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ABsTRACT. We demonstrate a new quantitative method to the sieve of Eratosthenes, which is an
alternative to the sieve of Legendre. In this method, every element of a given set is sifted out once
only, and therefore, this method is free of the M&bius function and of the consequential parity
barrier. Using this method, we prove that every sufficiently large even number is the sum of two
primes, and that every even number is the difference of two primes in infinitely many ways.
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1. INTRODUCTION

1.1. Representing even numbers from primes. Since the set of prime numbers is infinite, and
since all prime numbers > 3 are odd numbers, then one knows immediately that there are infin-
itely many even numbers that can be represented as the sum of two primes, and, infinitely many
even numbers that can be represented as the difference of two primes. Having said that, the fol-
lowing questions then naturally arise: (i) Can every even number be represented as the sum of
two primes? (if) Can every even number be represented as the difference of two primes? (iii) Can
any even number, or indeed all even numbers, be represented as the difference of two primes,
in infinitely many ways? (iv) If questions ‘(ii)’ and ‘(iii)’ are answered in the affirmative, can
they also hold for consecutive primes, in representing even numbers > 6 as the difference of two
primes?

The earliest known record to have posed question (i)', known as the Goldbach conjecture,
dates back to 1742, in a correspondence between C. Goldbach and L. Euler, where it is propo-
sitioned that every even number > 2 can be represented as the sum of two primes [1] [2]. The
Goldbach conjecture has more lately become known as the binary Goldbach conjecture, or the
strong Goldbach conjecture, in order to distinguish it from the ternary Goldbach conjecture, or
the weak Goldbach conjecture, which states that every odd number > 5 can be represented as the
sum of three primes. The binary Goldbach conjecture has to date been shown empirically to hold
for every even number < 4 - 10'® [3]], however, a rigorous proof, or disproof, remains elusive.

Nevertheless, some related theoretical results to the binary Goldbach conjecture have been
achieved, the closest of which is due to J. R. Chen, who in 1973, proved that every sufficiently
large even number can be represented as the sum of a prime and another prime or a semiprime,
that is, the product of at most two primes [4] [3] [6] [7]. On the other hand, significant results
have been achieved for the ternary Goldbach conjecture, culminating with a proof given by H.

Helfgott in 2014 [8] [9] [10O].
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The earliest known record to have posed questions ’(ii — iv)" are due to Alphonse de Polignac,
who in 1849, conjectured that every even number can be represented as the difference of two
consecutive primes, in infinitely many ways [[11]. The most significant special case of Polignac’s
conjecture, is the so-called ‘twin prime conjecture’, which comprises of the number 2 being
represented as the difference of two primes, in infinitely many ways. The twin prime conjecture
is hugely supported by empirical data, where, over the past few decades, increasingly large twin
prime pairs have been found to exist [12], with the current world record for a twin prime pair,
found in the year 2016, standing at 388, 342 decimal digits long [13].

As with the binary Goldbach Conjecture, the closest theoretical result to Polignac’s conjecture
is given by J. R. Chen, who in the same article, proved that every even number can be represented
as the difference of a prime and another prime or semiprime, that is, the product of at most two
primes [7]. More recently, D. A. Goldston, J. Pintz, and C. Y. Yildirim, introduced the now
known ‘GPY method’, which uses approximations to the prime k-tuples conjecture, to study
small numbers that can be represented as the difference of two primes [14]. In 2013, Yitang
Zhang built on the GPY method, thereby proving for the first time the existence of some even
number < 7-107, which can be represented as the difference of two primes in infinitely many ways
[15]]. Inspired by Zhang’s work, within a year after Zhang first announced his result, J. Maynard
presented an independent proof that lowered the bound to 600, which, by assuming the Elliott-
Halberstam conjecture, could be further lowered down to 12 [16]. With some refinements to
Zhang’s method and a combination of that with Maynard’s approach, the bound was then lowered
to 246 unconditionally, by an on-line collaborative project known as Polymath 8, organised by T.
Tao [I17]].

1.2. Sieve theory. Sieve theory is a technique for distinguishing specific subsets of integers,
amongst the set of natural numbers. Sieve theory began with Eratosthenes of Cyrene (276-194
B.C.), who constructed a method with which one could isolate the subset of prime numbers, from
the set of natural numbers [18]. It starts by first crossing the multiples of 2 in the number line
up to x, then the multiples of 3, then the multiples of 5, and then the multiples of all the primes
< +/x. If an integer n > 1 is not divisible by any prime p < +/x, then n is necessarily a prime.
Upon completion of the sieve, one has

(1.1) #{PeP:P<x}=#{n<x:P [nP<x}.

Having the means of constructing the complete subset of prime numbers, from the set of natural
numbers up to x, one would be naturally interested in quantifying these primes. To this end,
there are fundamentally two approaches that one could take, in order to quantify the set of primes
generated by the sieve of Eratosthenes. We describe each approach, as follows.

(i) In the first approach, one quantifies the subset of the integers that are sifted out at each
round of the sieve, as
#{the subset of all multiples of P up to x}

#{the set of all integers up to x}

The easy part with this approach, is that one has no problem in defining quantitatively both the
subset of the multiples of P up to x and the set of all integers up to x. However, the difficult part
is due to the fact that those integers which have multiple prime factors, are necessarily counted
at multiple rounds of the sieve, which must be accounted for. This is the approach taken by
A. Legendre (1752-1833), who was the first to turn the sieve of Eratosthenes into a quantitative
technique, and this has been the approach of choice ever since. In the sieve of Legendre, one
counts the integers that are crossed out at each round, and then one subtracts those that are
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counted at multiple rounds, according to the multiplicity of times that this has happened, as
follows

IS 1599 B9 D) i By

P<+/x P1<Py <+/x Pi<P; <P3 <y/x

from which, one obtains Legendre’s formula

(1.3) o -n(vD)+1= Y @5,

d
Pld—P<x

where u(d) is the Mobius function, introduced by A. F. Mobius (1790-1868), and defined as

1 X = 1’
(1.4) o) 1 x is square-free and has an even number of prime factors,
. n) =
K —1  xissquare-free and has an odd number of prime factors,

0  x1isnot square-free,

In efforts to evaluate the right-hand side of (1.3), one has

(1.5) n(x)—n(«/})ﬂ:xZ‘%He:x
d

where the remainder R is

(1.6) R=-Y {3},
d

which doubles at each round of the sieve, and thus quickly becomes larger than x. In modern sieve
methods, one tries to replace u(n) by a function A = (4,), referred to as the “sieve weights”, which
mimics the u(n) and gives satisfactory estimates on upper bounds, lower bounds, and asymptotics
for smoother number sets such as almost primes, which leads to upper bounds for primes. How-
ever, obtaining lower bounds for primes has proved much more difficult, thus leaving Goldbach’s
and Polignac’s conjectures out of reach. This has been due to the so-called 'parity barrier’, where
the sieve struggles to distinguish integers with an odd number of prime factors from integers with
an even number of prime factors. Although the parity barrier has been broken for certain specific
sequences, it still remains the fundamental obstacle in the treatment of primes via this approach
of sieve theory.

(if) In the second approach, one quantifies the subset of the integers that are sifted out at each
round of the sieve, as

#{the subset of the multiples of P up to x that survived the preceding rounds of the sieve}

#{the set of all the integers up to x that survived the preceding rounds of the sieve}

This means that every integer is sifted out according to its least prime factor, out of a set of
integers whose least prime factors are greater than, or equal to, the least prime factors of the
integers being sifted out at the given round, with the exception of the number 1. This is best
illustrated by the following example: In the 1*' round of the sieve, one quantifies the subset of the
multiples of 2, as a ratio over the set of all integers, that is

#{2,4,6,8,10,12, 14, 16, 18, 20, 22, 24, 26}
#{1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18, 19, 20,21, 22,23, 24, 25,26}
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In the 2" round, one quantifies the subset of the multiples of 3 that survived the preceding round
of the sieve, as a ratio over the set of all the integers that survived the preceding round of the
sieve, that is
#{3,9, 15,21}
#{1,3,5,7,9,11,13,15,17,19,21,23,25}

In the 3" round, one quantifies the subset of the multiples of 5 that survived the preceding rounds
of the sieve, as a ratio over the set of all the integers that survived the preceding rounds of the
sieve, that is

#{5, 25}
#1,5,7,11,13,17,19,23,25,}
Since that completes the sieve, then the subset of integers that survive the sieve is

{1,7,11,13,17, 19,23}
which consists of the number 1 and the complete subset of primes in [ V26,26 .

The easy part with this approach, is that every integer is sifted out once only, and so one does
not have the problem of certain integers appearing at multiple rounds of the sieve, which one
has with the first approach, as described above. However, the difficult part with this approach,
is that at each round of the sieve, one finds it difficult to define quantitatively, both the subset of
the multiples of P that survive the preceding rounds of the sieve and the set of all the integers
that survive the preceding rounds of the sieve. Nevertheless, since at each round of the sieve, the
subset of the multiples of P that survive the preceding rounds of the sieve consists of the complete
set of integers for which P is the least prime factor, and, the subset of all the integers that survive
the preceding rounds of the sieve contains the complete set of primes in [ /x, x ], then one is
hopeful in being able to define quantitatively the two sets of integers, at least to the extent where
one can then determine upper and/or lower bounds.

1.3. Our results. In the present paper, we take the second approach as described above, in order
to quantify the subset of the integers that survive the sieve of Eratosthenes. On the condition that
x is sufficiently large, at each round of the sieve, we define quantitatively both the subset of the
multiples of P that survive the preceding rounds of the sieve and the set of all the integers that
survive the preceding rounds of the sieve, to the extent where we are then able to determine an
upper bound to the subset of the integers that are sifted out at each round of the sieve. To the best
of our knowledge, we are the first to take this approach for these purposes, at least to the extent
that we do.

Definition 1 (Additive representation). Let (p,q) € N, let p < g, and let x be an even number,
then we say that p + q is an additive representation of x, if p + q = x.

Definition 2 (Subtractive representation). Let (p,q) € N, and let 2k be an even number, then we
say that q — p is a subtractive representation of 2k, if g — p = 2k.

We then extend our approach taken in the sieving of integers, to the sieving of representations,
whereby we quantify the subset of the additive representations of x, and the subset of the sub-
tractive representations of 2k up to x, that survive the sieve of Eratosthenes. As with the sieving
of integers, we quantify the subset of the representations that are sifted out at each round of the
sieve, as a ratio of the subset of representations containing multiples of P up to x that survived
the preceding rounds of the sieve, over the set of representations containing all the integers up
to x that survived the preceding rounds of the sieve. This means that additive representations,
and subtractive representations, are sifted out according to either p or ¢, depending on whose
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least prime factor is the smaller (or equal to) of the two. This allows for every representation that
contains at least one multiple of P to be sifted out once only, while every representation that does
not contain multiples of P, survives the sieve. Therefore, upon completion of the sieve, we have
a subset of representations, where p = 1 or a prime in [ Vx, x ] and ¢ is a prime in [ v/x, x ], with
the quantity of representations where p = 1 being at most one.

However, contrary to the sieving of integers, in the sieving of additive representations, and in
the sieving of subtractive representations, at each round of the sieve, the subset of representations
containing multiples of P that survive the preceding rounds of the sieve does not necessarily
contain the complete subset of integers for which P is the least prime factor, and, the set of
representations containing all the integers that survive the preceding rounds of the sieve does not
necessarily contain the complete subset of primes in [ v/x, x ]. Therefore, one does not have a set
that one can define quantitatively at each round of the sieve, and therefore, one cannot determine
an upper bound to the subset of the representations that are sifted out at each round of the sieve,
in the same way that can be done for the sieving of integers. Nevertheless, as we demonstrate in
this paper, by relating the sieving of representations to the sieving of integers for the same x, one
can determine an upper bound to the quantity of the additive representations that are sifted out at
each round of the sieve, and an upper bound to the quantity of the subtractive representations that
are sifted out at each round of the sieve, which we do on the condition that x is sufficiently large.
Following on from the upper bounds, we then determine a positive lower bound to the quantity
of additive representations that survive the sieve, where both p and g are primes in [ Vx, x ], and
a positive lower bound to the quantity of subtractive representations that survive the sieve, where
both p and g are primes in [ v/x, x ].

Therefore, we prove the following:
Theorem 1. Every sufficiently large even number is the sum of two prime.

Theorem 2. Every even number is the difference of two primes in infinitely many ways.

Theorem 1 partially addresses question ’(i)" as posed above, and, to date is the closest theo-
retical result to the binary Goldbach conjecture. Theorem 2 fully addresses questions ' (ii — iii)’
as posed above, fully establishes the twin prime conjecture, and, to date is the closest theoretical
result to Polignac’s conjecture.

2. NOTATION

N : the set of natural numbers.
PP : the set of prime numbers.
Py, Py, Py, Py, P1o, P71, Py, P, @ the 1%, the 2", the 3", the 4™, the 70", the 71%, the m™, and the
n™ prime numbers respectively. We always have P,, < P,,.
O116, 0117, 0113, and O, : the 116%™, 117" 118™, and the z ™ integers respectively in the sequence
O:{peN:p<x,P [p,P[p}
x and 2k : even numbers.
D> Pa> and p;, : natural numbers, unless explicitly specified.
w : a sufficiently large positive integer, not necessarily the same at every occurrence.
V15 Y25 Yus Vins Vs Im» By © pOsitive real numbers.
Vias Y2as Yna» Y1s» Y2s» Yus - NON-negative real numbers.
a| b : adivides b evenly, i.e. b =0 (mod a).
a [ b : adoes not divide b.
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Bn:{lpeP:Pi<p<P,}
Bu:{peP: P <p<P,
yn:{peP:Pn<pS \/}}
71:{p€P:P1<pS \/}}
n(a) :#{peP: Py <p<al.
nla,b] :#{peP:a< p< bl

g0y #{peP:(x-p)ePp<(x=p). VX< (px—p) S xf.

nu(x) :#{p €P: (p+2k) € P, VX < (p.p +2k) < x}.
mux):#{peP:(p+2k)eP, P, <(p,p+2k) < x}.

rnA:#{peN:p<xh
rAp, 1 #penrnA: P |p)
l"]ﬂpn . #{p (S I’]ﬂ . Pn |p}
rA, c#HpenrnA:y | ph
rgﬂ:#{perlﬂ:Pl /{p}
rzﬂpz . #{p S rzﬂ . Pz | p}
V3ﬂ1#{p€?’2ﬂ1P2 /{p}
r3Ap, 1 #H{p e A P3| pl.
rA:#{perA:B, |pl
raAp, #per,A:P,| p)
oAy, H#Hp € Ay, | ph
oot A #per,A: P, | pl.

rnaA:#HpeN:(x—-p)eN,p<(x-p)}

do0i:10.20944/preprints202110.0087.v3

riaAp, : #p €raA: (x—p)eraAp<(x—p),P|pand/or P, | (x— p)}.
riaAp, : #p € riaA: (x—p)eraA,p<(x—p),P,| pand/or P, | (x — p)}.
rnaA:#HperaA: (x—p)ernaA,p<(x—-p),P; [fpand P, | (x— p)}.
rafAp, 1 #p € naA: (x—p) € naA,p <(x—p),Py| pand/or P, | (x — p)}.
rnaA:#HpernaA: (x—-p)ernaA,p<(x—-p),P, [pand P, | (x — p)}.
r3afAp, : #{p € r3aA : (x — p) € 3aA, p < (x—p), P3| pand/or P3| (x — p)}.
rnaA #{p eriaA: (x-p)enaA,p<(x—p), B, [pandB, [(x—p)}.
rmaAp, : #p € rpaA: (x—p)er,aA,p < (x—p),P,| pand/or P, | (x — p)}.
s A #per,aA: (x—p)eraA,p<(x-p),P, fpand P, | (x— p)}.

rmA #Mp e nA: B [ p}

rmAp,  #{p € rpy A Py | p).

TmAp, : #{p € rpyA: P, pl.

rmﬂPmPn : #{P € rmﬂ : PmPn |P}

rm+lﬂ . #{P € rmﬂ : Pm /{P}

FmetAp, - #{p € rp AP, | ph

rmad A #per,A:(x—p) er,A p<(x—p)}l

rmaAp,  #Mp €rpaA: (x—p) €rpaA,p < (x—p),P,|pandfor P, | (x— p)}.
rmaAp,  #Hp € rpaA: (x—p)e€r,aA, p<(x—p),P,|pandfor P, | (x— p)}.
rma@Ap,p, : #{p € rnaA : (x—p) € rpaA, p < (x—p), P, | p and/or Py, | (x—p), P, | p and/or P, | (x—

P}

Fme1a@A #p € rpaA: (x—p) €rpaA,p<(x—p),P, fpand P, [ (x— p)}
Tmi10Ap, - #{p € rpiaA . (x = p) € rpiaA, p < (x—p), P, | pand/or P, | (x — p)}.
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A #(pa,pp) EN: 1< p, <(x—-2k), 2k + 1) < pp < x}.
nAp  #{(pa, pp) € A L Pr| pa, Pr | po}-

nAy,  #M(pa, pp) € A 2 Py | pa, Pu | pp}.

ra A #{(pas pp) € A" Bu [ Pas Bu [ Pb}-

rnﬂ;an : #{(Pml?b) € rnﬂ/ : Pn |pa,Pn | Pb}
rsA:#peN:(p+2k) eN,(p+2k) < x}.

risAp, : #{p € risA : (p+2k) € risA, Py | pandfor P, | (p + 2k)}.
risAp, : #{p € risA: (p+2k) € risA, P, | pandfor P, | (p + 2k)}.
rsA:#HpersA:(p+2k)ersA P, [pand Py [(p+ 2k)}.
18 Ap, : #{p € rsA : (p + 2k) € rysA, Py | p and/or P, | (p + 2k)}.
rsA:#HpersA:(p+2k)ernsA P, |pand P, [(p + 2k)}.
r38Ap, 1 #{p € r3sA : (p + 2k) € r3sA, P3| p and/or P3| (p + 2k)}.
rnSA  #{persA:(p+2k)ersA, B, [pand B, [(p+ 2k)}.
raSAp, : #{p € rysA : (p + 2k) € rysA, P, | p andfor P, | (p + 2k)}.
o1 SA:#per,sA:(p+2k)er,sA P, | pand P, [ (p + 2k)}.

rmﬂ, . #{(pa’ pb) € rlﬂ’ :ﬁm /{paa IBm /{pb}

rmﬂ;nm : #{(pa’pb) € rmﬂ, : Pm | paapm | pb}

rmﬂ;an . #{(pmpb) € rmﬂ, : Pn | Pas Pn | pb}-

rmﬂ;.)mpn : #{(paa Pb) € rmﬂ/ : PmPn | pa’PmPn | Pb}

Pt A #{(Pa> Do) € T 2 Py | Pas P [ Do}

Pt Ap - #M(Pas Pb) € Tt A’ 2 Py | pas Py | pi}-

TnSA  #{per, A :(p+2k)er,A}.

TmSAp, : #{p € ryusA : (p +2k) € r,ysA, Py, | p andfor P, | (p + 2k)}.
TmSAp,  #p € rypysA : (p + 2k) € ryysA, P, | p andfor P, | (p + 2k)}.
TmSAp, p,  #p € rysA : (p+2k) € rysA, Py, | pandfor Py, | (p+2k), P, | pand/or P, | (p+2k)}.
Fmi1 SA  #{p erpsA: (p+2k)er,sA, P, [pand P, [(p+ 2k)}.

Tms1 SAp, : #{p € rpp1SA : (p + 2k) € 11 8A, P, | p and/or P, | (p + 2k)}.

3. SIEVE OUTLINE

3.1. Sieving integers. Prior to the 1*' round of the sieve, we have

Y1

(31) rlﬂpl = P_1 . rlﬂ,
and therefore, at the 1® round of the sieve, we have
N Py -y
(3.2) S(nA P =nA-5--nA=nA- = rA.
1 1
Since 1A = x, then
Py =y
33 A=x- .
(3.3) r X P,
Prior to the 2™ round of the sieve, we have

3.4 rnAp, = 22 A,

P,
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and therefore, at the 2" round of the sieve, we have

Py —y

(3.5) S(raA, Py = A= 32 A = A = A,
2 2
and therefore
Pi—y1 Py—y
3.6 A=x- . .
(3.6) r3 X P, P,
Likewise, prior to the n'" round of the sieve, we have
_
3.7 rAp, = — - r,A,
P,
and therefore, at the n™ round of the sieve, we have
n Pn —Jn
(3.8) S AP = 1A — 2 oA = 1y A - > L
and therefore
Pi—y1 P,—» Py =y
39 Y =x- . cee..mOn
(3.9 Fpt A = x P P, P
Since, upon completion of the sieve, we have
(3.10) S (raA, Py, Vx) = m(x) — (V) + 1,
then
Py<+x P _
G.11) ) —m(Va)+ 1= [ =22
P,=P; n

Empirical data, as shown in Figure 1, suggest that y, oscillates about y, = 1, before tending
to zero as P, — +/x. In section 4, we determine an upper bound to y, for x > w and P, < +/x.

06 x:.1-2-3-4-5/ WS rox:.1.2-3-4-5
1.04 | £ -~ 150 |-
K A
1.02 : I./ 7 1.25 +
o o 4
100 [—es?fS%y, & L 1.00 |
-5 RRLY 5y
0.98 VNN . 075 |
.‘.‘ '\:\ .." 'e' '."
0.96 | W\ e /,f 0.50 F
NN o~
094 | S e 025 |
092 t 0.00 -
Pn P}’l
(@) Py <P, <1-10° (b) P <P, < +x
rn'ﬂP 1 .
FiGureE 1. - = — .y, for various x - 108

A P,
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3.2. Sieving additive representations. Prior to the 1* round of the sieve, we have

(3.12) rafp, = 2¢ . rad,
Py
and therefore, at the 1® round of the sieve, we have
a P - a
(3.13) S(rnadA, Py) = riaf - yPL naA = radt- = Yia _ 1 ad.
1 1
) X
Since rjaA = 5 then
X Pl ~ Vla
3.14 A=="- .
( ) ra 5 P,
Prior to the 2™ round of the sieve, we have
(3.15) raAp, = 222 . rad,
P,
and therefore, at the 2" round of the sieve, we have
a Py - a
(3.16) S (radA, Py) = rrafl — yPi radf = raA - 222~ raaA,
2 2
and therefore
X Pi—yiu. Py—yu
3.17 =—- . .
(3.17) r3aA > P, P
Likewise, prior to the n'" round of the sieve, we have
(3.18) raAp, = fvﬂ - rad,
and therefore, at the n™ round of the sieve, we have
na Pn — JYna
(3.19) S(rad, P,) = raaf — yP— A A = raaA - 2 A,
and therefore
X Pl_yla PZ_yZa Pn_yna
3.20 A== - L2 e, )
(3.20) T'ni1d > 2 7, P
Since, upon completion of the sieve, we have
(3.21) S (raat, Py, Vx) = g(x)' + g,
where u, = 1 or 0, then
X Py<vx J
3.22 "> = M.
(3.22) ) 2 3 PHP 2

Empirical data for the sieving of additive representations, as shown in Figure 2 for all P, <
v/x, suggest that

rnﬂP .
1- =, if P, | x,
A X

n

aA
(3.23) LAl

A )
maA g P e p


https://doi.org/10.20944/preprints202110.0087.v3

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 7 December 2021 d0i:10.20944/preprints202110.0087.v3

10 ALI SHEHU ! AND JETMIRA UKA 2

which, in section 5 we generalise for all x and P, < +/x. Through (3.23), we are able to determine
an upper bound to y,, for the sieving of additive representations, which we do in section 5 for
x > wand P, < +/x, which then allows us to determine a positive lower bound to (3.22) for
x > w, which we do in section 7.

1.75 1.75
1.50 1.50
1.25 1.25
3 3
~ 1.00 ~ 1.00
~ ~
>f 0.75 >f 0.75
0.50 0.50
0.25 0.25
0.00 0.00 -
P, Py
(a) x =892,371,464 (b) x = 892,371,480
! if P, |
raAp, 1 rmaAp, p Y WEALL
FIGURE 2. — = — -y, (red) and = = I;” (blue).
r,,ﬂ Pn r,,aﬂ — YV lan /{x
Pn 9 b

3.3. Sieving subtractive representations. Prior to the 1* round of the sieve, we have

(3.24) risAp, = 2 p A,
P,
and therefore, at the 1% round of the sieve, we have
K} Py - s
(3.25) S(rsA, Py) = r1sA — % risA=rsA- L Al
1 1
Since 7| sA = x — 2k, then
Py - K
(3.26) PysA = (x = 2k) - 2218,
Py
Prior to the 2™ round of the sieve, we have
(3.27) rasAp, = 22 . 1ysA,
P,
and therefore, at the 2™ round of the sieve, we have
s P - s
(3.28) S(ra5A, Py) = ry5A — % S A = rysA - 2B s,
2 2
and therefore
Py —yis Py—y
3.29 =(x-2k)- . .
(3.29) r3sA = (x ) P, 7,

Likewise, prior to the n'" round of the sieve, we have

(3.30) rusAp, = % 1A,

n
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and therefore, at the n™ round of the sieve, we have

ns Pn - Jns
(3.31) S(rysAP,) = 1,5 = 22 1,8 A = 1y sA -~ = 15,
and therefore
Pl_yls P2_y2s Pn_yns
3.32 ,, =(x—-2k)- . _— .
(3.32) Tne1 8A = (x = 2k) P, P, P
Since, upon completion of the sieve, we have
(3.33) S (rasAl, P, Vx) = m(x) + u,
where u, = 1 or 0, then
Pu<+x P —
(3.34) o) = (=20 [ 22 -1
P,=P; Py

As with the sieving of additive representations, empirical data for the sieving of subtractive
representations, as shown in Figure 3 for all P, < +/x, suggest that

w A i
1. e 2k,
r, A

A
(3.35) AN

~ Ap
sA o IR e p ok,

b
n

which, in section 6, we generalise for all x and P, < +/x. Through (3.35), we are able to determine
an upper bound to y, for the sieving of subtractive representations, which we do in section 6 for
x > wand P, < +/x, which then allows us to determine a positive lower bound to (3.34) for
x > w, which we do in section 7, and which then implies that 75, (x) — o0 as x — oo.

1.75 1.75
150 1.50
125 125
>% 1.00 >% 1.00
~ ~
>f 0.75 >f 0.75
0.50 0.50
0.25 0.25
0.00 - 0.00 -
P, P,
(a) x = 892,371,464 and 2k = 446, 185,732 (b) x =892,371,464 and 2k = 9,699, 690
: if P, | 2k
Frovee 3. 200 = Ly edyana 570 LB T ey
A B A Sy (P, 2K,

N
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4. AN UPPER BOUND ON THE SIFTED OUT INTEGERS

Prior to the n™ round of the sieve, we have

(4 1) rnﬂP,, _ rnﬂP,, < rnﬂPn
' rnA 1 Ap, + 1A, + APy x] + 1 T 1, Ap, + 1A, + TPy, x]
Since
4.2) w(Py_1) + n[P,, x] = n(x),
and
P, P,

43) (Pp_1) < 7( 1)’

rnAp, + 1A, + n[Py, x] rnAp,
then
(4.4) "'nAp, < rnAp, + 1(Py-1)

rnAp, + Ay, + [Py, x] — r,Ap, + 1, A, + n(x)’

Since r,Ap, consists of the complete subset of integers for which P, is the least prime factor,
then due to the Fundamental Theorem of Arithmetic, we have

(4.5) o Ap, = ﬂ[P"’pin oD,

and

(4.6) b [, —ﬂ[Pn, alzt iR <R
0, if VX < P, < v

Since

4.7) A(Po) + 70| Py, _n] _ ﬂ(Pln)’

then, due to (4.5), we have
(4.8) roAp, +1(Poy) = 1 (Pi) +D,

n

and, due to (4.6), we have

rnﬂP,, +7T(Pn—l) _ﬂ(Pi) > 1, lfPI < Pn < \3/;,

0, if vx <P, < +/x

Therefore

rmAp, + 1(Ppy) — 1 (Pi)
4.10 < iy
( ) ( X ) r,,ﬂpn +7I'(Pn_1)

n|l—|+D
P,
and
X
Fnﬂpn + m(P,_1) — R(P—)

(4.11) lim — =0.

P,— Vx rnﬂPn + 7T(Pn—1)

do0i:10.20944/preprints202110.0087.v3
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If P, = P, then we have

X
rAp, +1(P_) — 7 (—) Y (E)
Py) 2 2
(4.12) = X ’
riAp, + n(Pi_y) z
2
and
Ap, + A -
4.13) nAn ¥ 0y _ 2o,
rnAp, + riA,, +n(x) X
and therefore
X
Ap, + 1(Py_y) — 7| —
(4.14) ) ﬂ(Pl) ndAp, + nAy,
) rlﬂpl +7T(P1_1) - rlﬂpl + rlﬂyl +7T(X).

Furthermore, we have

W Ap + 1A
(4.15) lim — T
Puo\x TnAp, + 1, A, + 7(x)
and therefore

=h>0.

W Ap + 1A
(4.16) lim —— P T T
Pu— x InAp, + A, + m(x)

) X
Smce3——>ooasx—>oo,thenh—>1asx—>oo.
X

Therefore, if x > w and P, < +/x, then
Ap +71(Pyy) — 1| =
T a(P,_y) — 7| =
Pr ! Pn I"nﬂpn + rn.‘ﬂy"

4.17) < :
raAp, + 7(Pyy) rnAp, + rafy, + 7(x)

and therefore

raAp, + w(Pp_y) — (r,,ﬂpn + (P, -7 (Pi))

n

Fnﬂpn + ﬂ'(Pn—l)
rnﬂPn + rnﬂ)’n + ﬂ-('x) B rnﬂl’n + rnﬂ'yn + ﬂ(x) - (rnﬂpn + rnﬂy")

and therefore

(4.18)

b

4.19
( ) A (x)
which we quantify as follows.
Let
(7
7T —
X P,
(4.20) f (P_n) = B
P,
and
(x)

(4.21) S ===,

do0i:10.20944/preprints202110.0087.v3
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then

4.22 -
422 nx) P, fx)
Let
m(Vx
(4.23) f(Va) = (\/z ),
then
X

. 7))

' fo 7 fx)
Due to the Prime Number Theorem, we have
(4.25) m f( \/}) =

' oo fx)

do0i:10.20944/preprints202110.0087.v3

with the limit being approached from above. Therefore, if d > 2 and x > w, then

(4.26) / ( \/;)
. f(x)
Therefore, if x > w and P, < +/x, then
WA 1
4.27) P < 215,
A P,

5. UPPER BOUNDS ON THE SIFTED OUT ADDITIVE REPRESENTATIONS

Prior to the 1% round of the sieve, we have

1

5.1 rnafA=—=-rA,

and

if P, | xand P, | p,
(5.2) if P, Jxand P, | p,
if P, fxand P, | (x

and therefore

(5.3) raAp, =

—_ =N | =

Due to (5.1) and (5.3), we have

I"laﬂp
5.4 —_— =
( ) rlaﬂ

\S]

2

then P, | (x — p),

then P, [ (x — p),
—-p), thenP, [p,

-r1Ap,,
'Vlﬂpn,

riAp,

I’lﬂ
riAp,

b
I’lﬂ

b

if P, | x,

if P, [ x.

it P, | x,

if P, | x.
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Prior to the m™ round of the sieve, we have

(5.5)

and

(5.6)

and therefore

5.7

and therefore

(5.8)

Vm

rmﬂPm = — 1A,

Py,

Vi v
P, " P,

m
X — - rpAp,.

Suppose that, if p € r, A, then (x — p) € r, A, and likewise, if (x — p) € r,A, then p € r,A.

Then we have
(5.9

and

(5.10)

and therefore

(5.11)

and

(5.12)

and therefore

(5.13)

rmaA = 5 ',

if P, | x and P,, | p,
if P, fxand P, | p,
if P, Jxand P,, | (x — p),

' rmﬂPma
rmaﬂp =

m

e B Sl

' rmﬂPm»

if P, | xand P, | p,
if P, fxand P, | p,

Due to (5.5), (5.9), and (5.11), we have

(5.14)

if P, fxand P, | (x — p),
1
A rmﬂPn,
}"maﬂpn = %
T “TmAp,s
M ImaA,
P,
I’maﬂpm = 2Vm
. r,aA,
P VA

m

A,

then P, | (x — p),
then P, [ (x - p),

then P,, [ p,

if P, | x,

if P, [ x,

then P, | (x — p),

then Pn /{(X—p),

then P, [ p,

if

if P, [ x.

if Py, | x,

Pl’l|x9

if P, fx.

Therefore, if we sieve integers, then due to (5.5), at the m™ round of the sieve, we have

(5.15)

S(rmﬂ’Pm):rmﬂ'(

Py,
P

- 5 b
m
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and, if we sieve additive representations, then due to (5.14), at the m™ round of the sieve, we have

Pm_vm

A - ( ), if P, | x,

m

(5.16) S(rmaA, Py) =

m

P, —2v, .
}"m(lﬂ' (P—v), if Pm /{X.

Furthermore, due to (5.5), (5.6), (5.9), (5.11), and (5.13), we have

;—’:’n : § rmaA,  if Py | xand P, | x,
Ym0y A, if Py |xand P, [x,
P, P,
(5.17) rm@Ap, p, = W Vn A P ip
f—m-g-rma , 1 m,{xan nlxa
PL:- PV rmaA, if Py [xand P, [ x,
and therefore
;  waAp, ~ ;—’:’n  1waAp,,  if Pp|xand P, | x,
% crm@Ap, = ;—m ~trwaAp,, if P, |xand P, [ x,
(5.18) rmaﬂpmpn ~ v n 2Vm
= rpaAp  —= - rpaAp, if P, [xand P, | x,
5’” " I;m !
&-rmaﬂp > ﬁ-rmaﬂp , ifP, fxand P, [ x.
Pn m Pm n
Therefore, if we sieve integers, then due to (5.8), at the m™ round of the sieve, we have
P,—v,
(5.19) S(rmAp,s Pn) = raAp, - ( P )
and, if we sieve additive representations, then due to (5.18), at the m™ round of the sieve, we have
Pm —Vm .
rmaAp, - ( 2 ) if P, | x,
(5.20) S(rmaAp,, Py) = "

(Pm - 2v,,
rmaﬂpn . P—

m

), if P, [ x.

Therefore, if prior to the m™ round of the sieve, we have

rmaAp e Ap
5.21 = = =
( ) 7paA Iy A

then, due to (5.15), (5.16), (5.19), and (5.20), post the m™ round of the sieve, we have

(5.22) rm+1a-7(P,, ~ rm+1ﬂPn'
Fme1GA Fins1 A

Therefore, due to (5.4), we have

(5 23) rnaﬂpn - L- rnﬂn’ lan | X,
) rnaﬂ - 2. rnﬂpn
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and therefore

rnﬂP,, .
(5.24) rafly, | e WP
) 7 aA B T nﬂP,, .
n 2-  fu, Af P, fx.
rpA Joo 1 1
We determine an upper bound to f;, as follows.
Since P, < Vxand r,A>n [ Vx, x ], then
P,
(5.25) < v .
oA = 2]
Sincen[\/},x] — 7(x) as x — oo, and
(5.26) m Y o,
ee0 71(x)
as implied by the Prime Number Theorem, then
(5.27) lim — VX~ 0,

and therefore

(5.28)
Therefore, if
(5.29)

and therefore

(5.30)

x*wﬂ[\/},x]

P,
. I’nﬂp =Cq4 > 0
A !
n
—— - r,afp, = ¢y,
7

b

where ¢, is a constant, then r,Ap, — o0 as x — oo, and therefore r,a#Ap, — o0 as x — oo.

Therefore, if

(5.31)

n
—— - rafAp, = c,,
rLa

then f, — 1 as x — oo, and therefore, if x > w, then f, < 1.15. Since ¢, may be chosen arbitrarily

close to 0, then

rnﬂP
1. " . 115,
(532) L
rmafl |y P s
rpA
Since
(5.33) wAp, 215
1A P,

if P, | x,

if P, [ x.
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then
2.15 .
raAp, 1-P—~1.15, if P, | x,
Fnd 2. -1.15, if P, | x,
P,
and therefore
I"naﬂp 5
5.35 L < —.
( ) raA P,
Furthermore, empirical data show that
rlaﬂpl 1
5.36 — < —,
( ) I"]Clﬂ P]
and
rzaﬂpz 2
537 _— < 2’
( ) rzafﬂ P2
and
r3ﬂp3 1
5.38 < —+1.
( ) r3ﬂ P3
Due to (5.32) and (5.38), we have
A 1 3
(5.39) BATP = 4+1) 115 < = +3.
r3a§*’l 3 P3

6. UPPER BOUNDS ON THE SIFTED OUT SUBTRACTIVE REPRESENTATIONS

Prior to the 1% round of the sieve, we have

1
6.1) risA==-rA,

2
and

if P, |2k and P, | p,
(6.2) if P, 2k and P, | p,

then P, | (p + 2k),
then P, [ (p + 2k),

if P, f2kand P, | (p + 2k), then P, [ p,
and therefore
1
- rlﬂ}n, if P, | 2k,
(6.3) risAp, =141
1 rlﬂ}n, if P, [ 2k.
Due to (6.1) and (6.3), we have
r 1‘.7(;)’1 .
nsdy, |1 TP
© T T, ny
2- =, if P, [ 2k.
r 1ﬂ'
Prior to the m™ round of the sieve, we have
[ ,
(6.5) FmAp = — 1A,
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and
’ tﬂ ’
(6.6) FnAp = == 1A
P,

and therefore
6.7) Al = I

. m PP, Pm Pn m i
and therefore
6.8) Ay~ A

' p, "p,

Suppose that, if p € r,,A’, then (p + 2k) € r,, A’, and likewise, if (p + 2k) € r,, A, then p € r,,A’".
Then we have

1
(6.9) T SA = 3 A,
and
if P, | 2k and P,, | p, then P, | (p + 2k),
(6.10) if P,, {2k and P, | p, then P,, [ (p + 2k),

if P,, [2kand P,, | (p +2k), then P, | p,

and therefore

1
= 1Ay, if Py | 2K,
(6.11) rusAp, =11
T Ay, i Py [ 2k,
and
if P, |2k and P, | p, then P, | (p + 2k),
(6.12) if P, [2kand P, | p, then P, [ (p + 2k),

if P, f[2kand P, | (p+2k), then P, [p,

and therefore

TAp ,  if Py | 2k,
(6.13) TmSAp, =
IAp , if P, [ 2k.

e B Y B

Due to (6.5), (6.9), and (6.11), we have
;ﬂ rsA,if Py | 2,
(6.14) rm$Ap, =421
2. r.sA, ifP, |2k

m

Therefore, if we sieve integers, then due to (6.5), at the m™ round of the sieve, we have

P —
(6.15) S(rmﬂ/9 P,) = rmﬂ/ : (mP—tm) s
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and, if we sieve subtractive representations, then due to (6.14), at the m™ round of the sieve, we
have

Pm_tm

T SA - ( ), if P, | 2k,
P, —-2t,

Py,

(6.16) S (rmsA, Py) =

T SA ( ), if P, [ 2k.

Furthermore, due to (6.5), (6.6), (6.9), (6.11), and (6.13), we have

b t, .

P_m . ? < TpSA, if P, | 2k and P, | 2k,
tn t, .

P rmsA, if P, |2k and P, |2k,

(6.17) ImSAp,p, =21 1

g_m . ? < rpsA, if P, |2k and P, |2k,
by t, .

P_m . P_n “rpsA, if P, [2kand P, [ 2k,

and therefore

t, tn .

5 FSAp, = P_m “rysAp,, if Py |2k and P, | 2k,
1, tw .

— IS Ap & — - rysAp ., if P, |2k and P, [ 2k,

<P "~ Pa "
(6.18) rmsﬂPmPn ~ tn 2tm

P ImSAp, = P YmsAp,, 1if P, |2k and P, | 2k,

21, 21, .

P TmSAp, = P YmsAp,, if P, f2kand P, | 2k.

Therefore, if we sieve integers, then due to (6.8), at the m™ round of the sieve, we have

P,—t,
(6.19) S(rm\?{}n, P, =~ rmﬂ}n . ( P ),
and, if we sieve subtractive representations, then due to (6.18), at the m™ round of the sieve, we
have
P,—t, i
TmSAp, - ( ), if P, | 2k,
(6.20) S(rmsAp,, Py) = P, " 2 .
rmSﬂpn : P— , if Pm /{2]{

Therefore, if prior to the m™ round of the sieve, we have

’
rmsﬂpn rmﬂpn

6.21 = ,
( ) Vi SA A

then, due to (6.15), (6.16), (6.19), and (6.20), post the m™ round of the sieve, we have

7
rm+1sﬂpn N rm+1-7lpn
rm+1Sﬂ rm+1ﬂ'

(6.22)


https://doi.org/10.20944/preprints202110.0087.v3

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 7 December 2021 d0i:10.20944/preprints202110.0087.v3

ON THE ADDITIVE AND SUBTRACTIVE REPRESENTATION OF EVEN NUMBERS FROM PRIMES 21

Therefore, due to (6.4), we have

1 A, if P, | 2k
" ﬂ * , 1 n D)
(6.23) I ; ~! A
Tn 2. y;’ if P, | 2k.
rﬂ

If 2k < %, then

’
Infp rAp,
Iy A A

(6.24)

b

and therefore

rnﬂP,, .
Ty SAp, N ’ A if P, | 2k,

~ w A )
ImsA g I e p ok
A

I'n

(6.25)

and therefore

rnﬂP .
1- = fy, 1t P, | 2k,
. ﬂ K} n
(6.26) TSP, _ r”%
TsA Ao TP e if P, [ 2k.
A
We determine an upper bound to f;, as follows.
Since P, < yxand r,A>n [ Vx, x ], then
P,
(6.27) < G .
wA [
Since n[\/i,x] — 7(x) as x — oo, and
(6.28) tim Y% Z o,
X—00 71'( _x)
as implied by the Prime Number Theorem, then
(6.29) lim VX =0,
X—00 o [ \/}, x ]
and therefore
. P,
(6.30) lim =0.
x—00 1,
Therefore, if
(6.31) il A >0
. * Ty s ’
A P =€
and therefore
P,
(6.32) SAp = cg,
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where ¢, is a constant, then r,Ap, — o0 as x — oo, and therefore r,sAp, — o0 as x — oo.

Therefore, if

P,
(633) —ﬂ . rnSﬂpn > Cg,

rnS

then f; — 1 as x — oo, and therefore, if x > w, then f; < 1.15. Since c; may be chosen arbitrarily

close to 0, then

A .
. 1. 195, if P, | 2k,
(6.34) =<t A
FnSA 2. ”—ﬂ" -1.15, if P, ) 2k.
rl’l
Since
(6.35) —r”‘?;{”" < 21'01 2,
Iy n
then
2.15
. 1 115, if P, | 2k,

= 2.15
FuSA 2. -1.15, if P, [ 2k,

and therefore

I’nsﬂp 5
6.37 < —.
( ) rsA — P,
Furthermore, empirical data show that
A 1
(6.38) NV o
r SA P1
and
I”zsﬂpz 2
6.39 < = +2,
( ) I"QSﬂ P2
and
A 1
(6.40) BT 4,
73;7( P3

Due to (6.34) and (6.40), we have

}"3S\9qp3 <9 ( 1

l=+1 -1.15<i+3.
7’3&?[ P3 P3

(6.41)

7. LOWER BOUNDS ON THE SURVIVING REPRESENTATIONS

Let x > w, then resulting from the upper bounds in section 5, we have

P,<+x
, | (Pi=1) (P2=2) (P3-3) (P, —5)

7.1 >|=- . : : -6
(7.1) g = [2 2 5 5 PHP 2 :
which we quantify as follows. Since

Pns\/} Py,=P7 Pnsﬁ

(P —5) (P —5) (P, —6)

72 ] e e e
Py=Py Py=Py Py,=P7
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and
73) (Pi=1) (=2 (P3=3) P (P=5) 79
) P, P, P; sy Pa 500,000’
n=r4
then
Pp<yx
79 (P, - 6)
7.4 "X - 6.
(74) 8t —[x 1,000,000 11 7p, ]
n=r171
Since P7; = Oq33, then
P,<+/x 0.<+x
(P, —6) (0, -6)
7.5 > ,
") Pl—_PI Py 01—_0[ 2
n=r171 z=U118
and therefore
0.<+x
79 (0. - 6)
7.6 "l - 6.
(7.6 8t [x 1,000, 000 1__[ 0.
0.=0113
Since O, < +/x, then
0.<+/x
1.7 l—lf (0, -6) S O116 - O117
0,=0118 OZ X

Since O;16 = 347 and O;;7 = 349, then

(7.8) gx) = (w) -6>1.

1,000, 000

This completes the proof for theorem 1.

Let x > w and let 2k < g, then resulting from the upper bounds in section 6, we have

C[x - Pr=2) Ps-3) P, -5)
(7.9) () > [5. e Pl_l 5 ]—6,

and therefore, as with (7.8), we have

79347 - 34
(7.10) () > (M) 6> 1,

1,000, 000

and therefore my;(x) — o0 as x — oo. This completes the proof for theorem 2.
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