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ON WEAKLY S-PRIMARY IDEALS OF COMMUTATIVE RINGS

ECE YETKIN CELIKEL AND HANI A. KHASHAN

ABSTRACT. Let R be a commutative ring with identity and S be a multiplica-
tively closed subset of R. The purpose of this paper is to introduce the concept
of weakly S-primary ideals as a new generalization of weakly primary ideals.
An ideal I of R disjoint with S is called a weakly S-primary ideal if there exists
s € S such that whenever 0 # ab € I for a,b € R, then sa € VT or sb € I.
The relationships among S-prime, S-primary, weakly S-primary and S-n-ideals
are investigated. For an element r in any general ZPI-ring, the (weakly) Sy-
primary ideals are charctarized where S = {1,7‘7 r2, ... } Several properties,
characterizations and examples concerning weakly S-primary ideals are pre-
sented. The stability of this new concept with respect to various ring-theoretic
constructions such as the trivial ring extension and the amalgamation of rings
along an ideal are studied. Furthermore, weakly S-decomposable ideals and
S-weakly Laskerian rings which are generalizations of S-decomposable ideals
and S-Laskerian rings are introduced.

1. INTRODUCTION

This paper is concerned with a new class of ideals of commutative rings. All the
rings considered in this paper will be commutative and have non-zero identities. For
the sake of completeness, we begin with some definitions and notations that will be
followed in this paper. For a ring R, we will denote by U(R), reg(R) and Z(R), the
set of unit elements, regular elements and zero-divisor elements of R, respectively.
For an ideal I of R, the radical of I denoted by /T is the ideal {a € R:a" € T
for some positive integer n} of R. In particular, V/0 denotes the set of all nilpotent
elements of R. A non-empty subset S of a ring R is said to be a multiplicatively
closed subset of Rif 0 ¢ S, 1 € S and st € S for all s,¢t € S [20]. As usual, we
denote by Z and Z, the ring of integers and the ring of integers modulo n where
n > 2.

In recent years, the prime ideals and their generalizations have an important
place in commutative algebra and they draw attention by several authors. In 2003,
the concept of weakly prime ideals, which is a main generalization of prime ideals,
was first initiated by Anderson and Smith in [3]. They call a proper ideal I of R a
weakly prime ideal if whenever 0 # ab € I for some a,b € R, then a € I or b € I.
Afterwards, in 2005, Atani and Farzalipour generalized this concept by defining
weakly primary ideals. In their celebrated paper [4], a proper ideal I of R is said to
be weakly primary if 0 # ab € I for some a,b € R implies a € I or b € /I. In 2020,
Hamed and Malek [12] used a new approach to generalize prime ideals by defining
S-prime ideals. Then, in a very recent study [1], the notion of weakly S-prime
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ideals is studied. Let S be a multiplicatively closed subset of a ring R. An ideal I
of R disjoint with S is said to be S-prime (resp. weakly S-prime) if there exists an
s € S such that for all a,b € R if ab € I (resp. 0 # ab € I), then either sa € I or
sb € I. Analogously, Visweswaran [19] introduced the notion of S-primary ideals.
An ideal I disjoint with S is called S-primary ideal of R if there exists an s € S
such that for all a,b € R if ab € I, then sa € I or sb € /I. recently, the notion
of S-n-ideals is introduced by the authors, [13] generalizing n-ideals introduced in
[18]. An ideal I disjoint with S is called a S-n-ideal if there exists s € S such that
for all a,b € R if 0 # ab € I and sa ¢ V0, then sb € I.

Our purpose here is to introduce weakly S-primary ideals generalizing the con-
cept of weakly primary ideals via a multiplicative subset S of a ring. Among other
results in this paper, in Section 2, we give many properties and characterizations of
this new class of ideals. We also generalize some results on weakly primary ideals to
weakly S-primary ideals. We describe in detail the behavior of weakly S-primary
ideals under homomorphic images, localizations, and direct product of rings (see
Theorems 2, Propositions 9, 10, 12, Corollaries 2, 4 and Theorem 4, 5). For an
element r in a general ZPI-ring R, we characterize all (weakly) S,-primary ideals
of R where S, = {1,r,72,7%, ...}, (see Theorem 1). Moreover, we construct several
examples to support given propositions. We characterize rings in which the zero
ideal is the only weakly S-primary ideal (see Theorem 3).

In Section 3, we study the stability of this new concept with respect to various
ring-theoretic constructions such as the trivial ring extension and the amalgamation
of rings along an ideal.

Finally, Section 4 is devoted to introduce weakly S-primary decomposable ideals
and S-weakly Laskerian rings generalizing the concepts of S-decomposable and S-
Laskerian rings introduced in [19]. We explore some relationships between these
concepts and provide some examples.

2. CHARACTERIZATIONS OF WEAKLY S-PRIMARY IDEALS

Definition 1. Let S be a multiplicatively closed subset of a ring R and let I be an
ideal of R disjoint with S.

(1) I is called a weakly S-primary ideal if there exists an (fized) s € S such
that for all a,b € R if 0 # ab € I, then sa € VI or sb € I. This fized
element s € S is called a weakly S-primary element of I.

(2) I is called a weakly S-n-ideal if there exists an (fized) s € S such that for
all a,b € R if 0 # ab € I and sa ¢ V0, then sb € I. This fived element
s €S is called a weakly S-n-element of I.

Clearly, every weakly primary ideal of a ring R is a weakly S-primary ideal, and
these two concepts coincide if S C U(R). Also, obviously, every S-primary ideal
of R is a weakly S-primary ideal. The converse is clearly true if R is Domain-like
(the zero ideal of R is primary). Moreover, every weakly S-prime ideal is a weakly
S-primary ideal and the converse holds for radical ideals. It is clear that any weakly
S-n-ideal is a weakly S-primary ideal and the two concepts coincide if the ideal is
contained in v/0. In the following diagram, we show the place of weakly S-primary
ideals among the other ideal structures in the literature of a commutative ring.
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weakly prime —  weakly S-prime S-primary
hY N\ 1
weakly primary ~—  weakly S-primary
/! /
weakly n-ideal — weakly S-n-ideal <+— S-n-ideal

We give the following examples to show that the converses of some of these
implications are not true in general. Counter examples for the rest of implications
can be found in [1], [3], [4], [12] and [13].

Example 1.

(1) Let p be a prime integer. Consider the polynomial ring R = Z[X] and
the multiplicatively closed subset S = {p™ : n € N} of R. Then the ideal
I = p3XZ[X] is a (weakly) S-primary ideal of R. Indeed, suppose that
0+# f-ge€lfor some f,g € R. Since I C XZ[X] and XZ[X] is prime, we
conclude either f € XZ[X] or g € XZ[X]. Put s =p € S. Then sf € VI
or sg € VI, as needed. However, it is not (weakly) primary ideal of R as
0#p-p?- X €I but neither p € VI nor p>X € I.

(2) Any weakly primary ideal of a ring that is not primary is clearly a weakly
{1}-primary ideal that is not {1}-primary. For a less trivial example, con-
sider the multiplicatively closed subset S = {1,5,25} of the ring Zso. Then
the ideal (0) is a weakly S-primary that is not S-primary. Indeed 15-2 € (0)
but clearly s - 15 ¢ /(0) = (0) and s - 2 ¢ (0) for every s € S.

(3) The ideal (4) is a (weakly) primary ideal of the ring Zi5 and so weakly
S-primary for S = {1,9}. On the other hand, 0 #2-2 € (4) but s-2 ¢ (4)
for every s € S. Thus, (4) is not weakly S-prime.

of Proposition 1. But (6) is not a (weakly) S-n-ideal since for example,
3-2¢ (6) but 3-5¢ (0) =0 and 2-5 ¢ (6) for all s € S. Also, while
clearly, (0) is a weakly S-n-ideal of Z3y, it is not a S-n-ideal, [13, Theorem
3].

Recall that a ring R is said to be a general ZPI-ring (resp. ZPI-ring) if each of
its ideals (resp. non-zero ideals) can be uniquely expressible as product of prime
ideals of R. Dedekind domains are indecomposable general ZPI-rings. It is known
from [10, page 475, Exercise 9] that a Noetherian ring R is a general ZPI-ring if
and only if each primary ideal of R is a prime power. For a general background,
the reader may refer to [10].

Theorem 1. Let R be a general ZPI-ring, r € R and I be a non-zero proper ideal
of R disjoint with S, = {r"™ : n € N}. Then we have the following cases:

(1) If I = P! for some prime ideal P of R and r ¢ P, then I is a (weakly)
S,-primary ideal of R.
(2) If I = PlthZt2 where Py, P are distinct prime ideals of R and t; > 1 for all
i € {1,2}, then the following statements are equivalent.
(i): I is a Sy-primary ideal of R.
(ii): I is a weakly S,-primary ideal of R.
(iii): There is exactly one ¢ € {1,2} such that r € P;.
(3) If I = P} P> --- P{* where k > 3, P;’s are distinct prime ideals of R and
t; > 1forallie{l,..,k}, then I is not a (weakly) S,-primary ideal of R.
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Proof. Write I = P{'P{>...P{* where Py, P,, ..., P, are distinct prime ideals of R.
First, we show that I NS, = ¢ if and only if r ¢ N¥_| P;. Let a € I N S,. Since
I is proper, a # 1, and a = 7" € I for some n € N. Since I C N¥_, P;, we have
r € P, for each i € {1,...,k}; i.e. r € N, P;. Conversely, if r € N¥_, P;, then clearly
bttt ¢ TN S,

(1). Clear as I is primary and I NS, = ¢ .

(2). Since I NS, = ¢, then either r ¢ P; for i = 1,2 or r € P; for exactly one
ie{1,2}.

(i)=(ii). is straightforward.

(ii)=-(iii). Suppose I is weakly S-primary and r ¢ P; for all ¢ = 1,2. Since
I # {0}, there is 0 £ z € I, say x := a''b*2 € I for some a € P{\P; and b € P\ P;.
Hence, 0 # a®'b2 € I. If sa’* € PP, C P, for some s € S,., then s € P, which
implies r € P,, a contradiction. Similarly, if sb*2 € I C P, for some s € S,., we get
r € Py, a contradiction. Thus, sa®* ¢ Py P, = +/T and sb*> ¢ I for all s € S, and so
I is not a weakly S,-primary ideal of R, a contradiction.

(iii)=-(i). Suppose, say, r € P, and r ¢ P, and choose s =7t € S,.. Let a,b € R
such that ab € I. If a € P,, then sa € PP, = VI. Ifa ¢ Py, then since Pzt2 is a
primary ideal with radical P, and ab € I C P32, we conclude that b € Py*>. Thus,
sb € I. Therefore, I is a S,.-primary ideal of R.

(3). Since IN S, = ¢ , we may assume without loss of generality that r €
ﬂf;llPZ- and r ¢ P,. Choose a; € P; such that a; ¢ P; for all i@ # j. Then
(alak? ~-~a2’€_’11)afj € I but s(al'ak? - "aZ"_’f) ¢ PPy Py =1 and sa}* ¢ I for
all s € S,.. Hence, I is not S,-primary. Also, if r ¢ P; for all 4, then by a similar
way, we conclude that [ is not S,.-primary. ]

Let n € N. For any integer m < n. In view of Theorem 1, we determine all
(weakly) Sp,-primary ideals of the ring Z,, (resp. Z) for any integer m < n.

Proposition 1. Letn,m € N, m <n (resp. m € N) and I be an ideal of Z,, (resp.
Z) disjoint with S,,. We have three cases:

1) I = <pl> for some prime p with ged(p, m) = 1, then I is (weakly) Sy,-
primary in Z,, (resp. in Z).

(2) If I = <pilpt22> where p1, ps are distinct primes and ¢; > 1 for all ¢, then T
is Spp-primary iff I is weakly S,,-primary iff there is exactly one i € {1, 2}
such that p; | m.

(3) If I = <p§1p§2 pfc’“> where k > 3, p;’s are distinct primes and ¢; > 1 for
all 4, then I is not S,,-primary in Z, (resp. in Z). Moreover, I is weakly
Sm-primary iff I = 0.

Recall that a ring R is called a von Neumann regular ring if for each a € A, there
exists b € A such that a = a?b [16]. It is known from [10, Exercise 16, page 111]
that a ring R is von Neumann regular if and only if R is reduced and dimR = 0.
Let R be a ring, M be an R -module. Recall that a submodule N of M is said to
be pure in if IN = N N IM for each ideal I of R. A pure ideal of R is just a pure
submodule of the R-module R. The following proposition gives a condition for a
weakly S-primary ideal to be an S-primary ideal.

Proposition 2. Let S be a multiplicatively closed subset of a ring R and I be a
weakly S-primary ideal of R.

(1) If I? # 0, then I is an S-primary ideal of R.
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(2) If I is not an S-primary ideal, then VI = 0.

(3) If R is a reduced ring (in particular, if R is a von-Neumann regular ring),
then either I = {0} or I is an S-primary ideal of R.

(4) If I is pure that is not an S-primary ideal, then I = 0.

Proof. (1) Suppose ab € I for some a,b € R and let s be a weakly S-primary element
of I. If ab # 0, then there is nothing to prove. So, assume that ab = 0. In case of
al # 0, then ax # 0 for some 2z € I. This implies 0 # a(x + b) € I which implies
either sa € v/T or s(x+b) € I and so sa € /T or sb € I. Assume that bl # 0. Then
by # 0 for some y € I and so 0 # (y + a)b € I. Tt follows that either s(y +a) € VI
or sb € I and so again sa € /I or sb € I. Now, assume that al = bl = 0. Since
I? # 0, there exist ¢,d € I with c¢d # 0. Hence, 0 # c¢d = (a + ¢)(b+ d) € I which
implies s(a + ¢) € VI or s(b+ d) € I. Therefore, sa € /T or sb € I and I is an
S-primary ideal of R.

(2) and (3) are follow clearly by (1).

(4) Since I not an S-primary ideal and it is pure, we conclude I = I? = 0 by
(1). O

In the following, we conclude a result which is similar to Nakayama’s Lemma.

Corollary 1. Let S be a multiplicatively closed subset of a ring R and M be an
R-module. If IM = M for a weakly S-primary ideal I of R that is not S-primary,
then M = 0.

Proof. Since I is a weakly S-primary ideal of R that is not S-primary, we have
I?=0. Thus M = IM = I*M = 0. d

Proposition 3. Let S be a multiplicatively closed subset of a ring R and I a
non-zero ideal of R disjoint with S. If I is a weakly S-n-ideal, then sI C /0 for
some s € S. Furthermore, if, S C reg(R), then I C /0.

Proof. Let s be a weakly S-n-element of I. Let 0 # a € I. Then a -1 € I implies
sac€V0ors=s-1€I. But s¢ I asINS=0(. Thus, sI C+/0. Furthermore, if
S C reg(R), then clearly I C /0 O

Next, we present some equivalent statements to characterize weakly S-primary
ideals of a ring R.

Theorem 2. Let S be a multiplicatively closed subset of a ring R and I be an ideal
of R disjoint with S. Then the following assertions are equivalent.

(1) I is a weakly S-primary ideal of R.

(2) There exists s € S such that (I : a) = (0:a) or (I :a) C (I :s) for each
ad (VT:s).

(3) There exists s € S such that for any a € R and for any ideal K of R, if
O#aKQI,thensagﬁorsKgl.

(4) There exists s € S such that for any two ideals J, K of R, if 0 # JK C I,
then sJ C /T or sK C I.

Proof. (1)=(2). Suppose that s is a weakly S-primary element of I and choose
a € R\(VT : s). Assume that (I : a) # (0 : a). Then 0 # ab € I for some
b € R. Since sa ¢ VI, we have sb € I. Now let = € (I : a). If za # 0, then
since a ¢ (/I : s), we have sz € I and so = € (I : s). If za = 0, then we have
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0 # ab = a(b+z) € I and sa ¢ /T implies s(b+xz) € I. Thus, sz € I and z € (I : s)
as needed.

(2)=(3). Choose s € S as in (2) and assume that for a € R and an ideal K of
R,0#aK CIandsag VI. Thena ¢ (VI:s)and K C (I:a)\(0: a)imply
K C (I:s) by (2). Thus sK C I as required.

(3)=(4). Choose s € S as in (3) and suppose that 0 # JK C I and sJ ¢ /T for
some ideals .J, K of R. Then there exists a € J with sa ¢ v/I. If aK # 0, then by
(3), we have sK C I. Assume that aK = 0. Since JK # 0, we can write bK # 0
for some b € J. If sb ¢ v/I, then sK C I again by (3). Now suppose that sb € v/T.
Since sa ¢ /I, we have s(a + b) ¢ v/I. Hence, 0 # (a4 b)K C I implies sK C I
and we are done.

(4)=(1). Choose s € S asin (4) and let a,b € Rwith0#abe I. Put J =< a >
and K =< b > in (4), so we get the claim. O

Proposition 4. Let S be a multiplicatively closed subset of a ring R and I be an
ideal of R disjoint with S.

(1) If (I : s) is a weakly primary ideal of R for some s € S, then I is a weakly
S-primary ideal of R.

(2) If S C reg(R) and I is a non-zero weakly S-primary ideal of R, then (I : s)
is a weakly primary ideal of R for every weakly S-primary element s of I.

Proof. (1). Suppose for some s € S that (I : s) is a weakly primary ideal of R and
let a,b € R such that 0 # ab € I C (I : s). Then either a € \/(I:s)orbe (I:s)
and so either sa € /T or sb € I. Therefore, s is a weakly S-primary element of I
and we are done.

(2). Suppose I is weakly S-primary and let s be a weakly S-primary element
of I. Let a,b € R such that 0 # ab € (I : s) so that abs € I. If abs = 0, then
ab = 0 since S C reg(R), a contradiction. Thus, abs # 0 and so by assumption,
either sa € /T or s?b € I. Suppose s2b € I. If s?b = 0, then S C reg(R) implies
ab = b = 0, a contradiction. Thus, s?b # 0 and since s> ¢ V1, then sb € I and
b e (I:s). Suppose sa € VI, say, s"a™ € I for some n € N. If s”a™ = 0, then
a” =0as S C reg(R) and so a € v0 C /(I : 5). Otherwise, if s"a™ # 0, then
sa™ € I since s"t1 ¢ /I. Tt follows again that a € \/(I : s) and hence (I : 5) is a
weakly primary ideal of R. O

The assumption "I is non-zero” is necessary in Proposition 4 (2). For example,
consider R = Zy4 and S = {2" : n € N}. Observe that I = {0} is always a weakly
S-primary ideal of Zgs but (I : 4) =< 6 > is not weakly primary.

Remark 1. Let S1 C Sy be two multiplicatively closed subsets of a ring R. Then
it is clear that any weakly S1-primary ideal I of R with I N Se = is a weakly So-
primary ideal of R. However, the converse does not necessarily hold: For example,
consider the multiplicatively closed subsets S1 = {1} and Sy = {2" : n € N} of
R =Z[X]. In Ezample 1 (1), it is shown that I = 8XZ[X] is a weakly Sy-primary
ideal which is not a weakly Sy-primary.

Let S be a multiplicatively closed subset of a ring R. The saturation of S is
the set S* = {x € R: xzy € S for some y € R}, see [10]. It is clear that S* is a
multiplicatively closed subset of R and that S C S*.
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Proposition 5. Let S be a multiplicatively closed subset of a ring R and I be an
ideal of R disjoint with S. Then I is a weakly S-primary ideal of R if and only if
1 is a weakly S*-primary ideal of R.

Proof. Suppose I is a weakly S*-primary ideal of R associated to a weakly S-
primary element s* of I. Let a,b € R such that 0 # ab € I. Then s*a € VI or
s*b € I. Choose y € R such that s = s*y € S. Then sa € /T or sb € I as desired.
The converse is clear. O

Proposition 6. Let S be a multiplicatively closed subset of a ring R. If I is a
weakly S-primary ideal of R and {0} is an S-primary ideal, then \/T is an S-prime
ideal of R.

Proof. Let s; € S be a weakly S-primary element of I and suppose {0} is an S-
primary ideal associated with s, € S. Since I NS = ), we have VI NS = 0. Let
a,b € R with ab € v/I. Then a™b™ € I for some positive integer n. If a”b™ # 0, then
we have either s;a™ € VI or s;b" € I; i.e. sja € VI or s1b € v/I. Now, suppose
that a™b™ = 0. This yields either s.a™ € V0 or s9b™ = 0 and so sqa € V0 C VT or
s9b € V0 C V/I. Thus, VT is an S-prime ideal of R associated with s = s1s. ([l

Note that the condition ”{0} is an S-primary” in Proposition 6 is irreplaceable.
For example the zero ideal in Z5 is a weakly {1}-primary that is not {1}-primary
and /0 = (6) is not {1}-prime.

Proposition 7. Let S be a multiplicatively closed subset of a ring R and I be a
weakly S-primary ideal of R. For any ideal J of R with JNS # 0, INJ and I.J
are weakly S-primary ideals of R.

Proof. Since I NS = (), clearly we have (INJ)NS=I1JNS=0. Let s € S be a
weakly S-primary element of I and let 0 # ab € I N J. Then sa € VT or sb € I.
Choose t € J N S. Then staeﬁﬂ]@\ﬁﬁ\/jzx/lﬂJorstbelﬁJ. Thus
INJ is a weakly S-primary ideal of R. The rest of the proof is very similar. O

We not in Proposition 7, that if S # {1}, JI need not be weakly primary even if
I is weakly primary. For example let R = Z12, S = {1,3,9}, J = (3) and I = (2).

Then JI = (6) is not a weakly primary ideal of R.
Proposition 8. Let S be a multiplicatively closed subset of a ring R and Iy, ..., I,

n
be weakly S-primary ideals of R. If /T, = \/I; for alli,j =1,...,n, then I = ﬂ]i

i=1
is a weakly S-primary ideal of R. In particular, I is weakly S-primary if I, ..., I,
are not S-primary.

Proof. Since for each i = 1,....,n, I; NS = 0, then we have <DL> NS = 0. For
i=1

n
eachi=1,...,n, let s; € S be a weakly S-primary element of I;. Put s := 1_[‘9z es.

i=1
Suppose for a,b € R that 0 # ab € I but sb ¢ I. Then sb ¢ I; for some j =1,...,n.
Since s; is a weakly S-primary element of I; and clearly s;b ¢ I;, we have sja €

n
V/I;. Since VT = ﬂ\/Tl = /T;, then sa € VT as required. In particular if all I,’s

=1
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n

are not S-primary, then by Proposition 2 (2), we have /T = ﬂ\/TZ =0 =./I;
i=1

for all i = 1,...,n and the result follows similarly. O

We note that the condition ”+/I; = /I, for all i,j = 1,...,n” in Proposition 8
can not be ignored. For example, in the ring Zs, the ideals (2) and (3) are (weakly)

Ss-primary. But, (2) N (3) = (6) is not (weakly) Ss-primary by (2) of Proposition
1. Also, we can see that the converse of Proposition 8 need not be true in general.
For example the ideals I = <E> and J = <E> are not weakly{1}-primary in Zsg.
On the other hand VI = v/J = (6) and I N J = (0) is weakly {1}-primary in Zz.
Let S and T be multiplicatively closed subsets of a ring R with S C T. Then
clearly, T-1S = {% :teT, se S} is a multiplicatively closed subset of T7!R.
Moreover, if I is an ideal of R, then Is = {x € R : xs € I for some s € S}.

Proposition 9. Let S, T be multiplicatively closed subsets of a ring R with S CT
and I be an ideal of R disjoint with T .

(1) If I is a weakly S-primary ideal of R, then T~'I is a weakly 7! S-primary
ideal of T"'R and T-'I N R = (I : s) UOr for some s € S.
(2) If T C reg(R), the converse of (1) is true.

Proof. (1) Suppose I is a weakly S-primary ideal of R and suppose T-1SNT 11 #

¢, say, ¢ € T7'SNT 'I. Then clearly a € S and ta € I for some ¢t € T.

Since S C T, then ta € T N I, a contradiction. Thus, T~ is proper in T~ 'R
and T7'SNT T = ¢. Let s € S be a weakly S-primary element of I and

choose £ € T™1S. Suppose a,b € R and ty,t; € T with 0 # ﬁ% € T7'T and

N ¢ VT—'1. Then 0 # tab € I for some t € T and one can easily verify that

a ¢ V1. Since I is a weakly S-primary ideal, we must have stb € I. Thus,
sb % € T7'T as needed. Now, let » € T~'T N R and choose i € I, t € T such

that 7 = % Then vr € I for some v € T. If vr = 0, then r € 0p. If vr # 0,

then as I is weakly S-primary, we have either sv € v/T or sr € I. But sv ¢ /T as
TNVI = ¢ and so sr € I. Tt follows that 7 € (I : s) for some S-element s of I.
Since clearly (I : s)U0Or C T~'I N R for all s € T, the proof is completed.

(2) Suppose that 0 # ab € I for a,b € R and let $ be a weakly T—1S-primary

element of T-1I. Since S C T C reg(R), we have 0 # %% € T~'I. Hence,
24 evr-1lor ﬁ% € T~'I. Thus, there exists n € N such that us"a” € I or

¢
vsb € I for some v,u € T. If us"a™ € I, then a” = % eT'INR=(I:5)U07.
If a® € Op, then a” = 0 € (I : s) as T C reg(R). Hence, sa € v/I. Otherwise, if
vsb € I, then similarly, we get sb € I. Therefore, I is a weakly S-primary ideal of

R. O

w » =

In particular, if S = T, then all elements of TS are units in T-!R. As a
special case of of Proposition 9, we have the following.

Corollary 2. Let S be a multiplicatively closed subset of a ring R and I be an ideal
of R disjoint with S. If I is a weakly S-primary ideal of R, then S™'I is a weakly
primary ideal of ST R and ST'INR = (I : s) UOg for some s € S. The converse
holds if S C reg(R).

Proof. Suppose I is a weakly S-primary ideal. Then S~'1 is a weakly S~!S-primary
ideal of S~!'R by Proposition 9. Let a,b € R, 51,50 € S with 0 # 22 ¢ §-1].

S1 S2
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Then by assumption, fi € VST or f% € S~ for some S~'S-element 2 of
S~'I. Since 7 is a unit in S~'R, then S™!'I is a weakly primary ideal of S™'R as
required.

The proof of the other part is similar to that of (1) of Proposition 9. Conversely
let 0 # ab € I for a,b € R and choose s € S such that S~'1INR = (I : s)U0g. Since
S C reg(R), we have 0 # 22 € S711. Hence, ¢ € VS—1I =S 1WTor 2 e S71I.
Thus, ua™ € I for some n € N or vb € I for some u,v € S. If ua™ € I, then
a" = % € ST'INR = (I:5)U0r and so it can be easily checked that sa € /1.
Similarly, if vb € I, then sb € I and the result follows. O

Corollary 3. Let S C reg(R) be a multiplicatively closed subset of a ring R. If
every ideal in ST'R is radical, then every weakly S-primary ideal of R is weakly
S-prime.

Proof. Let I be a weakly S-primary ideal of R. Then S~'I is weakly primary in
S~IR by Corollary 2 and so S~'I is weakly prime as S™'I is a radical ideal of
S~!R. Hence, S™'I N R is weakly prime in R. Indeed, if 0 # ab € ST'INR
for a,b € R, then 0 # %? € S7'I since S C reg(R). It follows that ¢ € S~'I

or % € S'Tandsoa € ST'INRor b € S™'I N R. Therefore, by Corollary 2
(I :s)=S"'INRis weakly prime in R. Thus, I is a weakly S-prime ideal of R

by [1, Proposition 14]. O

Next, we characterize rings in which the zero ideal is the only weakly S-primary
ideal.

Theorem 3. Let S be a multiplicatively closed subset of a ring R. The following
are equivalent.

(1) (0) is the only weakly S-primary ideal of R.
(2) (0) is the only weakly S-prime ideal of R.
(3) Ris a domain and S7!R is a field.

(4) S Creg(R) and ST!R is a field.

Proof. (1)=(2). Clear.
(2)=(3). [1, Proposition 15].

(3)=(4). Clear.

(4)=-(1). Suppose I is a non-zero weakly S-primary ideal in R and let 0 # r € I.
Then 0 # % € S7'I and so there is 0 # ¢ € S™'R such that ¢ = 1. Thus,
u(ra —s) = 0 for some s € S. Since S C reg(R), then ra = s € IN S, a
contradiction. (]

Proposition 10. Let f : Ry — Rs be a ring homomorphism and S be a multiplica-
tively closed subset of R1. Then the following statements hold.

(1) If f is an epimorphism and I is a weakly S-primary ideal of R; containing
Ker(f), then f(I) is a weakly f(S)-primary ideal of Ra.

(2) If f is a monomorphism and J is an f(S)-primary ideal of Ry, then f~1(.J)
is a weakly S-primary ideal of R;.

Proof. (1) First, we show that f(I) N f(S) = 0. Assume not. Then there exists
w € f(I)N f(S) which implies v = f(x) = f(s) for some z € I and s € S.
Hence, © — s € Ker(f) C I and s € I NS which is a contradiction. Suppose
0 # ab € f(I) for some a,b € Ry, say a := f(x) and b := f(y) for some z,y € R;.
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Then 0 # f(z)f(y) € f(I) and clearly we have 0 # a2y € I. If we choose a
weakly S-element s of I, then either sz € /T or sy € I. Thus, clearly we have
f(s)a € f(VI)=+/f(I)or f(s)b e f(I)and so f(I)is a weakly f(S)-primary ideal
of RQ.

(2) Suppose 0 # ab € f~*(J) for some a,b € Ry. Then 0 # f(ab) = f(a)f(b) € J.
Since J is an f(S)-primary ideal of Ry, there exists a weakly f(S)-element f(s) of
J such that f(s)f(a) € V/J or f(s)f(b) € J. Thus, sa € f~(V/J) = /f~1(J) or
sbe (). O

Let S be a multiplicatively closed subset of a ring R and I be an ideal of R
disjoint with S. If we denote r + I € R/I by 7, then clearly the set S = {5:5 € S}
is a multiplicatively closed subset of R/I. In view of Proposition 10, we conclude
the following result for weakly S-primary ideals of R/I.

Corollary 4. Let S be a multiplicatively closed subset of a ring R and I, J are two
ideals of R with I C J .

(1) If J is a weakly S-primary ideal of R, then J/I is a weakly S-primary ideal
of R/I.

(2) If R is a subring of R’ and I’ is a weakly S-primary ideal of R/, then I'N R
is a weakly S-primary ideal of R.

(3) If J/I is a weakly S-primary ideal of R/I and I is a S-primary ideal of R,
then J is a S-primary ideal of R.

(4) If J/I is a weakly S-primary ideal of R/I and I is a weakly S-primary ideal
of R, then J is a weakly S-primary ideal of R.

Proof. (1) Note that (J/I) NS = ¢ if and only if JN S = ¢. The claim follows
from (1) of Proposition 10 with the canonical epimorphism = : R — R/I defined
by m(r) =7+ I for all » € R.

(2) Consider the natural injection 7 : R — R’ defined by i(r) = r for all r € R.
Since I’ is a weakly S-primary ideal of R’, by Proposition 10 (2), i~ '(I')=I'N R
is a weakly S-primary ideal of R.

(3) Let 31 = s1 + I € S be a weakly S-primary element of J/I and suppose I is
an S-primary ideal of R associated with sy € S. Let ab € J for some a,b € R. If
abe I,then spa € VI CV/Jorssbe I CJ. Ifab ¢ I, then I # (a+1)(b+1) € J/I
which yields (sy+1)(a+1) € \/J/T =/J/I or (s;+1)(b+1) € J/I. Thus sya € V/.J
or s1b € J. Now, put s = s159 € S. Then J is an S-primary ideal of R associated
with s.

(4) is similar to (3). O

Proposition 11. Let S be a multiplicatively closed subset of a ring R and I, J be
two weakly S-primary ideals of R such that (I+J)NS = 0. Then I+ J is a weakly
S-primary ideal of R.

Proof. Set S; = {s+ (INJ):s€ S} and S = {s+J : s € S} which are both
multiplicatively closed subsets of rings R/(I N J) and R/J, respectively. Here,
I/(INJ)is a weakly S;-primary ideal of R/(I N J) by Corollary 4 (1). Since
Sy C S, then I/(INJ) is also a weakly S-primary ideal of R/(I N.J) by Remark 1.
Thus, (I+.J)/J is a weakly S-primary ideal of R/.J by the isomorphism (I+.J)/J =
I/(INJ). It follows from Corollary 4 (4) that I + J is a weakly S-primary ideal of
R. O
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Theorem 4. Let S1,S52 be multiplicatively closed subsets of rings Ry, Ro respec-
tively and Iy, Is be non-zero ideals of Ry, Rs, respectively. Let R = Ry; X Ra,
S =51 x8y and I =1, x Is. Then the following statements are equivalent.

(1) I is a weakly S-primary ideal of R.

(2) I is an Sp-primary ideal of Ry and So NIy # () or I is a Sy-primary ideal
of Ry and S1N1I; # 0.

(3) Iis a S-primary ideal of R.

Proof. (1)=(2). Let s = (s1,52) be a weakly S-primary element of I. Assume on
the contrary that S; NIy = Sy NIy = (. Since I; and Iy are non-zero, choose a
non-zero element (a,b) € I. Then (Og,,0r,) # (a,1)(1,b) € I which yields either
s(a,1) € VT or s(1,b) € I. Thus clearly we have either s§ € S, N I for some
positive integer n or s; € S1 N I, a contradiction. Without loss of generality,
we may assume that S; N I; # () and we will prove that I is a Sy-primary ideal
of Ry. First, we note that So NIy = § as SN I = (. Suppose ab € I, for some
a,b € Ry. Choose Or, # u € Sy NI;. Hence (Og,,0r,) # (u,a)(1,b) € I implies
either s(u,a) € VI or s(1,b) € I. Therefore, sya € /I or s3b € I, as needed.

(2)=(3). We may assume that I; is a Sy-primary ideal of Ry with an S;-primary
element s; € S; and Sy N Iy # 0. Choose so € So N Is. Let (a1, a2)(b1,be) € I for
some ai,b; € Ry and as,bs € Ry. Then a1b; € I; which implies sja; € /I; or
s1b1 € I;. Now set s = (s1,82) € S. Observe that s(ay,az2) € VT or s(by,bo) €1
and thus I is a S-primary ideal of R.

(3)=(1). is straightforward. O

Let R; and Ry be two rings. Observe that if I is a weakly Si-primary ideal
of Ry and Iy is a weakly So-primary ideal of Rs, then I; x I3 need not to be a
weakly S; X Se-primary ideal of Ry x Rs. To see this, consider Ry = Ry = Z, the
multiplicatively closed subsets S; = Z\3Z and Se = Z\2Z and the ideals I = 9Z
and Iy = 47 of Ry, Ro, respectively. It is clear that I; is a weakly Si-primary ideal
of Ry and I is a weakly So-primary ideal of Ry. However, I = I} x Iy is not a
weakly S7 x Sp-primary ideal of Ry x Rs as (0,0) # (3,4)(3,1) € I but for each
(51,82) € S1 X Sa, neither (s1,52)(3,4) € I nor (s1,52)(3,1) € VI = 37 x 2Z.

Theorem 5. Let R=Ry X Ry X --- X R,,, S =51 XSy x--- xS, where R;’s are
rings and S; is a multiplicatively closed subset of R; for eachi=1,2,....n. For an
ideal I = 11 X Iy X --- X I,, the following are equivalent.

(1) I is a weakly S-primary ideal of R.

(2) For some i = 1,2,...,n, I; is an S-primary ideal of R; and S; N I; # ( for

all j # 1.

Proof. We prove the claim by using mathematical induction on n. It is obvious for
n = 1. Also the claim follows from Theorem 4 for n = 2. Now, assume that the
claim holds for all £ < n, then we will prove for k =n. Let I =1y x I X --- X I,
be a weakly S-primary ideal of R. Then Theorem 4 implies that I = I’ x I,, where
I'=1I x Iy x -+-x I,_1 is a weakly S-primary ideal of R = Ry x Ry X -+- X R, _1
and S, NI, # 0. Thus we are done from the induction hypothesis. O

3. WEAKLY S-PRIMARY IDEALS OF IDEALIZATION AND AMALGAMATION RINGS

Let R be aring and let M be an R-module. We recall that R(+)M = {(r,m) :r € R,m € M}
with coordinate-wise addition and multiplication defined as (ri,mi)(re,ms) =
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(rirg,r1meo 4+ r9my) is a commutative ring with identity (1,0). This ring is called
the idealization of the R-module M. For an ideal I of R and a submodule N of
M, I(+)N is an ideal of R(+)M if and only if IM C N. Moreover, the radical of
I(+)M is \/T(+)M = /I(+)M. If S is a multiplicatively closed subset of R, then
clearly the sets S(+)M = {(s,m):s€ S, me M} and S(+)0 = {(s5,0) : s € S}
are multiplicatively closed subsets of the ring R(+)M.

Next, we discuss the relation between weakly S-primary ideals of a ring R and
those of the idealization ring R(+)M.

Proposition 12. Let S be a multiplicatively closed subset of a ring R and M be
an R-module. For an ideal I of R disjoint with S, the following statements are
equivalent.

(1) I(+)M is a weakly S(+)M-primary ideal of R(+)M.

(2) I(+)M is a weakly S(+)0-primary ideal of R(+4)M.

(3) I is a weakly S-primary ideal of R with weakly S-primary element s € S
and if a,b € R with ab = 0 but sa ¢ v/I and sb ¢ I, then a,b € annp(M).

Proof. (1)=(3). Suppose that (s, m) is an S(+)M-primary element of I(+)M and
0 # ab € I for some a,b € R. Then (0,0) # (a,0)(b,0) € I(+)M which implies
either (s,m)(a,0) € \/T(+)M = VI(+)M or (s,m)(b,0) € I(+)M. Thus, sa € v/T
or sb € I and [ is a weakly S-primary ideal of R. Let s be a weakly S-primary
element of I and Suppose a,b € R with ab = 0 but sa ¢ VT and sb ¢ I. Suppose
on contrary that a ¢ anng(M). Then am’ # 0 for some m’ € M and we can
write (0,0) # (a,0)(b,m') € I(+)M. This yields either (s,m)(a,0) € \/I(+)M =
VI(+)M or (s,m)(b,m’) € I(+)M and so we get sa € v/ or sb € I, a contradiction.
Thus a € anng(M). Similarly, we conclude b € anng(M).

(3)=(2). Suppose that (0,0) # (a,m1)(b,ma) € I(+)M for some (a,my), (b,mz) €
R(+)M. If ab # 0, then sa € /T or sb € I, and it is easy to see that (s,0)
is an S(+)0-primary element of I(+)M. Next, assume that ab = 0 but neither
sa € /I nor sb € I. From our assumption (3), a,b € anngr(M) and hence
(a,m1)(b,ma) = (ab,ams + bmy) = (0,0), a contradiction. O

We note that if the conditions on I and M in (3) of Proposition 12 does not
hold, then we may find a weakly S-primary ideal of a ring R such that I(+)M is

not weakly S(+4)0-primary in R(+)M. For example, while (0) is weakly S5-primary

in Zsg, the ideal (0) (+)Zso is not weakly Sy(+)0-primary in Zso(+)Zso. Indeed,
(0,0) # (3,1)(10,1) € (0) (+)Z3o but (s,0)(3,1) ¢ /(0) (+)Z3o = (0) (+)Z30 and
(5,0)(10,1) ¢ (0) (+)Z3p for all s € Ss.

For rings R and R, let f : R — R’ be a ring homomorphism and J be an ideal
of R’. The amalgamation of R and R’ along J with respect to f is the subring
Rx/J={(a,f(a)+j):a€R,j€J} of Rx R. The amalgamated duplication
of a ring R along an ideal J is R x J = Rx!% J = {(r;r+j):r€R,j€J}
corresponds to the identity homomorphism Idgr : R — R. In [8], [9], we can see
many properties of this ring.

For an ideal I of R and an ideal K of f(R)+.J, two corresponding ideals of Rix/.J
can be defined, [9]: I x/ J = {(i, f(i)+j):i€I,j€ J} and K = {(a, f(a)+j):
a€R,jeJ, f(a)+j € K}. For a multiplicatively closed subset S of R, one can
easily verify that Sx/J = {(s, f(s) +j):s€ S, j€ Jyand W = {(s, f(5)) : s € S}
are multiplicatively closed subsets of R x/ .J.
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The proof of the following lemma can be follows by simple computations.
Lemma 1. Let R, R', I, K and f be as above. Then VI x/ J = I x'J and
Next, we determine when the ideal I x/ J is (S x/ J)-primary ideal in R x/ J.

Theorem 6. Consider the amalgamation of rings R and R’ along the ideal J of
R’ with respect to a homomorphism f. Let S be a multiplicatively closed subset of
R and I be an ideal of R disjoint with S. Then the following are equivalent.

(1) I xf Jis a weakly W-primary ideal of R x/ .J.

(2) I xfJisaweakly (S x/ .J)-primary ideal of R x7 J.

(3) I is a weakly S-primary ideal of R and for a,b € R and a weakly S-primary
element s € S with ab =0 but sa ¢ VT, sb ¢ I, then f(a)j+ f(b)i+ij =0
for every i,j € J.

Proof. First we note that (S x/ J)N (I xf J) =0 if and only if W N (I x/ J) =0
if and only if SN T = 0.

(1)=(2). Clear from Remark 1 since W C (S x7 .J).

(2)=(3). Suppose I xf J is a weakly (S x/ .J)-primary ideal of Rxf.J and choose
a weakly (S x7/ J)-primary element (s, f(s) + j) of I x/ .J. Let a,b € R such that
0 # ab e I and sa ¢ v/I. Then (0,0) # (a, f(a))(b, f(b)) € I xI J and by Lemma
1, we have (s, f(s) + j)(a, f(a)) ¢ VI xJ J. Hence, (s, f(s) + j)(b, f(b)) € I xT J
and so sb € I. Therefore, I is a weakly S-primary ideal of R. Now, let s be
a weakly S-primary element of I and a,b € R such that ab = 0, sa ¢ VT and
sb ¢ I. Then for every i,j € J, we have (a, f(a) + i)(b, f(b) + j) € I x¥ J,
(s, f(s) +i)(a, f(a) + i) ¢ VI xS J and (s, f(s))(b, f(b)) & I xF J. Therefore, we
get f(a)j + f(b)i+ij = (f(a) +i)(f(b) + j) = 0 since I x/ J is weakly (S x/ J)-
primary.

(3)=(1). Let (a, f(a) + j1), (b, f(b) + j1) € R x’ J such that (0,0) # (a, f(a) +
31) (b, £(b) + j§2) = (ab, (f(a) + 51)(f(b) + j2)) € I x/ J. If ab # 0, then sa € VT
or sb € I for some weakly S-primary element s of I. Hence, (s, f(s))(a, f(a)+j) €
VIS J =VIwTJor (s, f(s))(b, f(b) +7) € I x/ J as required. Now, suppose
ab= 0. Then f(a)j+ f(b)i+ij # 0 and so by assumption either sa € VT or sb € I.
Hence, again (s, f(s))(a, f(a) +5) € VI xS J =T =T Jor (s, f(5))(b, f(b) + j) €
I x7 J. Therefore, I x/ J is a weakly W-primary ideal of R xf .J. (I

Corollary 5. Let R, R, J, f and S be as in Theorem 6. Then any weakly (Sx7.J)-
primary ideals of R x' J containing {0} x J is of the form I x' J where I is a
weakly S-primary ideal of R.

Proof. Let K be a weakly (S xf J)-primary ideal of R xf J containing {0} x J.
Consider the surjective homomorphism ¢ : Rx/ J — R defined by ¢(a, f(a)+j) =
a. Then Ker(p) = {0} x J C K and so I := p(K) is a weakly S-primary ideal of
R by Proposition 10. Since {0} x J C K, we conclude that K = I xf.J. Moreover,
Ix/ Jis a weakly (S x7 J)-primary ideal of R x/ .J for any weakly S-primary ideal
I of R by Theorem 6. O

Let T be a multiplicatively closed subset of R’. Then clearly, the set T/ =
{(s,f(s)+3j):s€ R, jeJ f(s)+j €T} is a multiplicatively closed subset of
Rx/J.


https://doi.org/10.20944/preprints202109.0486.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 29 September 2021 d0i:10.20944/preprints202109.0486.v1

14 ECE YETKIN CELIKEL AND HANI A. KHASHAN

Theorem 7. Consider the amalgamation of rings R and R’ along the ideals J
of R with respect to an epimorphism f. Let K be an ideal of R' and T be a
multiplicatively closed subset of R’ disjoint with K. The following are equivalent.

(1) K7 is a weakly T/-primary ideal of R x/ .J.

(2) K is a weakly T-primary ideal of R’ and for f(a), f(b) € R’ and a weakly
T-primary element f(s) of K , if (f(a)+7)(f(b)+1i) = 0’ for every 4,5 € J,
F(s)(f(a) +j) ¢ VK and f(s)(f(b) +1) ¢ K, then ab = 0.

Proof. One can easily verify that TN K = ¢ if and only if 77 N K¥ = ¢.

(1)=(2). Suppose K is a weakly T7-primary ideal of Rxf.J and choose a weakly
T7-primary element (s, f(s) + j) of K. Let a’,b’ € R’ such that 0/ # a't/ € K,
say, @’ = f(a) and V' = f(b) for a,b € R. Then (a, f(a)), (b, f(b)) € R x/ J
with (0,0) # (a, f(a))(b, f(b)) = (ab, f(ab)) € Kf. By assumption, we have either

- —f

(s, f(5)+3)(a, f(a)) = (sa, (f(s)+4)f(a) € VKT = VK or (s, f(s)+])(b, f(b)) =
(sb, (f(s) + §)f(b)) € Kf. Thus, f(s)+j € T and (f(s) + j)f(a) € VK or
(f(s)+7)f(b) € K. Tt follows that K is a weakly T-primary ideal of R’. Now, let
f(s) be a weakly T-primary element of K and f(a), f(b) € R’ such that (f(a) +
DO) +i) =0, f(s)(f(a) +4) ¢ VK and f(s)(f(b)+14) ¢ K. Since K is weakly
T7-primary and for every 4,5 € J, (a, f(a) + §)(b, f(b) + i) € K/, then we must
have ab = 0 and we are done.

(2)=(1). Choose a weakly T-primary element f(s) of K. Let (0,0) # (a, f(a) +
710, f(b) + j2) = (ab, (f(a) + 51)(f(b) + j2)) € K7 for (a, f(a) + j1), (b, f(b) +
j2) € Rl J. Then (f(a) + jn)(f(b) + 4o) € K. T¢ (f(a) + 30)(fB) + o) # O,
then f(5)(f(@) + j1) € VE or f(s)(f(b) + j2) € K. Thus, (s, /(s))(a, f(a) +

1)) = (sa, (s0) + j1£(5) € VE = VET or (s, f(s))(b f(8) +jz)) € K7 and the
result follows. Suppose (f(a) + j1)(f(b) + j2) = 0. Then ab # 0 and so by our
assumption, we conclude f(s)(f(a) + j1) € VK or f(s)(f(b) + j2) € K. Hence,
again (s, f(s))(a, f(a) +j1)) € VKT or (s, f(s))(b, f(b) + j2)) € Kf and so K/ is a
weakly Tf-primary ideal of R x7 .J. (]

In particular, if S is a multiplicatively closed subset S of R, S x f(S) is also a
multiplicatively closed subset of R x/ J. Hence, we have the following corollary of
Theorem 7.

Corollary 6. Let R, R', J, S and f be as in Theorem 6. Let K be an ideal of R’
and T = f(S). Then the following statements are equivalent.

(1) Kf is a weakly (S x T)-primary ideal of R x7 J.

(2) Kf is a weakly T -primary ideal of R xf J.

(8) K is a weakly T-primary ideal of R and for f(a), f(b) € R’ and a weakly
T-primary element f(s) of K , if (f(a) + 7)(f(b) +i) = 0" for every i,j € J,
F(s)(f(a)+3) ¢ VK and f(s)(f(b) +1i) ¢ K, then ab= 0.

4. S-WEAKLY LASKERIAN RINGS

It is well-know that a primary decomposition of an ideal I of a ring R is an
expression of I as a finite intersection of primary ideals of R. In this case, we say
that I is decomposable in R. Recall that a ring R is called Laskerian if every proper
ideal of R is decomposable. More general, in [19], S-decomposable ideals are defined
as those ideals that can be written as a finite intersection of S-primary ideals. A
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ring R is called S-Laskerian if for every proper ideal I of R, either I NS # ¢ or
(I : s) is S-decomposable for some s € S. Analogous to these definitions, we have
the following.

Definition 2. Let S be a multiplicatively closed subset of a ring R and I be a
proper ideal of R.

(1) I is called weakly decomposable if it can be expressed as a finite intersection
of weakly primary ideals. Moreover, R is called weakly Laskerian if every
proper ideal of R is weakly decomposable.

(2) I is called weakly S-decomposable if it can be expressed as a finite intersec-
tion of weakly S-primary ideals. Moreover, R is called S-weakly Laskerian
if for every proper ideal I of R, either TN S # ¢ or (I : s) is weakly
S-decomposable for some s € S.

While clearly every decomposable (S-decomposable) ideal is weakly decompos-
able (weakly S-decomposable), the converse need not be true. For example, the
zero ideal of the ring of real valued continuous functions C[0,1] is clearly weakly
decomposable which is not decomposable, [5, Exercise 6, page 55].

In this section, we only give some basic results concerning these concepts. Mo-
tivated and inspired by S-decomposable ideals introduced in [19], many other defi-
nitions and results will be introduced and studied in a future coming research.

Proposition 13. Let S C reg(R) be a multiplicatively closed subset of a ring R.
If R is weakly Laskerian, then it is S-weakly Laskerian.

Proof. Suppose R is weakly Laskerian and let I be an ideal of R such that INS = ¢.
Then I = () Q; where Q; is weakly primary for all . Since (ﬂ Qi) NS = ¢, then
' i=1

=1
Q;NS = ¢ for at least one j € {1,2,--- ,n}. Now, suppose with no loss of generality
that Q;NS=¢fori=1,2,--- ;kand Q; NS #pfori=k+1,k+2,--- ,n. Then
for all i = k+ 1,k + 2,--- ,n, clearly there exists s € S such that s € @); and so
(Qi : s) = R Moreover, as S C reg(R), (Q; : s) is weakly primary (and so weakly
S-primary) for ¢ = 1,2,--- k. Therefore, (I : s) = ([ Qi :s) = [1(Q; :s) =
i=1 j

=1

k
N (Q; : s) is a weakly S-primary decomposition and R is S-weakly Laskerian. [
i=1

Proposition 14. Let S C reg(R) be a multiplicatively closed subset of a ring R
and I be an ideal of R disjoint with S.

(1) If (I : s) is weakly S-decomposable for some s € S, then S™I is weakly
decomposable in ST1R and S~'INR = (I : s') for some s’ € S.

(2) The converse of (1) is true if each term in the decomposition of S~1T is not
primary.

Proof. (1) Suppose (I : s) is weakly S-decomposable for some s € S, say, (I :
n
s) = ) Q; where Q; is weakly S-primary for all i € {1,2,--- ,n}. Then S~1Q; is

=1
weakly primary and S71Q; N R = (Q; : s;) for some s; € S by Corollary 2. Now,
by [14, Exercise 4, page 75], we have S™1(I : s) = (S~ : §71(s)) = (S~ :

S~'R) = S~'I. Therefore, S~ = Sil(ﬁ Qi) = N (S71Q;) is a weakly primary
i=1 j

i=1

3
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decomposition of S~1I. For the proof of the other part, we let t = s185--- s, and
start by justifying that (Q; : s;) = (Q; : ¢) for all ¢ € {1,2,--- ,n}. Indeed, let
i€ {1,2,--- ,n} and a € (Q; : t) so that as;sy---8;_18i41- -8 € (Q; : s;). If
Q; = (0), then (I : s) = (0) and so ST INR =S (I :s)NR=S5"1(0)nN
R=0s=(I:s):8)=(:ss) for some s € S. If Q; is non-zero and as
S C reg(R), then (Q; : s;) is weakly primary by (2) of Proposition 4. Since clearly

$182 - 8i—18i41 " Sn & \/(Qi : 8;), then a € (Q; : s;) and so (Q; : t) C (Q; : s;).

Hence, (Q; : s;) = (Q; : t) for all i € {1,2,--- ,n}. Now, S7'I = ﬁ(S‘lQi)

=1

implies ST INR= N(S7!1Q)NR=N(SQ:NR)=NQ;:t)=(NQi:t) =
i=1 i=1 i=1 ;
(I:s):t)=(T:st)=(I:¢") for some s’ € S.
(2) Suppose S7'I = (N (S7'Q;) where for all i, S~1Q; is weakly primary in
i=1
SR that is not primary. Then S~'I is weakly primary in S~!'R by [4, Theorem
2.3]. Tt follows that I is a weakly S-primary ideal of R by Corollary 2. If I is nonzero,
then as S C reg(R), (I : §') is weakly primary (and so weakly S-primary) in R for
some weakly S-primary element s of I by (2) of Proposition 4. Suppose I = 0. Note
that by [4, Theorem 2.2], \/S~1Q; = V'S~10, and so S71Q; N R is weakly primary
in R for all 4. Indeed, if 0 # ab € S™'Q; N R, then %% € S71Q; and %? %
since otherwise S C reg(R) implies ab = 0, a contradiction. Thus, either § €

VS1Q; = VS—10 or % € S71Q,. If ¢ €+/571Q;, then a € V0 C \/S1Q;NR

as S C reg(R). Otherwise, % € S71Q; implies b € S~'Q; N R. Moreover, if there

is s € S such that s € (S71Q; N R) N S, then clearly Q; N S # ¢, a contradiction.

Thus, S7'Q; N R is a weakly S-primary ideal of R for all i. By assumption, there

is s’ € S such that (0:s)=S"10NR=N(S1Q;)NR=N(ST'Q;NR). Thus,
i=1 i=1

(0: s") is weakly S-decomposable for some s’ € S as needed. O

Proposition 15. Let S C reg(R) be a multiplicatively closed subset of a ring R.

(1) If R is S-weakly Laskerian, then S™!'R is weakly Laskerian and for any
ideal I of R with NS = ¢, we have ST'TNR = (I : s') for some s’ € S.

(2) The converse of (1) is true if each term in a weakly primary decomposition
of every ideal of S™!R is not primary.

Proof. (1) Suppose R is S-weakly Laskerian and let S~!J be a proper ideal of
SR for some proper ideal J of R with J NS = ¢. By assumption, (J : s) is
weakly S-decomposable for some s € S. By (1) of Proposition 14, S~1.J is weakly
decomposable and so ST!R is weakly Laskerian. Now, let I be any ideal of R with
INS =¢. Since (I : s) is weakly S-decomposable in R for some s € S, then again
by (1) of Proposition 14, we get S™1I N R = (I : s") for some s’ € S as required.

n

(2) Let I be a proper ideal of R and suppose INS = ¢. Then S™'I = N (S71Q;)
i=1

where S1Q); is weakly primary in S~ R that is not primary and S™'INR = (I : s')

for some s’ € S. By the proof of (2) of Proposition 14, we conclude that there

exists s € S such that (I : s) is weakly S-decomposable. Therefore, R is S-weakly

Laskerian. g
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