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Abstract.

The Ramanujan primes are the least positive integers Rn having the prop-
erty that if m ≥ Rn, then πm − π(m/2) ≥ n. This document develops several
bounds related to the Ramanujan primes, sharpening the currently known re-
sults. The theory presented is by no means exhaustive, however it provides

insights for future research work. Alternatively, we may say that it is a road
map which may be followed to make further discoveries.
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J. Feliksiak

1. Bounds on the Number of Primes

Ramanujan primes term was first used by Sondow [16], who mentions: “I coined
the term Ramanujan primes in 2005 . . . Subsequently, I came across a completely
different meaning of the term”. It originated with the Theorem of Ramanujan:

Theorem 1.1 (Ramanujan).
Let πm denote the number of primes not exceeding m ∈ N. Then,

πm − π(m/2) ≥ 1, 2, 3, 4, 5, . . . if m ≥ 2, 11, 17, 29, 41, . . . respectively.

The interval satisfying this condition will be referred to as the Ramanujan
interval. The definition of the Ramanujan prime follows:

Definition 1.2 (Ramanujan prime).
For n ≥ 1 the n-th Ramanujan prime is the least positive integer Rn having the

property that if m ≥ Rn, then πm − π(m/2) ≥ n.

Note thatRn is indeed a prime, by minimality condition the function πm−π(m/2)

and πm must increase atm = Rn. Since they can increase by at most 1, the equality
πRn − π(Rn/2) = n holds (Sondow [16]).

1.1. Bounds on s and ps on the Ramanujan Interval.

From the paper under the title “An improved upper bound for Ramanujan
primes” by Srinivasan et al [19], we have the upper bound on s ∈ N:

Theorem 1.3 (Srinivasan et al: Theorem 1).
Let Rn = ps be the n-th Ramanujan prime, where ps is the s-th prime. Then,

for all n ∈ N | n ≥ 19, R19 = 227:

(1.1) s < 2n

(
1 +

3

log (n) + log (logn)− 4

)

Remark 1.1.
The function in Theorem 1.3, has a vertical asymptote between n = 18 and n =

19. The difference of
(
2n
(
1 + 3

log (n)+log (log n)−4

))
− s, at n = 18 attains approx.

−2244.67, while at n = 19 it attains approx. 4669.33. Please refer to Figure 1. The
difference, is greater than zero for all n ≥ 19, R19 = 227, with a global minimum
occurring at n = 50, R50 = 641, where it attains approx. 219.095.
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Figure 1. The drawing shows the difference of the function

2n
(
1 + 3

log (n)+log (logn)−4

)
and s. The asymptote is clearly vis-

ible between n = 18 and n = 19, the global minimum occurs at
n = 50 where it attains approx. 219.095. The figure is drawn at
every n ∈ N in the range.

2. Tailored Log Integral Bounds on π(Rn)

Figure 2. The drawing shows the Supremum (Red) and Infimum
(Blue) bounds on πRn (Black). The Figure is drawn at every Rn

in the range 2 ≤ Rn ≤ 2281.

In this document we present improved bounds pertaining to the case Rn = ps,
where n, s ∈ N are ordinal numbers indicating the nth Ramanujan prime, and sth
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STRUCTURE IN PRIMES 5

Figure 3. The drawing shows the estimation error made by the
Supremum (Red) and Infimum (Blue) of the prime counting func-
tion πRn . The figure is drawn at every Rn ∈ N in the range.

prime. Thus we have that in the case Rn = ps, necessarily s = π(Rn). In such
a case we can improve the estimate of s very significantly by implementing the
Tailored integral theorems by Feliksiak [3], which provide sharper estimates. The
Tailored logarithmic integral definitions follow:

Definition 2.1 (Supremum Upper integration limit).

θS = log p(Rn)♯ =
∑

p≤Rn

log p where p is the prime p ∈ N | p ≤ Rn

Definition 2.2 (Infimum Upper integration limit).

θI =
∑

p≤Rn

(
(log (p))− π (log log p)

(p)
γ

)
where p is the prime p ∈ N | p ≤ Rn

and γ is the Euler-Mascheroni constant γ ≈ 0.57721566490153286060651209.

Theorem 2.3 (Supremum and Infimum Bound on s).
Let Rn = ps be the nth Ramanujan prime, where ps is the sth prime. Then, for

all n ∈ N | n ≥ 47:
(2.1)

Inf(Rn) =

∫ θI

2

dt

log t
< πRn = s <

∫ θS

2

dt

log t
= Sup(Rn) ∀Rn ∈ N | Rn ≥ R6 = 47

Proof.
For the proof, please refer to Feliksiak [3]. �

2.1. Upper/Lower Bounds on π(Rn) = s.

The bounds given by Theorem 2.3, are computationally quite demanding for
larger Rn ∈ N. Consequently more efficient bounds are given by Theorem 2.6:
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Figure 4. The drawing shows the Upper (Red) and Lower (Blue)
bounds on πRn = s (Black). The Figure is drawn at every Rn in
the range 2 ≤ Rn ≤ 2281.

Figure 5. The drawing shows the estimation error made by the
Upper (Red) and Lower (Blue) Bounds of the prime counting func-
tion πRn = s. The R.H. figure is drawn at every n ∈ N in the range
2 ≤ n ≤ 70434.

Definition 2.4 (Upper Bound integration limit).

θU =
(
R(n) −

(√
5− 1

) (
4γ2 − 2γ

) (
logR(n)

)
3

√
R(n)

)
where the prime R ∈ N | Rn ≥ 47
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Definition 2.5 (Lower Bound integration limit).

θL = R(n) −
(
exp

(
γ +

1

2

))√
(Rn) where p is the prime p ∈ N | p ≤ Rn

Theorem 2.6 (Upper and Lower Bounds on s).
Let Rn = ps be the nth Ramanujan prime, where ps is the sth prime. Then, for

all n ∈ N | n ≥ 47:
(2.2)

LB(Rn) =

∫ θL

2

dt

log t
< πRn = s <

∫ θU

2

dt

log t
= UB(Rn) ∀Rn ∈ N | Rn ≥ R6 = 47

Proof.
For the proof, please refer to Feliksiak [3]. �

3. Bounds on π(Rn) in terms of the ordinal number n

Figure 6. The drawing shows the Upper (Red) and Lower (Blue)
bounds on πRn = s (Black). The Figure is drawn at every n in the
range 2 ≤ n ≤ 435.

There may be the need to express π(Rn) = s in terms of the ordinal number n.
Therefore, elementary upper and lower bounds on s in terms of the ordinal number
n are given by Theorem 3.1 (please also refer to Figures 6 and 7).
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Figure 7. The drawing shows the estimation error made by the
Upper (Red) and Lower (Blue) Bounds of the prime counting func-
tion πRn = s. The R.H. figure is drawn at every n ∈ N in the range
2 ≤ n ≤ 70434.

Theorem 3.1 (Upper and Lower Bounds).
The bounds on πRn = s, s.t. s ∈ N subject to ps = Rn, in terms of the ordinal

number n for all n ∈ N | n ≥ 2 is given by:

(3.1) LBn =
√
5 (n)

α −
√
n ≤ π(Rn) ≤ 2.09 (n)

β
+ 5

√
n = UBn

Where ps is the sth prime number s.t. ∀n ∈ N | ps = Rn and Rn is given by the
Definition 1.2 and the exponents are:

α =
9947

10000
and β =

10008

10000

The proof is limited to the proof of the Upper Bound only. The proof of the
Lower Bound is left at the discretion of the reader.

Proof.
Suppose that the Upper Bound of Theorem 3.1 is false for n ∈ N | n ≥ 20000.

Then necessarily,

(3.2) UBn − π(Rn) = 2.09 (n)
β
+ 5

√
n− π(Rn) < 0

Thus clearly,

(3.3) 2.09 (n)
β
+ 4

√
n− π(Rn) < 2.09 (n)

β
+ 5

√
n− π(Rn) < 0

The Cauchy Root test of the absolute value of the difference 3.3 for n ∈ N | n ≥
20000 is:

(3.4) n
√
|an| = n

√∣∣∣2.09 (n)β + 4
√
n− π(Rn)

∣∣∣ > 1

At n = 20000 the root test 3.4 attains approximately 1.00023 and tends to
1 strictly from above. By the definition of the Cauchy Root test therefore, the
sequence is diverging. In accordance with the hypothesis therefore, the difference
3.3 must diverge to −∞ as n increases unboundedly. However, at n = 20000,
the difference 3.3 attains approximately 99.1734 and diverges at an increasing rate
as n increases unboundedly. Consequently, we have a contradiction to the initial
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hypothesis. Thus the difference 3.2 for n ∈ N | n ≥ 20000 exceeds at every step√
n.
Necessarily, it must be true that the UB of Theorem 3.1 is true for n ∈ N | n ≥

20000. It is a straightforward exercise to verify that UB of Theorem 3.1 holds
within the range 2 ≤ n ≤ 20000 as well, please refer to Figure 8.

This implies that the Upper Bound of Theorem 3.1 holds for all n ∈ N | n ≥ 2,
consequently this concludes the proof. �

Figure 8. The L.H. drawing shows the Cauchy’s Root Test, equa-
tion 3.4. The R.H. drawing compares the estimation error made
by the Upper Bound on π(Rn) vs

√
n function. The R.H. figure is

drawn at every n ∈ N in the range 2 ≤ n ≤ 70435.

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 6 September 2021                   doi:10.20944/preprints202109.0097.v1

https://doi.org/10.20944/preprints202109.0097.v1


10 JAN FELIKSIAK

4. Bounds on ps on Ramanujan Interval

Figure 9. The drawing shows the Upper (Red) and Lower (Blue)
bounds on ps (Black). The Figure is drawn at every s in the range
5 ≤ s ≤ 961.

Figure 10. The drawing shows the estimation error made by the
Upper (Red) and Lower (Blue) Bounds on the prime ps. The R.H.
figure is drawn at every s ∈ N in the range 5 ≤ s ≤ 148933.
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Theorem 4.1 (Elementary Bounds on ps).
The upper bound on the prime number ps, where ps denotes the sequential sth

prime number, for all n, s ∈ N | ps = Rn ≥ 11 is given by:

(4.1) LBs =

(
s

(
log (s) + log log s− 97

100

)
− 72

)
< ps

<

(
s

(
log (s) + log log s− 9472

10000

)
+ 120

)
= UBs

The proof is limited to the proof of the Lower Bound only. The analogous proof
of the Upper Bound is left at the discretion of the reader.

Proof.
We begin with:

(4.2) p(s) ≥ LBs

Suppose that Theorem 4.1 is false for some ps ∈ N | ps ≥ 151, in accordance with
the hypothesis this implies that:

(4.3) exp
(
p(s)
)
− exp (LBs) < 0

However, at ps = 151 the difference 4.3 attains approximately 3.7885 × 1065 and
further increases exponentially. Therefore, we apply the d‘Alemberts Ratio Test.
Define a sequence for all prime numbers p(s−1), p(s) ∈ N| p(s) ≥ 151:

Definition 4.2. a(s) =
exp (p(s))−exp (LBs)

exp (p(s−1))−exp (LB(s−1))

Remark 4.1. The sequence a(s) given by the Definition 4.2, has the least value
at the Ramanujan twin primes, since the difference p(s) − p(s−1) = 2. Conse-
quently, it is therefore both necessary and sufficient, to consider the sequence a(s)
at the Ramanujan twin primes only, with p(s) = 6i + 7 | i ∈ N, i ≥ 24.

At the Ramanujan twin primes:

(4.4) exp
(
p(s)
)
= exp

(
p(s−1) + 2

)
= exp

(
p(s−1)

)
× exp (2)

Thus, at the Ramanujan twin primes the sequence a(s) equals:
(4.5)

a(s) =
exp

(
p(s)
)
− exp (LBs)

exp
(
p(s−1)

)
− exp

(
LB(s−1)

) = exp (2)×

 exp
(
p(s−1)

)
− exp (LBs)

exp (2)

exp
(
p(s−1)

)
− exp

(
LB(s−1)

)


The bracketed expression on the RHS, at the Ramanujan twin primes approaches
the limit:

(4.6) lim
n→∞

 exp
(
p(s−1)

)
− exp (LBs)

exp (2)

exp
(
p(s−1)

)
− exp

(
LB(s−1)

)
→ 1

Therefore, at the Ramanujan twin primes, the sequence a(s) must clearly approach
the limit:

(4.7) lim
n→∞

a(s) = lim
n→∞

exp (2)×
 exp

(
p(s−1)

)
− exp (LBs)

exp (2)

exp
(
p(s−1)

)
− exp

(
LB(s−1)

)
→ exp (2)
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By the definition of the d‘Alemberts Ratio Test therefore, the difference exp
(
p(s)
)
−

expLBs, diverges as p(s) increases unboundedly. Thus, it logically follows that at
Ramanujan twin primes:

(4.8) exp (LBs) ≤ exp
(
p(s)
)

∀ p(s) ∈ N| p(s) ≥ 151

Necessarily therefore, we have a contradiction to the initial hypothesis. Since at
the Ramanujan twin primes the sequence exp

(
p(s)
)
− expLBs approaches:

(4.9)
[
exp

(
p(s)
)
− exp (LBs)

]
∼ exp (2)

[
exp

(
p(s−1)

)
− exp

(
LB(s−1)

)]
Rearranging the above, we obtain that at the Ramanujan twin primes expLBs

approaches:

(4.10) exp (LBs) ∼ exp
(
p(s)
)
− exp (2)

[
exp

(
p(s−1)

)
− exp

(
LB(s−1)

)]
This in turn implies that a strict inequality holds:

(4.11) exp (LBs) < exp
(
p(s)
)

Since increasing the gap between the consecutive primes has the effect of exponen-
tially increasing the value that the sequence a(s) attains, therefore this result holds
for all p(s) ∈ N| p(s) ≥ 151. By taking the logarithms of both sides, we obtain:

(4.12) LBs < p(s) ∀p(s) ∈ N| p(n) ≥ 151

Thus, Theorem 4.1 holds for all p(s) ∈ N| p(s) ≥ 151. Direct computation verifies
that Theorem 4.1 holds for all p(s) ∈ N | 11 ≤ p(s) ≤ 151. Please refer to Figures 9
and 10. Therefore, Theorem 4.1 holds as stated:

(4.13) LBs < p(s) ∀s ∈ N | s ≥ 5

Concluding the proof of Theorem 4.1. �
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5. Alternative Bound on Rn on the Ramanujan Interval

This section develops a new set of bounds on Rn w.r.t. n ∈ N in the Ramanu-
jan Interval. These bounds constitute a significant improvement upon previously
known bounds. The initial estimate presented by J. Sondow [16] had been further
researched and optimized, producing bounds that follow Rn quite closely.

Figure 11. The drawing shows the Upper (Red) and Lower
(Blue) bounds on Rn (Black). The Figure is drawn at every n
in the range 1 ≤ n ≤ 1460.

Theorem 5.1 (Bounds on Rn, w.r.t. n in the Ramanujan Interval).
The upper and lower bounds on the Ramanujan prime number Rn, w.r.t. the

ordinal number n, which denotes both the sequential n− th Ramanujan prime num-
ber Rn and the number of primes contained within the Ramanujan Interval

{
n
2 , n

}
,

are given by:

(5.1) LBn =
(
n
√
2π (log (4n))

α − 10
√
2n
)
≤ Rn ∀n ∈ N | n ≥ 1,Rn ≥ 2

(5.2) Rn ≤
(
n
√
2π (log (4n))

β
+ 10

√
2n
)
= UBn ∀n ∈ N | n ≥ 1,Rn ≥ 2

With α given by α = 599
625 and β is given by β = 601

625 .

The proof is limited to the proof of the Lower Bound only. The proof of the
Upper Bound is left at the discretion of the reader.
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14 JAN FELIKSIAK

Figure 12. The drawing shows the estimation error made by the
Upper (Red) and Lower (Blue) Bounds on Rn. The R.H. figure is
drawn at every n ∈ N in the range 1 ≤ n ≤ 70435.

Proof.
We begin with:

(5.3) Rn ≥ LBn

Suppose that Theorem 5.1 is false for some Rn ∈ N | Rn ≥ 151. In accordance
with the hypothesis this implies that:

(5.4) exp (Rn)− exp (LBn) < 0

However, at Rn = 151 the difference 5.4 attains approximately 1.70404×10993 and
further increases exponentially. Therefore, we apply the d‘Alemberts Ratio Test.
Define a sequence for all prime numbers R(n−1),Rn ∈ N| Rn ≥ 151:

Definition 5.2. a(n) =
exp (Rn)−exp (LBn)

exp (R(n−1))−exp (LB(n−1))

Remark 5.1. The sequence a(n) given by the Definition 5.2, has the least value
at the Ramanujan twin primes, since the difference R(n)−R(n−1) = 2. Conse-
quently, it is therefore both necessary and sufficient, to consider the sequence a(n)
at the Ramanujan twin primes only, with R(n) = 6i + 7 | i ∈ N, i ≥ 24.

At the Ramanujan twin primes:

(5.5) exp
(
R(n)

)
= exp

(
R(n−1) + 2

)
= exp

(
R(n−1)

)
× exp (2)

Thus, at the Ramanujan twin primes the sequence a(n) equals:
(5.6)

a(n) =
exp

(
R(n)

)
− exp (LBn)

exp
(
R(n−1)

)
− exp

(
LB(n−1)

) = exp (2)×

 exp
(
R(n−1)

)
− exp (LBn)

exp (2)

exp
(
R(n−1)

)
− exp

(
LB(n−1)

)


The bracketed expression on the RHS, at the Ramanujan twin primes approaches
the limit:

(5.7) lim
n→∞

 exp
(
R(n−1)

)
− exp (LBn)

exp (2)

exp
(
R(n−1)

)
− exp

(
LB(n−1)

)
→ 1
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Therefore, at the Ramanujan twin primes, the sequence a(n) must clearly approach
the limit:

(5.8) lim
n→∞

a(n) = lim
n→∞

exp (2)×
 exp

(
R(n−1)

)
− exp (LBn)

exp (2)

exp
(
R(n−1)

)
− exp

(
LB(n−1)

)
→ exp (2)

By the definition of the d‘Alemberts Ratio Test therefore, the difference exp
(
R(n)

)
−

expLBn, diverges as R(n) increases unboundedly. Thus, it logically follows that at
Ramanujan twin primes:

(5.9) exp (LBn) ≤ exp
(
R(n)

)
∀ R(n) ∈ N| R(n) ≥ 151

Necessarily therefore, we have a contradiction to the initial hypothesis. Since at
the Ramanujan twin primes the sequence exp

(
R(n)

)
− expLBn approaches:

(5.10)
[
exp

(
R(n)

)
− exp (LBn)

]
∼ exp (2)

[
exp

(
R(n−1)

)
− exp

(
LB(n−1)

)]
Rearranging the above, we obtain that at the Ramanujan twin primes expLBn

approaches:

(5.11) exp (LBn) ∼ exp
(
R(n)

)
− exp (2)

[
exp

(
R(n−1)

)
− exp

(
LB(n−1)

)]
This in turn implies that a strict inequality holds:

(5.12) exp (LBn) < exp
(
R(n)

)
Since increasing the gap between the consecutive primes has the effect of exponen-
tially increasing the value that the sequence a(n) attains, therefore this result holds
for all R(n) ∈ N| R(n) ≥ 151. By taking the logarithms of both sides, we obtain:

(5.13) LBn < R(n) ∀R(n) ∈ N| R(n) ≥ 151

Thus, Theorem 5.1 holds for all R(n) ∈ N| R(n) ≥ 151. Direct computation verifies
that Theorem 5.1 holds for all R(n) ∈ N | 11 ≤ R(n) ≤ 151. Please refer to Figures
11 and 12. Therefore, Theorem 5.1 holds as stated:

(5.14) LBn < R(n) ∀n ∈ N | n ≥ 2

Concluding the proof of Theorem 5.1. �

Remark 5.2.
This remark provides a few hints for the proof of the Upper Bound on R(n):

Equation 5.2. It can be used to further sharpen the Upper Bound, and help to
facilitate an enhancement of the Lower bound in a similar fashion. Observe, that
the corresponding ratio:

(5.15)
1

exp (2)
×

[
exp (UBn)− exp

(
R(n)

)
exp

(
UB(n−1)

)
− exp

(
R(n−1)

)]
at Rn ≥ 11 it exceeds:

(5.16) (2π) (4n)
α
+ 10nβ

With the exponents given by:

α =

((√
5 + 1

2

)
+ 0.5222

)
β =

(√
5 + 1

2

)
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16 JAN FELIKSIAK

Please also refer to Figures 13 and 14. Hence, the limit diverges:

lim
n→∞

a(n) = lim
n→∞

[
exp (UBn)− exp

(
R(n)

)
exp

(
UB(n−1)

)
− exp

(
R(n−1)

)]→ ∞

Consequently, by the definition of the d‘Alemberts Ratio Test, exp (UBn)−exp
(
R(n)

)
diverges as Rn increases unboundedly. This in turn implies that,

UBn > R(n)

Figure 13. The drawing shows the ratio 5.15 (Blue) and the func-
tion 5.16 (Red). The Figure is drawn at every R(n) in the range
11 ≤ R(n) ≤ 29147.

The upper bound on Rn as given by Laishram’s Theorem (as quoted by Sondow
et all [17]) in terms of the prime p(3n) is given by:

Theorem 5.3 (Laishram).
For all n ≥ 1, we have Rn < p(3n).

Sondow et al [17] further sharpens this result obtaining:

Theorem 5.4 (Sondow et al).
The maximum value of Rn/p(3n) is:

(5.17) max
n≥1

Rn

p(3n)
=

R5

p(15)
=

41

47
≈ 0.8723
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STRUCTURE IN PRIMES 17

Figure 14. The drawing shows the estimation error made by the
function 5.16. The L.H. figure is drawn at every Rn in the range
11 ≤ Rn ≤ 111953, while R.H. figure is drawn at every Rn in the
range 11 ≤ Rn ≤ 1999993.

Figure 15. The drawing shows the Upper (Red) and Lower
(Blue) bounds on Rn (Black). The Figure is drawn at every n
in the range 1 ≤ n ≤ 3435.

In this paper we introduce an enhanced version of the upper and the lower bounds
in terms of p(2n), p(3n) on the Ramanujan Interval:

Theorem 5.5 (Bounds on Rn in terms of p(2n), p(3n)).
The bounds on Rn for all n ∈ N | n ≥ 1, in terms of p(2n) and p(3n) are given

by:

(5.18)
2353

2000

(
p(2n)

)α − 5
√
p(2n) < Rn < (log (2))

(
p(3n)

)
+ 5

√
p(3n)
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Figure 16. The drawing shows the estimation error made by the
Upper (Red) and Lower (Blue) Bounds on Rn. The R.H. figure is
drawn at every n ∈ N in the range 1 ≤ n ≤ 70435.

With the exponent α given by 9921
10000 .

The proof is limited to the proof of the Lower Bound only. The proof of the
Upper Bound is left at the discretion of the reader.

Proof.
We begin with:

(5.19) Rn ≥ LBn

Suppose that Theorem 5.5 is false for some Rn ∈ N | Rn ≥ 151. In accordance
with the hypothesis this implies that:

(5.20) exp (Rn)− exp (LBn) < 0

However, at Rn = 151 the difference 5.20 attains approximately 3.7885× 1065 and
further increases exponentially. Therefore, we apply the d‘Alemberts Ratio Test.
Define a sequence for all prime numbers R(n−1),Rn ∈ N| Rn ≥ 151:

Definition 5.6. a(n) =
exp (Rn)−exp (LBn)

exp (R(n−1))−exp (LB(n−1))

Remark 5.3. The sequence a(n) given by the Definition 5.6, has the least value
at the Ramanujan twin primes, since the difference R(n)−R(n−1) = 2. Conse-
quently, it is therefore both necessary and sufficient, to consider the sequence a(n)
at the Ramanujan twin primes only, with R(n) = 6i + 7 | i ∈ N, i ≥ 24.

At the Ramanujan twin primes:

(5.21) exp
(
R(n)

)
= exp

(
R(n−1) + 2

)
= exp

(
R(n−1)

)
× exp (2)

Thus, at the Ramanujan twin primes the sequence a(n) equals:
(5.22)

a(n) =
exp

(
R(n)

)
− exp (LBn)

exp
(
R(n−1)

)
− exp

(
LB(n−1)

) = exp (2)×

 exp
(
R(n−1)

)
− exp (LBn)

exp (2)

exp
(
R(n−1)

)
− exp

(
LB(n−1)

)

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The bracketed expression on the RHS, at the Ramanujan twin primes approaches
the limit:

(5.23) lim
n→∞

 exp
(
R(n−1)

)
− exp (LBn)

exp (2)

exp
(
R(n−1)

)
− exp

(
LB(n−1)

)
→ 1

Therefore, at the Ramanujan twin primes, the sequence a(n) must clearly approach
the limit:
(5.24)

lim
n→∞

a(n) = lim
n→∞

exp (2)×
 exp

(
R(n−1)

)
− exp (LBn)

exp (2)

exp
(
R(n−1)

)
− exp

(
LB(n−1)

)
→ exp (2)

By the definition of the d‘Alemberts Ratio Test therefore, the difference exp
(
R(n)

)
−

expLBn, diverges as R(n) increases unboundedly. Thus, it logically follows that at
Ramanujan twin primes:

(5.25) exp (LBn) ≤ exp
(
R(n)

)
∀ R(n) ∈ N| R(n) ≥ 151

Necessarily therefore, we have a contradiction to the initial hypothesis. Since at
the Ramanujan twin primes the sequence exp

(
R(n)

)
− expLBn approaches:

(5.26)
[
exp

(
R(n)

)
− exp (LBn)

]
∼ exp (2)

[
exp

(
R(n−1)

)
− exp

(
LB(n−1)

)]
Rearranging the above, we obtain that at the Ramanujan twin primes expLBn

approaches:

(5.27) exp (LBn) ∼ exp
(
R(n)

)
− exp (2)

[
exp

(
R(n−1)

)
− exp

(
LB(n−1)

)]
This in turn implies that a strict inequality holds:

(5.28) exp (LBn) < exp
(
R(n)

)
Since increasing the gap between the consecutive primes has the effect of exponen-
tially increasing the value that the sequence a(n) attains, therefore this result holds
for all R(n) ∈ N| R(n) ≥ 151. By taking the logarithms of both sides, we obtain:

(5.29) LBn < R(n) ∀R(n) ∈ N| R(n) ≥ 151

Thus, Theorem 5.5 holds for all R(n) ∈ N| R(n) ≥ 151. Direct computation verifies
that Theorem 5.5 holds for all R(n) ∈ N | 2 ≤ R(n) ≤ 151. Please refer to Figures
15 and 16. Therefore, Theorem 5.5 holds as stated:

(5.30) LBn < R(n) ∀n ∈ N | n ≥ 1

Concluding the proof of Theorem 5.5. �
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