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ABsTRACT. We demonstrate a new quantitative method to the sieve of Eratosthenes, which is
an alternative to the sieve of Legendre. In this method, every element of a given set is sifted out
once only, and therefore, this method is free of the Mobius function and of the consequential
parity barrier. Using this method, we prove that every sufficiently large even number is the
sum of two primes, and that every even number is the difference of two primes in infinitely
many ways.

Keywords: Sieve of Eratosthenes, Goldbach’s conjecture, Polignac’s conjecture,
Twin Prime conjecture.

1. INTRODUCTION

1.1. Representing even numbers from primes. Since the set of prime numbers is infinite,
and since all prime numbers > 3 are odd numbers, then one knows immediately that there are
infinitely many even numbers that can be represented as the sum of two primes, and, infinitely
many even numbers that can be represented as the difference of two primes. Having said that,
the following questions then naturally arise: (i) Can every even number be represented as
the sum of two primes? (ii) Can every even number be represented as the difference of two
primes? (iii) Can any even number, or indeed all even numbers, be represented as the differ-
ence of two primes, in infinitely many ways? (iv) If questions ‘(if)" and ‘(iii)" are answered in
the affirmative, can they also hold for consecutive primes, in representing even numbers > 6
as the difference of two primes?

The earliest known record to have posed question '(i)’, known as the Goldbach conjec-
ture, dates back to 1742, in a correspondence between C. Goldbach and L. Euler, where it is
propositioned that every even number > 2 can be represented as the sum of two primes
[2]. The Goldbach conjecture has more lately become known as the binary Goldbach conjec-
ture, or the strong Goldbach conjecture, in order to distinguish it from the ternary Goldbach
conjecture, or the weak Goldbach conjecture, which states that every odd number > 5 can
be represented as the sum of three primes. The binary Goldbach conjecture has to date been
shown empirically to hold for every even number < 4 - 10'8 [3]], however, a rigorous proof, or
disproof, remains elusive.

Nevertheless, some related theoretical results to the binary Goldbach conjecture have been
achieved, the closest of which is due to J. R. Chen, who in 1973, proved that every sufficiently
large even number can be represented as the sum of a prime and another prime or a semiprime,

that is, the product of at most two primes [4] [5] [6] [7]. On the other hand, significant results
1
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have been achieved for the ternary Goldbach conjecture, culminating with a proof given by
H. Helfgott in 2014 [8] [9] [10].

The earliest known record to have posed questions '(ii — iv)" are due to Alphonse de
Polignac, who in 1849, conjectured that every even number can be represented as the dif-
ference of two consecutive primes, in infinitely many ways [11/]. The most significant special
case of Polignac’s conjecture, is the so-called ‘twin prime conjecture’, which comprises of
the number 2 being represented as the difference of two primes, in infinitely many ways.
The twin prime conjecture is hugely supported by empirical data, where, over the past few
decades, increasingly large twin prime pairs have been found to exist [[12], with the current
world record for a twin prime pair, found in the year 2016, standing at 388, 342 decimal digits
long [13].

As with the binary Goldbach Conjecture, the closest theoretical result to Polignac’s con-
jecture is given by J. R. Chen, who in the same article, proved that every even number can
be represented as the difference of a prime and another prime or semiprime, that is, the prod-
uct of at most two primes [7]. More recently, D. A. Goldston, J. Pintz, and C. Y. Yildirim,
introduced the now known ‘GPY method’, which uses approximations to the prime k-tuples
conjecture, to study small numbers that can be represented as the difference of two primes
[14]. In 2013, Yitang Zhang built on the GPY method, thereby proving for the first time the
existence of some even number < 7 - 107, which can be represented as the difference of two
primes in infinitely many ways [15]. Inspired by Zhang’s work, within a year after Zhang first
announced his result, J. Maynard presented an independent proof that lowered the bound to
600, which, by assuming the Elliott-Halberstam conjecture, could be further lowered down to
12 [16]. With some refinements to Zhang’s method and a combination of that with Maynard’s
approach, the bound was then lowered to 246 unconditionally, by an on-line collaborative
project known as Polymath 8, organised by T. Tao [17].

1.2. Sieve theory. Sieve theory is a technique for distinguishing specific subsets of integers,
amongst the set of natural numbers. Sieve theory began with Eratosthenes of Cyrene (276-194
B.C.), who constructed a method with which one could isolate the subset of prime numbers,
from the set of natural numbers [[18]]. It starts by first crossing the multiples of 2 in the number
line up to x, then the multiples of 3, then the multiples of 5, and then the multiples of all the
primes < +/x. If an integer n > 1 is not divisible by any prime p < +/x, then n is necessarily
a prime. Upon completion of the sieve, one has

(1.1) #{PeP:ng}:#{ngx:P/{n,Psﬁ}.

Having the means of constructing the complete subset of prime numbers, from the set of
natural numbers up to x, one would be naturally interested in quantifying these primes. To
this end, there are fundamentally two approaches that one could take, in order to quantify the
set of primes generated by the sieve of Eratosthenes. We describe each approach, as follows.

(1) In the first approach, one quantifies the subset of the integers that are sifted out at each
round of the sieve, as

#{the subset of all multiples of P up to x}

#{the set of all integers up to x}

The easy part with this approach, is that one has no problem in defining quantitatively both
the subset of the multiples of P up to x and the set of all integers up to x. However, the difficult
part is due to the fact that those integers which have multiple prime factors, are necessarily
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counted at multiple rounds of the sieve, which must be accounted for. This is the approach
taken by A. Legendre (1752-1833), who was the first to turn the sieve of Eratosthenes into a
quantitative technique, and this has been the approach of choice ever since. In the sieve of
Legendre, one counts the integers that are crossed out at each round, and then one subtracts
those that are counted at multiple rounds, according to the multiplicity of times that this has

happened, as follows
X X x
(1.2) [x] - Z [F] + Z Z[PIPZ] _p;ZZP;;;[PIPZPS] oo

PS\/;C Pi<P;y 5\/}

from which, one obtains Legendre’s formula

X
1.3 - + 1 = d [_] ’
(1.3) n(x) - (Vx) ; ud)|
Pld—P<+/x
where u(d) is the Mobius function, introduced by A. F. Mobius (1790-1868), and defined as
I x=1,
1  xis square-free and has an even number of prime factors,

(14)  pn) = . :
—1  xis square-free and has an odd number of prime factors,

0 X is not square-free,

In efforts to evaluate the right-hand side of (1.3), one has

(1.5) ﬂ(x)—ﬂ(\/})+1:le%+R:x

d P=P,

where the remainder R is

(1.6) R=-Y ua {3},
d

which doubles at each round of the sieve, and thus quickly becomes larger than x. In modern
sieve methods, one tries to replace u(n) by a function A = (A,), referred to as the “sieve
weights”, which mimics the u(n) and gives satisfactory estimates on upper bounds, lower
bounds, and asymptotics for smoother number sets such as almost primes, which leads to
upper bounds for primes. However, obtaining lower bounds for primes has proved much more
difficult, thus leaving Goldbach’s and Polignac’s conjectures out of reach. This has been due
to the so-called ’parity barrier’, where the sieve struggles to distinguish integers with an odd
number of prime factors from integers with an even number of prime factors. Although the
parity barrier has been broken for certain specific sequences, it still remains the fundamental
obstacle in the treatment of primes via this approach of sieve theory.

(if) In the second approach, one quantifies the subset of the integers that are sifted out at
each round of the sieve, as

#{the subset of the multiples of P up to x that survived the preceding rounds of the sieve}
#{the set of all the integers up to x that survived the preceding rounds of the sieve}

This means that every integer is sifted out according to its least prime factor, out of a set of
integers whose least prime factors are greater than, or equal to, the least prime factors of the
integers being sifted out at the given round, with the exception of the number 1. This is best
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illustrated by the following example: In the 1* round of the sieve, one quantifies the subset of
the multiples of 2, as a ratio over the set of all integers, that is
#{2,4,6,8,10,12, 14, 16, 18, 20, 22, 24, 26}
#{1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18, 19, 20,21, 22,23, 24, 25,26}
In the 2™ round, one quantifies the subset of the multiples of 3 that survived the preceding

round of the sieve, as a ratio over the set of all the integers that survived the preceding round
of the sieve, that is

#(3,9, 15,21}
#{1,3,5,7,9,11,13,15,17,19,21,23,25}
In the 3" round, one quantifies the subset of the multiples of 5 that survived the preceding
rounds of the sieve, as a ratio over the set of all the integers that survived the preceding rounds
of the sieve, that is

#{5, 25}
#1,5,7,11,13,17,19,23,25,}
Since that completes the sieve, then the subset of integers that survive the sieve is

{1,7,11,13,17,19, 23}

which consists of the number 1 and the complete subset of primes in [ V26,26 ].

The easy part with this approach, is that every integer is sifted out once only, and so one does
not have the problem of certain integers appearing at multiple rounds of the sieve, which one
has with the first approach, as described above. However, the difficult part with this approach,
is that at each round of the sieve, one finds it difficult to define quantitatively, both the subset
of the multiples of P that survive the preceding rounds of the sieve and the set of all the
integers that survive the preceding rounds of the sieve. Nevertheless, since at each round
of the sieve, the subset of the multiples of P that survive the preceding rounds of the sieve
consists of the complete set of integers for which P is the least prime factor, and, the subset
of all the integers that survive the preceding rounds of the sieve contains the complete set of
primes in [ v/x, x ], then one is hopeful in being able to define quantitatively the two sets of
integers, at least to the extent where one can then determine upper and/or lower bounds.

1.3. Our results. In the present paper, we take the second approach as described above, in
order to quantify the subset of the integers that survive the sieve of Eratosthenes. On the
condition that x is sufficiently large, at each round of the sieve, we define quantitatively both
the subset of the multiples of P that survive the preceding rounds of the sieve and the set of
all the integers that survive the preceding rounds of the sieve, to the extent where we are then
able to determine an upper bound to the subset of the integers that are sifted out at each round
of the sieve. To the best of our knowledge, we are the first to take this approach for these
purposes, at least to the extent that we do.

Definition 1 (Additive representation). Let p,q € N, let p < q, and let x be an even number,
then we say that p + q is an additive representation of x, if p + q = x.

Definition 2 (Subtractive representation). Let p,q € N, let p < g, and let 2k be an even
number, then we say that q — p is a subtractive representation of 2k, if g — p = 2k.

We then extend our approach taken in the sieving of integers, to the sieving of representa-
tions, whereby we quantify the subset of the additive representations of x, and the subset of
the subtractive representations of 2k up to x, that survive the sieve of Eratosthenes. As with
the sieving of integers, we quantify the subset of the representations that are sifted out at each
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round of the sieve, as a ratio of the subset of representations containing multiples of P up to
x that survived the preceding rounds of the sieve, over the set of representations containing
all the integers up to x that survived the preceding rounds of the sieve. This means that ad-
ditive representations, and subtractive representations, are sifted out according to either p or
g, depending on whose least prime factor is the smaller (or equal to) of the two. This allows
for every representation that contains at least one multiple of P to be sifted out once only,
while every representation that does not contain multiples of P, survives the sieve. Therefore,
upon completion of the sieve, we have a subset of representations, where p = 1 or a prime in
[Vx, x ] and g is a prime in [ v/x, x ], with the quantity of representations where p = 1 being
at most one.

However, contrary to the sieving of integers, in the sieving of additive representations, and
in the sieving of subtractive representations, at each round of the sieve, the subset of repre-
sentations containing multiples of P that survive the preceding rounds of the sieve does not
necessarily contain the complete subset of integers for which P is the least prime factor, and,
the set of representations containing all the integers that survive the preceding rounds of the
sieve does not necessarily contain the complete subset of primes in [ v/x, x ]. Therefore, one
does not have a set that one can define quantitatively at each round of the sieve, and there-
fore, one cannot determine an upper bound to the subset of the representations that are sifted
out at each round of the sieve, in the same way that can be done for the sieving of integers.
Nevertheless, as we demonstrate in this paper, by relating the sieving of representations to the
sieving of integers for the same x, one can determine an upper bound to the quantity of the
additive representations that are sifted out at each round of the sieve, and an upper bound to
the quantity of the subtractive representations that are sifted out at each round of the sieve,
which we do on the condition that x is sufficiently large. Following on from the upper bounds,
we then determine a positive lower bound to the quantity of additive representations that sur-
vive the sieve, where both p and ¢ are primes in [ v/x, x ], and a positive lower bound to the
quantity of subtractive representations that survive the sieve, where both p and g are primes

in [Vx,x].

Therefore, we prove the following:
Theorem 1. Every sufficiently large even number is the sum of two prime.

Theorem 2. Every even number is the difference of two primes in infinitely many ways.

Theorem 1 partially addresses question (i)’ as posed above, and, to date is the closest
theoretical result to the binary Goldbach conjecture. Theorem 2 fully addresses questions
"(ii — iii)" as posed above, fully establishes the twin prime conjecture, and, to date is the
closest theoretical result to Polignac’s conjecture.

2. NOTATION

N : the set of natural numbers.
P : the set of prime numbers.
Py, P,, P3,P,, P, : the 1*!, the 2", the 3", the m™, and the n™ prime numbers respectively. We
always have P,, < P,.
O116, 0117, 0113, and O, : the 1161, 117" 118%™ and the z™ integers respectively in the se-
quence O : {peN:p<x,P, [p, P, [p}
x and 2k : even numbers.
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p and g : natural numbers, unless explicitly specified.

d0i:10.20944/preprints202110.0087.v1

w : a sufficiently large positive integer, not necessarily the same at every occurrence.

y : positive integer.

a| b : adivides b evenly, i.e. b =0 (mod a).

a [ b : adoes not divide b.
BnilpeP: P <p<P,}

Bu:{peP: P <p<P,l
yn:{peP:Pn<pS \/}}

Yi :{pe]P:Pl <p< \/}}

n(a) :#{peP: P <p<al.

nla,b] :#{peP:a< p<bl
g(x)’:#{(p,q)eIP:p+q:x, xSquSx}.

mu(x) : #{(p.@) €P:q—p =2k VX< p<q<uf.
mu(x) #(p.q) €EP:q—p=2k,Pi < p<q<xl

rnA:#peN:p<x}
rdAp, 1 #pernA: P |p)
rndAp, #perA:P,|p)
nAy, #pernA:y|p}
rzﬂ:#{perlﬂ:Pl /{p}
rzﬂpz : #{p eEnnA: P, | p}
mﬂ:#{perzﬂ:Pz ,{p}
r3ﬂp3 . #{p €A P |p}
A #{pernA: B, fplh
raAp, #p e r,A: P, | p).
Ay, #per,Ay, | p}
r‘n+l~?l : #{P € rnﬂ : Pn /{P}

raA :#(p,q9) eN:p+q=x,p=<q}

raAp, - #M(p,q) € naA:p+q=x,p=<gq,P|pand/or P |q}.
raAp, : #(p,q) € naA: p+q=x,p<q,P,|pandfor P, |q}

rnaA :#H(p,qg) ernaA:p+q=x,p<q, P, [pand P, [q}.

raAp, : #{(p,q) € naA:p+q=x,p<gq,P,|pandfor P, |g}.

raA #(p,q) EnaA:p+q=x,p<q,P, [pand P, [q}.

r3afAp, : #{(p,q) € naA : p+q=x,p <q, P3| pand/or P; | q}.

raA :#(p,q) €raA:p+qg=x,p<gq, B, fpand B, [ g}

rnaAp, #{(p,q) € r,aA:p+q=x,p<gq,P,|pandfor P, | q}.

FpnaA - #H(p,q) €raA p+q=x,p<q,P, fpand P, [ g}.

ImA#perA: B, |p)

tmAp,  #p €ryA: Pyl p)

tmAp, : #p € rpyA: P, | p}

rmﬂPmPn : #{P € rmﬂ : PmPn | P}

Il A #per,A: P, [p}

rm+lﬂP,, . #{P € rm+lﬂ : Pn |P}

rmaA : #(p,q) €rpyA:p+qg=x,p<q).

rmaAp,  #H(p,q) €rpaA:p+qg=x,p<gq,P,|pandfor P, |qg}.
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rmaAp,  #H(p,q) € rpaA:p+q=x,p<gq,P,|pandfor P, | q}.

rm@Ap,p, - #{(p,q) € rnaA : p+q=x,p=<q,Py,|pandfor P, |q, P,|pand/orP,|q}.
Fme1aA #{(p.q) € rnaA:p+q=x,p<q,Py [pand P, [q}.

rm+1a~7(P,, . #{(P’CI) € rm+laﬂ prg=xp < q,Pn | V4 and/or Pn | q}

nA #Hp,q) eN:1<p<x-2k2k+1<g< x}.
rlﬂ}l #Mp, @ e A P | p,Pr]gl

nAp #(p.q) e n A Py| p, Pyl gl

rn\-ﬂ, . #{(p,Q) € rlﬂ’ ::811 /{p’ IBn /{Q}

rnAp #(p.q) € A L Py | p. Pyl gl

risA - #(p,q) e A : q— p =2k}

risAp, : #(p,q) € risA: qg—p =2k, P | pandfor P, | g}.
risAp, : #{(p,q) € risA : q—p =2k, P, | p and/or P, | q}.
rsA :#(p,q)ersA:q—p=2k,P, [pand P, [ q}.

1 sAp, : #{(p,q) € rsA : q— p =2k, P, | p and/or P, | g}.
r3sA : #(p,q) € nsA:q—p=2k,P, | pand P, [q}.
r3sAp, : #{(p,q) € r3sA : g — p =2k, P3| p and/or P; | g}.
ras A #M(p,q) € risA g —p =2k, B, fpandB, [q}.
raSAp, : #(p,q) € rysA : qg— p =2k, P, | pandfor P, | g}.
Pyt SA #{(P’CI) € rysA . q—pP= 2k, P, /{pandpn /{C]}

rmﬂ/ : #{(P’Q) € rlﬂl :IBm /{P, ﬁm /{q}

raAp 2 #M(p,q) € rnA' 1 Py | p, P | g}

rmAy #(p,q) € rp A Py | p, Pyl g}

rmAp p 2 #(p,q) € rp A 2 PyPy | p, PPy | g}

Fmit A #{(p,q) € rg A 2 Py [ p, P [ g}

rm+1ﬂjun . #{(P’ q) € rm+1ﬂl . Pn | b Pn | q}

rnSA :#{(p,q) € rpA :q— p =2k}.

rmsAp, : #(p,q) € rusA :q— p =2k, P, | pandfor P, | q}.
rmSAp, : #(p,q) € rysA: q—p =2k, P, | p and/or P, | g}.
rmSAp,p, : #(p,q) € rysA:q—p =2k, P,|pandfor P, |q, P,|pand/or P, | q}.
Fme1SA  #{(p,q) € rys A q—p =2k, Py, [ pand P, [ q}.
rm+1s~7(P,, . #{(P’Cl) € rm+ls~?{ ‘gq—p= Zk’ Pn I p and/or Pn | CI}

3. SIEVE OUTLINE

3.1. Sieving integers. Suppose that prior to the 1*' round of the sieve, we have

(3.1) nAp = 2 1A,
P,
then, at the 1% round of the sieve, we have
P, —

(3.2) S(rlﬂ,P1)=r1ﬂ—%-r1ﬂ=r1ﬂ- ! y:rzﬂ.

1 1
Since r1A = x, then

Py—y

(3.3) A =x- Pl
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Suppose that prior to the 2™ round of the sieve, we have

(3.4 rAp, = 2. A,
P,
then, at the 2" round of the sieve, we have

Py, —y

(3.5) S (1A, Py) = 1A — % A=A —
2 2
and therefore
Pi—y Py—y

3.6 =x- . )

( ) I’3ﬂ X P] P2
Likewise, suppose that prior to the n round of the sieve, we have
(3.7 rnAp, = P%, <A,
then, at the n'™ round of the sieve, we have

P, -
(38) S(rnﬂapn):rnﬂ_%'rnﬂ:rnﬂ' P y:rn+lﬂa
and therefore
Pi—y Py—y P,-y

3.9 ; — .2 )
(3.9) Fppt A =x P, P, P,
Since, upon completion of the sieve, we have

(3.10) S (rul, Py, V) = m(x) = 7 (V) + 1,
then

P,<vx P, -y

3.11 ax)—n(Vx)+1=x- . .
(3.11) () — 7 (Vx) n 2

Observations of empirical data, as shown in Figure 1, suggest that y oscillates about y = 1,
before approaching zero as P, — +/x. In section 4, we determine an upper bound to y for
x>wand P, < \x.

106 r x: .1-2 -3 -4 57 P %5 r x: .1.2-:3:4-5
1.04 | £ ~ 150 )
102 .:q‘ I, /.'
02 i S 125 |
1.00 feees®RE 5 Y a,-" A 1.00 -~
>~ 5N N £o0 >~
0.98 | \ §t .-"’ o 075
.\_‘ .§‘\ & s ’."
0.96 N SN /,/"_..-" 050
RIS ~
094 | S L 025 |
092 L 000 -
Pn Pn
() Py <P, <1-10° (b) P <P, < \x
rn\?{P 1 .
FIGURE 1. * = — ., for various x - 108

A P,
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3.2. Sieving additive representations. Suppose that prior to the n round of the sieve, we

have
(3.12) rhaAp, = % raadA,
then, at the n™ round of the sieve, we have

P, -
(3.13) S(radA, P,) = raaf — % raA = reaA P—y = FpniaA.

) X
Since rjaA = R then
x Pi—y Py—y P,-y
3.14 a - .- 2.2 J ...
(3.14) Fpi10A > TP P, P
Since, upon completion of the sieve, we have
(3.15) S (ruaA, P,, Nx) = g(x) +u,
where u = 1 or 0, then
N P,<+x Po—y

3.16 > ‘ - 1.
(3.16) 8 2 3 ]_[ 3

Observations of empirical data for the sieving of additive representations, as shown in
Figure 2 for all P, < +/x, suggest that
T nﬂP

.
: it P, | x
rade, |V g Pl

(3.17)

rafl "y A e

1A
which, in section 5 we generalise for all x and P, < +/x. Through (3.17), we are able to
determine an upper bound to y for the sieving of additive representations, which we do in
section 5 for x > w and P, < +/x, which then allows us to determine a positive lower bound
to (3.16) for x > w, which we do in section 7.

1.00

>N >N
0.75 0.75
0.50 0.50
0.25 0.25
0.00 - 0.00 -
Pr Pn
(a) x = 892,371,464 (b) x = 892,371,480
! if P, |
ruA 1 raaA p Yy Wl
FIGURE 2. ——1r — — -y (red) and il . R P2” (blue).
P raA
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3.3. Sieving subtractive representations. Suppose that prior to the n™ round of the sieve,

we have
(3.18) rosAp, = Pl s A,
then, at the n' round of the sieve, we have
P, -
(3.19) S (rys A, Py) = rysA — % S A = s A - P—y = 1oy s AL
Since 7| sA = x — 2k, then
-y Py—y P,—-y
3.20 sl SA = 2k) s ———  ——= .. .
(3.20) PIK (x = 2k) P1 P, P
Since, upon completion of the sieve, we have
(3.21) S (rusA, Py, Vx) = mu(x) +u,
where u = 1 or O, then
Py<vx P _
(3.22) ) = (=20 [ = -1
P,=P, Py

As with the sieving of additive representations, observations of empirical data for the
sieving of subtractive representations, as shown in Figure 3 for all P, < +/x, suggest that

rnﬂPn .
rs, |V g P12k,

I'n

(3.23) ~
rsA |y A e o

2
n

which, in section 6, we generalise for all x and P, < +/x. Through (3.23), we are able to
determine an upper bound to y for the sieving of subtractive representations, which we do in
section 6 for x > w and P, < +/x, which then allows us to determine a positive lower bound to
(3.22) for x > w, which we do in section 7, and which then implies that 75, (x) — oo as x — oo.

1.75 1.75
150 150

1.25

1.00

N >
0.75 0.75
0.50 0.50
0.25 0.25
0.00 0.00 -
Pn Pn
(a) x = 892,371,464 and 2k = 446, 185,732 (b) x = 892,371,464 and 2k = 9,699, 690
! if P, | 2k
rpA 1 7, SA o Y, Wby >
FIGURE 3. -2 — 7 -y (red) and i S P2” (blue).
Y‘nﬂ n rnsﬂ — -y, lan /{2](,

n
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4. AN UPPER BOUND ON THE SIFTED OUT INTEGERS

Prior to the n™ round of the sieve, we have

(4 1) r,,ﬂpn _ l"nﬂpn < I’nﬂpn
' Fp A rWAp, + 1Ay, + [Py, x]+1 "~ r,Ap, + 1, A, + n[P,, x]
Since
4.2) n(Py_y) + [Py, x] = m(x),
and
P,_ P,

(4.3) 7( 1) < 7o( 1),

rnAp, + Ay, + 7lPy, x] — rAp,
then
(44) rnﬂP,, < rnﬂPn + ﬂ'(Pn—l)

raAp, + 1A, + 1Py, x] ~ 1 Ap, + 1A, + 1(x)

Since r,Ap, consists of the complete subset of integers for which P, is the least prime
factor, then due to the Fundamental Theorem of Arithmetic, we have

4.5) IwAp, =m [Pn, Pi + D,
and
X
- —|= i <P, <~

(46) D= rnﬂPn 7T|:Pn9 Pn = 1, 1fP1 < Pn < \/}’

0. if Yx < P, < V.
Since

X X

(47) 7T(Pn_1) + 7T Pn’ P_n] = ﬂ(P—n) ,

then, due to (4.5), we have

X

4.8) rnAp, + 1(Pp_y) = JT(P ) + D,

n

and, due to (4.6), we have

rnAp, + 1 (Ppy) = N(Pi) >1, ifP <P, <

4.9) D= n
0, if Vx <P, < +x.

Therefore

r,,ﬂpn + 7T(Pn_1) — ﬂ(Pi)
4.10 < iy
( ) ( X ) raAp, + 1(Py_y)

nl—|+D
P,
and
X
r,,ﬂpn + 7T(Pn_1) — 7T(P—)

4.11) lim 2=

Py Vx rnﬂPn +7T(Pn—l)

d0i:10.20944/preprints202110.0087.v1
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If P, = P, then we have

X
rlﬂpl +7T(P1_1)—7T(P—) f_ﬂ-(f)
4.12) -z 2
riAp, +n(Pi_1) z
2
and
@.13) rnAp, + A, _x—m(x)
' nAp, + nA,, + n(x) x

and therefore
X
Ap, +1(Pi_)) — | —
n7te 7T( ! l) ﬂ(P]) rlﬂpl +r1ﬂyl

(4.14) < )
rlﬂpl +7T(P1_1) rlﬂpl + rlﬂyl +7T(X)

Furthermore, we have

- uAp, + 1Ay,
(4.15) lim =0
Py x InAp, + 1A, + 7(x)

b

and therefore

(4.16) lim — e+ Ay,

=h>0.
Py~ vz InAp, + 1, A, + 1(x)

. X .
Since —~ — 00asx — oo, then 7 — 1 as x — oo. Therefore, if x > w, then
X

X
n +1(Ppy) —m|—
A ) -w () oy,

r,,ﬂpn + 7T(Pn_1) - rnﬂpn + rnﬂy,, + 7T(X)’

4.17)

and therefore

X
n\ﬂ Pn— - n*ﬂ Pn— - N
R N (r p i) ”(Pn))

rnﬂPn + rnﬂ'yn + JT(X) B rnﬂPn + rnﬂyn + 7T(X) - (Tnﬂpn + r,,?lyn)

(4.18)

Therefore, if x > w, then

4.19
( ) A (x)
which we quantify as follows. Let
7]
7T —
X P,
(4.20) f(P_,,) = i
P,
and
m(x)

(4.21) f@)=——,
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then
X X
4.22) H(P_n) _ f(P_n)
' n(x) P, f(x)
Let
()
4.23 ¥)= ——2,
(4.23) £ (V) e
then
X
5 s
(4.24) < .
fx) f(x)
Due to the Prime Number Theorem, we have
(4.25) li f( \/;) 2
. 1m = 2,
e f()
with the limit being approached from above. Therefore, if d > 2 and x > w, then
(4.26) f ( \/;) <d
' fx)
Therefore, if x > w and P, < +/x, then
WA 1
4.27) 7 o 915,
A P,

5. UPPER BOUNDS ON THE SIFTED OUT ADDITIVE REPRESENTATIONS

Prior to the 1% round of the sieve, we have
1
5.1 riaA = R rA,

and
if P,|xand P, | p, thenP,]|q,
(5.2) if P, fxand P, | p, then P, /g,
if P, fxand P, | g, thenP, [p,

and therefore

-riAp,, if P, | x,
(53) I"laﬂpn =
-rAp, if P, [x.

—_ = | =

Due to (5.1) and (5.3), we have
riAp,
nafAp, | A’

=\, nA
nafl 1o D8R e p, fx,
I‘]ﬂ

it P, | x,
(5.4)
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Suppose that prior to the m™ round of the sieve, we have

(5.5) Fnp, = 2 IR,
Py,

and

(5.6) P le : Pln A,

and therefore

(5.7) L A, & 1A,

P, "= p, "

Suppose that every integer in r,, A takes part in forming additive representations, then we have
1

(5.8) A = R Iy A,

and

if P,|xand P, | p, then P, |q,
(5.9 if P, fxand P,, | p, then P, [gq,
if P, fxand P, | g, thenP, [p,

and therefore

'rmﬂP,,,» imelx,
(5.10)
'rmﬂPm, lme /{X,

o)
&
~
N
1]
[l e O

and
if P,|xand P, | p, thenP,]|q,
(5.11) if P, fxand P, | p, then P, /g,
if P, fxand P, | g, then P, [p,

and therefore

.rm\?{Pn, ianlx’
(5.12) rm@Ap, =
FwAp, if Py [,

e e Ol

Due to (5.5), (5.8), and (5.10), we have

PL crpaA, if P, | x,
(5.13) rm@Ap, = 2’)’}
— -rpaA, if P, |x.
P,
Therefore, if we sieve integers, then due to (5.5), we have
P, -
(5.14) ﬂmﬂf@zmﬂ( Pyy
and, if we sieve additive representations, then due to (5.13), we have
P, — .
FpaA - P y)’ if P, | x,
(5.15) S(r,aA,P,) = P " ’
a3 y), it P, /x.
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Furthermore, due to (5.5), (5.8), (5.10), and (5.12), we have

y
P,
2y

P,

(5.16) y

FmnaA PuP, =

P,
2y

SIS R

. 5
and therefore

. I’maﬂpm ~

X

. I’maﬂpm
(5.17)

rmaﬂpmpn =

Q

® ] 235 | -

. I’maﬂpm

AR

N

. I’maﬂpm ~
m

© == IpaA,
- FpQA,
- = rpaA,

— - rpaA,

. I’maﬂpn,
. I’maﬂpn,
- rmaAp,,s

. l’maﬂpn,

if P, | xand P, | x,
if P, | xand P, [ x,
if P, fxand P, | x,

if P, [{xand P, [ x,

if P, | xand P, | x,
if P, | xand P, [ x,
if P, [xand P, | x,

if P, fxand P, [ x.

Therefore, if we sieve integers, then due to (5.7), we have

(5.18)

S(rmﬂPn’Pm) ~ rmﬂPn . (

Pm_y
P, )

and, if we sieve additive representations, then due to (5.17), we have

m

rmaﬂpn . (

(519) S(rmaﬂPn,Pm) ~

-y

P, —

), if P, | x,
2y

I’maﬂpn . (

), if P, [ x.

m

Therefore, if prior to the m™ round of the sieve, we have

rmaAp o Ap
5.20 L= -,
( ) rpaA T A
then, post the m™ round of the sieve, we have
(521) rm+laﬂP,, ~ rm+l-‘7{P,,.
rm+laﬂ rm+1ﬂ
Therefore, due to (5.4), we have
rnﬂP,, .
rnaﬂPn 1 rﬂ, 1an|X7
(5.22) 7 R~ roAp
Ind 2.2 ifP, |x,
In
and therefore
rnﬂP,, .
rnaﬂPn 1 ]"ﬂ 'f, lanl.x’
(523) —ﬂ = r,,n_?lp
Ind 2. . f ifP, [x

rpA
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We determine an upper bound to f, as follows.
Since P, < Vxand r,A>n [ Vx, x ], then

P”s G .
A V]

Since 7 [ \/E,x] — 7(x) as x — oo, and

(5.24)

(5.25) lim —— = 0,

as implied by the Prime Number Theorem, then

VX

(5.26) lim =0,
X—00 o [ \/}, x ]
and therefore
. Py
(5.27) lim =0.
X—00 }"n
Therefore, if
P,
(5.28) “rpAp, =c >0,
rl’l
and therefore
P,
(529) rnT.?l . I’naﬂpn ~ C,

where c is a constant, then r,Ap, — oo as x — oo, and therefore r,aAp, — o0 as x — oo.
Therefore, if

P,

(5.30) r,,T&Z{ ~r,afp, > c,
then f — 1 as x — co. Furthermore, if ¢ ~ 0, then

P
5.31 -7 =~ 0,
( ) rnﬂ 7, ﬂPn

and therefore

(5.32)

rya

Therefore, if x > w and P, < +/x, then

1.

--1.15, if P, | x,

(5.33) e, | A
' rmaA TnAp, .
n 2.7 445 if P, [x.
rpA
Since
(5.34) oA, 215
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then
2.1
rad 1- 5-1.15, if P, | x,
n P, P
(5.35) 51 25
'na 2. -1.15, if P, | x,
P,
and therefore
WA A 5
(5.36) i P
raA P,
Furthermore, empirical data show that
A 1
(5.37) naAe
I"]Clﬂ P1
and
rzaﬂpz 2
5.38 e Qi )
( ) rzaﬂ P2
and
r3ﬂp% 1
5.39 —— < — + 1.
( ) I’3ﬂ P3

Due to (5.33) and (5.39), we have

7‘3(1.%133 <2( 1

—+1 ~1.15<i+3.
I"3Clﬂ P3 P3

(5.40)

6. UPPER BOUNDS ON THE SIFTED OUT SUBTRACTIVE REPRESENTATIONS

Prior to the 1% round of the sieve, we have

1
6.1) risA = 3 rnA,

and
if P,|2kand P, | p, thenP,|q,
(6.2) if P, f2kand P, | p, then P, ] g,
if P, f2kand P, | g, then P, [ p,

and therefore

A, if P, | 2k,
(63) r Sﬂpn =

—_ N | =

A, it P, [2k
Due to (6.1) and (6.3), we have

rlﬂ},ﬂ .
nsAp, |V e W12k
(4 A ), N
2. = if P, | 2k.
rlﬂ’

Suppose that prior to the m™ round of the sieve, we have

6.5) Pl = le A

d0i:10.20944/preprints202110.0087.v1
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and
y Yy ,
(6.6) FnAp p = — — 1A,
mepy = o p

and therefore

(6.7) Y oD

’
— 1y Ap * — 1, Ap .
Pn Pm Pm n

Suppose that every integer in r,, A’ takes part in forming subtractive representations, then we
have

1
(6.8) P SA = 3 P A,

and

if P, |2k and P,, | p, then P, |q,
(6.9) if P, f2kand P, | p, then P, /g,
if P, {2kand P,, | g, then P,, [ p,

and therefore

1
S A, if Py | 2K,

(6.10) rusAp, =171

T Ay, if Py [ 2K,

and

if P,|2kand P, | p, thenP,]|q,
(6.11) if P, f2kand P, | p, then P, ] g,
if P, f2kand P, | g, then P, | p,

and therefore

1
S A, i Py | 2K,

(6.12) rusAp, =47
1 rmAp , it Py [2k.
Due to (6.5), (6.8), and (6.10), we have
Pl s A, if Py | 2k,
(6.13) TmSAp, = 2;}
— rpsA, if P, [2k.
P
Therefore, if we sieve integers, then due to (6.5), we have
’ ’ Pm - y
(614) S(rm~?I ’Pm):rmﬂ . P ’
and, if we sieve subtractive representations, then due to (6.13), we have
P, - )
s A | = y), if P, | 2k,
(6.15) S(rmsA, Py) = )
s A (2 y), if P, [2k.
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Furthermore, due to (6.5), (6.8), (6.10), and (6.12), we have

Y

le . g . rmsﬂ,
PL : P—y T SA,
(616) rmSﬂp P, = 2m y
- _y.l.rmsy(,
% %
P—Z : P_i T SA,

and therefore

if P, | 2k and P, | 2k,
if P, | 2k and P, [ 2k,
if P,, [ 2k and P, | 2k,

if P,, [ 2k and P, [ 2k,

Pl s Ap, ~ Pl s Ap,, if Py | 2k and P, | 2k,
2" m
2 rnsAp, % s Ap, if Py |2k and P, [ 2k,
Pn m Pm n
(617) rmsﬂpmpn =~ y 2y )
P TmSAp, = P YmSAp,, 1f P, [2kand P, | 2k,
2y 2y
P—y s Ap, P—y  rwsAp,, if Py 2k and P, |2k
Therefore, if we sieve integers, then due to (6.7), we have
P, -
(6.18) S (FnAlp, » P) P, - ( . Y )
and, if we sieve subtractive representations, then due to (6.17), we have
P, — .
FuSAp, ( " y), if P,, | 2k,
(6.19) S (rusAp,, Pw) = p oy
P SAp, - ( d y), if P,, ] 2k.

Therefore, if prior to the m™ round of the sieve, we have

S A rmA
(6.20) I3 7%, _ M P
Vi SA Fp A

then, post the m™ round of the sieve, we have

’
rm+1Sﬂpn N rm+1ﬂpn

rm+lsﬂ rm+1ﬂ,

(6.21)

Therefore, due to (6.4), we have

A,
(6.22) sy, |1 e M2k
. =~ rnﬂ/
TnsA P e p fok.
A
Since
(6.23) Py, A,

1A rpA
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then
rnﬂP .
1- =, if P, | 2k,
(6 24) rnsﬂP,, ~ rnﬂ |
’ 14 Sﬂ r"ﬂpn .
n 2. ——=, if P, |2k,
Ty

and therefore

rnﬂP,, .
(6.25) rasAp, I A EAREECIE
rsA |y A e p o
A
We determine an upper bound to f, as follows.
Since P, < Vxand r,A>n [ Vx, x ], then
P,
(6.26) < Vi )
A [ Vx, x ]
Since 7 [ ﬁ,x] — 7(x) as x — oo, and
(6.27) lim Y = 0,
X—00 71'( _x)
as implied by the Prime Number Theorem, then
(6.28) im — Y
X—00 T [ \/}’ x ]
and therefore
P
6.29 li ~ =0.
( ) x1—>r2> rnﬂ
Therefore, if
(6.30) P A >0
. -1, =c ,
rpA P
and therefore
P,
(6.31) < raSAp, = C,
S

d0i:10.20944/preprints202110.0087.v1

where c is a constant, then r,Ap, — oo as x — oo, and therefore r,sAp, — o0 as x — oo.

Therefore, if
P,

6.32 *I'p ﬂ Z s
( ) rpSA Fn3 7P, = €
then f — 1 as x — co. Furthermore, if ¢ = 0, then

P,

(633) rn_\ﬂ : rnﬂpn x O,

and therefore
P,
(6.34) FpSAp, ~
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Therefore, if x > w and P, < +/x, then

1- = - 1.15, it P, |2k,
rnSﬂP,, < I’nﬂ ! |

(6.35) < "1
AT o Iy y5 0 if P, f 2k
rpA
Since
rAp 2.15
6.36 - ,
(6.36) ' A S P
then
2.15
r s A 1 -1.15, if P, | 2k,
n Py P
(6.37) A S, 215
T'n$ 2. > -1.15, if P, |2k,
and therefore
W SA 5
(6.38) 370, 2
TuSA P,
Furthermore, empirical data show that
A 1
(6.39) nsAn
}"l&ﬂ Pl
and
I’zSﬂpz 2
6.40 < — +2,
( ) rzsﬂ P2
and
r3ﬂp3 1
6.41 — < —+1
( ) rgﬂ P3

Due to (6.35) and (6.41), we have

A 1 3
B cn [ p1) 115 < 2 3.
F3Sﬂ P

(6.42)
3 Ps

7. LOWER BOUNDS ON THE SURVIVING REPRESENTATIONS

Let x > w, then resulting from the upper bounds in section 5, we have

P,<vx
Pi-1) (P,=-2) (P3- P, -
(7.1) g(.X)/Z[f' ( 1 ) .( 2 ) . ( 3 3) . ( n 5)]—6,
2 P] P2 P3 Pn
P,=P4
which we quantify as follows. Since
P,<+/x P,=P7 Py<yx
(Pn_s) (Pn_s) (Pn_6)
(7.2) —_— 2 —_— —_—,
PEJL P Plr:}l;ét P PrL_P[ﬂ P
and
a3 (Pi=1) (=2 (P3=3) P (P=5) 79
’ P, P, P; P, 500,000’

P,=P4

d0i:10.20944/preprints202110.0087.v1
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then
P,<vx
79 (P, —6)
7.4 U [ — —6.
74) () = [x 1,000, 000 [ P, ]
Py,=P7
Since P71 = 0118, then
P,<+x 0,<+x
(Pn - 6) (Oz - 6)
(75) [ === 1] =5—
Py=P71 0,=0118
and therefore
0.<+x
79 (0,-6)
7.6 > lx — - 6.
(7.6) §00" 2 [x 1,000, 000 01__0[ 0. ]
z=VU118
Since O, < +/x, then
0.<+vx
0,-6 Oi16° O
7.7 H (0. ) s Gue O
0,=0118 OZ x

Since Oq16 = 347 and O117 = 349, then

1,000, 000

(7.8) gx) > (w) -6>1.

This completes the proof for theorem 1.

Let x > w and let 2k < %’ then resulting from the upper bounds in section 6, we have

2 P] P2 P3 Pn

P,<+x
(7.9) (X)) 2 [E (P (P-2) (P3-3) (P, - 5)] s

P,=P4

and therefore, as with (7.8), we have

79 - 347 - 349
(7.10) Tor(x) > (—) -62>1,

1,000, 000

and therefore my;(x) — o0 as x — oo. This completes the proof for theorem 2.
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