) For all integers numbers n and m, the following identity holds
Api1Ap_1— A2 = (Pyi1 +2Pyy1-2)(Pac1 + 2Py 1-2) — (Py + 2P, —2)?
= P, 1P,1— P2 —4P,P, 5 +4P, P, 3+2P, 1P, 3+2P> | —4P? ,.
The d’Ocagne’s, Gelin-Cesaro’s and Melham’ identities can also be obtained by using A, = P, +

2P, _5.The next theorem presents d’Ocagne’s, Gelin-Cesaro’s and Melham’ identities of modified Padovan

sequence {A,}.
THEOREM 15. Let n and m be any integers. Then the following identities are true:
(a): (d’Ocagne’s identity)
Apt14n — AnAni1 = (Pt +2Pnq1-2) (P + 2Py —2) — (P +2Pp—2)(Pag1 + 2P y1-2).
(b): (Gelin-Cesaro’s identity)
ApioAni1An 1An o—AL = (Pyio+2Pui0 ) (Puy1+2Pui1-2)(Pu142Py_ 1 2)(Pn_2+2P, o 9)—(Py+2P, 5)*.
(c): (Melham’s identity)
Api1AnioAnie — Ay = (Papt +2Po1-2)(Patz + 2Pot2-2)(Pays + 2Pass-2) — (Po +2Pn2)°
= (Puy1+ 2P0 1)(Poi2 + 2P,) (Page + 2Pnia) — (Po 4 2Py2)°.

Proof. Use the identity A,, = P, + 2P, _».

6. Linear Sums

The following proposition presents some formulas of generalized Padovan numbers with positive sub-

scripts.

PROPOSITION 16. Ifr =0,s =1,t =1 then for n > 0 we have the following formulas:
(@): Yr oV =Vars+ Vigo — Vo — V1.
(0): ko Var = Va1 + Vo — Vi
(©): Yp—o Vakt1 = Vania + Vangr — Va.

Proof. Take r =0,s = 1,¢t =1 in Theorem 2.1 in [75].
As special cases of above proposition, we have the following four corollaries. First one presents some

summing formulas of Padovan numbers (take V,, = P, with Py =1, P, =1, P, = 1).

COROLLARY 17. For n > 0 we have the following formulas:
(a): ZZ:O Pk = Pn+3 + Pn+2 — 2.
(e): >i_oPoki1 = Pongo+ Popy1 — L.
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Second one presents some summing formulas of Perrin (Padovan-Lucas) numbers (take V,, = E,, with

Ey=3,B,=0,E = 2).

COROLLARY 18. For n > 0 we have the following formulas:
(a): ZZ:O Ek = En+3 + En+2 — 2.
(b): Yoo B2k = Eony1 + Eaop.
(e): > i_oFort1 = Eongo+ Eopyr — 2.

Third one presents some summing formulas of Padovan-Perrin numbers (take V,, = S,, with Sp = 0,5 =

0,9 =1).

COROLLARY 19. For n > 0 we have the following formulas:
(@): >op_o Sk = Snt3 + Spta — 1.
(b): > 5o S2k = Sont1 + San-
(C): ZZ:O Sop+1 = Sont2 + Sont1 — 1.

Fourth one presents some summing formulas of modified Padovan numbers (take V,, = A,, with 4y =

3,A; =1,4, =3).

COROLLARY 20. For n > 0 we have the following formulas:
(@): Yo Ar=Apniz+Appo—4
(b): ZZ:O AQk = A2n+1 + A2n -1
(e): > h_oAokt1 = Aopgo+ Aspi1 — 3.

The following proposition presents some formulas of generalized Padovan numbers with negative sub-

scripts.

ProrosiTION 21. Ifr =0,s =1,t =1 then for n > 1 we have the following formulas:
(a): Do Vo =—2V_, 1 =2V, o —V_ 3+ Vo + V.
(b): >ohmy Veow = —Voani1 + Vi
(€): Yooy Veaktr = —Voan = Vogn 1 + Va.

Proof. Take r =0,s = 1,t = 1 in Theorem 3.1 in [75].
From the above proposition, we have the following corollary which gives sum formulas of Padovan

numbers (take V,, = P, with Py =1,P; =1, P, = 1).

COROLLARY 22. For n > 1, Padovan numbers have the following properties.
(a): > Px=-2P_,_1—2P_, 5 —P_, 3+2.
(b): Yooy Pook = —Ponga + 1.
(¢): i Pookt1=—Po,— P o, 1 +1.
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Taking V,, = E, with Ey = 3, F; = 0, Es = 2 in the last proposition, we have the following corollary

which presents sum formulas of Padovan-Lucas numbers.

COROLLARY 23. For n > 1, Perrin (Padovan-Lucas) numbers have the following properties.
(a: Yop B y=-2FE_, 1—2E_, 35— E_,_3+2.
(b): Y i1 B ok = —E 2,41,
(¢): > h 1 Eops1=—FE_on —E_9p1+2.

From the above proposition, we have the following corollary which gives sum formulas of Padovan-Perrin

numbers (take V,, = S, with Sy = 0,5, =0,52 =1).

COROLLARY 24. For n > 1, Padovan-Perrin numbers have the following properties.
(a): Yop Sk =-28_,1—-28_, 0—S_,3+1.
(b): >p_y S—ak = —S_2n+1.
(¢): Yop_q S—okt1=—5_—2, —S_2,-1+ 1.

From the above proposition, we have the following corollary which gives sum formulas of modified

Padovan numbers (take V;, = A,, with 49 =3, 4; =1, Ay = 3).

COROLLARY 25. For n > 1, modified Padovan numbers have the following properties.
(a): Yp A k=-2A_, 124, »— A, 5+4.
(b): >p A op=—-Ao,41 +1
(¢): > iAoy =—-A o9, —A 5,1 +3.

7. Matrices related with Generalized Padovan numbers

Matrix formulation of W, can be given as

n

Wito r s t W
(7 1) Wn+1 = 1 0 0 W1
W, 0 1 0 Wo

For matrix formulation (7.1), see [41]. In fact, Kalman give the formula in the following form

n

W 0 1 0 Wo
Wi = 0 0 1 Wi
Wiao r s t Wy

We define the square matrix A of order 3 as:
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such that det A = 1. From (1.5) we have

Viso 01 1 Vi1
Va 01 0 Vo1

and from (7.1) (or using (7.2) and induction) we have

n

Vit 01 1 178
Vier |=| 1 0 0 Vi
Vi 0 1 0 Vo
If we take V = P in (7.2) we have
Py 011 P
(7.3) P |= 100 P,
Pn 0 1 0 Pn—l

We also define

and
Vies Vor Vs
Con=| Voz Vhoa Viu
Viea Voes Vies

THEOREM 26. For all integer m,n > 0, we have
(a): B, =A"
(b): C1A™ = A"C,
(¢): Cphym = CpBy, = B, Cy.

Proof.

(a): By expanding the vectors on the both sides of (7.3) to 3-colums and multiplying the obtained
on the right-hand side by A, we get

B, = AB,_;.
By induction argument, from the last equation, we obtain
B, = A" 'B,.

But B; = A. It follows that B,, = A™.
(b): Using (a) and definition of Cy, (b) follows.
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(c): We have
0 1 1 Vies Vo Vg
ACnfl = 1 0 0 Vn_4 Vn_g Vn_5
0 1 O Vn_5 Vn—4 Vn—6
Vn—4 + Vn—5 Vn—3 + Vn—4 Vn—5 + Vn—6 Vn—2 Vn—l Vn—S
= Vn—S Vn—2 Vn—4 = Vn—3 Vn—2 Vn—4 = Cn
Vn—4 Vn—3 Vn—5 Vn—4 Vn—S Vn—5

i.e. C,, = AC,_,. From the last equation, using induction we obtain C,, = A"~ 'C;. Now
Crpm = A"T710) = AL A™Cy = AVTICLA™ = O, By,

and similarly
Cner = Ban

Some properties of matrix A™ can be given as

AP :An72+An73

and
An+m — AnAm — AmAn
and
det(A™) =1
for all integer m and n.
THEOREM 27. For m,n > 0 we have
(74) Vn—i—m =VpoPp + Vn—3Pm+l + VaoaPro1.

Proof. From the equation C,,,, = C;,B,, = B, C,, we see that an element of C,,4,, is the product of
row Cp, and a column B,,. From the last equation we say that an element of C,,4,, is the product of a row
C,, and column B,,. We just compare the linear combination of the 2nd row and 1st column entries of the

matrices Cy, 4., and Cy, B,,. This completes the proof.

REMARK 28. By induction, it can be proved that for all integers m,n < 0, (7.4) holds. So for all integers
m,n, (7.4) is true.
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COROLLARY 29. For all integers m,n, we have

(7.5) Poim = PooPn+ Py _3Pni1+ PoaPr-1,

(7.6) Enim = EnoPn+E, 3Pni1+ En_yPo1,

(7.7) Sn+m = Sn—2Pm + Sn—3Pm+1+ Sp—aPm_1,

(7.8) Anim = Ap—oPp+ An_3Pni1+ An_aPr1.
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