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Abstract: We propose a new ensemble classification algorithm, named Super Random Subspace1

Ensemble (Super RaSE), to tackle the sparse classification problem. The proposed algorithm is2

motivated by the Random Subspace Ensemble algorithm (RaSE) (Tian and Feng 2021b). The3

RaSE method was shown to be a flexible framework that can be coupled with any existing base4

classification. However, the success of RaSE largely depends on the proper choice of the base5

classifier, which is unfortunately unknown to us. In this work, we show that Super RaSE avoids6

the need to choose a base classifier by randomly sampling a collection of classifiers together with7

the subspace. As a result, Super RaSE is more flexible and robust than RaSE. In addition to the8

vanilla Super RaSE, we also develop the iterative Super RaSE, which adaptively changes the base9

classifier distribution as well as the subspace distribution. We show the Super RaSE algorithm and10

its iterative version perform competitively for a wide range of simulated datasets and two real11

data examples. The new Super RaSE algorithm and its iterative version are implemented in a new12

version of the R package RaSEn.13

Keywords: classification; ensemble; subspace; sparsity; feature ranking14

1. Introduction15

Ensemble learning is a popular machine learning framework, which combines16

multiple learning algorithms to obtain better prediction performance and increase the17

stability of any single algorithm (Dietterich 2000; Rokach 2010). Some popular examples18

include bagging (Breiman 1996) and random forests (Breiman 2001), which aggregates19

a collection of weak learners formed by decision trees. More recent ensemble learning20

methods include the random subspace method (Ho 1998), super learner (Van der Laan21

et al. 2007), model averaging (Feng et al. 2021; Raftery et al. 1997), random rotation (22

Blaser and Fryzlewicz 2016), random projection (Cannings and Samworth 2017; Durrant23

and Kabán 2015), and random subspace ensemble classification (Tian and Feng 2021ab).24

This paper is largely motivated by the Random Subspace Ensemble (RaSE) classi-25

fication framework (Tian and Feng 2021b), which we will briefly review. Suppose we26

want to predict the class label y from the feature vector x. For a given base classifier, the27

RaSE algorithm aims to construct B1 weak learner, where each classifier is formed by28

applying the specified base classifier on a properly chosen subspace. To choose each29

subspace, B2 random subspaces are generated and the optimal one is selected according30

to certain criteria (e.g., cross-validation error). In the end, the predicted labels from the31

B1 weak learners are averaged and compared to a data-driven threshold, forming the32

final classifier. Tian and Feng (2021b) also proposed an iterative version of RaSE which33

updates the random subspace distribution according to the selected proportions of each34

feature.35

Powerful the RaSE algorithm and its iterative versions are, one major limitation is36

that one needs to specify a single base classifier prior to using the RaSE framework. The37

success of the RaSE algorithms largely depends on whether the base classifier is suitable38

Version October 3, 2021 submitted to J. Risk Financial Manag. https://www.mdpi.com/journal/jrfm

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 4 October 2021                   doi:10.20944/preprints202110.0042.v1

©  2021 by the author(s). Distributed under a Creative Commons CC BY license.

https://www.mdpi.com
https://orcid.org/0000-0001-7746-7598
https://doi.org/10.3390/jrfm1010000
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/jrfm
https://doi.org/10.20944/preprints202110.0042.v1
http://creativecommons.org/licenses/by/4.0/


Version October 3, 2021 submitted to J. Risk Financial Manag. 2 of 16

for the application scenario. As shown in the numerical experiments in Tian and Feng (39

2021b), the RaSE algorithm could fail to work well if the base classifier is not properly40

set. In this regards, blindly applying the RaSE algorithm has the risk of wrongly set the41

base classifier, leading to a poor performance. In this work, we relax this requirement42

by replacing a single base classifier with a collection of base classifiers. We call the new43

ensemble classification framework the Super Random Subspace Ensemble (Super RaSE).44

The working mechanism of Super RaSE is that in addition to randomly generating45

the subspaces, it also generates the base classifiers to be used together with the subspaces.46

More specifically, instead of fixing a base classifier and using it for all subspaces, each47

time the Super RaSE randomly generates the base classifier (from a collection of base48

classifiers) and the subspace as a pair, and then picks the best performing pair among49

the B2 ones via five-fold cross-validation to form one of the B1 weak learners. Then,50

the predictions of the B1 weak learners are averaged and compared to a data-driven51

threshold, forming the final prediction of Super RaSE.52

The main contribution of the paper is three-fold. First, the Super RaSE algorithm53

adaptively chooses the base classifier and subspace pair, which makes it a fully model-54

free approach. Second, in addition to the accurate prediction performance, the Super55

RaSE computes the selected proportion for each base classifier among the B1 weak56

learners, implying the appropriateness of each base classifier under the specific scenario,57

and for each of the base classifier, the selected proportion of each feature, measuring the58

importance of each feature. Third, we propose an iterative Super RaSE algorithm, which59

updates the sampling distribution of base classifiers as well as the sampling distribution60

of the subspaces for each base classifier.61

The rest of the paper is organized as follows. In Section 2, we introduce the super62

random subspace ensemble (SRaSE) classification algorithm as well as its iteration ver-63

sion. Section 3 conducts extensive simulation studies to show the superior performance64

of SRaSE and its iterative version by comparing them with competing methods including65

the original RaSE algorithm. In Section 4, we evaluate the SRaSE algorithms with two66

real datasets and show they perform competitively. Lastly, we conclude the paper with a67

short discussion in Section 5.68

2. Methods69

Suppose that we have n pairs of observations {(xi, yi), i = 1, . . . , n} i.i.d.∼ (x, y) ∈
Rp × {0, 1}, where p is the number of predictors and y ∈ {0, 1} is the class label. We use
SFull = {1, · · · , p} to represent the whole feature set. We assume the marginal densities
of x for class 0 (y = 0) and 1 (y = 1) exist and are denoted as f (0) and f (1), respectively.
Thus, the joint distribution of (x, y) can be described in the following mixture model

x|y = y0 ∼ (1− y0) f (0) + y0 f (1), y0 = 0, 1,

where y is a Bernoulli variable with success probability π1 = 1− π0 ∈ (0, 1). For any70

subspace S, we use |S| to denote its cardinality. When restricting to the feature subspace71

S, the corresponding marginal densities of class 0 and 1 are denoted as f (0)S and f (1)S ,72

respectively.73

Here, we are concerned with a high-dimension classification problem where the74

dimensional p is comparable or even larger than the sample size n. In high-dimensional75

problems, we usually believe there are only a handful of features that contribute to76

the response, which is usually referred to as the sparse classification problem. For sparse77

classification problems, it is of significance to accurately separate signals from noises.78

Following Tian and Feng (2021b), we introduce the definition of a discriminant set.79

A feature subset S is called a discriminative set if y is conditionally independent with80

xSc given xS, where Sc = SFull \ S. We call S a minimal discriminative set if it has minimal81

cardinality among all discriminative sets, and we denote it as S∗.82
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2.1. Super Random Subspace Ensemble classification (SRaSE)83

Here, to train each weak learner (e.g., the j-th one), B2 independent random sub-84

spaces are generated as {Sj1, · · · , SjB2} from subspace distribution D and B2 base classi-85

fiers {Tj1, · · · , TjB2} are sampled with replacement from base classifier distribution D86

on the candidate base classifier set T = {T1, · · · , TM}. By default, we will be using a87

uniform distribution for D. However, users can use other distributions in the algorithm if88

they have some prior belief on which classifiers may work better. Then, for k = 1, · · · , B2,89

we train the classifier Tjk using only the features in Sjk. We then choose the optimal90

subspace Sj∗ and base classifier Tj∗ pair using 5-fold cross-validation. We denote the91

base classifier Tj∗ applied on subspace Sj∗ as C
Tj∗−Sj∗
n , where the subscript n is used92

to emphasize the classifier depends on the sample with n observations. Finally, we93

aggregate outputs of {CTj∗−Sj∗
n }B1

j=1 to form the final decision function by taking a simple94

average. The whole procedure can be summarized in Algorithm 1.95

Algorithm 1: Super Random Subspace Ensemble classification (SRaSE)

Input: training data {(xi, yi)}n
i=1, new data x, subspace distribution D, integers

B1 and B2, the candidate base classifier set T , base classifier distribution
D

Output: predicted label CRaSE
n (x), the selected proportion of each base classifier

ζ, and for the base classifier Ti ∈ T where i ∈ {1, · · · , M}, the selected
proportion of each feature ηi

1 Independently generate base classifiers Tjk ∼ D, 1 ≤ j ≤ B1, 1 ≤ k ≤ B2

2 Independently generate random subspaces Sjk ∼ D, 1 ≤ j ≤ B1, 1 ≤ k ≤ B2

3 for j← 1 to B1 do
4 Select the optimal subspace and base classifier pair (Tj∗, Sj∗) from

{(Tjk, Sjk)}B2
k=1 using 5-fold cross-validation.

5 end

6 Construct the ensemble decision function νn(x) = B−1
1 ∑B1

j=1 C
Tj∗−Sj∗
n (x)

7 Set the threshold α̂ according to (1)
8 Compute the selected proportion of each method ζ = (ζ1, · · · , ζM)T , where

ζi = B−1
1 ∑B1

j=1 1(i ∈ Tj∗)

9 For each method Ti, i = 1, · · · , M, compute the selected proportion of each
feature ηi = (ηi1, · · · , ηip)

T , where

ηil = (ζiB1)
−1 ∑B1

j=1 1(i ∈ Tj∗)1(l ∈ Sj∗), l = 1, · · · , p

10 Output the predicted label CRaSE
n (x) = 1(νn(x) > α̂), the selected proportion of

each method ζ = (ζ1, · · · , ζM)T , and the selected proportion of each feature
for each method ηi = (ηi1, · · · , ηip)

T

Following Tian and Feng (2021b), by default, the subspace distribution D is chosen
as a hierarchical uniform distribution over the subspaces. In particular, with D as the
upper bound of the subspace size, we first generate the subspace size d from the discrete
uniform distribution over {1, · · · , D}. Then, the subspaces {Sjk, j = 1, · · · , M, k =
1, · · · , p} are independent and follow the uniform distribution over the set {S ⊆ SFull :
|S| = d}. In addition, in Step 7 of Algorithm 1, we choose the decision threshold to
minimize the empirical classification error on the training set,

α̂ = arg min
α∈[0,1]

[π̂0(1− Ĝ(0)
n (α)) + π̂1Ĝ(1)

n (α)], (1)
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where

nr =
n

∑
i=1

1(yi = r), r = 0, 1,

π̂r =
nr

n
, r = 0, 1,

Ĝ(r)
n (α) =

1
nr

n

∑
i=1

1(yi = r)1(νn(xi) ≤ α), r = 0, 1,

νn(x) = B−1
1

B1

∑
j=1

C
Tj∗−Sj∗
n (x).

In Algorithm 1, there are two important by-products. The first one is the selected96

proportion of each method ζ = (ζ1, · · · , ζM)T out of the B1 weak learners. The higher the97

proportion for a method (e.g. KNN) is, the more appropriate it may be for the particular98

data. In numerical studies and real data analyses, we will provide more interpretations99

of the results.100

Now, let’s introduce the second by-product of Algorithm 1. For each method101

Ti, i = 1, · · · , M, we have the selected proportion of each feature ηi = (ηi1, · · · , ηip)
T .102

The feature selection proportion depends on the particular base method. The underlying103

reason is that when we use different base methods on the same data, different signals104

may be found. For example, if some predictors contribute to the response only through105

an interaction effect with other predictors, they may be detected using the Quadratic106

Discriminant Analysis (QDA) method, however, they can’t be identified using the Linear107

Discriminant Analysis (LDA) method since the LDA only considers the linear effects108

of features. This base-classifier-dependent feature selection frequencies will produce a109

better understanding of the working mechanism of each base classifier as well as the110

nature of the importance for each feature.111

2.2. Iterative Super RaSE112

Motivated by the fact that some base classifiers may be more appropriate under the113

given scenario, it could be a good idea to leverage the information we learned during the114

Super RaSE algorithm. In particular, the selected proportion of each method ζ could be115

used to adjust the sampling distribution of the methods. In the new iterative algorithm,116

we will update the base classifier distribution D by setting the probability mass function117

as the selected proportion of each method from the last iteration. This updating scheme118

will make the better-performing classifiers have a higher chance of being sampled in the119

next iteration, which could potentially increase the quality of the B1 classifiers. On the120

other hand, if a certain base classifier was rarely selected in the B1 classifiers, perhaps121

we want to down-weigh it in the next iteration.122

In addition, regarding the feature selection proportion for each base method, we123

will adopt a similar updating strategy as that in the original RaSE (Tian and Feng124

2021b). However, in Super RaSE, we are updating the random subspace distribution125

separately for each base method. For base classifier i, the initial subspace distribution is126

denoted by D(0)
i , where the subscript i represents the i-th base classifier and superscript127

(0) represented the 0-th iteration. In the t-th iteration, we will use D(t)
i to represent the128

distribution of the subspace distribution for base classifier i.129

The updating scheme for the subspace distribution is as follows. For method i, we130

again first generate the subspace size d from the uniform distribution over {1, · · · , D}131

as before. It is easy to observe that each subspace S can be equivalently represented as132

a binary p-dimensional vector representing whether each feature is included in S. To133

be more specific, the equivalent vector representation subspace S is J = (J1, · · · , Jp)T ,134

where Jl = 1(l ∈ S), l = 1, · · · , p. Then, we will generate J from a restrictive multino-135

mial distribution with parameter (p, d, η̃i), where η̃i = (η̃i1, · · · , η̃ip)
T , η̃il = ηil1(ηil >136
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Algorithm 2: Iterative Super RaSE (SRaSET)

Input: training data {(xi, yi)}n
i=1, new data x, integers B1 and B2, the candidate

base classifier set T , initial base classifier distribution D(0), initial
subspace distribution for each base classifier {D(0)

i , i = 1, · · · , T}, the
number of iterations T

Output: predicted label CSRaSET
n (x), the selected proportion of each base

classifier ζ(T), and for the base classifier Ti ∈ T where i ∈ {1, · · · , M},
the selected proportion of each feature η

(T)
i

1 for t← 0 to T do
2 Independently generate base classifiers Tjk ∼ D(t), 1 ≤ j ≤ B1, 1 ≤ k ≤ B2

3 Independently generate random subspaces

S(t)
jk ∼ D

(t)
i , 1 ≤ j ≤ B1, 1 ≤ k ≤ B2

4 for j← 1 to B1 do
5 Select the optimal subspace and base classifier pair (S(t)

j∗ , T(t)
j∗ ) from

{(S(t)
jk , T(t)

jk )}B2
k=1 using 5-fold cross-validation.

6 end
7 Set D(t+1) to be a discrete distribution over the candidate base classifier set

T , where for each base classifier Ti ∈ T , P(Ti) = ζ
(t)
i , where

ζ
(t)
i = B−1

1 ∑B1
j=1 1(i ∈ T(t)

j∗ )

8 For each method Ti, i = 1, · · · , M, compute

η
(t)
il = (ζ

(t)
i B1)

−1 ∑B1
j=1 1(i ∈ T(t)

j∗ )1(l ∈ S(t)
j∗ ), l = 1, · · · , p

9 Set D(t+1) to be a restrictive multinomial distribution with parameter

(p, d, η̃
(t)
i ), where η̃

(t)
il = η

(t)
il 1(η

(t)
il > C0/ log p) + C0

p 1(η
(t)
il ≤ C0/ log p)

and d is sampled from the uniform distribution over {1, · · · , D}
10 end
11 Set the threshold α̂ according to (1)

12 Construct the ensemble decision function νn(x) = 1
B1

∑B1
j=1 C

S(T)
j∗ −T(T)

j∗
n (x)

13 Output the predicted label CSRaSET
n (x) = 1(νn(x) > α̂), the selected

proportion of each base classifier ζ(T) = (ζ
(T)
1 , · · · , ζ

(T)
M )T , and the selected

proportion of each feature for each base classifier η
(T)
i = (η

(T)
i1 , · · · , η

(T)
ip )T

C0/ log p) + C0
p 1(ηil ≤ C0/ log p), and the restriction is that Jl ∈ {0, 1}, l = 1, · · · , p,137

where C0 is a constant. Note that here, the parameter η̃i characterize the subspace138

distribution.139

We named the iterative algorithm Iterative Super RaSE, the details of which are140

summarized in Algorithm 2.141

In the iterative Super RaSE algorithm, the base classifier distribution is initially142

set to be D(0), which is a uniform distribution over all base classifiers by default. As143

the iteration proceeds, the base classifiers that are more frequently selected will have144

a higher chance of being selected in the next step, resulting in a different D(t). The145

adaptive nature of the iterative Super RaSE algorithm will enable us to discover the best146

performing base methods for each dataset and in turn, reduces its classification error.147

Besides the base classifier distribution, the subspace distribution is also continuously148

updated during the iteration process. In our implementation of the algorithm, the149

initial subspace distribution for each base classifier Di(0) is the hierarchical uniform150

distribution as introduced in Section 2.1. After running the Super RaSE algorithm once,151

the features that are more frequently selected are given higher weights in Di(1). In152
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this mechanism, we give an edge to the useful features, which could further boost the153

performance. In addition, for each given base classifier, the selected frequencies of each154

feature can be viewed as an importance measure of the features.155

2.3. Parameter Specification156

In the Super RaSE algorithm and its iterative version, we have discussed the base157

classifier distribution and the subspace distribution for each base classifier in Sections158

2.1 and 2.2. There are a few additional parameters that need to be specified. We now159

discuss the details with the default values in the algorithms.160

• B1 is the number of weak classifiers we want to construct during the algorithm and161

average over at the end. It is set to be 200 by default. Usually, the larger the B1 is,162

the more robust the algorithm is.163

• B2 is the number of base classifier and subspace pairs among which we choose the164

optimal one. It is set to be 500 by default. To make sure each base classifier and the165

subspace combination has a fair chance of being evaluated, B2 has to be reasonably166

large.167

• D is the maximum subspace size in the subspace distribution. Following Tian168

and Feng (2021b), we set D = min(p, [
√

n0], [
√

n1]) for QDA base classifier and169

D = min(p, [
√

n]) for all the other base classifiers, where [a] denotes the largest170

integer not larger than a.171

• T is the candidate base classifier set. In theory, it could contain any classifier and172

the Super RaSE algorithm will automatically select the better-performing ones in173

the final B1 weak learners. On the other hand, the more base classifiers we put174

inside T , each base classifier would have a smaller chance of being sampled in the175

B2 pairs of base classifier and subspace, leading to an increased risk of missing the176

optimal combination. In our implementation, we set the candidate base classifier177

set T = {LDA, QDA, KNN}.178

• T is the number of iterations in the iterative Super RaSE. From our limited numer-179

ical experience, the first two rounds of iterations lead to the most performance180

improvement. As a result, we use T = 2 for simulation and T = 1 for real data181

analysis.182

3. Simulation Studies183

In this section, we conduct extensive simulation studies on the proposed Super184

RaSE algorithm (Algorithm 1) and its iterative version (Algorithm 2) with candidate base185

classifiers set T = {LDA, QDA, KNN}. In addition, we compare their performances186

with several competing methods including the original RaSE with LDA, QDA, and KNN187

as the base classifier (Tian and Feng 2021b), as well as LDA, QDA, KNN, and Random188

Forest (RF). We use the default values for all parameters in the Super RaSE algorithm189

and its iterative version (B1 = 200, B2 = 500).190

For all experiments, we conducted 200 replicates, and report the summary of test191

errors (in percentage) in terms of mean and the standard deviation. We use boldface to192

highlight the method with minimal test error for each setting, and use italics to highlight193

the methods that achieve test errors within one standard deviation of the smallest error.194

3.1. Model 1: LDA195

The first model we consider is a sparse LDA model with settings in Mai et al. (2012)196

and Tian and Feng (2021b). In particular, assume x|y = r ∼ N(µ(r), Σ), r = 0, 1, where197

Σ = (Σij)p×p = (0.5|i−j|)p×p, µ(0) = 0p×1, µ(1) = Σ× 0.556(3, 1.5, 0, 0, 2, 01×(p−5))
T . The198

dimension p = 400, and we vary the training sample size n ∈ {200, 400, 1000}. We also199

independently generate a test data of size 1000.200

It is easy to verify that the feature subset {1, 2, 5} is the minimal discriminative set201

S∗. In Table 1, the performances of various methods for model 1 under different sample202

sizes are presented.203
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Table 1: Summary of test classification error rates for each classifier under various sample
sizes over 200 repetitions in Model 1 (LDA). The results are presented as mean values
with the standard deviation values in parentheses

n = 200 n = 400 n = 1000
SRaSE 12.57(1.61) 11.42(1.18) 10.78(1.02)
SRaSE1 11.44(1.36) 10.68(1.14) 10.34(0.96)
SRaSE2 11.58(1.38) 10.79(1.06) 10.37(0.95)
RaSE-LDA 12.99(1.42) 12.38(1.20) 11.16(1.10)
RaSE-QDA 13.78(1.26) 13.69(1.19) 13.23(1.04)
RaSE-KNN 13.21(1.48) 12.57(1.23) 11.19(1.10)
RaSE1-LDA 11.48(1.26) 10.42(1.07) 10.25(1.08)
RaSE1-QDA 11.28(1.47) 10.76(1.25) 10.4(1.22)
RaSE1-KNN 11.11(1.25) 10.58(1.09) 10.33(1.05)
RaSE2-LDA 12.62(1.45) 11.41(1.16) 10.13(1.03)
RaSE2-QDA 11.74(1.45) 10.39(1.01) 10.09(1.07)
RaSE2-KNN 11.17(1.31) 10.6(0.99) 10.34(1.02)
LDA NA(NA) 46.39(2.62) 18.62(1.53)
QDA NA(NA) NA(NA) 47.74(1.73)
KNN 29.08(2.77) 26.73(1.97) 24.53(1.60)
RF 12.66(1.43) 11.77(1.04) 11.25(1.10)

As we could see, RaSE1-KNN performs the best when the sample size n = 200,204

and RaSE2-QDA performs the best for n = 400 and 1000. It is worth noting the results205

for LDA and QDA are NA due to the small sample size compared with the dimension.206

By inspecting the performances of the proposed Super RaSE algorithm and its iterative207

version, we can see that although they are not the best performing method, both SRaSE1208

and SRaSE2 are within one standard error of the best performing method, showing the209

robustness of Super RaSE. And clearly, one iteration helps Super RaSE to have a lower210

test classification error.211

In addition to the test classification error, it is useful to investigate the two by-212

products of our algorithms, namely the selected proportion of each base classifier among213

the B1 classifiers, and the selected proportion of each feature among the weak learners214

that use a particular classifier.215

Let’s take a look at Figure 1. The first row shows the bar charts for the selection216

percentage of each base classifier in the Super RaSE algorithm among the 200 repetitions,217

when the sample size n varies in {200, 400, 1000}. It shows when n = 200, the percentage218

of LDA is around 50%. As the sample size increases, the percentage of LDA also increases,219

showing that having a larger sample size helps us to select the model from which the220

data is generated.221

Now, let’s look at the column of n = 1000, we can see that as the iteration process222

moves on, the percentage of LDA is increasing as well, leading to almost 100% for223

SRaSE2.224

The second product of the Super RaSE algorithm and its iterative version is the225

selected frequencies for each feature among the weaker learner with a particular classifier.226

Figure 2 visualizes the selected proportions of features among all the B1 classifiers that227

use LDA as the base classifier. In particular, we show the selected proportions for each228

feature in the minimum discriminative set S∗ = {1, 2, 5}. In the same figure, we also229

show a boxplot of the selected proportion of all the noisy features, as a way to verify230

whether the Super RaSE algorithms can distinguish the important features from the231

noisy features.232

From Figure 2, we observe that when n = 200, the vanilla Super RaSE algorithm233

doesn’t select the important variables 2 and 5 with a high percentage. However, the234
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Figure 1. The average selected proportion for each base method for different sample sizes (corre-
sponding to each column) and iteration number (corresponding to each row) in Model 1 (LDA).
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Figure 2. The average selected proportion for each feature for different sample sizes (corre-
sponding to each column) and iteration number (corresponding to each row) in Model 1 (LDA).

iteration greatly helps the algorithm to increase the selected percentages for features235

2 and 5. In addition, the increase of sample size leads to the selection of all important236

features with almost 100% percentage. It is also worth noting that the noise features237

all have a relatively small selection frequency, showing the power of feature ranking238

in the Super RaSE algorithms. Similar figures can also be generated for the selected239

proportions of features among the B1 classifiers that use QDA and the KNN as the base240

classifier, respectively. For simplicity, we omit these figures in our presentation.241

3.2. Model 2: QDA242

Now, we consider the case where the data is generated from a sparse QDA model243

with the following setting (Fan et al. 2015; Tian and Feng 2021b).244
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x|y = r ∼ N(µ(r), Σ(r)), r = 0, 1, where Ω(0) = (Σ(0))−1 is a p× p banded matrix245

with (Ω(0))ii = 1 and (Ω(0))ik = 0.3 for |i − k| = 1 and all other entries zero. The246

inverse covariance matrix for class 1 is Ω(1) = Ω(0) + Ω, where Ω is a p × p sparse247

symmetric matrix with Ω10,10 = −0.3758, Ω10,30 = 0.0616, Ω10,50 = 0.2037, Ω30,30 =248

−0.5482, Ω30,50 = 0.0286, Ω50,50 = −0.4614 and all other entries zero. The dimension is249

p = 200 and we again vary the sample size n ∈ {200, 400, 1000}.250

We can easily verify that the feature subset {1, 2, 10, 30, 50} is the minimal discrim-251

inative set S∗. In Table 2, we present the performance of different methods for model252

2 under different sample sizes. From the table, when n = 400 and n = 1000, SRaSE2

Table 2: Summary of test classification error rates for each classifier under various sample
sizes over 200 repetitions in Model 2 (QDA). The results are presented as mean values
with the standard deviation values in parentheses

n = 200 n = 400 n = 1000
SRaSE 30.82(3.29) 28.68(3.23) 26.12(2.66)
SRaSE1 27.58(2.33) 24.64(1.85) 23.03(1.38)
SRaSE2 27.36(2.67) 24.04(1.74) 22.63(1.41)
RaSE-LDA 37.3(3.17) 36.11(1.97) 35.67(1.73)
RaSE-QDA 32.52(2.90) 30.44(2.60) 29(1.97)
RaSE-KNN 31.1(3.23) 27.83(2.41) 25.22(1.56)
RaSE1-LDA 36.09(2.87) 32.82(1.74) 32.68(1.49)
RaSE1-QDA 26.83(2.47) 25.07(1.89) 23.53(1.50)
RaSE1-KNN 28.76(2.60) 25.88(1.98) 24.18(1.47)
RaSE2-LDA 38.09(2.48) 33.69(1.83) 32.71(1.55)
RaSE2-QDA 26.99(2.68) 24.87(1.99) 23.11(1.60)
RaSE2-KNN 28.73(2.56) 25.46(1.82) 23.76(1.54)
LDA 49.03(1.94) 42.88(1.82) 38.68(1.70)
QDA NA NA 45.13(1.58)
KNN 45.67(1.78) 44.63(2.02) 43.43(1.63)
RF 37.34(2.91) 31.61(2.19) 27.42(1.60)

253

is the best performing method, achieving the smallest test classification error. When254

n = 200, SRaSE2 is within one standard error away from the optimal method. This result255

is very encouraging in the sense that the Super RaSE could improve the performance of256

the original RaSE coupled with the true model from which the data is generated. This257

shows the Super RaSE algorithms are extremely robust and avoid the need to choose a258

base classifier as needed in the original RaSE algorithm.259

As in Model 1, we again present the average selected proportion of each base260

classifier in Figure 3 as well as the average selected proportion of each feature among261

the B1 weak learners with the chosen base classifier being QDA in Figure 4. In Figure 4,262

we also show a boxplot of the selected proportion of all the noisy features.263

In Figure 3, we again observe that as we iterate the Super RaSE algorithm, the264

proportion of QDA greatly increases, reaching almost 100 percent for RaSE2 over all265

sample sizes. This shows the iterative Super RaSE algorithm is able to identify the true266

model.267

In Figure 4, we can observe the average selected proportions of each important268

feature are pretty high, showing that the Super RaSE is able to pick up the important269

features. In particular, when n = 1000, the iteration helps all the features to have a270

higher selected proportion, reaching nearly 100 percent for SRaSE2.271
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Figure 3. The average selected proportion for each base method for different sample sizes (corre-
sponding to each column) and iteration number (corresponding to each row) in Model 2 (QDA).
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Figure 4. The average selected proportion for each feature for different sample size (corresponding
to each column) and iteration number (corresponding to each row) in Model 2 (QDA).

3.3. Model 3: KNN272

Having considered two parametric models, let’s move to an example where the273

label is generated in a nonparametric way (Tian and Feng 2021b). We will be following274

the idea of nearest neighbors when assigning the labels.275

The detailed data generation process is as follows. First, 10 initial points z1, · · · , z10276

are generated i.i.d. from N(0p×1, Ip). Out of the 10 points, five are labeled as 0 and the277

other five are labeled as 1. Then, each observation (x, y) pair is generated as follows. First,278

we randomly select one element from {z1, · · · , z10}. Let’s suppose it is zki
, corresponding279

to the i-th observation. Then, the corresponding yi will take the label as zk1 , and the280

feature vector xi is generated as xi ∼ N((zT
ki ,S∗

, 01×(p−5))
T , 0.52 Ip). The general idea281

is like we are generating a mixture of ten Gaussian clusters that surround each of the282

{z1, · · · , z10} when they are embedded in a p-dimensional space.283
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From the data generation process, the minimal discriminative set is S∗ = {1, 2, 3, 4, 5}.284

We consider p = 200, and n ∈ {200, 400, 1000}. The Summary of test classification error285

rates over 200 repetitions is presented in Table 3.286

Table 3: Summary of test classification error rates for each classifier under various sample
sizes over 200 repetitions in Model 3 (KNN). The results are presented as mean values
with the standard deviation values in parentheses

n = 200 n = 400 n = 1000
SRaSE 16.89(6.10) 13.54(5.39) 10.68(4.74)
SRaSE1 8.18(4.18) 6.86(3.58) 6.12(3.24)
SRaSE2 7.22(3.82) 6.39(3.42) 5.78(3.09)
RaSE-LDA 27.38(9.53) 25.08(8.40) 24.92(9.05)
RaSE-QDA 24.24(7.20) 22.62(6.77) 22.04(6.73)
RaSE-KNN 13.26(5.03) 10.67(4.44) 8.85(4.05)
RaSE1-LDA 25.89(10.13) 23.05(8.49) 23.42(8.95)
RaSE1-QDA 13.83(5.88) 12.54(5.79) 12.7(5.51)
RaSE1-KNN 7.51(3.80) 6.16(3.48) 5.9(3.12)
RaSE2-LDA 27.49(10.13) 23.39(8.51) 23.39(9.05)
RaSE2-QDA 13.15(5.00) 11.9(5.38) 12.15(5.22)
RaSE2-KNN 7.06(3.62) 5.89(3.32) 5.74(3.02)
LDA 47.51(2.66) 33.27(7.65) 27.89(8.97)
QDA NA NA 36.7(4.83)
KNN 24.49(6.64) 21.04(6.60) 19.07(6.50)
RF 23.64(8.05) 17.39(6.19) 14.84(5.73)

From Table 3, we can see that Super RaSE and its iterative versions still have a very287

competitive performance compared with other methods. In particular, both SRaSE1 and288

SRaSE2 reach test errors that are within one standard deviation of the best performing289

method RaSE2-KNN, which uses the knowledge of the data generation process. As290

a method-free algorithm, Super RaSE algorithms and their iterative versions are very291

appealing, having similar performance as the best-performing ones without the need to292

specify which base classifier to use.293

Similar to models 1 and 2, we again present the average selected proportion of each294

base method in Figure 5. Figure 6 visualizes the selected proportions of features among295

all the B1 classifiers that use KNN as the base classifier. In addition to the bar chart296

for the average selected proportion of each important feature, Figure 6 also includes a297

boxplot of the selected proportion of all the noisy features.298

In Figure 5, we have a similar story as Figures 1 and 3. We can see that the average299

selection percentage of KNN is almost 100 percent for both SRaSE1 and SRaSE2, showing300

that one step iteration is enough to almost always find the best classifier for this particular301

model.302

In Figure 6, we can see that without iteration, Super RaSE on average only selects303

the five important features with around 50 percent out of the 200 repetitions. With the304

help of iterations, the percentages of all five important features increase substantially, to305

almost 100 percent when n = 1000. This experiment shows the merit of iterative Super306

RaSE in terms of capturing the important features.307

4. Real Data Analysis308

In this section, we evaluate the proposed Super RaSE algorithm and its iterative309

version via two real data examples. Here, we compare SRaSE and SRaSE1 with the310

original RaSE with the base classifier is LDA, QDA, KNN along with their one-step311

iterated versions. We also add the classic LDA, QDA, KNN, and Random Forest (RF)312
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Figure 5. The average selected proportion for each base method for different sample sizes (corre-
sponding to each column) and iteration number (corresponding to each row) in Model 3 (KNN).
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Figure 6. The average selected proportion for each feature for different sample sizes (corre-
sponding to each column) and iteration number (corresponding to each row) in Model 3 (KNN).

to the horserace. Same as in the simulation studies, we use the default values for all313

parameters in the Super RaSE algorithm and its iterative version (B1 = 200, B2 = 500).314

4.1. Mice Protein Expression315

The first example we consider is the mice protein expression data set (Higuera et al.316

2015). The dataset is publicly available via https://archive.ics.uci.edu/ml/datasets/317

Mice+Protein+Expression. There are 1080 mice in total, with 570 healthy (class 0) and 510318

with Down’s syndrome (class 1). 77 features are measured, representing the expression319

of 77 different proteins. Here, we vary the size of the training sample in {200, 500, 800},320

and the remaining mice are set as the test data.321
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The average of test misclassification rates and standard deviations of 200 replicates322

are calculated with results reported in Table 4. When n = 200, our newly proposed323

algorithm SRaSE1 achieves the lowest error among all approaches. When n = 1000, both324

SRaSE and SRaSE1 are within one standard deviation from the best performing method:325

RaSE1-KNN. This shows the Super RaSE and its iterative versions are very accurate in326

terms of prediction performance.

Table 4: Summary of test classification error rates for each classifier under various
sample sizes over 200 repetitions for the mice protein expression data set. The results
are presented as mean values with the standard deviation values in parentheses

n = 200 n = 500 n = 800
SRaSE 7.08(1.92) 3.33(2.54) 0.67(0.65)
SRaSE1 6.76(1.95) 2.56(2.39) 0.65(0.60)
RaSE-LDA 7.41(1.14) 5.7(0.93) 4.65(1.24)
RaSE-QDA 9.14(2.58) 4.81(1.17) 3.44(1.23)
RaSE-KNN 6.8(1.88) 1.55(0.88) 0.62(0.55)
RaSE1-LDA 7.24(1.10) 5.53(1.02) 4.49(1.23)
RaSE1-QDA 9.38(2.21) 5.16(1.16) 3.4(1.16)
RaSE1-KNN 7.43(2.00) 1.7(0.87) 0.6(0.56)
LDA 7.07(1.37) 3.88(0.85) 3.13(1.08)
KNN 20.53(2.47) 7.75(1.44) 2.8(1.21)
RF 8.32(1.71) 2.62(0.94) 1.04(0.73)

327

Next, we show the average selected proportion for each base method for different328

sample sizes and iteration numbers in Figure 7.
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Figure 7. The average selected proportion for each base method for different sample sizes (corre-
sponding to each column) and iteration number (corresponding to each row) for the Mice Protein
Expression data.

329

From this figure, we observe a very interesting phenomenon. That is when n = 200,330

the selected proportion of LDA is the highest (over 75%). This choice is very reasonable331

since comparing the RaSE classifier with different base classifiers, RaSE1-LDA has the332

best performance among RaSE1 combined with other base classifiers. Now, looking at333

the case when n = 800, our Super RaSE and SRaSE1 both select KNN over 95% percent334
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of the time. Again, let’s look at the RaSE classifier with a fixed base classifier, it is easy335

to observe from Table 4 that RaSE1-KNN has a much better performance than both336

RaSE1-LDA and RaSE1-QDA. This shows that the Super RaSE algorithm is very adaptive337

to the specific scenario in the sense in each of the B1 weak learners, it automatically338

selects the base classifier among the randomly selected B2 classifiers coupled with the339

random subspaces.340

4.2. Hand-written Digits Recognition341

The second dataset we consider is the hand-written digits recognition data set342

that consists of features of hand-written numerals (0-9) extracted from a collection343

of Dutch utility maps (Dua and Graff 2019). The data set is publicly available at344

https://archive.ics.uci.edu/ml/datasets/Multiple+Features. Out of the 10 digits, we345

focus the observations corresponding to numbers 7 (class 0) and 9 (class 1). After346

this preprocessing, we have 400 numbers with 200 in class 0 and another 200 in class347

1. We again vary the training sample size, this time in {50, 100, 200}. The rest of the348

observations is used as the test data. The average of test misclassification rates along349

with their standard deviations are reported in Table 5.350

Table 5: Summary of test classification error rates for each classifier under various sample
sizes over 200 repetitions for the hand-written digits recognition data set. The results are
presented as mean values with the standard deviation values in parentheses.

n = 50 n = 100 n = 200
SRaSE 2(1.06) 1.2(0.65) 0.78(0.48)
SRaSE1 1.78(1.03) 1.04(0.57) 0.62(0.37)
RaSE-LDA 1.56(0.85) 1.13(0.59) 0.8(0.54)
RaSE-QDA 2.5(1.47) 1.89(0.91) 1.47(0.96)
RaSE-KNN 1.86(0.96) 1.12(0.66) 0.75(0.45)
RaSE1-LDA 1.06(0.63) 0.7(0.35) 0.53(0.40)
RaSE1-QDA 2.18(1.66) 1.18(0.71) 0.85(0.61)
RaSE1-KNN 1.72(0.95) 1.02(0.62) 0.6(0.44)
LDA NA 1.82(0.96) 1.01(0.56)
QDA NA NA 3.25(2.32)
KNN 1.42(1.32) 0.67(0.41) 0.6(0.47)
RF 2.34(1.24) 1.63(0.73) 1.37(0.74)

From Table 5, we can see that the Super RaSE and its iterative versions still have351

competitive performances, especially when n = 100 and n = 200. The SRaSE1 has a very352

similar performance as the best performing method when n = 100 and n = 200. Having353

a careful look, it is interesting to observe that SRaSE1 closely mimics the performance354

of RaSE1-KNN, leading us to wonder whether KNN is the most selected base method355

among the B1 classifiers. We confirm this is the case by presenting the average selected356

proportion of each base classifier for SRaSE and SRaSE1 in Figure 8.357

From Figure 8, we can see that KNN is indeed the most selected base classifier358

across all scenarios, with its selected proportion almost 100% when n = 200.359

5. Discussion360

In this work, motivated by the random subspace ensemble classification (RaSE),361

we propose a new ensemble classification framework, namely Super RaSE, which is362

a completely model-free approach. By randomly generating the pair of base classifier363

and subspace, it will automatically select a collection of good base classifier and sub-364

space pairs. Besides the superb prediction performance on the test data, the Super365

RaSE algorithms also provide important insights as to which base classifier may be366
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Figure 8. The average selected proportion for each base method for different sample sizes (corre-
sponding to each column) and iteration number (corresponding to each row) for the Hand-written
Digits Recognition data.

more appropriate for the data and which features may be more important in terms of367

prediction.368

There are many possible future research directions. First, this paper only con-369

siders the binary classification problem while there may be more than two classes in370

applications. How to extend the Super RaSE algorithm to the multiclass situation is an371

important topic. Second, in addition to the classification problem, it is also worthwhile to372

study the corresponding algorithm under a regression setting. Third, using the selected373

proportion of features, it is possible to develop a variable selection or variable screening374

algorithm.375
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