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Abstract: In this article, the concept of fuzzy (o, Z)-contractive mapping has been introduced in
fuzzy metric spaces which is an improvement over the corresponding concept recently introduced by
Shukla et al. [Fuzzy Sets and system. 350 (2018) 85-94]. Thereafter, we utilized our newly introduced
concept to prove some existence and uniqueness theorems in M-complete fuzzy metric spaces. Our
results extend and generalize the corresponding results of Shukla et al.. Moreover, an example is
adopted to exhibit the utility of newly obtained results.

Keywords: fuzzy (o, Z)-contractive mappings; fuzzy metric spaces; fuzzy-Z-contractive mappings

1. Introduction and Motivation

In the theory of fuzzy sets and systems, many researchers have attempted to formulate
an appropriate definition of fuzzy metric space (e.g. [1-3]). The most natural and widely
acceptable definition is essentially due to Kramosil and Michélek [4]. Grabiec [5] is one of
the earliest mathematicians to study the theory of the fixed point in fuzzy metric spaces. In
doing so, he introduced the notions of G-Cauchy sequences and G-completeness of fuzzy
metric space and extended the fixed point theorems of Banach and Edelstein from metric
spaces to fuzzy metric spaces introduced by Kramosil and Michalek. It has been observed
that the notions of G-Cauchy sequences and G-completeness are relatively stronger. With
a view to have a Hausdorff topology on fuzzy metric space, George and Veeramani [6]
modified the definition of fuzzy metric space due to Kramosil and Michalek [4] and also
established some valuable related results.

In 2002, Gregori and Sapena [7] initiated a class of mappings called fuzzy contractive
mappings and proved the Banach contraction theorem in fuzzy metric spaces in the sense
of George and Veeramani. Thereafter, employing a control function satisfying suitable
properties, Mihet [8], and Wardowski [9] generalized the class of fuzzy contractive mapping
by introducing the concepts of fuzzy -contractive mapping and fuzzy H-contractive
mapping, respectively. For such kind of work, we refer the reader to [10-24]. Very recently,
Shukla et al. gave the concept of fuzzy-Z-contractive, which unify all the classes of
mappings mentioned earlier.

This article aims to enlarge the class of fuzzy Z-contractive mappings by introducing
the family of fuzzy (o, Z)-contractive mappings to cover all of the concepts introduced
in [7-9,25,26]. Our newly introduced notion has been utilized to prove some results in
M-complete fuzzy metric spaces. Finally, an example was adopted to demonstrate that
our newly presented results are a proper extension of Shukla et al. [25] results.

2. Mathematical Preliminaries

In this section, we present some introductory material from the theory of fuzzy metric
spaces needed to prove our results.

© 2021 by the author(s). Distributed under a Creative Commons CC BY license.
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Definition 1. [27] Let * : [0,1] x [0,1] — [0,1] be a binary operation. We say that * is a
continuous t-norm if the following assumptions are fulfilled:

(N1) « is associative and commutative,

(N2) * is continuous,

(N3) 1y x 1y < 13 % rq whenever r; < rgand ry < 14,
(Nd)rix1=r,

forall r1,12,13,14 € [0,1].

Three primary continuous t-norms examples are: r1 %11y = 11 - 12,71 *p 2 = min{ry, 72}
and rq %3 1, = max{ry + r, — 1,0} which known as product, minimum and lukasiewicz
t-norms respectively.

By modifying the concept of fuzzy metric space introduced in [4], George and Veera-
mani attempted the following definition:

Definition 2. [6] Let K be a non-empty set and M : K? x (0,00) — [0,1] is a fuzzy set. The
ordered triple (KC, M, ) is called a fuzzy metric space (in short, FMS), where * is a continuous
t-norm if the following assumptions are fulfilled (for all , B,y € K and t,s > 0):

(G1) M(a,B,t) >0,

(G2) M(w, B, t) =1ifand only ifa = B,

(G3) M(a, B,) = M(B,,b),

(G4) M, 7, 1) + M(7,B,5) < M(a, B, +5),
1. M(a,pB,.): (0,00) = [0,1] is continuous.

Definition 3. [5,6] A sequence {ay,} in a FMS, (K, M, %) is called

(a)  Convergent and converges to a € IC, if limy 0o M (a4, &, t) = 1, for each t > 0.

(b)  M-Cauchy, if foreach € € (0,1) and t > 0, there is ny € N such that M(am, 0y, t) > 1—¢,
for each m,n > ny.

(c)  G-Cauchy, if M(an, &ntp,t) =1, foreacht > 0and p € N.

Lemma 1. [5,6] In the fuzzy metric space (K, M, *),

(1) M is continuous on K? x (0,00).
(2) Mla,B,.) is non-decreasing function on (0,00), for each o, p € K,
(3) the limit of a convergent sequence in (}C, M, x) is unique.

(K, M, %) is called M-complete (G-complete) FMS, if every M-Cauchy (G-Cauchy)
sequence of K converges in K.

Definition 4. [7] Let S be a self-mapping of a FMS (K, M, ). S is said to be a fuzzy contractive,
if the following condition holds:

1 1
/W_lgA(/\/l(a,lB,t)_l)v“'ﬁE’C/t>0,

for some A € (0,1).

Definition 5. [26] Let (IC, M, ) be a FMS. A mapping S : I — K is called a Tirado contraction,
if the following inequality holds:

— M(Sa,SB,t) <k(l—M(a,B,t)), Va,peK,t>0,
for some k € (0,1).

Let us denote by ¥ the set of all  : (0,1] — (0, 1] which have the following properties:

(¥1) ¢ is a left continuous and non-decreasing function,
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(¥2) ¢(r) > r, forallr € (0,1).

Definition 6. [8] Assume that (K, M, *) bea FMS and S : K — K. We say that S is a fuzzy
y-contractive w.r.t € ¥ if the following condition hold:

M(Sa,SB,t) > p(M(a, B, 1)), Va,p €K, t >0,

We also denote by  the class of all 7 : (0, 1] — [0, o0) which satisfying the following
properties:
(H1)n transforms (0, 1] onto [0, o0),
(H2) 7 is a strictly decreasing function.

Definition 7. [9] Suppose that (K, M, x) bea FMS and S : IC — K. We say that S is a fuzzy
H-contractive w.r.t y € H if there is a constant A € (0,1) such that

(M (Sa, SB, 1)) < Ap(M(a, B,t)), Va,p € Kandt > 0.

Remark 1. [28] In case 1 € H, the function 1 is bijective and continuous. Moreover, the mappings
k-n:(0,1] = [0,00) and 31 : [0,00) — (0,1] are continuous, bijective and strictly decreasing.

Let Z be the setof all ¢ : (0,1] x (0,1] — R which satisfy the condition:
&(l,s) >s, VI,se (0,1).

Employing the function ¢ which satisfy the above condition, Shukla et al. unified
the above mentioned family of contractive type mappings by introducing the following
interesting class of mappings:

Definition 8. [25] Let S be a self-mapping of a FMS (IC, M, x). S is said to be a fuzzy Z-
contractive if there is ¢ € Z such that

M(Sa,SB, t) > &(M(Sa,SB, t), M(a, B, t)),
foreach o, B € K with Sw # SBand t > 0.

Example 1. [25] Consider the functions ¢; : (0,1] x (0,1] — R, i = 1,2, 3 which defined as
1. (:1 (l,S) = %,

2. G(ls)=35+1

{ I, ifl>s,

V5 ifs=l,
foralll,s € (0,1]. Then, ¢ € Z,i=1,2,3.

Definition 9. [25] Let S be a self-mapping of a FMS (K, M, x) and & € Z. Assume that {a, } be
any Picard sequence for all n € N. The quadruple (IKC, M, S, §) is said to have the property (S) if
foreachn € Nand t > 0 with

Jnf M(an, am, t) < inf M(app1,@m11,t)

implies r}l_rgo W11r;fn E(M(aps1, api1,t), M(an, e, t)) = 1.

Inspired by the work of Samet et al. [29], Gopal and Vetro [30] employ a function
0: K x K x(0,00) = (0,00) instead of 0 : £ x K — [0, 00) and introduced the following
definition under the same name as follows.
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Definition 10. [30] Let S be a self-mapping of a FMS and o : K x K x (0,00) — (0,00). A
mapping S is said to be a o-admissible if

Va, et >0, [o(a,B,t) <1 = 0(Sa,SB,t) <1]. (1)

For c-admissible mapping example, we refer the reader to [30]. Now, we add another
examples of o-admissible mapping.

Example 2. Consider a mapping S : KK — IC, where I = [0,00) and o : IC x IC x (0,00) —
(0, 00) defined by
e B,

So =+, YaeK and o(a, B, t) = ¢
2 a<p.

Then S is a o-admissible mapping.

Example 3. Assume that S : K — K, where K = [0,00) and o : K x K x (0,00) — (0,00)
defined by

-~

a>pB,
Se=Ina, Va ek and o(a, B t) =

N

otherwise.
Then S is a o-admissible mapping.

3. Main Results

Throughout this article, (K, M, *) is a fuzzy metric space in George and Veeramani
sense. First of all, we start by introducing the notion of fuzzy (¢, Z)-contractive mappings
and show that it is included many existing and familiar concepts as special cases.

Definition 11. Let S be a self-mapping of a FMS (K, M, x). We say that S is a fuzzy (o, Z)-
contractive w.r.t § € Z if thereisa o : KK x IC x (0,00) — (0, 00) such that

o(a, B, t)M(Sa,SB, t) > (M(Sa,SB, t), M(a, B, t)), )
foralla, B € K, t > 0 with Sa # SB.

Remark 2. If o(«,B,t) = 1, for each a, p € K and t > 0, then the Definition 11 reduces to
the Definition 8, that is, every fuzzy Z-contractive is a fuzzy (o, Z)-contractive mapping but the
reverse is not in general true (see Example 4 given below)

Remark 3. By adopting the functions ¢ and « suitably in Definition 11, we deduce some well

known contractions as demonstrated under (for all x,y € X and t > 0).

(a) Taking &(1,s) = (s), foreach l,s € (0,1] and ¢ € ¥, we deduce Definition 6.

(b)  Putting &(1,s) = n=Y(An(s)) and o(a, B,t) = 1 wherey € H, A € (0,1) and for each
l,s € (0,1], we deduce Definition 7.

(c) Tuking &(1,s) = m and o(a, B,t) =1, foreach 1,s € (0,1] and k € (0,1), we obtain
Definition 4.

(d)  Setting o(a,B,t) = 1and &(l,s) =1+ k(s —1), foreach l,s € (0,1] and k € (0,1), we
obtain Definition 5.

Now, we able to formulate our first main result as follows:

Theorem 1. Let (K, M, x) be an M-complete FMS and o : IC x K x (0,00) — (0,00). Assume
that S : K — K is fuzzy (0, Z)-contractive mapping and the following properties are hold:
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(a) S is o-admissible,

(b) the quadruple (KC, M, S, {) owns the property (S),

(c) there exists ay € K with o(ag, Sag,t) <1, foreach t > 0,

(d) for each sequence {w, } of IC with the property that o (&, ay41,t) < 1, for each t > 0, there

exists ko € N such that o(ay, am,t) < 1, foreachm,n € Nwithm > n > ko, t > 0,
(e) S is continuous.

Then T admits a fixed point.

Proof. Pick out an arbitrary point ag in K such that («g, Sag, t) < 1, for each t > 0 and
consider a Picard sequence {«,} in K, that is,

a1 = Say, forall n € Ny.

In case &, = &y 41, for some ng € Ny, then the fixed point of the mapping S is nothing but
&y,. Assume that a1 # ay, for each n € Ny. As S is o-admissible, we have

o(ag,a1,t) = o(ag, Sag, t) <1 = o(ag,an,t) = 0(Sap, Sy, t) < 1.
The induction on n, gives rise to
o(an, ay41,t) <1, foreachn € Ny and t > 0. 3)

Moreover, if for some m > n, a, = a, then the contractive condition 2 and equation 3

imply that
M(ani1,&n42,) = 0 (@, np1, ) M@ g1, 012, )
> g(M (Dén_H, Kp42, t)/ M (“n, Kpyi1, i’))
> M(an, &p41,t),
hence

M (‘Xn-i-l/ X422, t) > M (D‘nl Xy+1, t)

Continuing in this way, one can show that
M(@m, &g, t) > M(@_q, &m, t) > - > M(&pq1, 0042, 1) > M(ay, 0,41, ).

Since a, = &y, for some m > n, we have «,41 = a,41. This together with the above
relation leads to a contradiction. Therefore, a;, # a,, for each m > n.
In view of the condition (d), there exists kg € N such that

oy, m,t) <1, Vm,n € Nwithm >n > kpand t > 0.
Applying the contractive condition 2 and making the use of the above inequality, we get

My, &1, t) = (@, am, 1) M(San, Say, t)
> F(M(San, S, t), M(atn, am, t))
>M(L¥n,ﬂém,t), (4)

and hence
Vm >n, M(ayi1,@mi1,t) > M(an, am, t).

In the above inequality, taking the infimun over m(> n) and let a,(t) = infy;~, M (ay,
&y, t) we obtain that a, (t) < a,41(t), for each t > 0, and hence {a,(t)} is a nondecreasing
and bounded. Therefore, there exists a(t) such that limy,_ . a,(t) = a(f). Our claim is to
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justify that a(t) = 1, for each t > 0. On contrary, we assume that a(s) > 1, for some s > 0.
From the fact that the quadruple (K, M, S, &) owns the property (S), we get
lim inf &(M(an, am,s), M(ayi1, am41,8)) = 1. )

n—oom>n

The equation 4 gives rise

ani1(s) = Inf M(app1,@mi1,8) > inf S(M(San, Sam,s), M(an, am,s))

> "i1r>1fn/\/l(ocn,am,s) = a,/(s).

Taking n — co to the above relation and using equation 5, we get

lim inf M(ay, am,s) =a(s) =1,
n—oo m>n
which is a contradiction to the assumption (a(s) > 1 for some s > 0). This contradiction
concludes that, for each t > 0, limy 0 M (an, 0, t) = 1, thatis, {a,} is a Cauchy
sequence. Due to the M-completeness of the fuzzy metric space (IC, M, x), thereis v € K
such that
lim M(ay,v,t) =1,

n—o0

for all t > 0. The continuity of the mapping S implies that lim,_,co M (Sa,, S, t) = 1, for
each t > 0, and hence

nlgl;loM([Xn_;rl,S’)/,t) = Jgrc}oM(Socn,Sfy,t) =1,

for all t > 0. Therefore, Sy = 7, due to the uniqueness of the limit. [

The continuity assumption of S in the Theorem 1 can be replaced by another suitable
condition. Precisely, we state and prove the following theorem:

Theorem 2. Let (KC, M, ) be an M-complete FMS and 0 : KC x K x (0,00) — [0,00). Assume

that S : K — K is fuzzy (0, Z)-contractive mapping satisfy the following assumptions:

(a) S is o-admissible,

(b) the quadruple (KC, M, S, &) owns the property (S),

(c) there exists oy € K with o(ag, Sag,t) <1, foreach t > 0,

(d)  for each sequence {ay, } of KC with the property that o (0, ay1,t) <1, for each t > 0, there
exists ko € N such that o (ay, am,t) <1, for each m,n € Nwithm > n > ko, t > 0.

(¢') if {an} be a sequence in IC such that limy o 0y = & € K and o(ay, ay11,t) <1, for each
n € Nand t > 0, then o(ay,a,t) < 1.

Then T possesses a fixed point.

Proof. The frame of the proof is same as that in the previous theorem (Theorem 1). So, for
a Cauchy sequence {a,} in a complete FMS (IC, M, ), there exists v € K such that

,}grgo(ocn,'y,t) =1,Vt>0. (6)

Also, we have o(ay, a,41,t) <1, foreachn € Nand ¢t > 0, and hence as a consequences of
the condition (¢’), we get
olay,v,t) <1, (7)

for eachn € Nand t > 0. Now, we have to show that S admits a fixed point (say ). On
contrary, assume that S # . For all n € N. Without loss of generality one can assume
that a, # v and &y, # S7. Then, there is s > 0 such that

M(ay,v,s) <1, M(ay,Sy,s) <1 and M(Say,S7y,s) <1, Vn eN. 8)
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Using (7), (8) and (2), we obtain
M(ay41,57,8) > o(ay,7v,5)M(Say, S, s)
> §(M(San, S,8), M(an,7,s))
> M(an,7,s). )

Taking n — oo and making use of (6), we obtain M(7y, Sv,s) > 1, a contradiction. Therefore,
forallt > 0, M(v, S, t) =1, that s, v is the fixed point of S. [

In order to support the obtained results, we provide an example. Precisely, we show
that our results (Theorems 1 and 2) can be used to cover this example while [25, Theorem
3.13] is not applicable.

Example 4. Consider K = {A; = (0,0),A, = (1,0),As = (1,2),A4 = (0,1),A5 =
(1,3)} C R2. Define the fuzzy metric M as

—2d

M, Bt) = e 12 Va,Bek,t>0,

where d(«, B) be the Euclidean metric on R2. It is obvious that (K, M, *) is an M-complete FMS
w.r.t to the product t-norm. Let T : K — K be defined by
Al/ 1f¢x & {Al,Ag,A4,A5},
T(a) =
A5, 1fa = Az.

Also define o : KK x IC x (0,00) — (0,00) by

?(2V10-3). ifa=A) & B € {A1, A3, Ay, As}
ol 1) = ora == A

1 otherwise,
and & : (0,1] x (0,1] — Rby
&(l,s) = ;,forall I,s € (0,1].
Forall a, B € K, we have

ET(\/E)/ ifao=A, & B e {A1, Az, Ay, AS}
M(Ta, TB, t) = ora € {A,A3, Ay, As} & B = Ay

1 otherwise.

Let a, p € K such that o(a, B, t) < 1. Then o, p € {A1, A3, A4, As}, and by the definition of
T, we conclude that T = TP € {Ay, As, Ay, As}, and hence o(Tw, TB) = 1. Therefore, the
mapping T is o-admissible. Also, Ay € K and 0(Ag, TAy, t) = a(Ag, Ay, t) =1, foreach t > 0.

Further, let {ay} C K such that limy, e a0y = & with kg = 1 and o(ay, 0,41,t) < 1, for
each n € N. It follows that o, € {A1, A3, Ay, As}, for each n € N. if we assume that « = A,,

then we get

—2d(ap,x)
M(ay,a,t) =e 7 <1, forallt >0,

which is a contradiction to the assumption that limy, _eo &y, = a. Thus, we have x € {Aj, Az, A4, As}.
Therefore, 0 (ay, o, t) < 1and o(an, oy, t) < 1forallm,n € Nand t > 0. Also, it is obvious that
the quadruple (K, M, T, ) has the property (S).
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Finally, to show that T is a fuzzy (o, Z)-contractive, we only need to consider the case x = Aj
and B € {A1, A3, Ay, As}. In this case o(a, B, t) = e%(szl), and hence

et (VI0-3) — 7 (2V10-3) 3 (V10) _ o(a, B, t)M(Ta, T, t)
> {(M(Ta, TB, t), M(a, B, 1))

M(a, B, t)

e
M(Ta,T6,1) ~ (2 (V1)

—6
! e%(\f 1073)
7

which shows that T is a fuzzy (o, Z)-contractive. Therefore, all the hypothesis of Theorem 1 are
satisfied. This insure that the mapping T admits a fixed point (namely x = Aq).
However, T is not a fuzzy Z-contractive mapping. On contrary, we assume T is fuzzy Z-

contractive w.r.t to some § € Z. Take x = Ay and p = Aq. As M(a, B, t) = e 3% e (0,1) and

M(Ta, TB,t) =e 20 ¢ (0,1). From the contractive condition and the definition of ¢, we have
,zm
et = M(Ta, TB,t) > {(M(Ta, TB,t), M(, B, 1))

> Ma,Bt) = e 32,

forall t > 0, which is a contradiction. Hence, T is not a fuzzy Z-contractive mapping.

In Theorems 1 and 2, in order to insure the uniqueness of the fixed point, we add one
more sufficient condition to the hypothesis of the theorems. precisely, we take into account
the following condition:

(h) foreacha,B € Fix(K), theno(a,B,t) <1,forallt > 0.

Theorem 3. In addition to the hypothesis of Theorems 1 and 2, assume that the condition (h) is
held. Then the fixed point of T is unique.

Proof. Theorems 1 and 2 insure the existence of a fixed point of T. Assume that 7,
and 7, are two such that Ty; = 1 # 72 = T72. Then, there exists s > 0 such that
M(71,72,8) < 1.

As T is a fuzzy (o, Z)-contractive mapping, in view of the definition of { and condition
(h), we have

M(’Yll Y2, t) Z 0'(’)/1/ Y2, t)M(’Yl/ Y2, t) Z g(M(I)/l/’YZ/ t)/M(’)/l/ Y2, t)) > M(’)/lr Y2, t)r

a contradiction. Therefore, M(y1,72,t) =1, forall t > 0, thatis, y; = 7. O

Remark 4. Observe that the mapping defined in Examples 4 satisfies the condition (h), and hence
according to Theorem 3, T admits a unique fixed point (namely x = A1).

Corollary 1. [25] Let (K, M, %) be an M-complete FMS and S : K — K. Assume that S be a
fuzzy Z-contractive and the quadruple (K, M, S, &) owns the property (S). Then S possesses a
unique fixed point.

Proof. The result follows from Remark 2 and Theorem 3. [

4. Conclusions

We enlarge the class of fuzzy Z-contractive mappings introduced in [25], by introduc-
ing the family of fuzzy (o, Z)-contractive mappings. The initiated class of mapping cover
all concepts introduced in [7-9,25,26]. Our newly introduced notion has been utilized to
prove some results in M-complete fuzzy metric spaces. Finally, an example was adopted
to demonstrate that our newly presented results are a proper extension of Shukla et al. [25]
results.
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