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Abstract. In this work, Gaussian Tribonacci functions are defined and investigated on the
set of real numbers R, i.e., functions fg : R — C such that for all x € R, n € Z, fg(z +n) =
flx+n)+if(r+n—1) where f : R — R is a Tribonacci function which is given as f(z + 3) =
fx+2)+ f(x+1)+ f(z) for all x € R. Then the concept of Gaussian Tribonacci functions by using
the concept of f-even and f-odd functions is developed. Also, we present linear sum formulas of
Gaussian Tribonacci functions. Moreover, it is showed that if fg is a Gaussian Tribonacci function

with Tribonacci function f, then lim folerl) _ o and lim 6@

fo(@) o) — a7 i, where « is the positive
T—00 T—00

3 — 22 —x—1 = 0 for which a > 1. Finally, matrix formulations of Tribonacci

real root of equation x
functions and Gaussian Tribonacci functions are given.

In the literature, there are several studies on the functions of linear recurrent sequences such as
Fibonacci functions and Tribonacci functions. However, there are no study on Gaussian functions
of linear recurrent sequences such as Gaussian Tribonacci and Gaussian Tetranacci functions and
they are waiting for the investigating.

We also present linear sum formulas and matrix formulations of Tribonacci functions which
have not been studied in the literature.
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1. Introduction

A function f defined on the real numbers R is said to be a Fibonacci function if it satisfies the

following relation

fle+2) = flz+1)+ f(2)

for all x € R. First and foremost, Elmore [2], Parker [8] and Spickerman [12] discovered useful
properties of the Fibonacci functions. Later, many renowned researchers such as Fergy and Rabago
[3], Han, et al. [5], Sroysang [14], and Gandhi [4], have devoted their study to the analysis of many
properties of the Fibonacci function.

A function f defined on the real numbers R is said to be a Tribonacci function if it satisfies the

following relation

flz+3)=fe+2)+ fz+1)+ f(x)

for all z € R (a short review on Tribonacci functions will be given in this section below). Some
references on Tribonacci functions are Arolkar [1], Magnani [6], Parizi [7] and Sharma [10].
A function f defined on the real numbers R is said to be a Tetranacci function if it satisfies the

following relation

flz+4)=fe+3)+ flz+2)+ f(x +1) + f(z)

for all x € R. See Sharma [11] for more information on Tetranacci functions.
More generally, a function f defined on the real numbers R is said to be a k-step Fibonacci

function if it satisfies the following relation

f@+k)=fz+k-1)+fla+k-2)+flx+k—-3)+...+ f(r)

for all z € R. See Sriponpaew and Sassanapitax [13], and Wolfram [18] for more information on
k-step Fibonacci functions.

Before giving a short review on Tribonacci functions, we recall the definition of a Tribonacci
sequence. A Tribonacci sequence {T},}n>0 = {Vi(T0,T1,T2)}n>0 is defined by the third-order

recurrence relations
Tn =1dp-1+ Tn—2 + Tn—?n

with the initial values Ty = 0,77 = 1,71, = 1.
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Next, we present the first few values of the Tribonacci numbers with positive and negative

subscripts:
n 0 12 3 45 6 7 8 9 10 11 12 13

., 0 1 1 2 4 7 13 24 44 81 149 274 504 927

T, .. 001 -1 02 -3 1 4 -8 5 7 =20 18
If we let up = 0,u; = 1l,us = 1, then we consider the full (bilateral) Tribonacci sequence
{un}s i o . . ,=3,2,0,-1,1,0,0,1,1,2,4,7,13, ... i.e. T_p, = T2 + Top + TpioTy, — 4T, 1T,

(see [15, Corollary 7]) for n > 0 and u,, = T, the nth Tribonacci number.

A function f: R — R is said to be Tribonacci function if it satisfies the formula
flz+3)=fzx+2)+ f(z+1)+ f(x)
for all x € R or equivalently
f@)=f@-1)+fle-2)+ f(z—3)

for all z € R.
Note that

fletn) =T af(x+2)+ Tz +Ths)f(x+1) + Thaf(x) (1.1)

forallz € R and n € Z.

We next present the Binet’s formula of f.

LEMMA 1. [18, p.141] The Binet’s formula of f is

Ky (PTO‘) + K3

f(z) = K10® + Kya™"/? cos(0z) + o~ /2 sin(fzx),
1 _ (a=1)2
a ( 2 )
where
_ f(0) f(1) f2)
K1 = a—DBat1) Ba+1 (a—DBat1)

K2 = f(O) _Klv

Ky el = f0) - 10)

1
0 = arccos(

Note that this formula does not use complex roots.
Next, we list some examples of Tribonacci functions.

ExXAMPLE 2.
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(a): [7, Example 2.1.]
fR=R, f(z)=a"

is a Tribonacci function, where « is a positive oot of equation x® — x> —x —1 =10 and «

1s greater than one and given as

14+ v/19 + 3v33 + /19 — 3/33
o = .
3

The other two roots are

14+ wv19+ 3v33 + w?2v/19 — 3v/33

5= : ,

and

1+ w219 + 3v33 + wi/19 — 3v/33
= :
3

(b): [7, Example 2.2.] Let {un}o>_ o, {vn}o>_ and {w,}5> _ . be full Tribonacci sequences
and define a function f(z) by f(r) = uy +ULJ»‘Jt+wLth2’ where t = x — |x| € (0,1) and
x € R, |z] is the greatest integer function (floor function). Then

flz+3)=fe+2)+ fz+1)+ f(x)

so that f is a Tribonacci function.
(c): [7, Proposition 2.3 and Example 2.4.] Let f be a Tribonacci function and define g(z) =
f(z+t+12) for any x € R, wheret € R. Then g is also a Tribonacci function. If f(z) = o®

. . . . . 2 2 . . . .
which is a Tribonacci function, then g(x) = o® " = o+ f(x) is a Tribonacci function.

We now present the concepts of f-even and f-odd functions which were defined by Han, et al.

[5] in 2012.

DEFINITION 3. Suppose that a(z) is a real-valued function of real variable such that if a(x)h(x) =
0 and h(x) is continuous. Then h(x) = 0. The map a(x) is called an f-even function if a(x+1) =

a(x) and f-odd function if a(x + 1) = —a(x)) for all x € R.
We present an f-even and an f-odd function.

ExXAMPLE 4.

(a): If a(z) = x — |x]| then a(z) is an f-even function.

(b): If a(x) = sin(nx) then a(zx) is an f-odd function.

Solution.
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(a): If a(x) = x — |z| then a(x)h(zx) = 0 implies h(z) =0 if x ¢ Z. By continuity of h(x), it
follows that h(n) = liin h(z) = 0 for any integer n € Z and therefore h(z) = 0. Since

az+1)=(z+1)—|z+1|=(+1)— (|| +1) =2 — |z] = a(x),

we see that a(z) is an f-even function.
(b): If a(z) = sin(wz), then a(z)h(x) = 0 implies that h(z) = 0 if  # nr for any integer
n € Z. Since h(x) is continuous, it follows that h(nw) = lim h(x) = 0 for n € Z, and

Tr—nm
therefore, h(x) = 0. Since
a(x 4+ 1) = sin(mx 4+ 7) = sin(wz) cos(m) = —sin(nz) = —a(x),

we see that a(z) is an f-odd function. OJ

The following theorem is given in [7, Theorem 3.3.].

THEOREM 5. Assume that f(z) = a(x)g(z) is a function, where a(x) is an f-even function and
g(x) is a continuous function. Then f(x) is a Tribonacci function if and only if g(x) is a Tribonacci

function.
The following theorem shows that the limit of quotient of a Tribonacci function exists.

THEOREM 6. If f(x) is a Tribonacci function, then the limit of quotient HetD) orists (/7

f(z)
Theorem 4.1.]) and le % =« (take p =1 in Magnani [6, Theorem 14].

We also have a result on the limit of quotient % which we need for calculation of the limit

of the quotient of a Gaussian Tribonacci function.

THEOREM 7. If f(x) is a Tribonacci function, then, for 0 < k,m € N we have

f($+k7) _ k—m
wl_}rglom =a " (1.2)

Proof. If 0 < k,m < 1 then (1.2) is true (Theorem 6). We give the proof in three stages:

Stage I:
lim 7‘)0(‘% +2) =o?.
i f(a)

Stage II: for 3 < k € N,
lim f(@ k) =aF
z—oo  f(x)

Stage III: for 3 < k,m € N,
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Proof of Stage I:
Given z € R, there exists y € R and n € N such that x = y + n. Then, using the formula

f(:C + n) = Tn_lf(x + 2) + (Tn_Q + Tn_3)f(33 + 1) + Tn_gf(m),

we get

fa+2) _ fly+tn+2)

f(z) fly+n)

Tnirfy+2)+ (T + T fly+ 1) + T f (y)
Trn1f(y+2)+ (T 2+T 3)f(y + )+Tn_2f( )

Tn+1 f(y+2) (y+1)
T, T—I—f(w 1+ 55
Tn—1 f(y+2) +2 Tn f +1

Since

and

and

= lim ———~ =u (say)

we obtain

and so

This completes the proof of Stage 1.
Proof of Stage II:
Given z € R, there exists y € R and n € N such that x = y + n. Then, by using Stage I, we get

fle+k)  fly+n+k)
flx)  fly+n)
Toik1fW+2)+ T2+ Tonr3)fy+ 1)+ Toraf(y)
Toaf(y+2)+ (Thr2+To-3)f(y+1) + Tn2f(y)

Totk—1 f(y+2) Tnik-3\ fy+1)
Toih2 Torre S T A 7o) ey 1

T Tho1 f(y+2) Tr—31\ f(y+1)
2 oy T AT Ty L
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and so
Totr—1 f(y+2) Trqr—3yfly+1)
. fle+k) . Togk—2 Tnik72 i (1+ m)w +1
lim 7}0( ] = lim lim T To 1 F(912) PN OESY)
T—r 00 €T — 00 N—00 _ n— n—
! " T tUE D) Ty Tl
pea?+ (1+aHa+1
= «
ad? +(1+aHa+1
= ak
which completes the proof of Stage II.
Proof of Stage III:
By using Stage II, we obtain
1 1
lim fl@) =a ™

z—oo f(x +m) lim, o flatm) — gm

(x)
Now, it follows that
b SR L fE@ AR f@)

z—o0 f(x + m) T z9500 f(x) z=oo f(x+m)

which completes the proof of Stage III. [

2. Gaussian Tribonacci Function
Gaussian Tribonacci numbers {GT}, }n>0 = {GT,(GTy, GT1,GT3) }n>0 are defined by
GT,=GTy,1+GTy—o+ GT,_3,
with the initial conditions GTy = 0, G171 = 1 and GT» = 1 + i. Note that
GT, =T, +il,_1.

The first few values of Gaussian Tribonacci numbers with positive and negative subscript are

given in the following table.
n 01 2 3 4 5 6 7 8 9
GT, 0 1 144¢ 2449 4420 744 13+7i 244+ 13¢ 444 24i 81+ 444
GI_,, 0 ¢« 1—¢ -1 2t 2-3% -3+4+¢ 1+4 4—-8  —8+45i
The full Gaussian Tribonacci sequence, where Gu,, = GT}, the n* Gaussian Tribonacci numbers,

are: . . . ,—3+14,2—3i,2i,—1,1—14,4,0,1,1 44,2+ 4,4+ 20,7+ 4i, 13 + Ti, ....

DEFINITION 8. A Gaussian function fg on the real numbers R is said to be a Gaussian Tri-

bonacci function if it satisfies the formula

falw+n)=GT—1f(x +2)+ (GTh—2+ GTy—3)f(x + 1) + GT,—a2f () (2.1)
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for all x € R and n € Z where f is a Tribonacci function.

To emphasize which Tribonacci function used we can say that fo is a Gaussian Tribonacci

function with Tribonacci function f.

The following theorem gives an equivalent characterization of a Gaussian Tribonacci function.

THEOREM 9. A Gaussian function fg on the real numbers R is a Gaussian Tribonacci function
if and only if
falx4+n)=fz+n)+if(r+n—-1) (2.2)

for x € R, n € Z where f is a Tribonacci function.

Proof.

(:=) Assume that fg is a Gaussian Tribonacci function, i.e., fg satisfies (2.1). Then

fa(x+n) = (Thoy +iTh o) f(x+2) + (Tho +iTH_3)
+(Th—3+iTh—a))f(x+ 1)+ (Th2 + iTh_3)f(x)
= Thoaf(x+2)+ (Tho2+Th3)f(x+1)+Th_af(x) +
(Th—af(x+2)+ (Ths+Th-a)f(zr+ 1)+ Th_sf(x))
= flz+n)+if(r+n—-1)
since
GT, =T, +iTn—1
and
F@+n)=To1f(x+2)+ (Thoy+ Tos)f(z + 1) + Tr_af(2)

(«<=:) If we suppose that (2.2) holds then by (1.1), we obtain

fal@+n) = fle+n)+if(x+n—-1)
= Thaf(e+2)+ (Tho+Ths)f(x+1)+Thof(x)+
+H(iTh—2f(x +2) + (Tn—3+ Th-a)f(x + 1)+ T—3f(x))
= (Tho1+1Th—2)f(x +2)+ (Th—2+ Th—3) + (Tn-3 +iTh—a)) f(z + 1) + (Th—2 + iTy—3) f(2)

= GTn_lf(a: + 2) + (GTn_Q + GTn_g)f(x + 1) + GTn_Qf(CC)
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REMARK 10. Using the Binet’s formula of Tribonacci function f (see Lemma 1) and (2.1) or

equivalenly (2.2), the Binet’s formula of Gaussian Tribonacci function can be found.
Now, we present an example of a Tribonacci function.

EXAMPLE 11. The function f : R — R, f(x) = o*, considered in Example 2, is a Tribonacci

function. Then
fol@+n)=flx+n)+if(r+n—1) =" +ia® ' = (1 +ia"Ha®™
is a Gaussian Tribonacci function.

The following example shows that using floor function, a Tribonacci function and a Gaussian

Tribonacci function can be obtained.

EXAMPLE 12. Let {Guy,}S2 {Gun e ooy and {Guwy,}p2

n=—oo?

— ooy be full (bilateral) Gaussian
Tribonacci sequences. We define a function fa by fa(r +n) = Gu|z|4n + Gz 4nt + GwLantz =
Gugin| + GUgin)t + G gyn t? and f(x) = Uy 4 vzt + W), 12, where t =z — |z]| € (0,1) and

x € R. Then, f is a Tribonacci function and fg is a Gaussian Tribonacci function.

Solution. Since

@) = gy + vt + wt?
F@+1) = e + Vet + Wit = Ulapsr + 0zt + o)1t
fx+2) = Uppqo) +Vpqa)t + w\_$+2jt2 =U|g|42 + Vz)pot + wmﬁﬂ2
and
fle+2)+fle+1)+ f(@) = (ua)jp2+ V)t + wm+2752) + (U z)41 + V]z)1t + wm+1t2)

Uz +ULth+wLth2

= (Ulg)y2 + Uz)41 T Uz)) T (Vz)r2 + Ve)s1 + V)t
(W) 42 + Wig) 41 + Wz )t

= Ugjs t V)t T W |43t” = Upis) + Vpys)t + Wpps)t

= f@+3)
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f is a Tribonacci function and since

Gu lz]+n = Ulz|+n +iu z]+n—1>
GULxJ +n = Ulz]4n + “}LxJ +n—1>
Gw\_a:] +n = Wz]4n + Zw\_a:] +n—1s
we get
falz+n) = GuL:cJ—&-n + GULzJ—I—nt + qu\_z]+nt2

= (uLxJ-‘rn + iuLwJ-i—n—l) + (’U|_1:j+n + ivaJ—&-n—lﬁ + (w\_xj-‘rn + iwLxJ-‘rn—l)tQ
(uLxJ+n + v|_:vj+nt + wLxJ+nt2> + (u|_:1:j+nfl + vaJJrnflt + wLxJJrnfltz)i

= fx+n)+if(z+n-1).

Therefore, fg is a Gaussian Tribonacci function. [

LEMMA 13. Let fo be a Gaussian Tribonacci function, i.e., fa(z+n) = f(x+n)+if(zr+n—1)
for x € R, n € Z where f is a Tribonacci function. We define ga(x +n) = fa(z +t+ n) and
g(x) = f(x +1t) for any x € R where t € R. Then g is a Tribonacci function and gg is a Gaussian

Tribonacci function.

Proof. Let x € R. Since fg is a Gaussian Tribonacci function and f is a Tribonacci function,

it follows that

gx+3) = flz+3+t)=f(z+t+3)
= flz+t+2)+ fla+t+1)+ f(z+1)

= gz +2)+g(x+1)+g(z)
which shows that g is a Tribonacci function and

ga(xr+n) = falx+t+n)
= fle+t+n)+if(r+t+n—1)

= glz+n)+iglr+n-—1)

which shows that gg is a Gaussian Tribonacci function. [
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LEMMA 14. Let {un} and {Guy,} be the full Tribonacci and Gaussian Tribonacci sequences,
respectively. Then
GuLan = GTn—lu\_xJ—&Q + (GTn_2 + GTn—?))UL:cj-i-l + GTn_gum,
Gugjyn—1 = GTp1upgp1 + (G2 + GTp-3)uy) + GTh—2u|y| 1,
Gu[ijran = GTn—luLxJ + (GTn—2 + GTn—S)ULxJ—l + GTn—QUL;pJ —2-
Proof. The functions fa(z +n) = Gu 34y + Gzt + GwLantQ and f(x) = u|z) + vyt +
W)y t? where t = 2 — |z| € (0,1) and x € R, considered in Example 12, are Gaussian Tribonacci
and Tribonacci functions, respectively. So, if we let v|,] = uzj-1 ,GV|z)4n = GU|z)4n—1 and

Wiz = U|g|—2, GW|g|4n = GU|z|4n—2 then f(z) and fg(x) are Tribonacci function and Gaussian

Tribonacci function, respectively. Note that

flz) = U|z| +”L$Jt+wLth2:“LxJ +ULxJ—1t+ULxJ—2t2
F@+1) = upapr) + Var1jt + Was1)t = Ulgjp1 + Vajpat + Wpjp1t® = g1 + Ut + Ut
f@+2) = wayo) + Vpa)t + Wiaga)t® = Ug)yo + Vjajsot + g gat® = Upjra + Upg st + Ut

Then we obtain

G z|4n + GU g yn_1t + GuLan,QtQ

= Guiy|in + QUi nt + Gy 1 t° = fa(z +n)

= GTp_1f(x+2)+ (GTp—o+ GT—3)f(z + 1) + GT,—o f ()

= G 1(Ug)s2 + g1t + ua)t?) + (GTu-2 + GTn3) Uz )1 + Ut + U|g)_1t7)
GT2(u|z) + Uz -1t + um_ztz)

= (GTo1u|yj4o + GTno1upy 11t + GThorupy t?)
+((GTo—2 + GTn—3)upy) 11 + (GTu2 + GTp—3)tuy t + (GTn—z + GTr_g)u ;117
(GTh—2u|y) + GThouy 1t + GTn_Qum_QtQ)

= (GTn,luerg + (GTy—2 + GTn—z)ULzJ+1 + GTn,gum)
HGCTh-1u|g 41 + (GTh—2 + GTh3)u|y| + GTh2u|z)—1)t
+H(GTn-1upy) + (GTn—2 + GT—3)u|y)—1 + GTr—au|y| o)t

This completes the proof. [
By taking {u,} = {T},} in the last theorem, we have the following corollary.
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COROLLARY 15. For x € R, we have the following formulas:
GTigj4n = GToaT|gj42 + (GTh2+ GTh—3)T 541 + GTn2T|4,
GTiajpn1 = GTurTiapi1 + (GTo-2+ GT3)T o) + GTooT|a) -1,
GTigjyn—2 = GL 1Ty + (GTh—2+ GTh—3)T|s)—1 + GTh—2T |4 —2-
By taking |z| = m € Z in the last corollary, we see that for all integers m,n we have
GTin = GTp1Tmss + (GTp_s + GTp_3)Tmst + GTpoTom,
Glmin—1 = GTh1Tmi1+ (GTh—2+ GT—3)T, + GTy 2T 1,
GTmin—2 = GT 1Ty + (GTh—2+ GTh—3)T—1 + G 2Tm—2.
THEOREM 16. Let fo(x) = a(x)ga(x) be a function, g(z) and f(x) = a(z)g(x) be Tribonacci
functions, where a(x) is an f-even function, and suppose that gg(x) and g(x) are continuous

functions. Then fq(z) is a Gaussian Tribonacci function with Tribonacci function f(x) if and only

if ga(x) is a Gaussian Tribonacci function with Tribonacci function g(x).

Proof. By definition of the function fg and since a(x) is an f-even function, we have
fa(x+n) =a(x +n)ga(z +n) = a(z)ga(r + n). (2.3)

Suppose that fg is a Gaussian Tribonacci function. Then, since a(x) is an f-even function, we

obtain
fa(x+n) = flx+n)+if(x+n—1)
= a(z+n)g(z+n)+ia(zx+n—-1)glz+n-—1)
= a(z)g(x +n)+ia(x)g(z +n—1)
= a(z)(g(x+n)+iglx +n—1)). (2.4)
From the equations (2.3) and (2.4), we get
a(z)(gg(z +n) — g(x +n) —iglx+n—1)) =0

and so
ga(x+n)—glx+n)—iglx+n—-1)=0
1.e.,
ga(x+n) =g(x+n)+iglx+n—1).

Therefore, gg is a Gaussian Tribonacci function.
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On the other hand, if g is a Gaussian Tribonacci function, then
go(@+n) = glz +n) +igla +n 1) (2.5)
Since f(x) = a(x)g(x) and a(x) is an f-even function, we obtain

flet+n) = alz+n)g(z+n)=alz)g(z+n),

fx+n—-1) = alz+n—-1)g(x+n—-1)=a(z)g(z+n—1).
Then, since fg(z) = a(z)ga(z) and a(z) is an f-even function, the equation (2.5) implies that

fa(x+n) = alz+n)ga(r+n)=a(x)ge(r+n)
= a(z)(g9(z +n) +ig(z +n—1))
= a(x)g(z +n)+ia(z)g(z +n —1)

= fz+n)+if(zr+n-1).

Hence, fg is a Gaussian Tribonacci function. [J

3. Sums of Tribonacci and Gaussian Tribonacci Functions

In this section, we discuss the sums of the terms of a Tribonacci function and a Gaussian

Tribonacci function. The following corollary gives linear sum formulas of Tribonacci numbers.

COROLLARY 17. Forn > 0, Tribonacci numbers have the following property.

- 1
> Tk =5 (Tnts = Tugr — 1),
k=0

Proof. For a proof see [17]. O

The following theorem gives linear sum formulas of Tribonacci functions.

THEOREM 18. Suppose that f is a Tribonacci function. Then for all x € R and n > 0, the

following sum formula holds:

Zf(x+k:):%(f(a:+n+4)—f(w+n+2)—2f(x+n+1)—f(a:—|—2)+f(x)).
k=0


https://doi.org/10.20944/preprints202109.0155.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 8 September 2021 d0i:10.20944/preprints202109.0155.v1

ON TRIBONACCI FUNCTIONS AND GAUSSIAN TRIBONACCI FUNCTIONS 14

Proof. We use corollary 17. Since

n
1
D T = 5(Tass — T =20, - 1),
" 1
ZTk—2 = E(Tn+3 - Tn+1 - 2Tn71 - 2Tn + 1)7

n
1
D Ths = 5(Tus = Togr = 205 = 2T 1 = 2T, 2 = 1),

and
flx+n)=T1f(x+2)+ (Th2+ Tns)f(x+ 1) + Th_af(x),
we obtain
Y fla+k) = flz+2) ZTk 1+ f@+ D)) (T +Thos) + f(x ZTkz 2
k=0 k=0 k=0

1
i(Tn+3 - Tn+1 - 2Tn - 1)

1
—|—f(£13 + 1) X §(Tn+2 + Tn+1 - (Tn + Tn—l) - 2(Tn—l + Tn—2))

— fla+2) x

1
§(Tn+2 - Tn - 2Tn71 + 1)

= %(f(a:—i—n—kél)—f(x+n+2)—2f(a:+n+1)—f(sc+2)+f(x))

+f(x) x

Note that if we consider the Tribonacci function

flx) =a®
then, using Theorem 18, we have the sum formula
n
Z o® x+n+4 oFtnt2 _ g adntl (w42 + ax)
k=0

for all z € R and n > 0.

The following corollary gives linear sum formulas of Gaussian Tribonacci numbers.
COROLLARY 19. Forn > 1 we have the following formulas:
ZGTk = GTn+3 GTpir — (1+14)).

Proof. It is given in [16]. O

The following theorem gives linear sum formulas of Gaussian Tribonacci functions.
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THEOREM 20. Suppose that fg is a Gaussian Tribonacci function with Tribonacci function f.

Then for all x € R and n > 1 the following sum formula holds:
- 1
ng(:r+k) = 5(fg(x+n+3) —fele+n+1)—Q+0)f(x+2)+ (—1+14)f(x))
k=1
Proof. We use corollary 19. Since

- 1

Y G, = 5(GTois = GTor — (1+14),
> GTier = (GTuwa—GT, = (1+4)),
n 1 .
> GTia = 5(GTopr = GToor — 1+4),

- 1
Y G = 5(GTh = Gy + 1 1),

and
fol@+n)=GT-1f(x +2)+ (GTh—2+ GTy—3)f(x+ 1) + GT,—of (),
we get
Zn:fg(x—i—k) = flz+2) ZGTk 1+ fz+1) ZGTk 2+ZGTk 3)+ fl ZGTk 2
ot ot P Pt
_ %(fg(x—i—n—i—S)—f(;(x+n+1)—(1+i)f(x+2)—|—(—1+i)f(x)).
O

Note that if we consider the Tribonacci function
f(z) =a”
and the Gaussian Tribonacci function
fa@+n) = (1+ia o™
then, using Theorem 20, we have the sum formula
- 1
Z (1 +ia Ha®th = 2((1 +ia"Ha® 3 — (1 4ia Ha® T — (140)a® P + (=1 +14)a”)
k=1

for all z € R and n > 1.
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4. Ratio of Gaussian Tribonacci Functions

In this section, we discuss the limit of the quotient of a Gaussian Tribonacci function. Note

that since
R
lim 272 — P71 pgeZ
we have
lim GTn+p —  lim Tn+p + iTn-i—p—l
n—00 TnJrq n—o00 Ty 4o+ iTnJrqfl
Tn+p + Z.Tn-l-p—l
= lim Tnq Tn+q
n—00 Tn+q ,TnJrq,l
TnJrq Tn+q
P~ + joP~17a
N 1+ia1
and
lim GThyp lim Toip + iTn1p—1
n—o00 Tn-l—q n—o00 Tn—|—q
. T e Thgpaa
—  lim P +i lim Intp—1

= o9 4 iaP T,

THEOREM 21. If fg is a Gaussian Tribonacci function, then the limit of quotient

exists and given by

for all k,m € Z.

Proof. Suppose that fg is a Gaussian Tribonacci function with Tribonacci function f. Note that

from Theorem 6 and Theorem 7, the limit of quotients £ gf’g)l) and £ Sfc(:)z ) exists and li_)m / 5?(:)1) =
f(z+2)

and li_>m ) = a?. We use the formula, by definition,

falx+n)=GTh1f(x+2)+ (GTyh—2+ GT—3)f(x + 1) + GTp,—of (x).
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Given x € R, there exists y € R and n € N such that x = y + n.Then

fa(z + k) . . faly+n+k) L . fa(x +n+k)
= = lm lm -—*——= = lim lim -——————~
v—00 fe(x +m) y—oon—oo fa(y+n+m) z—ooon—oo fo(x +n+m)

GToik—1 f(z12) (GTn-i-k—Q GTn+k—3) fet1) | GTagr—2

_ lim lim GTn+m—1 f(z) GTn+m—1 GTn+m—1 (=) GTn+m—1
T—00 N—00 f(:c+2) + (GTn+m_2 GTn+m—3)f(a:+1) + GTn+m_2
(@) GTn—I—m—l GTn+m—1 (=) GTn+m—1 ‘
Since
T,
lim ntp = Oép_qu p,q e Z7
GT,+ P~ + joP~1=a
li ——F = ) q € Za
1300 Gl 1+ia" b4
1
o FED
z—oo  f(x)
2
lim flx+2) a2,
z—oo  f(x)

it follows that
fg(l’ + k) k—m

lim SR
:1:1—>nolo fg(:l? + m) «

Note that if we consider the Tribonacci function
flx) =a”
and the Gaussian Tribonacci function
fo(x+n)=(1+ia Ha®™
then, we see that
fa(x + k) . (1 4ia Hatk . 1 jia —

M Falorm) A (T riaNarrn — kg O

Also, it follows from Theorem 21, that

. fG(x-i_k) _ Jk—m
e folarm)

COROLLARY 22. If fg is a Gaussian Tribonacci function, then

lim —fG(x +1)
T—00 fG(:L')

Proof. Take k = 1,m = 0 in Theorem 21. [J
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THEOREM 23. If fa is a Gaussian Tribonacci function with Tribonacci function f, then the

limit of quotient

fG(:U + k)
f(z)
exists and given by
k
lim 18R _ GTy_10* + (GTy_2 + GTy_3)a + GTy_o
z—oo  f(x)

forallk € Z.

Proof. Suppose that fg is a Gaussian Tribonacci function with Tribonacci function f. Note that

from Theorem 6, the limit of quotients ! Sfc(:)l) and £ gf(:f) exists. Using the formula, by definition,

falx+n)=GT1f(x +2) + (GTh—2+ GTh—3)f(x + 1) + GT, o f (x).

we get,
Jelet+k) L GTp1f(x+2) + (GTh—2 + GTjp—3) f(z + 1) + GTj 2 f(2)
lim ———= = lim
z—oo  f(x) Z—00 f(zx)
_ - f@+2) . flz+1)
= GTk,1 thHOIO W + (GTk,Q + Gkag) IILII;O W + GT]C,Q.
Hence, since the limit of quotients ! gfg(;r)l) and £ 5;’“;;2 ) exists, limg,_ oo ! G]Sggk) exists and
lim 26EFR) _ on 0?4 (GT s + GThs)a + GTy s,
z—oo  f(x)

Note that if we consider the Tribonacci function
f(@) =a”
and the Gaussian Tribonacci function
folz+n) =1 +ia"Ha®™m

then, we see that

. folz+k) (1+ia_1)a:‘+k . kL sk
xlgrolo e xhﬁn;() o = xlirrgo(l +ia ot = (1+ia )a”. (4.1)
Also,from Theorem 23, we know that
k
lim M = GTk,1a2 + (GTk,Q + Gkag)Oz + GTj_s. (42)
z—=oo  f(x)

Therefore, comparing (4.1) and (4.2), we obtain

GTyp_10* 4 (GTy—o + GTj_3)a + GTy_o = (1 + i H)ak
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for k € Z.

COROLLARY 24. If fg is a Gaussian Tribonacci function with Tribonacci function f, then

. fa(x) 9
lim ) 1+i(a® —a—1),
im 7fG($ +1) a+1
M @) o
. fG(l' + 2) 2 .
lim —/—————~ « i
e (@) +

Proof. Take k = 0,1, 2 in Theorem 23, respectively. [

We can generalize Theorem 23 as follows.

THEOREM 25. If fq is a Gaussian Tribonacci function with Tribonacci function f, then the

limit of quotient
fg(x + k)
f(z+m)

exists and given by
fa (:v + k)
z—oo f(x +m)

= (a+ i)

for all k,m € Z.

Proof. Suppose that fg is a Gaussian Tribonacci function with Tribonacci function f. Note

that from Theorem 7, the limit of quotients £ Sf(;)l) and L gfc(;r)Q ) exists and li_)m / gfc(:)l) = o and
le % = o, Given z € R, there exists y € R and n € N such that z = y + n. By using the
formulas
falx+n)=GT1f(x+2)+ (GTyh—2+ GT—3)f(x + 1) + GT\,—2f (x)
and
f@+n) =T 1f(x+2)+ (Th+ Th-3)f(x+1) + Thaf(z)
we get
. fa(z+ k) . Jolyt+n+k)
lim ~——+ = lim lim —/———~
z—oo f(x+m) y—oon—oo f(y+mn+m)
= lim lim —fG@ +ntk)

Z—00 N—00 f(x—|—n—|—m)

GTnJrkfl f(z+2) + (GTn+k72 + GTnJrka)f(erl) + GTnJrku

— lim lim Tn+m—1 @) Tn—|—m—1 Tn+m—1 @) Tn+m—1
Z—00 N—00 f(z+2) To+m—2 Trntm—3 f(x+1) Totm—2
T + i ON

Tn—|—m—1 Tn+m—1 Tn+m—1
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Since

T,
lim Clnip

flx+1)

lim ——~ = a,

w5 f(a)

lim 7]“(:5—#2) = aQ,

z—oo  f(x)

aP~l 4 P19 p g e,

it follows that
fG'(QU + k)

_ -\ k—m—1
x_mf(x_i_m)—(a—i-z)a . O

5. Matrix Formulation of f(z) and fg(z +n)

The matrix method is very useful method in order to obtain some identities for special sequences.

We define the square matrix M of order 3 as:

111
M=1]1100
010

such that det M = 1. Note that for all n € Z, we have

n

111 Toy1 Tn+Th1 Ty
M'"=1100 =| T, Tw1+Tho Th1 |- (5.1)
010 Tn—l Tn—2+Tn—3 Tn—Z

Matrix formulation of T}, can be given as

n

Thio 111 Ty
Toer |=] 1 00 T |- (5.2)
T, 010 To

Consider the matrices Np, Er defined by as follows:

1+ 1 0
0 @ 1—1

GThe GThyr GT,
Er = | @I GT, GT..,
GT, GT,-1 GT,_9

The following theorem presents the relations between M™, Ny and Ep.
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THEOREM 26. For all n € Z, we have

M"Nr = Er.

Proof. For a proof, see [16]. [J
Define

fle+2) fle+1)  f(z)

Ay = | f@+D)  fl@) fla-1) |,

flz)  flz=1) flz-2)
fle+n+2) fletn+1)  flz+n)

By = flx4+n+1) f(z+mn) flx+n-1)
f(z+n) flz+n—-1) f(r+n-2)

THEOREM 27. For all integers n € Z, and x € R, we have

M"A; = By (5.3)

Proof. By using
f(l' + n) = Tnflf(x + 2) + (Tnf2 + Tnf?))f(:E + 1) + Tanf(x)
and
fla+3)=flx+2)+ flz+ 1)+ f(z),
the case n > 0 can be proved by mathematical induction. Then for the case n < 0, we take m = —n

in 5.3 and then the case m > 0 can be proved by mathematical induction, as well. [J

Note that if we consider the Tribonacci function

flx) =a”
then, we see that
aa:+2 aa:—l—l a® az+n+2 az—l—n—l—l am—i—n
Af — aw—l—l a” am—l 7Bf — az+n+1 am—i—n am—l—n—l
a” amfl 01172 a,a:Jrn aernfl am+n72

and .

1 1 1 ax+2 aa:+1 a” aw+n+2 am+n+1 aern

1 0 0 a:t+1 a® axfl — aw+n+1 aa:Jrn aa:+n71

010 a® a:c—l aw—Z a:t+n a:t—i—n—l aaz+n—2

for alln € Z and z € R.
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Define
GTpy1 GT,+GT,1 GT,
Dor=| GT, GTy1+GTpo GTu
GTh—1 GIL, 2+ GT,—3 GT,_o
and
falz+n+2) folx+n+1) folr+n)

Cio=| folx+n+1) folx+n) folz+n-1)
falx+n)  folx+n-1) falxz+n—2)

THEOREM 28. For all integers n € Z and x € R, we have
DgrAy = Cy, (5.4)
Proof. By using
falx+n) =Gl 1f(x +2)+ (GTp—2+ GTy—3)f(x+ 1) + GT,—2f(x)

and
fla+3)=flx+2)+ flx+ 1)+ fz),

the case n > 0 can be proved by mathematical induction. Then for the case n < 0, we take m = —n
in 5.4 and then the case m > 0 can be proved by mathematical induction, as well. [J

Note that if we consider the Tribonacci function
fa) = o*
and the Gaussian Tribonacci function
fo(x+n)=(1+ia 1)a™™

then, we see that

a2 ottt o GT,+1 GT,+GT,_1 GT,
Ar=1 ot o o' |,Dgr= GT, GT,1+GT,.o GT,_;
o afl gE2 GTl,-1 GT,_o+GT,_3 GT,_o

and
(1 +,L'a—l)ax+n+2 (1 _|_Z'a—l>ax+n+l (1 _|_Z'a—l)ax+n
Cro = | (I+ia o™ (1+ia o™ (1+ia ot

(1+iaHa®™ (1 +ia Do (1 4ia Hartn—2
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and so
Gl GT,+GT,1 GT, a2 qrtl g7
GT, GT,1+GIT,—o GT,_1 ot g gl
GIl,-1 GT, 2+ GT,_35 GI,_o a® ol g2

(1+ia a2 (1 +ia a2t (1 4+ia~t)a®™
= (1+ia Y™t (1 +ia Ha®™™ (1 +ia )artn!

(1+ia Do (1+ia a1 (1+ia~1)am+n—2
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