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Abstract:  Accelerated degradation tests (ADT) are widely used in the manufacturing industry to 
obtain information on the reliability of components and materials, through degrading the lifespan 
of the product by applying an acceleration factor which causes damage to the material. The main 
objective is to obtain fast information which is modeled to estimate the characteristics of the material 
life under normal conditions of use and to save time and expenses. The purpose of this work is to 
estimate the lifespan distribution of gold nanoparticles stabilized with lipoic acid (GNPs@LA) 
through accelerated degradation tests applying sodium chloride (NaCl) as an acceleration factor. 
For this, the synthesis of GNPs@LA was carried out, a constant stress ADT (CSADT) was applied, 
and the non-linear Wiener process was proposed with random effects, error measures and different 
covariability for the adjustment of the degradation signals. The information obtained with the test 
and analysis allows us to obtain the life distribution in GNPs@LA, the results make possible to de-
termine the guaranteed time for a possible commercialization and successful application based on 
the stability of the material. In addition, for the evaluation and selection of the model, the Akaike 
and Bootstraping criteria were used. 

Keywords: accelerated degradation tests; gold nanoparticles; life distribution; Wiener process  
 

1. Introduction 
Accelerated degradation tests (ADT) are an effective tool for evaluating the reliability 

of materials through the analysis of degradation data, these tests consist of degrading the 
life of the product by applying a factor that accelerates degradation, thereby obtaining 
degradation data, which are used to estimate the life distribution of the material under 
normal conditions of use and at the same time minimize costs and times involved in the 
test, obtaining good material life data. 

  For recently created materials, current studies have adopted an ADT in the evalu-
ation of reliability based on the Wiener process. The Wiener process is frequently found 
in practice as it provides a satisfactory and flexible description on degradation data ob-
tained after having performed an ADT [1,2]. 

Nowadays, nanoscience and nanotechnology develop highly innovative materials 
and products with the ability to revolutionize life as we know it. These nanomaterials, like 
any other material, show deterioration that involves a very complex interaction between 
stress, time, and the environment, eventually causing the failure of the product [3]. In this 
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way, at any technological field, knowing the useful life of the products is required for the 
successful application.  

For nanostructured materials, to our knowledge, it has not been determined the life 
span within an appropriate test time, and the studies found in the literature do not use 
test methods and degradation analysis in order to have reliable information on the life´s 
nanomaterials over the time, moreover, some studies report the need for regulatory re-
forms to improve supervision of nanomaterials throughout its life cycle [4,5]. Faced with 
this condition, there is a wide opportunity of using the ADTs for nanostructured materials 
to estimate the useful life, as well as, to contribute for the regulation of these materials. 

A material of great interest at the nanoscale is gold, which is probably one of the most 
fascinating material due to its physical and chemical properties at the nano-scale [6,7]; 
gold nanostructures (GNPs) have shown potential applications in many research areas. In 
medicine, ultra-small nanoparticles below 5 nm have unique advantages in the human 
body due to their relatively rapid clearance, good absorption, and favorable interaction 
with radiation [6,8]. For example, gold nanostructures have been tested as sensors [9] ca-
pable of detecting certain diseases such as cancer [10], SARS-CoV-2 [11], Alzheimer's and 
Salmonella [9,10], also they were utilized as chemical carriers [12,13] and as theragnostic 
agents [10,14].  

For the successful application, there is evidence that the stability of gold nanoparti-
cles must be well known in order to reach the desired tissues or cells [15], overcoming the 
limitations of biological barriers to diagnose 3 and treat deep targets [8,16]. Some variables 
that influence the alteration of stability are the pH [17] of the medium as well as the pres-
ence of NaCl [18].  

GNPs@LA analyzed in this study are spherical of 2.5 nm, highly stable in colloid as 
well as powder; they are stabilized with lipoic acid which prevents agglomeration and 
creates functional groups for bio-conjugation, and also do not present toxic effects at the 
cellular level based on ISO 10993-5 [19]. However, there are no studies that allow us to 
determine the lifetime of the nanomaterial. The purpose of this study is to estimate the 
failure rate and useful life of GNPs@LA through ADT relied on Wiener process applying 
NaCl as an acceleration factor. The proposed methodology is an important contribution 
to provide nanomaterials guarantees and opens the door for the development of further 
research.  

Summarizing, the main contributions are: 
 

 A methodology based on accelerated degradation testing and Wiener process to es-
timate the useful life of GNPs@LA. 

 Estimation of the failure rate GNPs@LA using NaCl as a degradation factor. 
 A methodology which relies on non-linear Wiener process with random effects, error 

measures and different covariability to determine the useful life of the GNPs@LA. 
 A rigorous statistical analysis to determine the most appropriated Wiener degrada-

tion model. 
 
The rest of this paper is structured as follows: section 2 provides a general description 

of synthesis and stability of GNP@LA, an explanation of the accelerated degradation 
model with the Wiener process. Also, it is presented a statistical inference framework 
based on maximum likelihood estimation (MLE) method to estimate the parameters of the 
life distribution. At the end of this section, the statistical framework is applied to our spe-
cific degradation problem. Section 3 explores and compares the specified degradation 
models on our degradation data showing which is the more appropriate model to estimate 
life distribution. Finally, section 4 gives the conclusions of our work. 

2. Materials and Methods 

2.1. Synthesis of GNPs@LA  
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Based on the bottom-up approach, particularly the colloidal method; gold nanopar-
ticles with an average size of 2.5 nm were synthetized and stabilized using gold chloride 
as a precursor, sodium borohydride as a reducer and lipoic acid as a stabilizer, following 
the methodology reported by Cornejo-Monroy et al [19]. 

2.2. Stability of GNPs@LA  
Gold colloid stability implies that solid nanoparticles do not settle or aggregate at a 

significant speed [20]. When nanoparticles lose their stability by aggregation, particle size 
increase and creates agglomerates, losing their interesting properties. 

One way to measure how these properties are affected according to its size is through 
their characterization by UV-Vis spectroscopy [21], which is a simple and reliable method 
to monitor the stability of the gold colloids. As the nanoparticles become destabilized, the 
original characteristic peak will decrease in intensity due to the depletion of stable nano-
particles, and often the peak will be broaden to longer wavelengths due to the formation 
of aggregates or agglomerates [22]. The shape and peak position of UV-Vis spectra are 
related to the morphology and size of the nanoparticle, as well as, the dispersion/aggre-
gation of gold colloids [23]. Gold colloids present electronic transitions of bands in the 
visible range between 450 nm and 550 nm. Therefore, some visible wavelengths are ab-
sorbed, emitting a characteristic color which can be characterized and related to morpho-
logical changes in the nanomaterial [23]. In figure 1, J. Martínez et al [24] shows different 
sizes of gold nanoparticles as a function of the characteristic peak of the plasmon band, it 
can be observed that their characteristic peak is red-shift as the GNPs diameter increases. 
This is because the optical properties of gold nanoparticles change when the particles ag-
gregate and the conduction electrons near the surface of each particle are delocalized and 
shared among neighboring nanoparticles [25]. When this occurs, the surface plasmon res-
onance shifts to lower energies, causing the characteristic absorption and scattering peak 
shift to longer wavelengths [24]. 

 

 
 

Figure 1. UV-Vis absorption spectra of GNPs of 5, 10, 15, 20, 30, 40, 50, 60 and 80 nm in diameter 
from bottom to top, respectively. Taken from J. Martínez et al [24]. 

For this study, and as an example to apply an ADT analysis, to determine the failure rate and use-
ful life of GNPs@LA we considered that gold nanoparticles with UV-Vis spectra peak greater than 
525 nm failed. 

2.3. Accelerated Degration Model  
One objective of the reliability analysis is to estimate the useful life of the product 

through the life distribution. To obtain the life distribution of a product using degradation 
data, the central step is to set up a model that describes the degradation process, called an 
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accelerated degradation model. An accelerated degradation model is the combination of 
an accelerated model and a degradation model based on physics and statistical models. 

An accelerated model shows the relationship between life and effort to establish the 
connection between degradation data and product life, it is essential to establish a suitable 
probability model to describe the behavior of collected degradation data, also known as 
degradation trajectories. There are two types of degradation models that are commonly 
used, which are the general trajectory models and the stochastic models.  

General trajectory models are described as simple and easy to use, but they lack the 
ability to capture system dynamics. In contrast, stochastic models have great potential to 
capture random dynamics within degradation processes. The Wiener process, the Gamma 
process, and the Inverse Gaussian process are three common stochastic processes that 
have received many applications in degradation modeling [9,26]. However, it should be 
noted that both the Gamma process and the Inverse Gaussian process are only suitable 
for modeling monotonous degradation trajectories. In comparison, the Wiener process is 
applicable to non-monotonous degradation processes that are frequently encountered in 
practice as it provides a satisfactory and flexible description in the degradation data [2]. 
The Winner process have been widely applied to degradation data analysis for example 
to light emitting diodes [27], fatigue of metals [28], aluminum reduction cells [29], micro-
electromechanical systems [30], among others.  

2.4. Wiener Degradation Process   
Since components of a systems deteriorate over time and fail when the degradation 

level reach certain threshold. The Degradation information can be measured in a non-
destructive way, after which an appropriated degradation model is chosen to describe the 
process through analysis of the data. Among the degradation models, the Wiener process 
with positive drift is a well stablished method due to its mathematical properties, it is 
expressed as follows, 

 

                    𝑋(𝑡) = 𝜆Λ(𝑡) + 𝜎𝐵൫Λ(𝑡)൯,                               (1)

where 𝛬(𝑡) represents the transformed time scale and it is a monotonic continuous func-
tion that explains the non-linearization of the data, typical examples are: 𝛬(𝑡) = e𝑏𝑡, 𝛬(𝑡) =

𝑏𝑙𝑛𝑡, 𝛬(𝑡) = 𝑡𝑏, where 0 < 𝑏 < 1 is a parameter to be estimated [31]. The parameters 𝜆 
and 𝜎 stand for the drift and diffusion parameter, respectively. 𝐵(𝑡) corresponds to the 
standard Brownian motion which satisfies the following properties: 
 

i. 𝐵(0) = 0. 
ii. 𝐵(𝑡) has normal distribution with mean 0 and variance 𝑡. 

iii. B(t) has independent increments, for all tଵ < tଶ < ⋯ < t୬ 
𝐵(𝑡௡) − 𝐵(𝑡௡ିଵ), 𝐵(𝑡௡ିଵ) − 𝐵(𝑡௡ିଶ), … , 𝐵(𝑡ଶ) − 𝐵(𝑡ଵ), 𝐵(𝑡ଵ) 

are independent. 
iv. {𝐵(𝑡), 𝑡 ≥ 0} has stationary increments. That is, the distribution of 𝐵(𝑡 + 𝑠) −

𝐵(𝑡) does not depent of 𝑡. 
 

from the above properties it can be deduced that random vector 
൫𝐵(𝑡ଵ), 𝐵(𝑡ଶ), … , 𝐵(𝑡௡)൯ ~𝒩(0, 𝛴) , where the covariance matrix 𝛴 = ൫𝑚𝑖𝑛൛𝑡௜ , 𝑡௝ൟ൯

௜,௝
, 𝑖, 𝑗 =

1, … , 𝑛. The previous properties on 𝐵(𝑡) entails that the Wiener degradation process 𝑋(𝑡) 
has the same properties of the Brownian motion 𝐵(𝑡) but the first property. Additional 
is straightforward to see that 𝑋(𝑡) ~𝒩൫𝜆𝛬(𝑡), 𝜎ଶ𝛬(𝑡)൯.  

In the process of determine the degradation values, measurement errors are inescap-
ably introduced by cause of measurement instrument errors, operation errors, among 
other factors. Thus, the obtained degradation values are not the real ones, consequently 
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an error of measurements 𝜖, with 𝜖~𝒩(0, 𝜎ఢ
ଶ) is introduced, leading to an observe deg-

radation process as follows 

                                   𝑌(𝑡) = 𝑋(𝑡) + 𝜖.                                      (2)

Since stress factors such as voltage, humidity, temperature, vibration, etc. affect the 
performance of the degradation process, then an acceleration model can be used to inte-
grate the covariate into the Wiener process. The most common way to incorporate the 
acceleration model into the Wiener process is to consider some model parameters as a 
covariate function which is typically called a link function ℎ(⋅). The choice of the form of 
this function will depend on the way the acceleration factor influences the model param-
eters. Some accelerated models are Arrhenius model, Inverse power model, Eyring model, 
linear and quadratic model, which are summarized in the following Table 1. 

Table 1. Acceleration models and its link function 

Acceleration model Link function 

Arrhenius Model 

Inverse Power 

Linear Model 

ℎ(𝑆௞) = 𝑒𝑥𝑝 ൬−
𝛽

𝑆௞

൰ 

 
ℎ(𝑆௞) = 𝑒𝑥𝑝(−𝛽 ln(𝑆௞)) 

 
ℎ(𝑆௞) = 𝑒𝑥𝑝൫−𝛽(𝑆௞)൯ 

Quadratic Model ℎ(𝑆௞) = exp(−𝛽ଵ(𝑆௞) + 𝛽ଶ(𝑆௞)ଶ) 

 
Therefore, the acceleration model of the drift parameter and diffusion parameter depends 
on the stress factor by means of the link function as follows 

                 𝜆௞ = 𝜂ℎ(𝑆௞),     𝜎௞
ଶ = 𝜅ℎ(𝑆௞),                               (3)

 
where 𝑆௞  denotes the stress level and 𝜂 represents a variability parameter and 𝑘 is a 
constant factor associated to the diffusion. From now on ℎ(𝑆௞) will be represented as ℎ௞.  

It is common to find differences between the degradation trajectories from unit to 
unit of the population. This type of differences is the result of non-observable random 
effects. In order to express this, some model parameter will be specifics for each unity, 
obtaining a process with certain parametric distribution [28]. Because it is difficult to con-
sider both 𝜆௞ and 𝜎௞ randomly, the model drift parameter 𝜆௞  will be specific for each 
unit and follows a normal distribution, on the other hand the parameter 𝜎௞  will be taken 
as a constant, Peng and Tseng [32]. Si et al [33,34] and Tsai et al [35]. Thus, it is assumed 
that the variability parameter 𝜂 is a random variable with normal distribution 𝒩൫𝜇ఎ , 𝜎ఎ

ଶ൯. 
Putting all this together into (2), it is obtained 

  

       𝑌௞(𝑡) = 𝑌(𝑡|𝑆௞) = 𝜂ℎ௞𝛬(𝑡) + ඥ𝜅ℎ௞𝐵൫𝛬(𝑡)൯ + 𝜖,                   (4)

 
where (4) models the ADT with random effects, error measurements and covariates. There 
are studies that configure more than one variant in the Wiener process, for instance, Li Sun 
et al [36] describe a methodology for the model and estimation of parameters through a 
constant stress ADT (CSADT) applying the non-linear Wiener process, with covariates, 
random effects, and measurement errors. A CSADT is a test plan consisting of three to four 
levels of tests with different proportions of units in each one, where mainly at the low 
effort level more samples run than at a high level and this type of plan can provide accurate 
estimates for an ADT. Following the notation in [36], the increasing applied stress level are 
Sଵ, … S୩, … S୏ ,  where 𝐾  denotes the maximum stress level. Also, there are 𝑁௞   units 
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tested under each constant stress 𝑆௞   and each unit is measured 𝑀௞௜   times at the 𝑘 
stress level with 𝑖 = 1, 2, … , 𝑁௞ . The transformed time will be expressed as 𝜔௞௜௝ = 𝛬൫𝑡௞௜௝  ൯ 
with 𝑗 =  1,2, … , 𝑀௞௜ . 
 

Therefore, the degradation observed under the Wiener process with its four variants 
is shown as follows 

 
              𝑦௞௜௝൫ω௞௜௝ห𝑆௞൯ = 𝜂௜ℎ௞𝜔௞௜௝ + ඥ𝜅ℎ௞𝐵൫𝜔௞௜௝൯ + 𝜀௞௜௝ ,                         (5)           
 

with  𝜂௜ ∼ 𝑁൫𝜇ఎ, 𝜎ఎ
ଶ൯ , 𝜀௞௜௝ ∼ 𝑁(0, 𝜎ఌ

ଶ) and ℎ௞  the link function of the accelerated model. 
The model (5) comprises the following set of unknown parameters , 
  

                                    𝚯 = ൛𝜇ఎ , 𝜎ఎ
ଶ, 𝜅, 𝛽, 𝜎ఌ

ଶൟ                                  (6) 
                   
that will be estimated in the next section.                               

2.5. Statistical Inference of the Wiener Degradation Process, parameters estimation and life 
distribution on ADT Data   

In the previous section a model for CSADT was formulated in (5), in order to estimate 
the unknown parameters set 𝚯෩  let consider the following vectors 𝑻௞௜ = ൫𝑡௞௜ଵ, … , 𝑡௞௜ெೖ೔

൯
்
, 

𝑡௞௜௝ = 𝜔௞௜௝  , 𝒚௞௜ = ൫𝑦௞௜ଵ, … , 𝑦௞௜ெೖ೔
൯

்
,  𝒚௞ = ൫𝒚௞ଵ, … , 𝒚௞ேೖ

൯
்

 and 𝒀 = (𝒚ଵ, … , 𝒚௄ ) for 𝑘 =

1,2, … 𝐾,  𝑖 = 1,2, … , 𝑁௞. The properties ii and iii of the Wiener processes implies that the 
Brownian movement 𝒚௞௜ follows a multivariate normal distribution with mean,  

 
                          𝜇௞௜ = 𝜇ఎℎ௞𝑻௞௜                                     (7)                               

and covariance 
 
                𝛀௞௜ = 𝜎ఎ

ଶ𝛀෩௞௜,        𝛀෩𝒌𝒊 = 𝚮෩ ௞௜ + ℎ௞
ଶ𝑻௞௜𝑻௞௜

𝐓 , 
 

                                             𝚮෩௞௜ = 𝜅̃ℎ௞ ൦

𝜔௞௜ଵ

𝜔௞௜ଵ

𝜔௞௜ଵ

𝜔௞௜

…
…

𝜔௞௜ଵ

𝜔௞௜ଶ

⋮ ⋮
𝜔௞௜ଵ 𝜔௞௜ଶ

⋱
…

⋮
𝜔௞௜ெೖ೔

൪ + 𝜎෤ఌ
ଶ𝑰௞௜                      (8)  

                                                          
where 𝑰௞௜  is the identity matrix of order 𝑀௞௜ , where 𝑘෨ =

௞

ఙആ
మ and 𝜎෤ఢ

ଶ =
ఙച

మ

ఙആ
మ are a reparame-

terization to facilitate the inference. The log-likelihood function of unknown parame-
ters 𝚯෩ = ൛𝜇ఎ , 𝜎ఎ

ଶ, 𝜅̃, 𝛽, 𝜎෤ఌ
ଶൟ is expresses as 

 
            𝑙൫𝚯෩ห𝒀൯  =  −

ଵ

ଶ
ln(2𝜋) ∑ ∑ 𝑀௞௜

ேೖ
௜ୀଵ

௄
௞ୀଵ                                    (9) 

 
                        −

ଵ

ଶ
ln൫𝜎ఎ

ଶ൯ ∑ ∑ 𝑀௞௜
ேೖ
௜ୀଵ

௄
௞ୀଵ −

ଵ

ଶ
∑ ∑ 𝑙𝑛ห𝛀෩ ௞௜ห

ேೖ
௜ୀଵ

௄
௞ୀଵ  

 
                         −

ଵ

ଶఙആ
మ ∑ ∑ ൫𝒚௞௜ − 𝜇ఎℎ௞𝑻௞௜൯

்
𝛀෩௞௜

ି𝟏൫𝒚௞௜ − 𝜇ఎℎ௞𝑻௞௜൯.
ேೖ
௜ୀଵ

௄
௞ୀଵ  

 
In order to estimate the parameters 𝜇ఎ and 𝜎ఎ

ଶ, the values of (𝜅̃, 𝛽, 𝜎෤ఌ
ଶ) are fixed to spe-

cific values, then the derivatives 
డ ௟ቀ𝚯෩ ቚ𝒀ቁ  

డఓആ
 𝑎𝑛𝑑  

డ ௟ቀ𝚯෩ ቚ𝒀ቁ  

డఙആ
మ   of (9) with respect to the parame-

ters 𝜇ఎ and 𝜎ఎ
ଶ are computed and equated to zero, obtaining the following close -form 

expression to the maximum likelihood estimator MLE 𝜇̂ఎ  and 𝜎ොఎ
ଶ of 𝜇ఎ and 𝜎ఎ

ଶ 
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                                               𝜇̂ఎ =
∑ ∑ ௛ೖ𝑻ೖ೔

𝑻 𝛀෩ೖ೔
ష𝟏ಿೖ

೔సభ
𝒚ೖ೔

಼
ೖసభ

∑ ∑ ௛ೖ
మಿೖ

೔సభ
𝑻ೖ೔

𝑻 𝛀෩ೖ೔
ష𝟏𝑻ೖ೔

಼
ೖసభ

                          (10) 

                            𝜎ොఎ
ଶ =

ଵ

∑ ∑ ெೖ೔
ಿೖ
೔సభ

಼
ೖసభ

  ∑ ∑ ൫𝒚௞௜ − 𝜇̂ఎℎ௞𝑻௞௜൯
்

𝛀෩௞௜
ି𝟏൫𝒚௞௜ − 𝜇̂ఎℎ௞𝑻௞௜൯

ேೖ
௜ୀଵ

௄
௞ୀଵ .        (11)   

 
Substituting (10) and (11) in (9) and simplifying in the log-likelihood function, it is 

obtained  

  𝑙൫𝚯෩ห𝒀൯ =  −
ଵ

ଶ
(ln(2𝜋) + 1) ∑ ∑ 𝑀௞௜

ேೖ
௜ୀଵ

௄
௞ୀଵ             

                                      −
ଵ

ଶ
𝑙𝑛൫𝜎ොఎ

ଶ൯ ∑ ∑ 𝑀௞௜
ேೖ
௜ୀଵ

௄
௞ୀଵ −

ଵ

ଶ
∑ ∑ 𝑙𝑛ห𝚮෩௞௜ + ℎ௞

ଶ𝑻௞௜𝑻௞௜
𝐓 ห

ேೖ
௜ୀଵ

௄
௞ୀଵ .               (12)    

 
Note that the matrix 𝚮෩௞௜  depends on the parameters 𝜅̃, 𝛽 and 𝜎෤ఌ

ଶ and ℎ௞
ଶ depends 

on 𝛽. Therefore, the maximum likelihood estimates of 𝜅̃, 𝛽, 𝜎෤ఌ
ଶ  can be obtained by max-

imizing the log-likelihood function (12) employing the L-BFGS-B quasi Newton optimi-
zation method that can be found in the R-project packages [37]. The value of 𝜅̂ can be 
obtained by the following equations: 

 
                              𝜅̂ =  𝜅̃መ ∙ 𝜎ොఎ

ଶ ,                                       (13)   
 
                             𝜎ොఌ

ଶ = 𝜎෤෠ఌ
ଶ ∙ 𝜎ොఎ

ଶ,                                      (14) 
 
One objective of the reliability analysis is to estimate the useful life of the product 

through the life distribution. To obtain the life distribution of a product using degradation 
data Li. et al [31] incorporate the measurement errors into the deduction of the expression 
for the CDF and PDF of the failure time   

 
                         𝑇 = 𝑖𝑛𝑓{𝑡 ∶  𝑌(𝑡) ≥ 𝑤},                                  (15) 
 

where 𝑇 corresponds to the first time that the degradation process 𝑌 hits a failure thresh-
old 𝑤. They deduced the life PDF expression for each stress level 𝑆௞ , which can be found 
in  equation (12) at [31] Note that in this formulation they used two different time scales 
Λ(𝑡) and 𝜏(𝑡), when 𝜏(𝑡) = Λ(𝑡), this PDF is reduced to,       
     

        𝑓ௌೖ
(𝑡) =

ఙഄ
మ௛ೖఓആା൫఑௛ೖା௛ೖ

మఙആ
మ൯௪

ටଶగ൫௛ೖఠ൫఑ା௛ೖఙആ
మఠ൯ାఙഄ

మ൯
య

 ∙
ௗఠ

ௗ௧
∙ 𝑒𝑥𝑝 ൜

ି൫௪ି௛ೖఓആఠ൯
మ

ଶ൫௛ೖఠ൫఑ା௛ೖఙആ
మఠ൯ାఙഄ

మ൯
ൠ         (16) 

     which is the one used in this work. Note 𝑓ௌೖ
(𝑡) dependens on the parameters set 𝚯෩.   

2.6. Methodology and Analysis of Degradation Data under the Wiener Process/ADT  

To obtain degradation data of GNPs@LA under a CSADT, several samples were syn-
thesized following the methodology reported by Cornejo et al [19]  and using NaCl as an 
acceleration factor. The stress test levels were based on an exploratory study, leaving three 
different levels of effort for three different populations. UV-Vis absorption spectra of col-
loids were carried out every third day generating degradation signals for low, medium, 
and high levels. To this study the material degradation was determined considering the 
absorbance between 450 and 550 nm, and the maximum characteristic peak of gold. Gold 
colloids with a characteristic peak greater than 525 were considered as failure.  

 
Since this work proposes to estimate the life distribution of GNPs@LA applying a 

CSADT. Accordingly, the following can be defined: 
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 The percentage levels of NaCl are indexed as 𝑘 = 1, … , 𝐾 
 The population of samples are indexed as 𝑖 = 1, … , 𝑁௞ 
 Measurement times are indexed as 𝑗 = 1, … , 𝑀௞௜ 
 

Once the degradation signals have been defined as degradation data, we proceed to 
obtain the configuration of the CSADT that describes the degradation trajectories. Thus, 
this work proposes the non-linear Wiener process with drift parameter, random effects, 
measurement errors and different link functions in the covariability (Table 1, Section 2.3) 
is used. More specifically the model assumes: 

 
 A drift parameter with transformed times 𝜔௞௜௝ =  Λ൫𝑡௞௜௝൯ =  ൫𝑡௞௜௝൯

௕
 that explain the 

non-linearity of the data.  
 Random effects in the drift parameter. Due to different units have different drift pa-

rameters while all diffusion parameters have the same value under a certain effort. 
So, the parameter 𝜂 in the drift term at (5) is assumed to has a normal distribution 
𝜂 ∼ 𝑁൫𝜇ఎ, 𝜎ఎ

ଶ൯. 
 Measurement errors with 𝜀௞௜௝ ∼ 𝑁(0, 𝜎ఌ

ଶ). 
 Covariability, which is expressed via the link function ℎ௞ , where the accelerated 

model is immersed. It is highlighted three accelerated models that were evaluated in 
this work corresponding to, inverse power, linear model, and the quadratic model, 
see (Table 1, Section 2.3). 
 
Now, proposing the CSADT and the Wiener process with the aforementioned char-

acteristics, the degradation process can be stablished as formula (5). Thus, the following 
parameter set 𝚯෩ = ൛𝜇ఎ, 𝜎ఎ

ଶ, 𝜅̃, 𝛽, 𝜎෤ఌ
ଶൟ will be estimated to get the life distribution. We remark 

that 𝛽 = (𝛽ଵ, 𝛽ଶ) in the quadratic model case and 𝛽 = 𝛽ଵ in the remaining cases.  
All the above were programmed in the statistical software R, where the MLE was 

applied to obtain the parameters set 𝚯෩ . Figure 2 shows the proposed methodology. 
 
 

    
Figure 2. Methodology for the estimation of parameters in the proposed models. 

As can be seen in Figure 2, different degradation models have been proposed. To 
select the best model will be used the AIC criterion [38] and for the evaluation and vali-
dation, the estimated parameters of the model will be employed and the Bootstraping 
distribution [39] will be calculated with the construction of confidence intervals. 

3. Results 
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The constant stress ADT in GNPs@LA had 3 levels, these being: 19 samples for the 
low level with 8% NaCl, 13 samples for the medium level with 12% and 12 samples for 
the high level with 16% NaCl m/v. With a censorship time of 69 days; except to the low 
level which was 51 due to remaining time conditions and modifications of the plan. The 
degradation measurements were performed every third day generating a total of 18 meas-
urements for low level and 23 measurements for medium level and high level, providing 
degradation signals over time. 

From UV-Vis absorption spectra degradation signals were obtained. In Figure 3, the 
changes of the spectra are graphically presented comparing the first measurement and the 
last measurement in the range of 400 to 800 nm in wavelength. 

 
(a) 

 
(b) 

 
(c) 

 
Figure 3. UV-Vis absorption spectra of GNPS@LA. Initial (left) and final characterization (right) for 
the ADT: (a) low level, 8% NaCl; (b) medium level, 12% NaCl; and (c) high level, 16% NaCl.  
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It can be observed in Figure 3 that for the three degradation levels, the absorbance 
amplitude decreases, and the width of the band broadens causing a red shifted of charac-
teristic peak due to their increase in size and the aggregation of the gold nanoparticles. It 
can be also noticed that at higher percentages of NaCl the degradation is more appreciable 
than at lower percentages. To have a better relationship between UV-Vis spectra and deg-
radation material we made a graph from the average of initial and final characterization 
for each level, which can be seen in Figure 4. The area comprised between 450 and 550 nm 
from UV-Vis spectra was used to quantify the material degradation. Additionally, when 
the characteristic peak moves above 525 nm is considered as the failure threshold. 

 

 
Figure 4. Average UV-Vis absorption spectra from the initial and final characterization for each 
level of the ADT. From left to right: low, medium, and high level, respectively. 

From Figure 4, a change in area between the initial and final characterization is well 
noted and it was used to obtain degradation data. 

To maintain a notation according to the property of independent increments and a 
normal distribution under the Wiener process, the area for each measurement was calcu-
lated, and each degradation increment was obtained from the difference between the  
first day area and the subsequent day areas, these were the increments of degradation to 
be modeled. Under this consideration, the degradation trajectories were obtained for each 
sample at the different levels of NaCl. 

In Figure 5 the different trajectories at each level are shown, it can also be observed 
that there is a non-monotonous behavior with increasing and decreasing trends. Also, it 
is observed that the degradation of gold colloids with same levels of NaCl are different, 
this can be attributed to unobservable factors such as concentration, unit-to-unit variabil-
ity, inherent randomness, as well as the measurement variability of each sample. Thus, 
the Wiener stochastic model was chosen with its four variants since it has great potential 
to capture stochastic dynamics, and it is also applicable to non-monotonic impairments, 
providing a satisfactory and flexible description of the impairment data. 

 

 
Figure 5. Degradation trajectories of gold colloids for the different levels of NaCl: 8%, 12%, and 
16% of ADT, from left to right. 

For this study, we propose to model the degradation trajectories under the non-linear 
Wiener process, with random effects, error measurements and different covariability us-
ing three different link functions, which generates three different models.  
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To obtain the optimal parameters in each model, the initial parameters should be 
close to the true model parameter to be estimated, as well as the value 𝑏 in the time trans-
formation, these were obtained by a preliminary package made by us using RStudio that 
performs an individual regression using least squares for each degradation path giving as 
initial parameters 𝑏 = 0.61 , 𝜅̃ = 0.65, 𝛽 = −0.8479, 𝜎෤ఌ

ଶ = .01  assuming inverse power, 
for a linear model they were 𝑏 = 0.61 , 𝜅̃ = 0.65, 𝛽 = −0.18, 𝜎෤ఌ

ଶ = .01   and finally for a 
quadratic model the initial parameter were 𝑏 = 0.61 , 𝜅̃ = 0.65, 𝛽ଵ = 0.04, 𝛽ଶ = 0.1  𝜎෤ఌ

ଶ =

.01. Once these initial parameters were estimated, they were fixed at the likelihood func-
tion to estimate the optimal values of 𝜇ఎ 𝑎𝑛𝑑 𝜎ఌ

ଶ via the MLE approach (in closed form 
(10) and (11) ) presented in Section 2.4. Scale time transformation parameter was remained 
fixed in 𝑏 =  0.61 during optimization and to avoid over-estimation parameter 𝛽ଶ, the 
constraint 𝜇ఎℎ௞ > 𝜇ఎℎ௞ାଵ for 𝑘 > 1 was added in the quadratic model. The obtained op-
timal parameters are highlighted in Table 2. 

Table 2. Obtained Optimal parameters for each accelerated degradation model. 

Covariability 
Optimal parameters 

𝜇ఎ 𝜎ఎ
ଶ 𝜅 𝛽 𝜎෤ఌ

ଶ 
 

Inverse Power 
 

 
0.00251 

 
4.0E-08 

 
0.00028 

 
-1.4986 

 
0.00801 

Linear Model 0.01741 2.0E-07 0.00181 -0.1428 0.00849 

Quadratic Model 
 

0.04386 
 

6.4E-06 
 

 
0.00460 

 
(0.014,0.0062) 

 
0.00838 

 
With the estimated parameters of the model in Table 2 and establishing 𝑤 as the 

failure threshold, which corresponds to a 1.51 degradation increment, equivalent to an 
area of 2.1 units implying a 525 nm deface in the wavelength. The life distribution is given 
by (16). Therefore, the density and cumulative density functions for each degradation 
level are shown in Figure 6. It is observed that at higher percentages the degradation is 
more noticeable, also the probability mass concentrates more towards zero as the percent-
age of NaCl increases, in accordance with the accelerated degradation test. 

 
 
(a) 

 
(b) 
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(c) 

 
Figure 6. Density and cumulative density for each proposed model for different percentages of NaCl 
assuming a covariability of: (a) inverse power; (b) linear model; (c) quadratic model. 

Given the cumulative density of the model, this can be evaluated to make desired 
inferences and consequently estimate the useful life under different conditions. As an ex-
ample of this, Table 3 presents some failure rates based on formula (16). 

Table 3. Failure rate in gold colloids with different NaCl percentages and covariability obtained 
by the three proposed models. 

Days 
Inverse power model 

0% 1% 5% 8% 10% 12% 15% 16% 20% 

30 Undefined  0.000 0.000 0.000 0.001 0.023 0.211 0.321 0.756 

72 Undefined  0.000 0.000 0.012 0.144 0.457 0.853 0.916 0.994 

360 Undefined  0.000 0.103 0.882 0.990 0.999 1.000 1.000 1.000 

720 Undefined  0.002 0.585 0.996 1.000 1.000 1.000 1.000 1.000 

1080 Undefined  0.013 0.857 1.000 1.000 1.000 1.000 1.000 1.000 

 
Linear model 

0% 1% 5% 8% 10% 12% 15% 16% 20% 

30 0.000 0.000 0.000 0.000 0.000 0.009 0.216 0.399 0.971 

72 0.000 0.000 0.000 0.006 0.073 0.346 0.886 0.960 1.000 

360 0.001 0.020 0.322 0.872 0.987 1.000 1.000 1.000 1.000 

720 0.062 0.315 0.868 0.997 1.000 1.000 1.000 1.000 1.000 

1080 0.268 0.669 0.980 1.000 1.000 1.000 1.000 1.000 1.000 

 
Quadratic model 

0% 1% 5% 8% 10% 12% 15% 16% 20% 

30 0.000 0.000 0.000 0.000 0.000 0.005 0.191 0.413 0.998 
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72 0.000 0.000 0.001 0.013 0.065 0.270 0.859 0.958 1.000 

360 0.622 0.611 0.733 0.913 0.981 0.999 1.000 1.000 1.000 

720 0.969 0.966 0.985 0.998 1.000 1.000 1.000 1.000 1.000 

1080 0.997 0.997 0.999 1.000 1.000 1.000 1.000 1.000 1.000 
 

 
As can be seen on Table 3, results between different models differ, being the quad-

ratic model, which provides the lowest failure rate. To select the best model, and estab-
lishing that covariability influences the modeling, the Akaike's information criterion (AIC) 
was applied. Modeling without covariability an AIC value of -931.703 is obtained which 
is greater compared with the AIC values for the proposed models, as can be seen on table 
4. 

Table 4. AIC criterion values for the different models considering covariability 

Inverse power model Linear model Quadratic model 
-993.771 -997.439 -998.017 

 
From Table 4, it can readily see that covariability has an influence on the models and 

must be embedded in the process. The application of the AIC criterion suggests that quad-
ratic model is a better option for the degradation data obtained. Continuing with the as-
sessment, the estimated parameters are used and with this confidence intervals (CI) are 
calculated through the Bootstrap method using 4000 datasets [40]. The results are showed 
in Figure 7 for each model. 

 
 
(a) 

 
(b)  

 
(c) 

 
Figure 7. Bootstrap results for each degradation model using NaCl at 8%, 12% and 16%, from left to 
right. (a) Inverse power model; (b) Linear model; (c) Quadratic model.  

According to the CI with a confidence level of 95% which are observed in Figure 7, 
the percentages of 8% and 16% present an empirical value which is closed to the 
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theoretical cumulative density. On the other hand, it can be noted that at 12% percentage 
the three models present several distant points outside the CI, however, the quadratic 
model seems to have more values within the confidence interval, as well as close to the 
theoretical distribution.  

4. Discussion 
 
The results of the research show that according to the AIC criterion and the bootstrap 

confidence interval the quadratic acceleration model has a better adjustment of the deg-
radation of the GNPs@LA, however, in the ADT and ALT the samples usually show a 
degree of curvature that is not sufficient for the AIC criterion to better consider the quad-
ratic acceleration model over a linear one. In our model, the curvature was large enough 
to improve the AIC criterion. When a curvature parameter is added in an ADT, special 
attention should be paid, since there could be an overestimation of the degradation of the 
product under normal conditions of use, in order to avoid this overestimation we add the 
restriction 𝜇ఎℎ௞ > 𝜇ఎℎ௞ାଵ for 𝑘 > 1 in the estimation of the model parameters, thus ob-
taining an estimate of the failure fraction of the GNPs@LA under normal conditions of use 
consistent with the little knowledge that we had of them. We also recommend further 
investigation of the quadratic acceleration model in ADT tests.  

5. Conclusions 
This research proposed a methodology and an analysis model to estimate the failure 

rate and useful life of GNPs@LA based on accelerated degradation tests and non-linear 
Wiener process incorporating random effects, error measures and covariability. The pro-
posed scheme employs three different link functions in covariability using the inverse 
power, linear and quadratic models. 

The modeling has been tested using NaCl as an acceleration factor and a three-level 
constant stress ADT with 8%, 12% and 16% of NaCl as degradation signals and as degra-
dation data in the Wiener process. The data presented a non-monotonous behavior with 
oscillatory tendencies, and the GNPs@LA degradation observed for the same population 
was different thus the Wiener stochastic process was applied with its four variants. 

It is demonstrated that the model applied by the non-linear Wiener process, with 
random effects, error measures and covariability that uses the quadratic model as a link 
function was the most effective and gives the best estimate of the degradation rate of the 
shelf life of GNP@LA and as a function of NaCl. These results can be used to provide 
guarantees of commercially available nanomaterials. 
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