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Abstract: In this paper, we consider with a class of system of differential equations whose argument
transforms are involutions. In this an initial value problem for a differential equation with
involution is reduced to an initial value problem for a higher order ordinary differential equation.
Then either two initial conditions are necessary for a solution; the equation is then reduced to a
boundary value problem for a higher order ODE.
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1. Introduction

When studying the general properties of functional differential equations, it is
always important to find and solve selected classes of equations as explicitly as possible,
using methods that are capable of generalization. Differential equations with involutions
is one of those classes.

The concept of involution is fundamental for the theory of groups and algebras, but,
at the same time, being an object in mathematical analysis properties allow the obtaining
of further information concerning this object. In order to be clear in this respect, let
us define what we understand by involution in this analytical context. We follow the
definitions of [4], [5] and [8].

Definition 1. Let A C R be a set containing more that one point and f : A — A a function
such that f is not the identity Id. Then f is an involution if

fP=fof=1d
or, equivalently, if
f=5"
If A =R, we say that f is a strong involution [5].

Example 1. The following involutions are the most common examples:
1. f:R = R, f(x) = —x is an involution known as reflection.
2. f: R\ {0} = R\ {0}, f(x) = L known as inversion.
3. Leta,b,c € R, cb+a?#0,c #0,

ax+b
cx—a’

a a
A A
is a family of functions known as bilinear involutions.

2. Differential equations with involution

Differential equations with involutions were introduced for the first time [6] and
[7] and since then have become an important part in the general theory of functional
differential equations, with applications to certain biomedical models [1], stability of
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motion [2], and the pantograph equation [3]. They can be transformed into ordinary
differential equations and thus provide an abundant source of relations with analytic
solutions, as well as heuristic ideas for equations of more general nature.

Definition 2. An expression of the form

F(,y(f1(2)), s Y () sy (f1(0)), sy (fi(2))) = 0, x € R,

where f1, ... fi are involutions and F is a real function of nk + 1 real variables is called differential
equations with involutions.

Example 2. The solution of the initial-valu problem for the differential equation with reflection
of the arqument,

y'(x) = ay(—x), y(0) = yo.
Set a "new" involution function
f(x)=1log, (b—a*), a>0,a#1, b>0,

whereifa > 1,x <log,b,if0 <a <1,x > log,b.
Consider the following problem

v (x) = y(f(x)), y(0) =yo, f(x)=1In(4—¢"), x <In4. )
If y(x) is a C! solution then it is C2. By differentiation we have
y'(x) = f{(x) ¥ (f(x)),
than from f(f(x)) = x and (1), we get

ex

Y0 = () y(x) = S ().

So we have (1) is equivalent to the ordinary Cauchy problem

ex

Y'(x) = = v(x), y(0) =yo, ¥'(0) =yo, x <In4. @

Obviously,
y(x)=C ((ex —4)In(4—e€") —x(ef—4) +ex) +Cy(ef —4).

Then from the initial conditions, we can write

Yo = C](l —311’13) —3C2
Yo =C1(In3+4+5) + C

Consequently,
_ Y _ . 1+In3
Cl - 4 4 C2 - ]/0 4 7
and
y(x) = %TO ((ex _4) 11'1(4 — Ex) - X (ex —4) —|—ex) — M (ex _4)_

3. The Main Result and Examples

In this section, we consider a system of differential equations with involution.
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Theorem 1. Let the initial value problem
X(t) = Fu(t,x(8),y (1), y(f (1)),
x(to) = X0, (to) = Yo, (3)
{y'<t> = Ba(t,x(8) y(8), x(F(1)), e

satisfy the following hypotheses:

(1) The function f(t) is a continuously differentiable strong involution with a fixed point
to.

(2) The functions Fy, F, are defined and are continuously differentiable in the whole space of
its arguments.

(3) The given equations are uniquely solvable with respect to y(f(t)), x(f(t)):

y(f(1)) = Gi(t, x(t),y(t), ¥ (1)), @
x(f(£)) = Ga(t, x(£),y(t), y'(1)). ®)
Then the solution of the system of ordinary differential equations
Y(1) = G+ gaks € (0 + 3y (0
oF ,
+ artoy £ O R, ), 9(0), ©
d oF, oF. oF.
VO =S+ Y O+ gm Y O+
oF, ,
+ mf (8) B2 (£ (), x(f (1)), y(f (1)), x(£)), )
(where y(f(t)) and x(f(t)) are given by expression (4) and (5)) with the initial conditions
x(to) = xo, x'(to) = Fi(to, %o, Yo, Y0), (8)
and
y(to) = yo, ¥'(to) = Fa(to, %o, Yo, Xo)- )

Proof of Theorem 1. Equations (6) and (7) are obtained by differentiating (3). Indeed,
we can write

_oR | 0R

1" 9 aFl
= S o

x'(t) + %y%t) +

and
(1) = G2+ gas ¥ 0+ 35V (0 + s PO (),

than from (3) and relation f(f(t)) = t its follows that

X (f(1) = F(f(t), x(f(£),y(f(£)), y(t)),
and
Y (f(t) = Ba(f(1), x(f(£)), y(f (1)), x(t)).

The second of the initial conditions (8), (9) are compatibility condition and is found
from (3), with regard to (3) initial condition and f(ty) = to. O
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Example 3. We consider the following initial value problem
X' (t) = y(f (1),
x(0) = xo, y(0) = yo, f(t) = —t. (10)
{y’(t) = x(f(1)),

We can write

{x”(t) =F Oy (1),
y'(t) = f1() x'(f(1))-
Than from f(f(t)) = t and (10) we get

{x"<t> = f'(t) x(t),
y'(t) = F1 (1) y(t).

So we have (10) is equivalent to the boundary value problem

{x"(t) +x(t) =0,

y'(t)+y(t) =0 x(0) = xo, ¥(0) =yo, x'(0) =yo, ¥'(0) = xo

Obviously,
x(t) = Cq cost+ Cp sint,
y(t) = C3 cost + Cy4 sint.

Then from the boundary conditions, we can write

x(t) = xp cost+yp sint,
y(t) = yo cost + xq sint.

Example 4. We consider the following problem

s 7r
V(1) = x(£(1)), x(j) = Xo, V(E) =y, f()=m—t ackR

We can write
{x”(t) =f' )y (f(t),
y'(t) = f'(t) X' (f(1)).

Than from f(f(t)) = t and given system of differential equation we get

{x"<t> — £(1) x(),
v = (1) ().

So we have given system of differential equation is equivalent to the boundary
value problem

x"(t) +x(t) =0, . 7. . e
{y//(t) +y(t) =0, X(E) = Xo, y(E) =1Yo, X (E) =Y, y (E) — x

Obviously,
x(t) = Cq cost+ C, sint,
y(t) = C3 cost + Cy4 sin .
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Then from the boundary conditions, we can write
x(t) = —yp cost + xp sint,
y(t) = —xp cost + yp sint.
Theorem 2. Let the initial value problem
xX'(t) = Fy(t, x(t),y(t), x(f(t))),
{,() 1O YO BN )
y'(t) = Ba(t,x(8), y(8),y(f (1)),

satisfy the following hypotheses:

(1) The function f(t) is a continuously differentiable strong involution with a fixed point
to.

(2) The functions Fy, F, are defined and are continuously differentiable in the whole space of
its arguments.

(3) The given equations are uniquely solvable with respect to y(f(t)), x(f(t)):

X(£(1)) = Galt,x(),y(6), ¥/ (1), (12)
y(f(1) = Ga(t, x(t), y(t), ' (1) (13)
Then the solution of the system of ordinary differential equations
no  OF oF oF
X () = a—t1+ ax&) X (f) + W(lt)y )+
aF] !
TGOk (8) FL(f (), x(f (1)), y (£ (1)), x(£)), (14)
and
nin _ OF oF, oF,
w-;ﬁq£¢m+@éwm—
oF; ,
+ sz))f (8) B2 (£ (8), x(f (1)), y (£ (1)), y (), (15)
(where x(f(t)) and y(f(t)) are given by expression (12) and (13)) with the initial conditions
x(to) = xo, x'(to) = Fi(to, X0, Yo, Xo), (16)
and
y(to) = yo, ¥'(to) = Fa2(to, %0, Yo, Yo)- 17)

Proof of Theorem 2. The proof of theorem 2 comes from theorem 1. [

Example 5. We consider the following problem

{wu>=axvu»
Y () = By(f (1))

1
= —, a,fp = const.

" x(ty) = x0, y(to) =yo, f(t) ;
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