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Black hole temperature TBH = TP/2d as a function of its Planck length real diameter 

multiplier d is derived from black hole surface gravity and Hawking temperature w.l.o.g. It 

is conjectured d = 1/2 describes primordial Big Bang singularity as in this case TBH = TP. 

A black hole interacts with the environment and observable black holes have uniquely de-

fined Delaunay triangulations with a natural number of spherical triangles having Planck 

areas (bits), where a Planck triangle is active and has gravitational potential of -c2 if all its 

vertices have black hole gravitational potential of -c2/2 and is inactive otherwise. As tempo-

rary distribution of active triangles on an event horizon tends to maximize Shannon entropy 

a black hole is a fundamental, one-sided thermodynamic equilibrium limit for a dissipative 

structure. Black hole blackbody radiation, informational capacity fluctuations, and quantum 

statistics are discussed. On the basis of the latter, wavelength bounds for BE, MB, and FD 

statistics are derived as a function of the diameter multiplier d. It is shown that black holes 

feature wave-particle duality only if d ≤ 8π, which also sets the maximum diameter of a to-

tally collapsible black hole. This outlines the program for research of other nature phenom-

ena that emit perfect blackbody radiation, such as neutron stars and white dwarfs. 

 

Keywords:  quantum black holes, entropic gravity; the black hole information paradox; Shannon entropy; Delaunay 

triangulation; black hole quantum statistics; logistic function/map; exotic ℝ4 

 

1. Introduction 

The combinatorial proof of the H-theorem [1] that 

Ludwig Boltzmann derived in 1877 introduced energy 

quantization. This led to the development of quantum 

theory [2] and brought about to the problem of measure-

ment, performed hic et nunc by any particular observer, 

yielding rational information. This information is twofold; 

it relates both to without of things, as well as to within of 

things; quoting Pierre Teilhard de Chardin “In the eyes of 

the physicist, nothing exists legitimately, at least up to 

now, except the without of things. The same intellectual 

attitude is still permissible in the bacteriologist, whose 

cultures (apart from some substantial difficulties) are 

treated as laboratory reagents. But it is already more diffi-

cult in the realm of plants. It tends to become a gamble in 

the case of a biologist studying the behavior of insects or 

coelenterates. It seems merely futile with regard to the 

vertebrates. Finally, it breaks down completely with man, 

in whom the existence of a within can no longer be evad-

ed, because it is the object of a direct intuition and the 

substance of all knowledge” [3]. 

2. Dimensionalities 

Dimensionalities of the within (the interior) and the 

without (the exterior) of things are researched in this pa-

per. Any n-dimensional interior is bounded by (n-1)-

dimensional topological sphere as asserted by the Jordan-

Brouwer separation theorem. However, a black hole is an 

exception: unbounded black hole exterior has a boundary 

(event horizon) but a black hole does not have a bounded 

interior. Therefore black hole invalidates not only the 

Jordan-Brouwer separation theorem but also the general-

ized Stokes theorem: a differential form over the black 

hole event horizon is not equal to the integral of its exte-

rior derivative over the black hole interior. There is no 

such thing as the black hole interior. 

Author shares the it from bit John Archibald Wheeler 

conclusion, yet is of the opinion that his statement that 

“there is no such thing at the microscopic level as space 

or time or spacetime continuum” [4] remains valid at any 

level, not only microscopic. Thus nature should be re-

searched as a vertex-labeled graph (graph of nature) hav-

ing certain intrinsic properties reflecting the 2nd law of 

thermodynamics. Primordial Big Bang singularity (the 

first point or vertex) expanded the graph of nature into 

dimensionalities [5] not into a 4-dimensional spacetime. 

It is assumed in this paper that dimension n is a com-

plex number, wherein biological evolution is possible 

only in dimension n = 3 + i with 3 spatial dimensions and 

imaginary time due to the exotic ℝ4 property of such a 

space [5]. In fact the only real imaginary number is 0i = 0. 

This zero is the nunc, the moment that passes for every 

living biological cell. It cannot be just put outside the 

realm of science [6, 7, 8]. Hence Lorentz transformations 

are rotations of the 4-ball of a fixed radius R 

 ( )
22 2 2 2x y z ict R+ + + = . (1) 

For an information to be transmitted between the 

without and the within the factors (1, 1, 1, 1) in n = 3 + i 

must be unit lengths and this transmission takes place 

through (2 + i)-dimensional topological bounding sphere. 

Dimension of a space is usually defined as the mini-

mum number of independent parameters (coordinates) 

needed to specify a point within this space. Since a point 

in a fractionally dimensional space cannot be unambigu-

ously defined within this space, such a point cannot be 

observed. Such fractional dimensionalities remain latent 

(=hidden, but present) 1  [9]. Fractals feature fractional 

dimensionalities but it is impossible to observe the whole 

fractal in the nunc; fractional dimensionality of a fractal is 

present only in a recurrence relation that defines it. Fur-

thermore most fractals are nowhere differentiable, which 

links them with the exotic ℝ4 property required for bio-

logical evolution [5]. 

It is known that spaces with natural and low dimen-

sionalities are the most interesting: Fermat’s Last Theo-

 
1 For humans latent dimensionalities obviously also include 

n < -1 and n > 3. 
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rem indicates the importance of n = {1, 2}; n = 4 models 

spacetime, maximizes the number (six) of regular poly-

topes (excluding n = 2) and has the exotic ℝ4 property; 

unit radius n-ball attains maximum volume for n = 5 and 

maximum surface for n = 7, unit diameter n-ball attains 

maximum volume for n = {0, 1} and maximum surface 

for n = {2, 3}, and so on. 

But dimensionality of the graph of nature is by no 

means restricted to natural numbers. Negative and fractal 

(real) dimensions can be successfully applied in the fields 

of diffusion-limited aggregation and turbulence [9] for 

example. Perhaps negative dimensionalities define the 

realm of indistinguishable entities: bosons, fermions and 

anyons (the latter observable only in 2-dimensional sys-

tems), while positive dimensionalities define the realm of 

distinguishable ones [7]. A few arguments to support 

these claims are presented below. 

Positive dimensions correspond to volumes, negative 

ones to densities [10]. 

Every simplicial n-manifold inherits a natural topolo-

gy from ℝn [11] and by researching Euclidean space ℝn as 

a simplicial n-manifold topological (metric-independent) 

and geometrical (metric-dependent) content of the mod-

eled quantities are disentangled [11]. This disentangle-

ment is perhaps the most important virtue of the simpli-

cial formulation. Yet it applies solely to natural dimen-

sions. There are no n-simplices in negative [12] and frac-

tal dimensions. The smallest dimensional simplex is (-1)-

simplex (the void) which is degenerate (has undefined 

surface). Lack of simplices in negative dimensions im-

plies that dissipative structures cannot be formed there. 

Only 2-simplices (triangles) enable a Delaunay flip allow-

ing formation of dissipative structures (cf. Sections 5-7). 

Also in negative, even dimensions n-balls have zero 

(void-like) volumes and zero (point-like) surfaces [13].  
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Fig. 1: Graphs of volumes (V) and surface areas (S) of n-balls of 

radius 1 for n = -25, -6,…,15. 

There are countably infinitely many spherical harmon-

ics but nature uses only the first four as subshells of s, p, 

d, and f electron shells that can hold 2, 6, 10, and 14 elec-

trons respectively. Further subshells are not populated in 

ground states of all the observed elements. The first ele-

ment that would require a g subshell (18 electrons) would 

have an atomic number of 121, while the heaviest element 

synthesized is Oganesson, with an atomic number of 118 

and a half-life of about 1/1000 of a second.  

Perhaps this is linked with properties of the unit radius 

n-balls in negative dimensions as illustrated in Fig. 1. The 

“flattening” occurring between dimensions -14 and -2 is 

intriguing. Dimensions -2, -6, -10, and -14 are bounded 

from both sides, with -14, that would represent the f sub-

shell, already at the onset of divergence. In nature, the f 

subshell occurs essentially only in lanthanides and acti-

nides. 

3. Discretizations 

The following discretizations are adopted in this pa-

per. All masses M are w.l.o.g. taken as real multiplicities 

of the Planck mass mP 

 PM m m m , (2) 

all lengths are w.l.o.g. taken as real multiplicities of the 

Planck length ℓP. However wavelengths are taken to be 

 ( ) 1,1Pl l  − . (3) 

since a wavelength measures a 2 cycle and the minimum 

length of the cycle must be at least the Planck length, as 

no physical models describe smaller lengths. Thus the 

open set (-1, 1) is forbidden. With (2) and (3) one easily 

finds a relation between wavelength l and mass multiplier 

m in terms of the Compton wavelength 

 
2

P

P

h
l l

cmm m


 =  = . (4) 

Constraining to l ≥ 1 yields  

 2m  , (5) 

which can be called the threshold of distinguishability, as 

it shows that particles having mases larger than 2mP 

have their Compton wavelengths smaller than the Planck 

length which is physically impossible. Such particles no 

longer feature wave-particle duality and they would not 

interfere with each other in the double-slit experiment; in 

principle they are always distinguishable. 

Sphericality is, in general, considered in terms of di-

ameter D, rather than radius R, and taken w.l.o.g. as 

 PD d d  . (6) 

Possible meaning of negative masses, wavelengths, 

and diameters is hinted further in Sections 9 and 10 and in 

Appendices. Complex wavelength multipliers l in (3) are 

briefly discussed in Section 9 but in general they are pres-

ently beyond the scope of this paper. 

4. Discrete Black Holes 

W.l.o.g. by expressing black hole mass using (2) and 

diameter using (6) the Schwarzschild diameter becomes 

 
2 2

4 4
4P

BH P P

Gmm mG c
D m d

c c G
= = = = . (7) 

yielding a simple relation between black hole mass and 

diameter multipliers: m = d/4.  

Thus the black hole threshold of distinguishability (5) 

in terms of a black hole diameter multiplier becomes 
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 8d  . (8) 

In other words only black holes having diameter multipli-

ers below this bound have masses providing the Compton 

wavelength multiplier (4) larger than the Planck length. 

We shall return to it in Section 10.  
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Fig. 2: Black hole temperature TBH as a function of its informa-

tional capacity NBH and diameter multiplier d. 

According to the holographic principle [14, 15] 

bounded interior is separated from unbounded exterior by 

a 2-dimensional, spatial boundary. Having an area A, the 

boundary has an informational capacity NA = A/ℓP
2  ℝ 

with one bit represented on the boundary by one Planck 

area ℓP
2. Therefore the number of bits the boundary pro-

vides is ⌊NA⌋  ℕ0. Black hole event horizon is a funda-

mental holographic boundary having only one geometric 

side observable as a 2-sphere. Using (6) the informational 

capacity of the event horizon is NBH = D2/ℓP
2 = d2. 

Plugging black hole surface gravity into Hawking radia-

tion formula one arrives at the Hawking radiation temper-

ature as a function of NBH or diameter multipliers d 

 

2

22 2

P P P
BH

B BH BH

m c T T
T

dk N N  
= = = , (9) 

as illustrated in Fig. 2, where TP denotes Planck tempera-

ture (cf. Appendices). 

Since no physical models describe temperatures great-

er than the Planck temperature, the primordial Big Bang 

singularity temperature corresponds to black hole having 

d = 1/(2), NBH = 1/(4) and ⌊NBH⌋ = 0. At d = 1 black 

hole has temperature T = TP/2, which can be regarded as 

a reduced Planck temperature similarly as the reduced 

Planck constant or a reduced wavelength. 

Natural multipliers d of black hole diameter are relat-

ed to 2 cycle: black hole temperature (9) decreases by 2 

factor with every integer increment of d. 

Table 1 is a list of a few quantum black holes showing 

informational capacity, number of bits, gravitational po-

tential with phasor θ set to 1 [8] 

 

2 24 4

BH BH

c r c

N N

  
 = − = − , (10) 

mass and temperature of each hole as a function of its 

diameter multiplier d. 

Diameter multiplier d = 2√2 ≈ 2.83 provides gravita-

tional potential (10) equal to -c2/2 and the mass of d = 4 

black hole corresponds to Planck mass mP [8]. Any real 

black hole such as Sagittarius A* (MBH ≈ 8.62e36 kg, 

d ≈ 1.58e45, NBH ≈ 7.88e90) does not exist as an object in 

spacetime but is only observable as 2-sphere by observers 

that can only exist in 3 + i dimensions [5].  

 

 

Table 1: Quantum black holes and dimensionality of the graph of nature 

d = D/ℓP NBH = d2 ⌊d2⌋ 
δφ/c2 = 

-4/d2 

MBH/mP = 

d/4 

TBH/TP = 

1/(2d) 
black hole type/comments 

1/(2) 0.0796 0 -162 0.0398 1 Big Bang (Planck temperature) 

1/√ 1 1 -4 0.1410 0.2821 min 1-bit, MB stat. singularity 

√(ln(4)/) 1.3863 1 -9.0647 0.1661 0.2396 Landauer BH (MBHc2 = TkBln(2)) 

√(2/) 2 2 -2 0.1995 0.1995 min 2-bit, FD stat. singularity 

√(3/) 3 3 -4.1888 0.2443 0.1629 min 3-bit 

1  3 -4 0.25 0.1592 -bit 

√(4/) 4 4 - 0.2821 0.1410 min 4-bit, one unit of entropy 

2 4 12 -1 0.5 0.0796 12-bit 

2√2 8 25 -0.5 1/√2 0.0563 potential equal to -GM/RBH = -c2/2 

3 9 28 -0.4(4) 0.75 0.0531 28-bit 

4 16 50 -0.25 1 0.0398 MBH = mP 

5 25 78 -0.16 1.25 0.0318  

8 643 1984 -0.0063 2 0.0063 MBH = 2mP (δφ/c2 + TBH/TP = 0) 

 

The number of bits on a black hole horizon is a natural 

number (OEIS A066643), while the black hole informa-

tional capacity (d2) is a transcendental number. Perhaps 

nature knows how to distinguish a set of vertices of a 

given black hole from a set of vertices of another one 

using the fractional part Fourier series expansion [16]. 

    
( )2 2

2

1

sin 21 1

2
BH

k

k d
N d

k








=

= = −  . (11) 

5. Delaunay Triangulated 2-Boundaries 

Only Delaunay triangulation of a fixed point set V of 

vertices in ℝn minimizes the Dirichlet energy [17] 
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  
1

2

T

DE L    (12) 

of any piecewise linear function φ: V→ℝ over this point 

set (Rippa’s theorem [18]), where L is the discrete cotan 

Laplacian. This is equal to say that the spectrum of the 

cotan Laplacian obtains its minimum on a Delaunay tri-

angulation in the sense that the i-th eigenvalue of the 

cotan Laplacian of any other triangulation is bounded 

below by the i-th eigenvalue of the cotan Laplacian of the 

Delaunay triangulation [19]. 

A set of n + 2 points in n-space may be triangulated in 

at most 2 different ways and the sphere test selects a pre-

ferred one (Delaunay) of these two triangulations [20]. 

Yet in dimension three (or higher), there are nontriangu-

lable non-convex polytopes [21]. Furthermore only De-

launay triangulation of a piecewise flat surface guarantees 

that edge weights of the cotan Laplacian are positive [22]. 

At least due to these two properties only 2-

dimensional Delaunay triangulations are used by nature to 

create equipotential surfaces as holographic boundaries, 

where each triangle has at most one Planck area ℓP
2 repre-

senting 1 bit of rational information. Delaunay triangulat-

ed ℝ2 boundary is equivalent to its continuous counterpart 

[11] and φ in (12) represents a harmonic potential as-

signed to vertices of the triangulation. 

Any triangle on the boundary is a geodesic, non-

planar one. A surface made of planar and geodesic trian-

gles might not be twice differentiable as required by La-

place and Poisson’s equations. Only Delaunay circles 

make the boundary “piecewise flat”. Perhaps all bounda-

ries are topological spheres and differ only with radii and 

uniqueness or the rank of non-uniqueness (i.e. the number 

of cyclic spherical quadrilaterals) of the triangulation. 

Expressing the variation of entropy δS on an equipo-

tential 2-dimensional surface A [23, eq. (1)2] (which is 

equivalent to the holographic boundary) 

 
2

Bck
S A

G
 = − , (13) 

where δφ represents a variation of the potential on the 

boundary, as a function of the boundary informational 

capacity we arrive at 

 
2

2

1

2 2

B
A P B A

ck
S N k N

G c


 = − = − . (14) 

This equation can be simplified by postulating a binary 

variation of the potential (or simply a binary potential) in 

Planck time tP over k-th Planck triangle ℓP
2 defined as 

    2 2 20,1 0,1k P Pt c − = − , (15) 

so that 

 
12

1

1 1

2 2

AN

k
B B

k

S k k N
c




  

=

= − = , (16) 

 
2 The additive constant in this equation may be taken to rep-

resent the fractional part {NA} of the holographic boundary 

informational capacity. 

where the summation goes over all Planck triangles of the 

boundary A, N1  ℕ denotes the number of Planck trian-

gles that encode3 -c2, and triangle(s) of the fractional part 

{NA} of the boundary informational capacity encode(s) 

zero [8]. 

In this setting one Planck triangle that encodes -c2 can 

be taken to represent one degree of freedom, so that the 

equipartition theorem 

 
1

2
BE T S k T= =  (17) 

is recovered. 

One vertex may be shared by many triangles, two ver-

tices by two triangles. Only all three vertices of a triangle 

having the same potential of -c2/2 provide unique associa-

tion of -c2 to this triangle. Therefore “active” vertex has 

gravitational potential of -c2/2; “inactive” vertex has grav-

itational potential higher than -c2/2 (diameter fluctuates, 

due to black hole absorption and emission). Planck trian-

gle is “active” if all its vertices are active and then has 

gravitational potential of -c2; otherwise it is “inactive” and 

encodes zero. Fractional part triangle(s) always encode(s) 

zero and its/their total area is lower than Planck area. 

6. Delaunay Triangulated Black Hole Horizons 

As an equipotential surface, black hole event horizon 

is also Delaunay triangulated. 

Vertices define inner black hole polyhedrons that in 

turn define black hole cotan Laplacians and have area 

smaller than the area of the circumscribed sphere. The 

ratio of these areas rapidly converges toward unity as the 

size of the black hole increases. 

It turns out that the temporary distribution of active 

triangles on an event horizon of a black hole tends to 

maximize Shannon entropy [8]. This results from compar-

ing the entropic works on the event horizon with Hawking 

temperature and Bekenstein-Hawking entropy or the 

variation of binary entropy (16) 
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.(18) 

In other words, the event horizon is a truly random bi-

nary message containing a balanced number of Planck 

 
3 Binary potential was originally defined as a positive quan-

tity. This is, however, in conflict with the negative value of the 

gravitational potential at a vertex of the event horizon (-c2/2).  

Also (ic/√2)2 = -c2/2. Variation of the potential requires the 

notion of time and time is imaginary. 
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area triangles encoding binary potential (15) equal to -c2 

and 0. At d = 2√2 black hole provides gravitational poten-

tial (10) equal to -c2/2 at each vertex; but such a black 

hole is static, as all its Planck triangles are active. Only 

larger black holes such as 9-bit black hole (d = 3) can at 

certain vertices have potential (10) larger than -c2/2 and 

thus are capable of generating a truly random message. 

Another simple observation is that the average poten-

tial on the event horizon equals the event horizon poten-

tial at a vertex; that is 

 

( )
11

2 2
2

21 1 1

10
12

2

BHN NN

BH
k k

BH BH BH

c N c
N c

c
N N N

−  

= =

− + −
−

= = = −
 

.(19) 

NBH-bit black hole provide 2^⌊NBH⌋ arrangements of 

Planck triangles. These arrangements can thus represent a 

set of addresses am of vertices m = 1, 2,…, 2^⌊NBH⌋ of a 

unit n-cube (in units of -c2) ordered in certain way (bina-

ry, Gray code, etc.). Then the following holds 
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m
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c

  

=
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−

= −


, (20) 

where i = 1, 2,…, ⌊NBH⌋ is n-cube coordinate. In other 

words the quotient of the sum of each triangle activations 

within the set of all triangle arrangements to the cardinali-

ty of this set equals the event horizon potential at a vertex. 

The meaning of this relation remains to be researched. 

To generate a truly random message (18) a black hole 

event horizon must have uniquely defined Delaunay tri-

angulation with at least one spherical triangle having an 

area corresponding to the fractional part of its informa-

tional capacity {NBH} = NBH - ⌊NBH⌋, and all the remaining 

triangles having Planck areas. Uniquely defined means 

that no four vertices on the event horizon share a common 

circle [24], which is equal to say that no two triangles on 

the event horizon form a cyclic spherical quadrilateral. 

Two regular (uniquely defined) Delaunay triangles have 

NBH = 2 (and two circumcenters), but two equally possible 

orientations of a diagonal on a cyclic spherical quadrilat-

eral (in particular on a spherical rectangle) having verti-

ces, say 1 to 4, and only one circumcenter would enable 

to assign an additional bit to this pair of triangles. Certain-

ly triangles {1,2,3} and {1,3,4} are different than trian-

gles {1,2,4} and {2,3,4} even if in both cases they would 

encode -c2. Thus, non-uniquely defined Delaunay triangu-

lation of a black hole event horizon would simply invali-

date the Bekenstein bound on black hole entropy [14].  

Therefore a black hole is a fundamental, one-sided 

limit of thermodynamic equilibrium for all the remaining 

dissipative structures of nature in. It emits information-

less, diameter dependent (9) blackbody radiation charac-

terized by zero Gibbs free energy and representing the 

degenerate case of relativistic Bose-Einstein statistics (32) 

[25]. Informationless nature of blackbody radiation is 

further asserted by the no-hiding theorem [26]. 

7. Delaunay Triangulated Boundaries of Two-

Sided Dissipative structures 

A two-sided dissipative structure operates out of 

thermodynamic equilibrium and thus do not generate a 

truly random message (18). I is enclosed by non-uniquely 

defined Delaunay triangulated boundary. This allows it to 

use the additional bits provided by cyclic geodesic quadri-

laterals (enabling Delaunay flips) to locally decrease 

entropy, staying away of thermodynamic equilibrium. 

Obviously such quadrilaterals are scarce in the graph of 

nature but this is confirmed by scarceness of dissipative 

structures such as planets, stars (excluding neutron stars 

and white dwarfs), hurricanes, living organisms, etc. in 

observable nature. 

Similarly to black holes, two-sided boundaries are also 

topological spheres and differ only with their informa-

tional capacity and the rank of non-uniqueness (i.e. the 

number of cyclic spherical quadrilaterals) of the triangula-

tion. In particular stars are two-sided dissipative structures 

and their non-degenerate radiation and the departure from 

the informationless blackbody radiation [25] stems from 

the non-maximal Shannon entropy. 

A relation between non-uniqueness of the triangula-

tion for cyclic geodesic quadrilaterals and zero weights of 

the cotan Laplacian only for geodesic rectangles requires 

further research. Any one of the two possible triangula-

tions on 4 vertices of a rectangle produces the same cotan 

Laplacian [5]. Yet there exist isospectral but non-

isometric manifolds. 

8. Black Hole Blackbody Radiation 

Thus Planck’s law for blackbody spectral radiance 

 ( )
( )

2

5

2 1
,

exp 1B

hc
B T

hc k T
 

 
=

−
, (21) 

plugging λ := lℓP and black hole temperature (9) is 

 ( )
( )

2

5 5 2

2 1
,

exp 4 1
BH

P

hc
B l d

l d l
=

−
 (22) 

for wavelength or 

 

( )3 3 2

2 1
,

exp 4 1
BH

P P

c hc
B d

l l d l

 
= 

− 
 (23) 

for frequency. 

Black hole blackbody spectral radiance is almost like 

a bump function with measurable EMR (W·sr−1·m−2·m−1) 

in a wavelength range of 10-12 to 1012 meter for a black 

hole of a size of an angstrom (d = 1e25). Radiance of 

smaller holes vanishes for larger wavelengths; radiance of 

bigger ones vanishes for smaller wavelengths. Relations 

(21)-(23) are, as such, spacetime dimensional (they are 

derived under the assumption of a 2-sphere emitting 

blackbody radiation). 

9. Black Hole Diameter Fluctuations 

Black hole absorption was studied by Jacob Beken-

stein [14] to derive his famous bound on black hole entro-

py (SBH = kBNBH/4). Emission was shown by Steven 

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 25 November 2021                   doi:10.20944/preprints202109.0368.v2

https://doi.org/10.20944/preprints202109.0368.v2


6 

 

Hawking [27] to be responsible for micro black holes 

collapses. Taking both processes together the black hole 

mass and thus also its diameter fluctuates in time.  

0
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Fig. 3: New 2-sphere black hole diameter dk+1 after absorption 

(a-c) and emission (b, c) of a particle having wavelength l. Red 

curve represents constant diameter, three green ones - black hole 

collapse w/r/t dk+1 = {0, 1/(2), 1/√}. Sinusoidal characteristic 

of collapse is due to l drawn as a natural number. 

Informationless black hole absorption [14, 28] and 

emission [8] formulas for a subatomic particle having a 

wavelength corresponding to the black hole radius can be 

extended (cf. Appendices) to arbitrary wavelengths l 

 ( ) 3 2 2

2

1
, 64 16A E

d
N d l d

l l
  =  + , (24) 

which can be described more compactly (NBH = d2) as a 

recurrence relation 

 
2 2

1 2

1
64 16A E k

k k

d
d d

l l
 + =  +  (25) 

describing new diameter dk+1 of a black hole (2-sphere) 

having an initial diameter dk after absorbing (A, “+”) or 

emitting (E, “-”) a subatomic particle having a wave-

length l, as illustrated in Fig. 3.  

This derivation can be taken to other dimensions 

yielding the following recurrence relation for black hole 

((n-1)-sphere4) diameter after absorption (A, “+”) or emis-

sion (E, “-”) of a wavelength l 

 ( )
1

1

1

8
n

n
A E

k kd d
l


−

−

+

 
=  

 
. (26) 

Note that equations (25) and (26) are time dependent. 

RHS represents initial state, while LHS final state of a 

black hole after absorption/emission of a wavelength l.  

As one-sided thermodynamic equilibrium limit for a 

dissipative structure, black holes can certainly be studied 

also in (n + i)-dimensions. Otherwise all two-sided dissi-

pative structures require (3 + i)-dimensional interiors 

bounded by (2 + i)-dimensional boundaries. 

There are at least three distinct thresholds of a black 

hole collapse after emission of a wavelength l that can be 

derived from (26): 

1.  dk+1
E = 0 total collapse; 

2. dk+1
E = 1/(2) Planck temperature collapse; and 

3. dk+1
E = 1/√  one bit collapse. 

Thus total black hole collapse occurs after emission of 

a particle having a wavelength l = 8/dk. For Sagittarius 

A* (dk ≈ 1.58e45) l = 1.59e-44 << 1, so Sagittarius will 

never collapse.  

If we now set l ≥ 1 in (26) we arrive at 

 8 25.132kd   , (27) 

for dk+1
E = 0, 

 

21 16
25.292

2
kd





+
  , (28) 

for dk+1
E = 1/(2), and 

 
1 8

25.697kd
 



+
  , (29) 

for dk+1
E = 1/√; the bounds for a maximum diameters of 

collapsible black holes. The lowest bound dk ≤ 8 corre-

sponds to a black hole having mass 2 times greater than 

the Planck mass or lower. We have already derived this 

bound as (8), while considering admissible black hole 

Compton wavelength. 

Black hole diameter does not change (dk+1
E = dk) after 

emission of wavelengths listed in Table 2. Relation (26) is 

symmetrical w/r/t n = 1, i.e. the wavelengths solving 

dk+1
E = dk are the same for n and 2 - n. This is a reflection 

relation around 2. 

Analytical formula l(n) for constant diameter emission 

in any dimension, if one exists, remains to be researched. 

Odd dimensionalities admit real wavelength l = 4/dk. In 

even dimensionalities all constant diameter wavelengths 

in Table 2 are complex, which hints an existence of a link 

 
4 the term n-ball is a misnomer for a black hole, as it sug-

gests that the black hole has an interior. 
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with vanishing volumes and vanishing surfaces of n-balls 

in negative, even dimensions. Surfaces of n-cubes in-

scribed in such exotic n-balls are imaginary [13]. 

 

Table 2: Emission wavelength l that keeps black hole 

diameter constant in integer dimensions n = -7, -6,…,9. 
n l maintaining constant black hole diameter  

-7, 9 

( )

( )

1 2,3,4,5

6,7

4 4
, 1 3 2 2

4
1

k k

k

l l i
d d

l i
d

 



= =  

= 

 

-6, 8 complicated and complex solution 

-5, 7 

( )1 2,3 4,5

4 4 4 3
, 1 3 , 1

3k k k

l l i l i
d d d

    
= =  =   

 

 

-4, 6 

1,2,3,4

4 5 2 5
1

5k

l i
d

  
 = 
 
 

 

-3, 5 
( )1 2,3

4 4
, 1

k k

l l i
d d

 
= =   

-2, 4 

1,2

4 3
1

3k

l i
d

  
=   

 

 

-1, 3 l = 4/dk 

0, 2 contradiction (1 ≠ 0) 

1 identity (1 = 1) 

 

Informational capacity (24) of a black hole observable 

as a 2-sphere after absorption of a wavelength l can be 

transformed to 

 

2
3 21

2 2 2

1 1
64 16k

k k k

d

d d l d l
   + = + + , (30) 

where dk is the black hole diameter before and dk+1 after 

absorption. This has the same algebraic form as the alge-

braic definition [29] of the inverse of the fine structure 

constant 

 
1 3 2 14 37.036   − + +   (31) 

Both these formulas are apparently related but this rela-

tion remains to be researched. 

10. Black Holes Quantum Statistics 

If a black hole Planck triangle emits/absorbs a photon 

(boson), as it changes its state from active to inactive or 

vice versa and an electron (fermion) energy level is re-

spectively decreased/increased in this interaction, then the 

event horizon can be described by Bose-Einstein (BE) and 

Fermi-Dirac (FD) statistics with degeneracy interpreted as 

the number of Planck triangles ⌊d2⌋ on the event horizon. 

No Planck triangle is distinct and each one is equally 

capable of emitting/absorbing a subatomic particle having 

energy corresponding to wavelength multiplier l. There 

are certainly no dedicated microwave or X-ray triangles 

on the horizon. These spacetime dimensional (due to 

⌊d2⌋ term) statistics along with the Maxwell–Boltzmann5 

(MB) one are thus as follows 

 
5 MB statistics lies between BE and FD statistics. 

 ( ) 2

2

4
,

1
BE d l

d
N d l

e 

  
=

−
, (32) 

 ( ) 2

2

4
,MB d l

d
N d l

e 

  
= , (33) 

 ( ) 2

2

4
,

1
FD d l

d
N d l

e 

  
=

+
, (34) 

as illustrated in Fig. 4, where N(d, l) is the average num-

ber of bosons, classical particles, and fermions, respec-

tively, having wavelength l. 
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Fig. 4: Bose-Einstein (BE, top) and Fermi-Dirac (FD, bottom)  

2-sphere black hole statistics. 

The nontrivial black hole microstate degeneracy starts 

at 3 vertices [30] of the Voronoi triangulation that corre-

sponds to the -bit black hole with 4 vertices. 

For N > 0 photons to be emitted/absorbed or N > 0 

electron energy levels to be respectively de-

creased/increased on average, N(d,l) ≥ N and the follow-

ing bounds, illustrated in Fig. 5 for N = 1, are obtained 

from statistics (32)-(34)6 

 ( )
( ) ( )

2

2

4
,

ln ln
BE

d
l d N

d N N






+ −
, (35) 

 ( )
( ) ( )

2

2

4
,

ln ln
MB

d
l d N

d N






−
, (36) 

 ( )
( ) ( )

2

2

4
,

ln ln
FD

d
l d N

d N N






− −
, (37) 

Each bound has the singularity 

 
sin 0BEd = , sin

MB

N
d


=  , sin 2

FD

N
d


=  , (38) 

and minimum 

( )
( )

2

0min

2

0

2 2

2
BE

W e
d N

W e

−

−

 − +
 =  −
 −
 

, min

MB

N
d e


= 

, ( )
( )

2

0min

2

0

2 2

2
FD

W e
d N

W e

−

−

+
= 

(39) 

where W0(x) is the Lambert W function (the omega func-

tion). Minima are listed in Table 3 along with correspond-

ing minimum wavelengths. 

Negative wavelengths for positive diameters can be 

interpreted in terms of emission/absorption, with positive 

wavelengths representing black hole absorption and nega-

 
6 n ≤ ⌊x⌋ ↔ n ≤  x (property of the floor function). 
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tive wavelengths representing black hole emission. BE 

bound (35), having no negative wavelengths, illustrates 

that bosons (photons) cannot escape from a black hole. 

 

Table 3: BE, MB, and FD bounds for N = 1, 2,…,6. 
N dmin

BE lmin
BE dmin

MB lmin
MB dmin

FD lmin
FD 

1 1.1173 27.678 1.5336 30.273 1.8007 32.054 

2 1.5800 39.142 2.1689 42.812 2.5465 45.332 

3 1.9352 47.939  2.6563 52.434 3.1188 55.520 

4 2.2345 55.355 3.0673  60.545 3.6013  64.109 

5 2.4982  61.889  3.4293  67.692 4.0264 71.676 

6 2.7367 67.796  3.7566  74.152 4.4107  78.517 
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Fig. 5: Wavelength bounds for BE (red), MB (blue), and FD 

(green) statistics for Delaunay triangulated black hole as a func-

tion of diameter/dimensionality d with N = 1. 
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Fig. 6: Real (green) and imaginary (red) part of the wavelength 

bound for FD statistics as a function of d in the vicinity of 1/√. 

For 0 < d ≤ √(N/) wavelengths l given by FD bound 

(37) are complex, as shown in Fig. 6. Below this thresh-

old, which corresponds to the diameter of 1-bit black 

hole, black hole emits complex wavelengths and only 

after exceeding this diameter they become real and thus 

observable. Perhaps only negative and real wavelengths in 

the FD bound (37) within the range √(N/) < d ≤ √(2N/) 

represent Hawking radiation of fermions. Interestingly the 

real part of the wavelength below d = 1/(2) Planck tem-

perature threshold vanishes. 
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Fig. 7: Bifurcation diagrams of the logistic maps corresponding 

to FD (a) and BE (b) statistics along with attractor boundaries. 

The logistic function 

 ( )
1

1 1

d

FD d d

e
f d

e e



 −
= =

+ +
, (40) 

where μ determines its steepness has derivative 

 

( ) ( ) ( )

( )

'

2

1

4cosh 2

FD FD FDf d f d f d

d







= −  

=
, (41) 

which is the continuous version of the logistic map 

 ( )1 1FD FD FD

n n nx x x+ = − , (42) 

having a bifurcation diagram shown in Fig. 7(a). For 

certain values of μ within the range of -2 ≤ μ ≤ 4 [31] (for 

μ < -2 and μ > 4 (42) is divergent), in particular for  

-2 ≤ μ ≤ -1 and 3 ≤ μ ≤ 4, the logistic map displays inter-

mittent (irregular alternation of periodic and chaotic dy-

namics) behavior. 

A similarity of the logistic function and FD statistics 

is apparent (hence the index FD). Comparing FD statistics 

(34) with the logistic function (40) we conclude that 

 

24

l


 = , (43) 

with max(μ) = 4π2 ≈ 39.4784 (for l = 1) and 
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2de d  =   . (44) 

Plugging (43) to (44) and solving for l leads to 

 ( )
( )

2

2

4

ln
FD

d
l d

d




=

  

, (45) 

the equation resembling wavelength bound for MB statis-

tics (36). A similar relation 

 ( )
( )

2

2

4

ln 1
BE

d
l d

d




=

  + 

 (46) 

can by postulated for wavelength bound for BE statistics 

(35). This leads to the BE logistic function 

 ( )
1

1 1

d

BE d d

e
f d

e e



 −
= =

− −
 (47) 

having derivative 

 

( ) ( ) ( )

( )

'

2

1

4sinh 2

BE BE BEf d f d f d

d







= −  

−
=

, (48) 

which is the continuous version of the BE logistic map 

 ( )1 1BE BE BE

n n nx x x+ = −  (49) 

having a bifurcation diagram shown in Fig. 7(b). It dis-

plays intermittent behavior for -4 ≤ μ ≤ -3 and 1 ≤ μ ≤ 2 

and is divergent for μ < -4 and μ > 2. Obviously (42) turns 

into (49) by swapping μ with -μ. Negative μ by virtue of 

(43) corresponds to negative wavelengths.  

Relations (45) and (46) illustrated in Fig. 5 have form 

of a sawtooth waves. For N = 1 the BE wave (46) bounces 

between the BE wavelength bound (35) and the MB 

wavelength bound (36), while the FD wave (45) bounces 

between the MB wavelength bound (36) and the FD 

wavelength bound (37).  

Checking intermittent values of the parameter μ in 

maps (42) and (49) in dependence of l given by (43) 

yields 

 
2 24

3 4
3

l        (50) 

for the FD logistic map (42) (with no common part for  

-2 ≤ μ ≤ -1) and 

 
2 21 2 2 4l        (51) 

for the BE logistic map (49) (with no common part for  

-4 ≤ μ ≤ -3). 

Convergence bounds of the maps (42) and (49) are re-

lated: (-2)2 = 4 and (2i)2 = -4. On the other hand the lo-

gistic function (40) has codomain 0 < fFD < 1, while the 

BE logistic function (47) has codomain -∞ < fBE < 0 and 

1 < fBE < ∞, which renders range (0, 1) distinct to the 

range (-1, 0). A similar asymmetry has been observed for 

graphene [32] with regard to the positive and negative 

number of layers. 

Black hole interaction with the environment described 

in this way certainly requires further research taking into 

account the imaginary set of Planck units [33]. 

11. Discussion 

An improved model of a black hole interaction with 

the environment remains to be researched. It might pro-

vide further insight into the sonoluminescence phenome-

non, the mechanism of which remains unknown. 

Blackbody radiation carries no information and de-

pends only on temperature of a radiating object. This 

informationless feature relates blackbody radiation with a 

truly random message of {0, -c2} (18). For black holes 

blackbody radiation spectrum is determined solely by its 

informational capacity (diameter) (9). This size depend-

ence is uneasy. Fortunately black holes are not the only 

observable objects that emit blackbody radiation. Neutron 

stars supported against collapse by neutron degeneracy 

pressure and white dwarfs supported by electron degener-

acy pressure, both pressures due to the Pauli exclusion 

principle, also emit blackbody radiation. Thus they also 

have unique Delaunay triangulations, generate truly ran-

dom messages (a thermodynamic equilibrium blackbody 

radiation), and also invalidate the Jordan-Brouwer separa-

tion theorem, the generalized Stokes theorem, and the no-

hiding theorem [26]. 

Interiors of living cells were exploited by biological 

evolution, beginning with coacervates. An open question 

is why would a hurricane need an interior? 
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Appendices 

1. Derivation of black hole temperature (9): 
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 (52) 

2. Another form of Planck-Einstein relation: 
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 (53) 

3. Derivation of black hole diameter fluctuations. 

After absorbing/emitting a subatomic particle having a 

wavelength l 2-sphere black hole diameter defined by its 

mass increases(+)/decreases(-) by the Compton mass 

m = h/(cλ) of this particle. Thus we arrive at 
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(54) 

Accordingly black hole area increases/decreases as well 
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 (55) 
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(56) 

If l = d/2 [14, 28] then 
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4. Derivation of Landauer black hole diameter 
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5. Black hole diameter after absorption or emission of a 

wavelength l in dimensions n = 2, 3,…,5. 
n (dk+1

A/E)n-1 

2 dk ± 8/l 

3 dk
2 ± 16dk/l + 642/l2 

4 dk
3 ± 24dk

2/l + 1922dk/l2 ± 5123/l3 

5 dk
4 ± 32dk

3/l + 3842dk
2/l2 ± 20483dk/l3 + 40964/l4 

 

6. Negative and imaginary unit lengths. 

There are four possibilities for the volume of unit n-

cubic element rn in n-dimensional space in dependence on 

what we take as the unit length r = {1, -1, i, -i}: 

 1 1nr r n= =  , (59) 
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. (62) 

Unit length r is just a scaling factor of a relation be-

tween vertices of the graph of nature. It can be real (posi-

tive or negative), or imaginary (positive or negative). Any 

vertex out of the countably infinite number of vertices can 

have any relation with the other vertices. But only real 

and positive unit length (59) yields real and positive unit 

n-cubic element rn for each complex n. 
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