Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 24 September 2021 d0i:10.20944/preprints202109.0423.v1

Article
Higher dimensional Bianchi Type-III String Cosmological
Models in Lyra Geometry

Kangujam Priyokumar Singh /(, Jiten Baro 2, S. Romaleima Devi  and Asem Jotin Meitei 4*

1 Department of Mathematics, Manipur University, Imphal-795003, Manipur, India;

pk_mathematics@yahoo.co.in

Department of Mathematical Sciences, Bodoland University

Kokrajhar-783370, BTC, Assam, India; barojiten5@gmail.com

3 Department of Mathematics, Manipur College

Imphal, Manipur-795008, India; s.romaleima@gmail.com

4 Department of Mathematics, Pravabati College, Mayang Imphal-795132, Manipur, India;
jotinasem@gmail.com

*  Correspondence: jotinasem@gmail.com; Tel.: (+919774571821)

2

Abstract: Here we studied Bianchi type-III string cosmological models generated by means of a
cloud of strings with particles connected to them in the framework of Lyra geometry considering
five-dimensional space-time. To obtain the exact solutions of field equations we consider that the
shear scalar and the scalar expansion are proportional, ccof which leads to D = ¢ and secondly
we adopt the assumption considering the Reddy String Condition, p + A = 0. From the two
different cases obtained here, first case leads to the Bianchi type-III string cosmological model in
Lyra geometry in five-dimensional space-time and the second case leads to the five-dimensional
vacuum universe in general relativity. The Geometrical and physical properties of the model
universe are studied comparing with the present day’s observational findings. The model universe
obtained here starts with the big bang and as time progresses both particle density p, and energy
density p decreases with expansion of our Universe.

Keywords: Five dimension, Cloud String, Bianchi Type-III Space-Time , Lyra Geometry, Expansion
Scalar and Big-bang

1. Introduction

It is still an interesting area of research to discover its unknown phenomenons
that have yet to observed to study the ultimate fate of the Universe. So cosmologists
have taken considerable interest to understand the future evolution of the Universe
and comprehension of the past and present state of the Universe and to understand
about the universe in modern era. Recently, there has been considerably interest to
study the string cosmology because of the important role of cosmic strings to study
about the origin and evolution of the universe. But till these days we can not make a
very last assertion about its origin and evolution with strong evidence. So more and
more investigations are very important to discover the unknown phenomenons of the
whole universe. The string theory was developed to describe the events of the early
stage of origin and evolution of the Universe. Generally the study of string was started
by Stachel[1] and Letelier[2]. Because of the key function of strings in describing the
evolution of the early stage of our universe, in recent times, many prominent authors
are interested in cosmic strings in general relativity (Kibble[3], Kibble[4]) and give rise
to density perturbations leading to the formation of large Scale Structure (galaxies) of
the universe (Zel’dovich [5], Zel’dovich [6]). The strings are nothing but crucial topo-
logical defects because of the phase transition which occurs at the temperature lower
than some critical point at the beginning of our universe according to grand unified
theories (Vilenkin [7], Vilenkin [8]). Also, a large network of strings present in early

© 2021 by the author(s). Distributed under a Creative Commons CC BY license.


https://www.mdpi.com
https://orcid.org/0000-0002-8784-4091
https://orcid.org/
https://doi.org/10.3390/1010000
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/notspecified
https://doi.org/10.20944/preprints202109.0423.v1
http://creativecommons.org/licenses/by/4.0/

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 24 September 2021 d0i:10.20944/preprints202109.0423.v1

20f 11

universe does not oppose present day observational findings of the Universe and results
in an anisotropy in the space-time though the strings are not observable in the present
day’s universe. Those strings have stress energy and they may be coupled with the
gravitational field. The Strings don’t cause any harm to the cosmological models, rather
it can lead to very interesting astrophysical phenomena.

Among the modified theories of gravity, Lyra geometry is also one of the important the-
ory in which the displacement field can be considered as a component of the total energy
that can play the role of dark energy. Lyra[9] suggested a modification to Riemannian
geometry by using a gauge function ¢, into the structureless geometry which removed
the non integrability condition to H. Weyl’s [10] geometry and this modified Riemannian
geometry by Lyra is known as Lyra’s Geometry. Halford [11] Constructed a cosmological
theory in the framwork of Lyra Manifold and Mentioned that the displacement vector
in Lyra manifold plays the position of cosmological constant A in general relativity.
Some of the prominent researchers in the area of Lyra geometry are Rahaman and Bera
[10], Rahaman et al. [11], Singh et al.[12], Mohanty et al.[13], [14], G. Mohanty and K.
L. Mahanta[15], Singh and Mollah[16], who constructed various cosmological models
universe in the context of Lyra geometry.

Many researchers have studied different string cosmological models in different di-
mensions. It is believed that the universe had some higher dimensional era at its early
stage of evolution which motivates us to investigate the cosmological model universe
in five dimensional space-time. Nowadays it is interesting to study string cosmology
in five dimensional space time in the framework of general relativity as well as in Lyra
geometry. Rahaman et al.[17] obtained realistic solutions of the field equations in Lyra
geometry for a five dimensional space time when the gravitational sources are massive
strings. Mohanty and Samanta[18] constructed five dimensional string cosmological
models in Lyra manifold with massive scalar field and obtained that the models avoid
initial singularity in presence of massive scalar field.Yadav et al.[19] have investigated
Bianchi type-III anisotropic universes with cloud of strings within the framework of Lyra
geometry. Samanta et al.[20] constructed some Bianchi type-III cosmological models
in the framework of general relativity considering five dimensional space time with
massive string as a source of gravitational field. Adhav et al.[21], Kandalker et al.[22]
constructed string cosmological models by considering the Reddy string condition
(o + A = 0) for solving the field equations. Sahoo et al.[23] investigated Bianchi type-III
String cosmological model with bulk viscous fluid in Lyra manifold. Reddy[24],[25],
Khadekar[26], Rao[27], Yadav[28], Goswami[29], Singh[30] are the some authors who
studied on different cosmological models with various modified theories of relativity in
different context with different Bianchi type space-times. Not only the above mentioned
authors, recently Tripathi[31], Panov[32], Pradhan[33], Tiwari et al.[34], Ram et al.[35],
Mollah et al.[36] constructed string cosmological models in various contexts and in
various space-times.

Motivated by the above discussions and investigations in Einstein’s theory and its
alternative theories of gravity, here we have studied the five dimensional string cosmo-
logical models in Bianchi type-III space-time considering Lyra geometry. The model,
presented here is some what different from the earlier findings in many area and are
physically realistic as the present day observational data. The paper is planed as fol-
lows:In Section 1, a brief introduction of strings and its importance and review of Lyra
Geometry are discussed. In Section 2, the five dimensional Bianchi type-III metric is
presented and the field equations in the framework of Lyra geometry are derived; Section
3, deals with the determinate solutions of the field equations determined by using some
physical plausible conditions and Physical and geometrical properties of our model
universe with the help of graph are presented in the Section 4; In Section 5 conclusions
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are presented.
2. The Metric and Field Equations
We consider the five-dimensional Bianchi type-III metric as
ds* = —dt* + a*dx® + bPe” Fdy? + c?dz* + D%dm? (1)

Where a, b, c and D are the functions of ‘t" only. Here the extra coordinate is taken to be
space-like.
For the above metric let

xlzx,x2:y,x3:z,x4:mandx5:t 2)

The field equations in the normal gauge for Lyra manifold as obtained by Sen[37] is

1 3 3
Rij = 58iiR+ 5¢i¢j — Zgij¢k¢k = —Tj 3)

Where in geometrized unit 877G = 1, C = 1 and ¢; is the displacement field vector
defined by

¢i = (0,0,0,0, (1)) €9

The energy-momentum tensor for a cosmic string is
Tij = pujuj — Ax;x; (5)

Where,p = p, + A is the energy density for a cloud of string with particle attached
to them, p, is the rest energy density of particles and A is the string tension density of
cloud of string. The fifth coordinate is taken to be space like and the coordinate are
co-moving. where u’ is the five velocity vector of particles given by

=(0,0,0,0,1) and x' = (0,0,¢71,0,0) (6)

Such that, ‘ . '
u = -1 = —x;x) and u;x' =0 (7)

The field equation (3) with the equations (4)-(7) for the metric (1) takes the form

b D be bD  ¢D )
E+ ‘42 St ettt 5t 2~ 0 ®)

D a¢ aD  ¢D 3,
5+ +E+5+Zﬁ —0 )

gb’Dab@bD

7++

R R R S 10
g+g+§+%+%+%+%ﬁz—%:0 (11)
LELELE YL,

Where the overhead dots denotes differentiation with respect to time “t".
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3. Solution of the Field Equations
From equation (13) we have
a=1b (14)
where 1 is the constant of integration. Without loss of generality we take 1=1.
a=b (15)
Thus using relation (15) the field equations (8) to (12) reduces to
b d b bD  ¢D
b—l— +d+b +bD—|-—D—|— ,3—0 (16)
b D b  _bD 1
Zb—l— —I—b2+2—+ ,B———)L (17)
b b?
Zb—l— +b2—|—2 + ,B (18)
B _be _bD )
b7+2b +2b—D+——7,B (19)

We have 4 independent equations (16)-(19) with Six unknowns variables b, ¢, D, B, A, p.
For deterministic solution we considered the following physical plausible conditions:
(i) Here, we assume that the shear scalar and the scalar expansion are proportional to
each other , coof) which leads to

D=c" (20)

where n#£0 is a constant.
This condition is assumed based on Thorne[38] and the observations of the velocity
red-shift relation for extragalactic sources suggested that the Hubble expansion of the
universe is isotropic to within 30 percent today[Kantowski and Sachs[39], Kristian
and Sachs[40]]. If ¢ is shear and H is a Hubble constant, the redshift studies limit
% < 0.30. If 8 is expansion in the model then, for spatially homogeneous metric, the
normal congruence to the homogeneous hypersurface that satisfies the condition § is
constant[Collins et al.[41]].
(ii)we also adopt the assumption considering the Reddy String Condition[Reddy[42],
[43], Reddy and Rao[44], [45]].

p+A=0 1)

which is the most suitable condition to explore the physically meaningful solutions of
the above field equations.
Now subtracting (16) from (18) yields

b D b be D ¢D 1

5 D' b D D B 22)

Adding (17) and (19) and using (21) yields,

b D _¥* _be bD ¢D 1
2b+ +2ﬁ44%7+4ﬁ5+47—2ﬁ_70 (23)

Equations (22) and (23) yields
D ZbD ¢D

525 T =" (24)
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By using (20) in (24), we get
¢ b

clg
Which yields the following three cases:
Casel: % + ng +2% =0

Casell: % =0

CaseIII:% =0and % + ng +2% =0

In the following subsections we intend to determined the cosmic string cosmologi-
cal models for the above mentioned three cases separately.

3.1 Casel: £ +n¢ + 20 — .
Solving we get,
k
o(t) = [+ 1)( [ gyt + Ka)) (26)

From this it is clear that c(t) can be find for any given function b(t). So the solution are
not unique. However for further studies here we consider[Mohanty and Mahanta[15]],

¢, ¢ b
3 + no = —25 = k(Constant) (27)

Now solving (27) and using (15) and (20) we get,

a=>b=kye 2 (28)
c:Kn+1x%Jﬂ+@ﬂﬁin¢—1 (29)
D = [(n+1)(%2e 4 k)1, mt 1 (30)

where ky, k, and k3 (# 0) are constants of integration.
The geometry of the model is described by the metric

2

ds? = —dt? + ki 2e M (dx® + e X dy?) + [(n + 1)(k£ekf + k3)]FiTdz?

k
ko ki 2 g 2 Gh
1+ 1) (2 ko) ¥ d
Using (28), (29) and (30) in the equation (16) yields
2 okt kt 2
%ﬁZ _ nky“e B kk,e B kf (32)

(n+12(%ek +k3)2 2(Rekt +k5) 4
The Energy density of the string is obtained by using (28), (29) (30), and (32) in the
equation (19)

= = - (33)
=3 2(Rekt 4 k3) K2

From (21), the Tension density is given by
kky ekt ekt K2

A= e e b (34)
2(%6“ +k3) k12 2

d0i:10.20944/preprints202109.0423.v1
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The rest Energy density of particles attached to the string is given by
kkoeXt 2ekt
=k = (35)
(Fe+ks) K
The spatial volume is given by
(n+ 1k ? (52 + k)
V= okt (36)
The expansion scalar is given by
kt
(e +ks)
The Hubble parameter is
kt
- ke K (38)
4(FeRt +ks) 4
The deceleration parameter is
4k2€kt
=— 1
7= ~l7, +1 (39)
The shear scalar of the model is
2 2kt (R,2 kt
02— l[kz ky“e (3nk 2n+3) i kkye ] (40)
8 (n+1)2(PeM +k3)2 (el +k3)
3.2.Casell: £ =0
Which on integration yields
cC = k4 (41)
where k4 is constant of integration.
Equation (20) and (41) together yields
D = k4" (42)
Now field equations(16)-(19) with the help of (41) and (42) reduces to
b3,
Ty P 4
Gt =0 3)
b b 1
= 44
b e @)
b »? 1
b + PR 0 (45)
b B 1
bR R (46)
Solving equation (45) we get,
b= (12 + 2kst + 2kg)? (47)
where, ks and k¢ are constants of integrations.
And equation (15) and (47) yields
a = (£ + 2kst + 2ke)? (48)
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Equations (44), (45) and (46) gives p = A = 0, which satisfies the conditionp+ A =0
and so the Energy density is given by

p=0 (49)
The tension density is given by

A=0 (50)
And the rest Energy density is given by

pp =0 (51)

This leads five dimensional vacuum model in Einstein’s theory.
Thus the geometry of this model is described by the metric

ds? = —di* + (1 + 2kst + 2k) (dx® + e~ 2 dy?) + ky>dz? + kg dm? (52)

3.3.Caselll:{ = 0and & +n + 2% =0.
This one case is not valid as the second equation becomes indeterminate.

Taking k = =1, ky = ko = k3 = 2, n = —0.5 the variation of some parameters of
the model (31) are shown below-

4. Physical Interpretations of the solutions

In case I, we have obtained a five dimensional Bianchi type-III string cosmological
model universe in Lyra geometry given by the equation (31). The physical and geometri-
cal behavior of model (31) are discussed as
(i) At initial epoch t = 0, the metric (31) becomes flat. And as time increases and
—1 < n < 0 the model expands along z axis but contract along x and y axes. The extra
dimension contracts and becomes unobservable at t — oco.

(i) Our model satisfies the energy density conditions p > 0 and p, > 0. From the Fig.1, it
is observed that the evolution of Energy density p is infinite at time f = 0 and it decreases
as the time t increases and become constant after some finite time.

(iii) From Fig.1 it is also observed that p > 0, A < 0 and p, > 0, which shows that at
early era strings exist with negative A but particles exist with positive p,.

(iv) From the expansion scalar for the model (31), at initial epoch ¢t = 0, the expansion
scalar 6 is finite and as the time progresses gradually it decreases and finally 8 becomes
0 when t is infinite(as shown in the Fig.2). Hence the model shows that the universe is
expanding with the progresses of time however the charge of expansion slower with
respect to time and the expansion will stop at t — oo and so the expansion is finite.

(v) Our model represents a shearing universe as shown in Fig.2, which shows a possible

big crunch at some initial epoch t = 0. Since ‘g—; # 0 ast — oo and hence our model
universe obtained here is anisotropic one. Though the anisotropy is included, it does not
make any contradiction with the present day observational findings that the universe is
isotropic one. This is due to the reason that during the process of evolution of our uni-
verse the initial anisotropy disappears after some epoch and approaches to the isotropy
in late time universe.

(vi) The spatial volume V in the model (31) is finite at + = 0, and it increases as t increases
but in dumped way as shown in Fig.4.

(vii) The deceleration parameter q in (39) is decelerating at t = 0 and it decreases as time
increases and becomes negative after some finite time as shown in Fig.3, which indicates
inflation in the model after an epoch of deceleration.

(viii) Equation (38) shows that when t — 0 then H is constant but it decreases as t
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Figure 1. Variation of A, p, pp vs. t.
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Figure 2. Variation of 6, H, o vs. f.
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Figure 3. Variation of q vs. t.
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Figure 4. Variation of V vs. t.
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increases and finally when f — oo, then it vanishes as shown by Fig.2.

(ix) Also, from the Fig.1, it is seen that the particle density p,, has a large value at the time
of Big bang when t = 0. As the evolution of time it decreases and reaches to a constant
finite value at t — oo, which correspond to total constant finite number of particles in
the late universe.

In case 1II, since p = A = 0, the strings don’t survive and this leads five dimensional
vacuum model in Einstein’s theory of relativity. So, the model (52) represents a five
dimensional Bianchi type -III vacuum cosmological model in general relativity.

5. Conclusion

Here, we have constructed a five dimensional Bianchi type-III String cosmological
model in the framework of Lyra geometry given by (31). The physical and geometrical
parameters which are very important in the discussion of cosmological models have been
obtained and discussed. The model universe obtained here is expanding, anisotropic,
shearing and accelerating one. We observed that our model is an inflationary model
universe in which which is decelerating at initial epoch and accelerates after some finite
time, indicating inflation in the model after an epoch of deceleration which is in accor-
dance with the present day observational scenario of the accelerated expansion of our
universe as type la supernovae [Riess et al.[46] and Perlmutter et al.[47]]. Our proposed
model has a cosmological significance since it can explain the early stage of the universe
at the early epoch. The model universe obtained here is anisotropic one in the early stage
but it does not contradicts the recent observational findings that there is discrepancy in
the measurement of intensities of microwaves coming from different directions of the
sky, which urge us to study the universe with anisotropy Bianchi type-IIl metric in such a
way to describe our universe in more realistic situation. Also, several cosmic microwave
background(CMB) anomalies such as inconsistency of the temperature anisotropies in
the CMB with exact homogeneous and isotropic FRW model measured by COBE(Cosmic
Background Explorer)/ WMAP(Wilkinson Microwave Anisotropy Probe) satellites, fore-
grounds and exotic topologies are in evidence that we are living in a globally anisotropic
universe. During the inflation, Shear scalar decreases and in due course it turns into an
isotropic phase with very small value. As expected, in the present models the energy
density and particle density remain positive. So, it satisfies the energy conditions, which
shows that our models are physically realistic as the present day’s observational data.
Thus, we belief that the solutions and its interpretations presented in this paper may
put some ideas on the understanding of the evolution of the early universe in further
research.
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