Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 31 August 2021 d0i:10.20944/preprints202108.0560.v1

Article
A Three Function Variational Principle for Stationary
Non-Barotropic Magnetohydrodynamics

Asher Yahalom 123

1 Arjel University, Faculty of Engineering, Department of Electrical & Electronic Engineering, Ariel 40700,

Israel; asya@ariel.ac.il
2 Ariel University, Center for Astrophysics, Geophysics, and Space Sciences (AGASS), Ariel 40700, Israel;
3 Princeton University, Princeton, New Jersey 08543, USA

Abstract: The current paper is devoted to the introduction of simpler Eulerian variational principles
from which all the relevant equations of non-barotropic stationary magnetohydrodynamics can
be derived for magnetic fields which lie on surfaces. A variational principle is given in terms of
three independent variables for stationary non-barotropic magnetohydrodynamic flows. This is
a smaller number of variables than the eight variables which appear in the standard equations of
non-barotropic magnetohydrodynamics which are the magnetic field, the velocity field, the specific
entropy and the density. We further investigate the case in which the flow along magnetic lines is not
ideal.
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1. Introduction

Variational principles for magnetohydrodynamics (MHD) were introduced previously in both
Lagrangian and Eulerian approaches. Sturrock [1] has studied in his book a Lagrangian variational
formalism for MHD. Vladimirov and Moffatt [2] in a list of works have studied an Eulerian variational
approach for incompressible MHD. However, their variational approach contained three more variables
in addition to the seven functions which appear in the standard equations of incompressible MHD
which are the magnetic field B, velocity field 7 and pressure P. Kats [3] has extended Moffatt’s work
to compressible non barotropic flows but without minimizing the number of variables and thus the
computational load. Moreover, Kats has demonstrated that the functions he suggested can be used to
describe the motion of discontinuity surfaces [4,5]. Sakurai [6] has suggested a two function Eulerian
variational principle for force-free magnetohydrodynamics and used it as a basis of a numerical
scheme, his method is discussed [1]. A method of analyzing the equations for those two variables
was suggested in [8]. Yahalom & Lynden-Bell [9] combined the work of Sturrock [1] with the work of
Sakurai [6] to obtain an Eulerian variational principle for barotropic MHD which depends on only
six variables. The variational derivative of the suggested action produced all the equations needed
to describe barotropic MHD without additional constraints. The equations obtained were similar to
the ones of Frenkel, Levich & Stilman [12] (and also to those of [13]). Yahalom [10] have shown that
for barotropic MHD four functions suffice. Moreover, it was demonstrated that the discontinuities of
some of those variables [11] are topological local conserved quantities.

Previous work was concerned with barotropic MHD in which the pressure and internal energy
depend only on the density but not on the specific entropy and temperature. Variational principles
of non barotropic MHD in which the internal energy and pressure are entropy dependent and thus
temperature dependent effects can be described can be found in the work of Bekenstein & Oron [14]
in terms of 15 functions and V.A. Kats [3] in terms of 20 functions. We mention also the cases of
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incompressible flows in which density does not change in time or space and isochoric flows in which
the volume of a system remains constant which are incompressible if the specific volume in the flow is
also constant, those cases are beyond the scope of the current work. A. V. Kats in an outstanding paper
[15] (section IV,E) has demonstrated that there is a large symmetry group (which may be considered a
type of gauge freedom) associated with the choice of variables, it follows that the number of functions
can be reduced. Yahalom [16,17] have shown that only five variables suffice to describe non barotropic
MHD in the case that we require a Sakurai [6] form for the magnetic field. Morrison [7] has introduced
a Hamiltonian formalism but this also depends on 8 canonical variables (see table 2 [7]). The paper
of Yahalom [16] was concerned with general MHD non-stationary flows. In a subsequent paper [18]
was concerned with stationary flows and introduced a 8 variable stationary variational principle,
here we shall attempt to improve on this and obtain a 3 variable stationary variational principle for
non-barotropic MHD. This will be done for a general case in which the magnetic field lines need not
lie on entropy surfaces, for the restricted case in which the magnetic field lines lie on entropy surfaces
see [19].

Applications of this paper may arise for both linear and non-linear stability analysis of stationary
non barotropic MHD flows [26,28] and for designing numerical algorithms for integrating the equations
of MHD [34,35,37]. Another possible application is connected to obtaining new analytic solutions in
terms of the variational functions [38] as will be described below.

The plan of this work is as follows: we introduce the standard notations and equations of
non-barotropic magnetohydrodynamics for the stationary and non-stationary cases. Then we introduce
the notions of load and metage. The variational principles follow.

2. Standard formulation of non-barotropic magnetohydrodynamics

The standard set of equations solved for non-barotropic magnetohydrodynamics are given below:

f:@x(axﬁ), 1)

V-B=0, )

P15 (o) =0, ©

o o B (590 = —Tplp, ) + D XE @
% =0. (5)

Here: % is the partial temporal derivative, % is the material derivative and V is the standard nabla
operator of vector calculus. B is the magnetic field, 7 is the velocity field, p is the fluid mass density
and s is the specific entropy (entropy per unit mass). Finally p(p, s) is the pressure which depends on
both the density and entropy (and not just the density) through the thermodynamic equation of state
(the non-barotropic case).

The justification for those equations can be found in standard books on MHD [1]. The above is
valid for a collision-dominated plasma in local thermodynamic equilibrium. Such conditions are not
always fulfilled by real physical plasmas, certainly not in astrophysics or in fusion-relevant magnetic
confinement studies. Yet it is thought that the fastest macroscopic instabilities obey the above equations
[11], while instabilities associated with viscous or finite conductivity terms take longer durations.
According to a theorem by Bateman [39] every system can be described by a variational principle
(including viscous plasma) the challenge is to discover a compact action functional which depends on
a small amount of variational functions. This paper will discuss only ideal MHD while viscous MHD
will be left for future endeavors.
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Equation (1) describes magnetic field lines that are moving with the fluid ("frozen" lines), equation
(2) dictates a solenoidal field, equation (3) dictates mass conservation and equation (4) is the Euler
equation for which pressure and Lorentz forces apply. The term:

V x B
47

J= (©)
is the electric current density. Equation (5) is due to the lack of heat generation (null viscosity & null
resistivity) in ideal non-barotropic MHD and lack of heat conduction, thus the only remaining thermal
process is heat convection. One needs to solve for eight variables (7, B, o, s) eight equations (1,3,4,5).
Equation (2) is an initial condition on B field and is satisfied automatically later due to equation (1).
For the stationary case we obtain:

V x (GxB)=0, (7)
V-B=0, ®)
V- (p7) =0, )
Lo o V x B) x B
p(T-V)o=—-Vp(p,s)+ ( 471) (10)
F-Vs=0 (11)
3. Variational principle of non-barotropic MHD
Here we generalize the analysis of [9] for the non-barotropic case. Let the action be:
A = [rdsa,
L = L1+ L,
1, B?
L= oGP —eps) + 5
. 0 = ., . dx dny ds
Ly = V[g + V- (p9)] L PﬁE po
E =3 —
T Vx x Vy (12)
e is the internal energy per mass. We recall the thermodynamic identities:
de = Tds— Pal1 = Tds + %dp
P P
% _, % _»
s do  p?
P o a(pe)
w = e+—=¢e+—p=
P op" ~ op
p 1
dw = de+d(5) :Tds+EdP (13)

in the above T is the temperature and w is the specific enthalpy. in the above: ¢ is the specific internal
energy, T is the temperature and w is the specific enthalpy. A special case of equation of state is the
polytropic equation of state [42]:

p = Ko? (14)
K and 7y may depend on the specific entropy s. Hence:
oe _ K _ p p
o y—1° olr—1) Ty )
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the last identity is up to a function dependent on s. Obviously v, «, B, o are Lagrange multipliers which
were inserted in such a way that the variational principle will yield the following equations:

p= =0. (16)

v, &, B, 0 may be multiple valued. If p does not vanish those are just the continuity equation (3), entropy
conservation and a declaration that Sakurai’s functions are moving with the flow. Varying with respect
to B we obtain: .

Ezgzﬁxxﬁq. (17)

Hence B is given in Sakurai’s form and thus respects equation (2). It can be shown that if Bis in the
Sakurai’s form, and equations (16) are fulfilled, then it follows that also equation (1) is respected.

We have shown that the entire set of equations of non-barotropic MHD is obtained from the above
action except Euler’s equations. We will now take care of that. Let us vary the above action with
respect to :

;A = /dt{/d3xdtp(5z7- [G— Vv —aVy —BpVy—aVs)

+ ]4 d5 - 650u + / ds. - 530[v]}. (18)

$ dS - 8Tpv is zero in generic cases. For astrophysical scenarios p = 0 on the boundary of the flow
domain, in the case of a fluid contained in some pipe the conditions §7 - i = 0 are imposed (7 denotes
the unit vector normal to the boundary). | d% on the cut of v is zero if v is single valued and [v] = 0
which is the case for generic topologies. For v which is multiple valued only a Kutta velocity variation
[36] which is parallel to the cut will remove the cut integral. An arbitrary velocity variation on the cut
dictates p = 0 on the said surface which contradicts the notion that a cut is arbitrary as is the zero line
of the azimuth. Later we demonstrate that the "cut" is co-moving thus it may become quite involved.
This difficult reality may be more convenient to handle in symmetrical cases.

If the surface integrals vanish and also we have §3A = 0 for an arbitrary velocity variation we

find that:
§=0=Vv+aVx+pVy+0oVs. (19)
Which resembles Clebsch form in non magnetic fluids [43,44]. Taking the variation with respect to p
we have:
1 v =
_ 3 PR _w—=—=_7-
SpA = /d xdtép[zv W= =T Vv

+ /dt?fd§~55pu+/dt/di.ﬁ(sp[u]

+ / d3x1/(5p|i(1). (20)
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%5) is the enthalpy per mass. Provided ¢ dS - 5pv vanishes on the boundary and J ds. - Fép[v]

w =
vanishes on the cut of v for v which is multiple valued! and in the beginning and the end the following

equation results:

v 1,
e =50 —w (21)

Since the right hand side of the equation is single valued since it is composed of physical variables
which are not potentials, we obtain:
dfv]
dt
Thus the cut is co-moving with the flow and may become complicated. This situation may be less
restrictive when the flow is symmetrical.
Finally we vary with respect to both x and 7 leading to the following expressions:

=0. (22)

Oy A= dgxdtéx[a(gt %) +V - (oad) — Vi - ]

+ /dtde ><V17—vpoc]
+ /dt/dZ — x V1 — Foa][0x]

/ d*xpady|i! s (23)

oy A= [ dPxdton[—5- (”ﬁ) +V - (0B7) +Vx -]
> = B
+ /dt](ds-[vxx - — Toplo
.- B
+ /dt/dZ- [Vx x yp — TpB] (1]
/ Bxppoyly. (24)

If the temporal and boundary conditions are satisfied with respect to the variations éx and J7 on the
domain boundary and on the cuts for the case that some (or all) of the relevant variables are multiple
valued, we obtain the following equations:
w_¥n]  ap_ W] o
dt 0 dt 0
in which equation (3) was used. By suitable temporal conditions we require that 6 and J) vanish at
initial and final times. Cases making the boundary term null include a boundary located at infinity
in which both B and p are null or a boundary which is impermeable and perfectly conducting. For
the integral over the "cuts" to become null one can use dy and éx which are single valued. It is shown
that x can always be single valued, hence taking ) to be single valued is not a restriction. In some
topologies 7 is multiple valued and for those cases a single valued 7 suffices to make the cut term
vanish.

1 Thus either a Kutta type condition for the velocity in contradiction to the "cut" being an arbitrary surface, or a vanishing

density variation on the same.
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Finally we take a variation of the action with respect to s:
[P 9(p) o
85 A= | d°xdtss| 5t V - (008) — pT]
+ /dt%ds - poTos — /d3xp(7(55 f[l), (26)

in which the temperatureis T = a <. We notice that according to equation (19) ¢ is single valued and
hence no cuts are needed. Taking into account the continuity equation (3) we obtain for locations in

which the density p is not null the result:
do

dt
provided that Js A vanished for an arbitrary Js.

=T, (27)

4. Euler’s equations

We shall now show that a velocity field given by equation (19), such that the equations for

«, B, x,1,v,0,s satisfy the corresponding equations (16,21,25,27) must satisfy Euler’s equations. Let us
calculate the material derivative of v:

s dVv  dao Vx | dBe dV;y
Tom e e R g
do - dVs

It can be easily shown that:

B Y Yu =9GP - w) - T,

L = v 9ull = VL,

ddvt)( = V%—V kaaX: #Ukaaii,

dZS _ @Zj_mk;;:_mk;; (29)

In which xj is a Cartesian coordinate and a summation convention is assumed. Inserting the result
from equations (29,16) into equation (28) yields:

dd - v ds
E o _vvk(axk +'Baxk axk)
+ @(%52—w)+Tvs
1 =3 - = — e ——
+ ;((W-])W—(Vm])vn)

= —Vvkvk+V( *2—w)+Tvs

1-
+ E]x(V)(xVU)

—

Vp 15 o
= ——+ -] xB. (30)
PP

Equation (19) and equation (17) are used. This shows that the non-barotropic MHD Euler equations
can be obtained from the action of equation (12) and thus all the equations of non-barotropic MHD can
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be derived from the action for arbitrary volume variations restricted only on the relevant boundaries
and cuts. Boundary variations serve to obtain boundary and initial conditions for the equations.

5. Simplified action

It might be argued that the above claims are misleading. It is declared that a simplified action for
non-barotropic MHD is presented, instead six more functions «, , x, 1, v, o are added to B,7, p,s. It
will shown that the action described in equation (12) in a pedagogical form can be simplified. It is clear
that the Lagrangian density of equation (12) can be written as:

L= ol a1 g o % e(ps)
- %p[(ﬁ—éf—(éﬂ
+ gl(B- §)27(§>2]+a(;f)+v(vw). (31)

In which @ is a shorthand notation for Vv 4 aV X+ ﬁ@n +0Vs (see equation (19)) and § is a shorthand
notation for V X X ?77 (see equation (17)). Thus £ has four contributions:

L = ﬁ+£~+£~+£boundary,
+ g ,s)+§(§v+oﬁx+ﬁ§n+a§s)z
- 8%(57( x Vip)?
Ly = %P(ﬁ—ﬁ)z,
£y = %(E-é){
Lyoundary = ? El)/tp ) +V - (vp?). (32)

The only term containing 7 is*> L3, after we equate to zero the variational derivative with respect to 7,
we obtain equation (19) but will otherwise have no effect on the other variational derivatives. The only
term depending on B is £ 5 and this term will lead, after we set to zero the variational derivative, to
equation (17) but will not change other variations. Ly,yndary contains only complete partial derivatives
and thus does not contribute to the equations although it can influence the boundary conditions. Thus
equations (16), equation (21), equations (25) and equation (27) are derived from:

A v d a 1= = - =
Lla, B x,m,v,0,0,8] = —pl=0 + a3 = +ﬁ8t o5 +elps) + 5 (Vv+aVy + Vi +0Vs)?]
1 - = o
— 5= (Vax V) (33)

in which & replaces ¢ and § replaces B. After integrating the equations (16,21,25,27) we are allowed to
insert the potentials «, B, x, 4, v, 0, s into equations (19) and (17) thus deriving the vector fields 7 and
B. To summarize, we have shown that the general ideal non-barotropic MHD problem is reduced
from eight equations (1,3,4,5) and the additional constraint (2) to a problem of eight first order (in

Lboundary depends on 7 but being a boundary term in space and time it does not affect the derived volume equations
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the temporal derivative) unconstrained equations. This set of equations can be derived from the
Lagrangian density L.

6. Stationary non-barotropic MHD

Stationary configurations are unique to Eulerian fluid dynamics with no counter part in the
Lagrangian description of fluid dynamics. Stationary configurations are defined by the fact that
the fields 7, B, p, s are independent of time. This does not imply that the potentials &, §, x, %, v, o are
functions of only the spatial coordinates. Indedd choosing the potentials in such a way will lead to
erroneous results such that the stationary equations of motion can not be derived from £ of equation
(32). This problem can be solved as follows. Let us choose &, §, x,v,0 to depend on the spatial

coordinates alone. 7 is chosen such that:
n=1q-—t, (34)

in which 77 depends on the spatial coordinates alone. £ of equation (32) will become:

A 1 = = = = 1 ,= >

L=p(B—¢elps)) — Ep(Vv +aVyx + Vi +Vs)? — 8—H(VX x V)2 (35)
This can be compared with [2] equation 6.12 for incompressible flows in which their I is analogue to
our B. Notice that 8 is not a conserved quantity but I is conserved.

Varying the Lagrangian I = f Ld3x with respect to v, w, B, x,4,p,0,s leads to the following
equations:

o=pT. (36)

¥ x (8% B) =0, (37)

p(@-V)o (38)

I

|
<

=
~~
>
[¥5)
~—
+

In what follows we will attempt to reduce the number of variational variables from eight to four.

7. Load and Metage

The following section follows closely a similar section in [9]. Consider a thin tube surrounding a
magnetic field line as described in figure 1, the magnetic flux contained within the tube is:

A¢:/§u§ (39)
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Figure 1. A thin tube surrounding a magnetic field line

and the mass contained with the tube is:
AM:i/Mfdi (40)

in which d! is a short distance along the tube. Since the magnetic field lines are comoving as dictated
by equation (1) and equation (3) both the quantities A® and AM will not change during the motion of
the tube. Since the tube is thin we may define the comoving magnetic load:

_AMM _ rp

e &

dl, (41)

calculated along the field line. The parts of the magnetic line which go out of the flow region to parts of
space in which p = 0 have zero contribution. A is single valued that can be experimentally measured
in principle. Since A is comoving it satisfies:

A

= =0. (42)

Also surfaces of constant magnetic load are comoving and are made from magnetic field lines. Hence
the gradient to such surfaces must be normal to surface, and hence orthogonal to the field lines:

VA-B=0. (43)

Consider an arbitrary comoving point on the field line denoted by i, consider another comoving point
on the field line and mark it by r. The integral:

pr) = [ B+ (i), (4)

is also a comoving quantity which we denote after Lynden-Bell & Katz [20] as the magnetic metage.
14(7) is a number which can be chosen differently for each line. Thus:

ay

- =0. 4

Friall (45)
By differentiating along the field line we derive:

Vi-B=op. (46)

u will be generally multiple valued.
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A+dA

(

Figure 2. Constant load surfaces.

We now have two comoving coordinates of flow, A, y obviously in a three dimensional flow we
should also have a third. However, before defining the third function we will first change A to a
specific function of A. Consider the magnetic flux within a load surface ®(A) described in figure 2 (the

figure was also given in [20]). The magnetic flux is a comoving quantity and depends only on A of its
boundary. Define:

_ 21
= on @
X satisfies the equations:
%‘:o, B-Vx=o. (48)

Let us define #*, since v u is not orthogonal to B we can choose @17* to be orthogonal to B and not be

in the direction of Vx, we choose 7* not to depend uniquely on y. Both V#* and Vy are orthogonal
to B, it must be that:

B=AVy x Vn*. (49)

However, using equation (2) we have:
V-B=VA-(VxxVy*)=0. (50)

Which implies that A is a function of x, #*. Now we can define a new comoving function # such that:

*

o n % ! dﬂ _
17—/0 Alx,n*)dn ™, 7t =0 (51)

In terms of this function we obtain the Sakurai (Euler potentials) presentation:
B=vVyxx @17. (52)

We thus have shown how x, 17 can be practically defined for a given B, p. 1 is defined in a non unique

way since one can redefine ;7 by performing: 7 — 1 + f(x) in which f(x) is any arbitrary function.
X, 1] serve as labels of the field lines. Moreover, we obtain the following expression for the magnetic
flux:

®:/§~d§:/dxdn. (53)
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In the case that the surface integral is performed inside a load contour we obtain:
xln]
S(V) = [ dxdy = x [ dy = 54
@) A XHT =X A 1 { X (Mmax — Nmin) 4

In one case the load surfaces are topological cylinders, 7 is thus multiple valued and we obtain the
upper value. In the second case the surfaces of constant load are topological spheres, # is single valued
and has both minimal #,,;,, and maximal #,,4x values. Hence the lower value of is obtained. In some
cases 7 is identical to twice the latitude angle 0. In those cases 17,,;, = 0 (value at the "north pole") and
Nmax = 27t (value at the "south pole").

Comparing with equation (47) it follows that # can be either single valued or multiple valued
and that its discontinuity across its cut in the multiple valued scenario is ] = 27.

So far the discussion did not differentiate the cases of stationary and non-stationary flows. It
should be noted that even for stationary flows one can have a non-stationary 7 coordinates as the
magnetic field depends only on the gradient of # (see equation (52)), in particular if 7 is stationary than
1 + g(t) which is clearly not stationary will produce according to equation (52) a stationary magnetic
field. In what follows we find it advantageous to use the form of # given in equation (34) in which 7 is
stationary.

X, 11, u are sufficient to label any fluid element in three dimensions. But for a non-barotropic ideal
flow there is also another possible label s which is comoving due to equation (5). The question then
arises of the relation of s to the other labels. Since we need to decide regarding the preferred set of
labels it may seem that the physical labels are x, #,s which are the surfaces on which the magnetic
fields lie and the entropy. Thus y is a function of x, #,s. If the magnetic field lines lie on entropy
surface, y is an independent label. The density is:

_ouad(x,1.8)

P =235 a(x,y,z) (55)

 can be defined for each line separately according to equation (44), it is thus obvious that such a
choice exist in which yu is uniquely a function of s. One may also think of the entropy s as a functions
X, 1, 1. In what follows we shall ignore the status of s as a label and consider it as a variational function
which only attains a status of a label at the variational extremum.

8. A Simpler variational principle of stationary non-barotropic magnetohydrodynamics

In a previous paper [18] we have shown that stationary non-barotropic magnetohydrodynamics
can be described in terms of eight first order differential equations and by an action principle from
which those equations can be derived. Below we will show that one can do better for the case in which
the magnetic field lines lie on an entropy surface, in this case three functions will suffice to describe
stationary non-barotropic magnetohydrodynamics.

Consider equation (48), for a stationary flow it takes the form:

7-Vx =0. (56)

Hence ¥ can take the form:
Vx x K
PR

However, the velocity field must satisfy the stationary mass conservation equation (3):

5:

(57)

V - (p7) = 0. (58)
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A sufficient condition (although not necessary) for 7 to be a solution of equation (58) is that K is of the
form K = VN , here N is arbitrary. Thus, 7 can be written as:

5o YXXVN (59)
4
Let us now calculate 7 x B in which B is given by Sakurai’s presentation equation (52):
- ¥ VN . .
UxB = (V)p;V ) x (Vx x Vn)
]. = = — —
= EV)((VX x VN) - Vy. (60)
N can be at most a function of the three coordinates y;, y, 77, hence:
— aN = aN = aN =
N=— -— — V1. 61
\% BXVX+814VV+817V17 (61)
Inserting equation (61) into equation (60) will yield:
= 1= ON = - o
Tx B=-Vx=—(Vx xVpu)-Vi. (62)
ST w) - Vi
Rearranging terms and using equation (52) we can write:
TxB= —lﬁxa—N(ﬁy -B) (63)
p " ou '
However, using equation (46) this will simplify to the form
= = ON
Inserting equation (64) into equation (7) will lead to the equation:
-~ oN =
V(a) x Vx =0. (65)
However, since N is at most a function of x;, u, 7 it follows that %—I]\j is some function of x:
oN
— = —F(x).
o (x) (66)
This can be easily integrated to yield:
N = —pF(x) + G(x., 7)- (67)
Inserting N into equation (59) will result in:
Vx x (=F(x)Vu+ %vq)
7= R o Y1) (68)

We shall replace x, 77 with x’, 7’ defined as:

X = /F(x)dx, 7= FL) (69)
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This will not affect equation (52) as:
B=VxxVy=VxxVi=Vyx xVi. (70)
However, the velocity will take the simpler form:
7 A/ 7 (_ ary

4

G = % We recall that u is defined in equation (44) up to constant which may vary between field lines.
As the lines are labelled by their x/, 7' values we can add a function of x/, 7’ to u without effecting its
desired properties. We thus define y’ of the form:

W=p-GWK.7). (72)
#' can be non single-valued. Inserting equation (72) into equation (71) will lead to:

Vil x Vy'
—

7= (73)
The primes on yx, u, 7 will be ignored from now on. This is analogues to [2] equation 7.11 for
incompressible flows, our p and x resemble their A and ¥. ¥ satisfies the following;:

7-Vu=0 7-Vy=0, 7-Vi=1, (74)

where we have used equation (45) and equation (52). y, x are both comoving and stationary, 77 satisfies
equation (34). If:
basis = (Vx, Vi, Vi), (75)

is a local vector basis at any point in space than their exists a dual basis:

dual basis = (@17 X @;4, @]J x Vx, Vx x 617) = (V17 Vy’a

)- (76)

| T

X
p

=N

Such that:
basis; - dual basis; = &j;, i,je1,23], (77)

d;j is Kronecker’s delta. The surfaces x; j1, 77 generate a local vector basis for space, while the physical
fields of interest @, B are contained in the dual basis. We can now construct a vector product of 7 and B
and taking into account equations (73,52) we arrive at the equation:

7x B= ﬁx, (78)

thus 7 and B lie on y surfaces and are a vector basis for this two dimensional surface. This can be
compared with [2] equation 5.6 for incompressible flows, the | appearing in that paper is analogue to

X

d0i:10.20944/preprints202108.0560.v1
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9. A three function variational principle for stationary MHD

Previously we demonstrated that provided that the @ is given by equation (73) and B is given by
equation (52) than equations (7,8,9) are satisfied. To complete the set of equations we will show how
the Euler equations (4) can be derived from the action:

A = /£d3xdt,
L= olle—epe)-2 79)
- 2 ! 8’

in which both 7 and B are given by equation (73) and equation (52) respectively and the density p is
given by equation (45):
Oy By (T x T = 2T 1)
p=Vu-B=Vu-(Vxx V)= 3 .2) (80)

The Lagrangian density of equation (79) takes the more explicit form:

1 @yx@x

Vi v 2
ﬁ[x,n,u]=p<2( 5 (Ve x Vip)”

81 (81)

)2 —E(PIS(X/U/V))> —

and can be seen explicitly to depend on only three functions. We underline that if the magnetic field
lines lie on entropy surfaces. s must be a function of x, 77 only and does not depend on yu. Let us make
arbitrary small variations da; = (J), 17, 6u) of the functions a; = (x, 77, ). Let us define a A variation
that does not modify the «;’s, such that:

Aw; = o+ (8- V)a; = 0, (82)

in which ¢ is the Lagrangian displacement, thus:

Sa; = —Va; - C. (83)
Which will lead to the equation:
z_ OF

op=—=V-(pg). (85)
Making a variation of s will result in:

s 05 = = . =
0s = BTciMi = _E)Tqvai 6 =-Vs-g. (86)

Furthermore, taking the variation of B given by Sakurai’s representation (52) with respect to «;
will yield:
6B =V x (& x B). (87)

It remains to calculate 67 by varying equation (73) this will yield:

00 = ——0+ =V x (o x ¥). (88)
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Varying the action will result in:
SA = / SLAxdt,
L = 5p(1z72—w(p,s)) — pTds + 0T - 67 — B'—éB, (89)
2 471
Inserting equations (85,87,88) into equation (89) will yield:
oL = T-Vx(pf x 5)—%7@—5p(%52+w)+pTﬁsf
= = o B-Vx(ExB) o = 1
= 5.V (pixd) - DV g o) (1 )
4 2
+ pT@s -C (90)
Using the well known vector identity:
A-Vx(CxA)=V-(CxA) xA)+(CxA)-VxA (91)
and the theorem of Gauss we can write now equation (89) in the form:
SA = /dt{]{ds- pExd) xg— EXBIXB (1o o7
4 2
- /d3x§’-[paxmrfxB’—pﬁ(%ﬁhwwpﬁs]}. (92)

Time integration is of no consequence in the above. Notice that we used equation (6) and the vorticity
@ =V x 3. If §A = 0 for & nullifying the boundary term but otherwise arbitrary, then:

pF X &+ ] x B—pV (5% +w) + pTVs = 0. (93)

“V(P) = (F-V)TF+7 x (V x7) (94)
and rearranging terms we recover the stationary Euler equation:
0(%-V)d=—-Vp+] xB. (95)

10. An Application: Helical Stratified Magnetic Field

10.1. The Magnetic Field and Related Labels

Consider [48] a magnetohydrodynamic flow of uniform density p. Furthermore assume that the
flow contains a helical stratified magnetic field:

(96)

5o 2B, (1-2)$+B,p2 R<a
0 R>a
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R, ¢, z are cylindrical coordinates, R, 43, Z are unit vectors and B,g, B are constants. The field is confined
to a cylinder of Radius a and does not depend on z. We assume that z = 0 and z = L are identified
such that a topological torus is realized. The only field lines that will be closed are such that:

n B 1 ( R

1-— a) L, n,m integers 97)

m TIRBZ()

lines not satisfying this condition are surface filling. The field lines lie on cylindrical surfaces, so one
can calculate the flux through a circular surface lying on the plane z and bounded by R. Thu flux is:

@ = / B.d§ = nR%By (98)

The x function can now be calculated according to equation (47) to yield the value:

1

= EB20R2. (99)

X

Solving equation (17) for # we obtain the following non unique solution:

B 2B, R,z
Finally we solve equation (46) for u, here we suggest the following simple and non unique solution:

[y
= —2z. 101
H= g (101)

Thus, u surfaces are just z planes. Notice that since we have identified the planesz =0and z =L, p is
non single valued. The same can be said on # which is doubly non-single valued in both the z and ¢
directions.

10.2. The Velocity Field

A stationary velocity field 7 must satisfy equation (7) and equation (9) . Such a velocity field can
be constructed using the labels y and x (see equation (73)):
T x Ty
—

T=k (102)

k is a dimensional constant that we will choose such that k = 2. Plugging in y from equation (101)
and x from equation (99) we arrive at the simple expression:

R,
i=0_¢, (103)

This expression can be shown to solve equation (1) and equation (3) by direct substitution. Equation
(10) can be solved by the pressure function:

2 2 2
p(R) = p [Bl (35 - 52—t -2) + 398 (52 - 1)] ,pw=0 (o

7T a
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11. The three function action principle for a static configuration

The static configuration is a stationary flow such that 7 = 0 . In this case the mass conservation
equation (7) and magnetic field equation (9) are satisfied trivially. To complete the set of equations we
will show how the static Euler equations (4) can be derived from the action:

A = — / LdPxdt,
B’Z
L= pelo,s)+ o (105)

in which B is given by equation (52) and the density p is given by equation (80). The Lagrangian
density of equation (105) can be put in the more explicit form:

(Vx x Vi)?

Lhon,ul = pelo, s, 1) + =5 (106)
Varying the action will result in:
oA = - [ordsat,
0L = dp(w(p,s)) +pTds+ irig’ (107)
Inserting equations (85,87) into equation (107) will yield:
oL = B Z:ng B) +(5pw+pT@s-E
= W — V- (p&)w+ pTVs - E. (108)

Using the well known vector identity (91), and the theorem of Gauss we can write now equation (107)
in the form:

. Fx B) x B -
SA = /dt{y{ds-[—(ng)x—kwpg]
+ / PxE- [T x B— pVw + pTVs]}. (109)

The time integration is of no consequence in the above expression. We used equation (6). If §A = 0 for
a arbitrary ¢ but such that the boundary term is null, then we obtain:

Jx B—pVw+pTVs = 0. (110)
and rearranging terms we recover the stationary Euler equation:
JxB—Vp=0. (111)

12. Transport phenomena

In many plasmas including static configurations heat is transferred preferably along magnetic

field lines:
Ju = —kVT. (112)

in which £ is a tensor of heat conductivity. This tensor is usually larger in the magnetic field direction

and thus can be written as:
k=k (I-b&b)+kbeb. (113)
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=

in the above b = % is a unit vector in the magnetic field direction, ® is the tensor product, I is the unit
matrix, k| is the heat conductivity in directions perpendicular to magnetic field lines and k| is the
larger heat conductivity in the direction parallel to magnetic field lines. The equation for a stationary
heat flux configuration is:

V Ju=0=V-(kVT)=0. (114)

This equation can be derived from the heat Lagrangian and Lagrangian density:

Ly = /LHd3x, Ly = S(STVRST = %

5 9; Tk

9T, (115)

in the above (@T)t is the transpose of the VT, d; = % and Einstein summation convention is assumed.
Taking the variation with respect to the temperature T yields:

6Ly = (VT)'kV6T, (116)
hence:
SLy = /d3x [V - (k9T5T) - 6TV - (k9T)], (117)
and using the theorem of Gauss:
SLy = /d§- (kS'T)6T — /d%&ﬁ (k9T), (118)

thus for appropriate boundary conditions we derive equation (114). We notice that heat conduction is
not taken into account in ideal MHD which only assumes convection of heat. However, provided that
conduction is seen as a secondary process with respect to convection we may obtain using the ideal
variational principle a stationary or static magnetic field configuration using the appropriate variational
expression given in previous sections. And then using the known magnetic field configuration we
derive the appropriate heat flux transport using Ly.

13. Conclusion

It is shown that stationary non-barotropic magnetohydrodynamics can be derived from a
variational principle of three functions. We have shown this for both the stationary and static cases.

Possible applications include stability studies of stationary MHD and development of numerical
methods for integrating MHD equations. It may be possible to incorporate the current formalism
in existing codes instead of developing a new code from scratch. Possible codes are described in
[21-25]. We anticipate applications of this work to linear and non-linear stability studies of known
MHD configurations [26-28]. For achieving this we may need to add additional constants of motion
constraints to the action [29,30] see also [31-33]. As for designing numerical methods for integrating
the equations of MHD one may follow the approach described in [34-37].

Another application of the variational variables is obtaining analytic solutions for the MHD
equations. Although the equations are very difficult to solve being both partial differential equations
and nonlinear, possible solutions can be found using variational functions. An example for this
approach is the self gravitating torus described in [38] and also in section 10.

One can use continuous symmetries which appear in the action to derive through Noether
theorem new conservation laws. An example for such derivation can be found in [40] and [48].

Topological invariants have always been useful, and there are such invariants in MHD flows. For
example the two helicities (magnetic helicity and cross helicity) have long been useful in research into
the problem of hydrogen fusion, and in various astrophysical scenarios. In previous studied [9,11,45]
relations between helicities and symmetries of MHD were made. Also the functions of the current
action are helpful for identifying and characterizing new topological invariants in MHD [46-48].
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Although ideal MHD does not describe fully real plasmas, we show here how processes such
as heat conduction can be also described using variational analysis provided that the magnetic field
configuration is given approximately by ideal variational analysis.

To conclude we underline the limitations of the current work. First MHD is a fluid theory and
as such misses some of the processes that can only be addressed by a detailed kinetic model. Second
ideal MHD considered here neglects important non ideal processes such as resistive heating, heat
conduction and viscous effects. Moreover, we assume magnetic field that lie on surfaces (that is
equation (17)) while for some MHD configurations magnetic field lines are volume filling, for such
cases the current approach is not applicable.
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