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Characterizations of graded rings over which every
graded semi-primary ideal is graded 1-absorbing
primary

Alaa Melhem', Malik Bataineh?, Rashid Abu-Dawwas3*

Abstract

Let G be a group with identity e and R be a commutative G-graded ring with nonzero unity 1. Graded semi-
primary and graded 1-absorbing primary ideals have been investigated and examined by several authors as
generalizations of graded primary ideals. However, these three concepts are different. In this article, we
characterize graded rings over which every graded semi-primary ideal is graded 1-absorbing primary and graded
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Introduction

Throughout this article, all rings are commutative with nonzero
unity 1. Let G be a group with identity e. Then a ring R is
said to be G-graded if R = @R, with RgR;, C Ry, for all
€G
g,h € G, where R, is an addifive subgroup of R for all g € G.
The elements of R, are called homogeneous of degree g. If
X € R, then x can be written uniquely as Z Xg, where x, is the
gcG
component of x in Rg. Also, we set i(R) = U R. Moreover,
43¢,
it has been proved in [9] that R, is a subriné of Rand 1 €R,.
Let I be an ideal of a graded ring R. Then [/ is said to be
a graded ideal if I = @(IﬂRg), ie,forxel, x= Z Xg,
geG 8eG

where x, € I for all g € G. An ideal of a graded ring need not
be graded (see [9]).

Let P be a proper graded ideal of R. Then the graded
radical of P is Grad(P) and is defined as follows: x € Grad(P)
if and only if for every g € G, there exists ng € N such that
xg* € P. Note that Grad(P) is always a graded ideal of R (see

[12]).

Proposition 0.1. (/8]) Let R be a G-graded ring.

1. If I and J are graded ideals of R, then I +J, 1J and
INJ are graded ideals of R.

2. If a € h(R), then Ra is a graded ideal of R.

Let R be a G-graded ring and I be a graded ideal of R.
Then R/I is a G-graded ring by (R/I), = (Rg+1) /I for all
g € G. Moreover, if P is an ideal of R containing /, then P is
a graded ideal of R if and only if P/I is a graded ideal of R/I,
see ([13], Lemma 3.2).

Let R and S be two G-graded rings. Then T =R x S is
a G-graded ring by T, = R, X S, for all g € G. Furthermore,
P x K is a graded ideal of R x § if and only if P is a graded
ideal of R and K is a graded ideal of S ([6], Lemma 4).

If R is a G-graded ring and S C A(R) is a multiplicative
set, then S~'R is a G-graded ring with (S~'R), =
{¢.aeRys€SNR, 1} forall g € G. Moreover, if I is a

graded ideal of R, then S isa graded ideal of S~IR[9].
Graded primary ideals have been introduced by Refai and
Al-Zoubi in [11]. A proper graded ideal Q of R is said to
be graded primary if whenever x,y € h(R) with xy € Q, then
x€ Qory € Grad(Q). In this case P = Grad(Q) is a graded
prime ideal of R, and Q is said to be graded P-primary. In [4],
Al-Zoubi and Sharafat introduced a generalization of graded
primary ideals called graded 2-absorbing primary ideals. A
proper graded ideal I of R is called a graded 2-absorbing
primary ideal of R if whenever x,y,z € h(R) and xyz € I, then
xy €l orxz € Grad(I) or yz € Grad(I). The concept of graded
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2-absorbing primary ideals is generalized in many ways, for
example, see [3, 15]. Recently in [7], we consider a new class
of graded ideals called the class of graded 1-absorbing primary
ideals. A proper graded ideal P of R is said to be a graded
1-absorbing primary ideal of R if whenever nonunit elements
x,¥,z € h(R) such that xyz € P, then xy € P or z € Grad(P).
Clearly, every graded primary ideal is graded 1-absorbing
primary ideal. The next example shows that the converse is
not true in general.

Example 0.2. Consider R = K[X,Y], where K is a field, and
G =Z. Then R is G-graded by R, = @ KX'Y/ for all
i+ j=n,i,j>0

n € Z. Note that deg(X) = deg(Y) = 1. Consider the graded
ideal P = (X*,XY) of R. Then Grad(P) = (X). Since for
X.YX € P, either X.Y € P or X € Grad(P), P is a graded
1-absorbing primary ideal of R. On the other hand, P is not
graded primary ideal of R by ([14], Example 2.11).

Also, it is clear that every graded 1-absorbing primary
ideal is graded 2-absorbing primary ideal. The next example
shows that the converse is not true in general.

Example 0.3. Let R = Z[i] and G = Z;. Then R is G-graded
by Ry = Z and Ry = iZ. Consider P = 12R. Then as 12 €
h(R), P is a graded ideal of R. By ([4], Example 2.2 (ii)),
P is a graded 2-absorbing primary ideal of R. On the other
hand, 2,3 € h(R) such that 2.2.3 € P, but neither 2.2 € P nor
3 € Grad(P). So, P is not graded 1-absorbing primary ideal
of R.

So, we can state the following:

graded primary = graded l-absorbing primary = graded

1 2
2-absorbing primary.

And the arrows (1) and (2) are irreversible by Example
0.2 and Example 0.3.

In [6], a proper graded ideal P of R is said to be a graded
semi-primary ideal of R if whenever x,y € A(R) such that
xy € P, then either x € Grad(P) ory € Grad(P). In this article,
we prove that P is a graded semi-primary ideal of R if and
only if Grad(P) is a graded prime ideal of R (Proposition 1.1).
Then we show that if P is a graded 1-absorbing primary ideal
of R, then P is a graded semi-primary ideal of R (Proposition
1.2). After that, we prove that if R is a principal ideal domain,
then the three concepts; graded primary, graded semi-primary
and graded 1-absorbing primary ideals will be equivalent
(Proposition 1.4).

Motivated by Proposition 1.4, our goal in this article is
following [2] to characterize graded rings over which every
graded semi-primary ideal is graded 1-absorbing primary and
graded rings over which every graded 1-absorbing primary
ideal is graded primary.

1. Graded rings over which every graded
semi-primary ideal is graded 1-absorbing
primary

In this section, we characterize graded ring R over which every
graded semi-primary ideal is graded 1-absorbing primary. The
next proposition has been proved in ([6], Lemma 1) for Z-
graded rings. In fact, it is true for any G-graded ring.

Proposition 1.1. Let R be a graded ring and P be a graded
ideal of R. Then P is a graded semi-primary ideal of R if and
only if Grad(P) is a graded prime ideal of R.

Proof. Suppose that P is a graded semi-primary ideal of R.
Letx,y € h(R) such that xy € Grad(P). Then (xy)" =x"y" € P
for some positive integer n. Since P is graded semi-primary,
we have x" € Grad(P) or y" € Grad(P), and then x"* € P or
y"* € P for some positive integer k, which implies that x €
Grad(P) or y € Grad(P). Hence, Grad(P) is a graded prime
ideal of R. Conversely, let x,y € h(R) such that xy € P. Then
as P C Grad(P), xy € Grad(P). Since Grad(P) is graded
prime, we have x € Grad(P) or y € Grad(P). Hence, P is a
graded semi-primary ideal of R. O

Proposition 1.2. Let R be a graded ring and P be a graded
ideal of R. If P is a graded 1-absorbing primary ideal of R,
then P is a graded semi-primary ideal of R.

Proof. Let a,b € h(R) such that ab € Grad(P). We may as-
sume that a, b are nonunit elements of R. Let kK > 2 be an even
positive integer such that (ab)f € P. Then k = 2s for some
positive integer s > 1. Since (ab)* = a*b* = a*a’b* € P and P
is a graded 1-absorbing primary ideal of R, we conclude that
a*a® = d" € Por b* € P. Hence, a € Grad(P) or b € Grad(P).
Thus Grad(P) is a graded prime ideal of R, and then P is a
graded semi-primary ideal of R by Proposition 1.1. O

Corollary 1.3. Let R be a graded ring and P be a graded
ideal of R. If P is a graded 1-absorbing primary ideal of R,
then Grad(P) is a graded prime ideal of R.

Proof. Apply Proposition 1.1 and Proposition 1.2. O

Totally, we can state the following:

graded primary =- graded 1-absorbing primary = graded

3 o 4
semi-primary.

By Example 0.2, arrow (3) is irreversible. Now, let R be
a graded ring and P be a graded 1-absorbing primary ideal
of R which is not graded primary. Set 7 =R xR and Q =
P x R. Then Q is a graded ideal of T by ([6], Lemma 4) with
Grad(Q) = Grad(P x R) = Grad(P) X R is a graded prime
ideal of T since Grad(P) is a graded prime ideal of R by
Corollary 1.3. Thus, Q is a graded semi-primary ideal of T
by Proposition 1.1. On the other hand, it is well known that
graded primary ideals of 7 are I/ x R and R x [ with [ is a
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graded primary ideal of R. Hence, Q is not a graded primary
ideal of T'. In fact, we could not give an example showing that
arrow (4) is irreversible. However, if R is a principal ideal
domain, then the three concepts will be equivalent as one can
see in the next proposition that should be compared with ([6],
Proposition 2).

Proposition 1.4. Let R be a principal ideal domain. If R
is graded and P is a graded ideal of R, then the following
statements are equivalent:

1. P is a graded primary ideal of R.
2. Pis a graded 1-absorbing primary ideal of R.
3. Pis a graded semi-primary ideal of R.

Proof. (1) = (2): Clear.

(2) = (3) : Proposition 1.2.

(3) = (1) : Suppose that P is a graded semi-primary ideal
of R. Then by Proposition 1.1, Grad(P) is a graded prime
ideal, and then as R is a principal ideal domain, Grad(P) is a
graded maximal ideal of R, which implies that P is a graded
primary ideal of R by ([11], Proposition 1.11). U

In [13], a graded ring R is said to be a graded domain if it
has no homogeneous zero divisors. Clearly, every domain is a
graded domain, but the converse is not necessarily true, see
([13], Example 3.6).

Proposition 1.5. Let R be a graded domain. If every nonzero
graded prime ideal of R is graded maximal, then every graded
semi-primary ideal of R is graded primary.

Proof. Let P be a graded semi-primary ideal of R. If P = {0},
then P is a graded prime ideal of R, and then P is a graded
primary ideal of R. If P # {0}, then Grad(P) is a nonzero
graded prime ideal of R by Proposition 1.1, and then Grad(P)
is a graded maximal ideal of R by assumption, and hence P is
a graded primary ideal of R by ([11], Proposition 1.11). [

Corollary 1.6. Let R be a graded domain. If every nonzero
graded prime ideal of R is graded maximal, then every graded
semi-primary ideal of R is graded 1-absorbing primary.

Clearly, if every graded semi-primary ideal is graded
primary, then every graded semi-primary ideal is graded 1-
absorbing primary. However, we give an example that intro-
duces a case where every graded semi-primary ideal is graded
1-absorbing primary, but there is a graded semi-primary ideal
which is not graded primary:

Example 1.7. Consider T = K[X,Y), where K is a field, and

G=1%Z. ThenT is G-graded by T,, = @ KXY/ for all
i+j=n,i,j>0

n € Z. Consider the graded ideal J = (X*> ,XY) of T. Then

R=T/Jis a graded ring and P = (X,Y)/J is a graded prime

ideal of R. So, S = h(R) — P is a multiplicative subset of h(R),

and then S™'R is a graded local ring with graded maximal

ideal M = (%,%) Note that, P = Grad({04-13}) = (%} is
a graded prime ideal of S~'R which is not graded maximal,
and PM = {Og-15}. Let I be a graded semi-primary ideal
of ST'R. Then Grad(I) is a graded prime ideal of S~'R by
Proposition 1.1, and then either Grad(I) = M or Grad(I) =
Grad({0g-15}). If Grad(I) = M, then I is graded primary
by ([11], Proposition 1.11), and so I is graded 1-absorbing
primary. Suppose that Grad(I) = Grad({0g-15}). Assume
that a,b,c € h(S~'R) be nonunit elements such that abc € I
and ¢ ¢ Grad({0g-1x}). Then either a € Grad({04-13}) or
b € Grad({04-1x}), which implies in both cases that ab =
Og-1x € 1. Hence, I is a graded 1-absorbing primary ideal
of ST'R. Consequently, every graded semi-primary ideal of
S~IR is graded 1-absorbing primary. On the other hand,
Grad({0g-1x}) is a graded prime ideal of S™'R, so {Os-15}
is a graded semi-primary ideal of S~'R by Proposition 1.1, but
{04-1} is not a graded primary ideal of ST'R since % % €
h(S™'R) with & X =051, X #05-15 and £ ¢ Grad({0g-15}).

Let R and S be two G-graded rings. In [9], a ring homo-
morphism f : R — S is said to be graded homomorphism if
f(Ry) C Sy forallg e G.

Proposition 1.8. [7] Let R and S be G-graded rings and
f:R— S be a graded homomorphism such that f(1g) = lg.
Then the following hold:

1. If K is a graded 1-absorbing primary ideal of S and
f(x) is a nonunit element of S for every nonunit element
x of R, then f~'(K) is a graded 1-absorbing primary
ideal of R.

2. If Pis a graded 1-absorbing primary ideal of R and f
is surjective with Ker(f) C P, then f(P) is a graded
1-absorbing primary ideal of S.

1. By ([10], Lemma 3.11 (1)), f~'(K) is a graded
ideal of R. Let x,y,z € h(R) be nonunit elements such
that xyz € f~'(K). Then f(x),f(y),f(z) € h(S) are
nonunit elements such that f(x) f(y)f(z) = f(xyz) € K.
Since K is a graded 1-absorbing primary ideal of S,
we have that f(xy) = f(x)f(y) € K or f(z) € Grad(K),
which implies that xy € f~'(K) orz € f~!(Grad(K)) =
Grad(f~'(K)). Thus, f~'(K) is a graded 1-absorbing
primary ideal of R.

Proof.

2. By ([10], Lemma 3.11 (2)), f(P) is a graded ideal of S.
Let a,b,c € h(S) be nonunit elements such that abc €
f(P). Then since f is surjective, there exist nonunit
elements x,y,z € h(R) such that f(x) = a, f(y) = b and
f(z) = c. Now, f(xyz) = f(x)f(y)f(z) = abc € f(P).
Since Ker(f) C P, we have that xyz € P. Since P
is a graded 1-absorbing primary ideal of R, we have
that xy € P or z € Grad(P), which implies that ab =
FEF() = F(xv) € F(P) or ¢ = £(2) € f(Grad(P)) =
Grad(f(P)) as f is surjective and Ker(f) C P. Hence,
f(P) is a graded 1-absorbing primary ideal of S.

O
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Corollary 1.9. [7] Let P and K be proper graded ideals of a
graded ring Rwith K CP. IfUR/K)={a+K:acU(R)},
then P is a graded 1-absorbing primary ideal of R if and only
if P/K is a graded 1-absorbing primary ideal of R/K.

Proof. Define f: R — R/K by f(x) = x+ K. Then f is sur-
jective graded homomorphism and f(1g) = 1g/. Suppose
that P is a graded 1-absorbing primary ideal of R. Since f is
surjective and Ker(f) = K C P, by Proposition 1.8 (2), we
have that f(P) = P/K is a graded 1-absorbing primary ideal
of R/K. Conversely, f~!(P/K) = P is a graded 1-absorbing
primary ideal of R by Proposition 1.8 (1). O

Proposition 1.10. Let R be a graded ring and K be a graded
ideal of R such that U(R/K) = {a+K :a € U(R)}. If every
graded semi-primary ideal of R is graded 1-absorbing pri-
mary, then every graded semi-primary ideal of R/K is graded
1-absorbing primary.

Proof. Let P/K be a graded semi-primary ideal of R/K. Then
Grad(P/K) = Grad(P)/K is a graded prime ideal of R/K by
Proposition 1.1, and then Grad(P) is a graded prime ideal of
R, so P is a graded semi-primary ideal of R by Proposition
1.1. Hence, P is a graded 1-absorbing primary ideal of R by
assumption. Therefore, P/K is a graded 1-absorbing primary
ideal of R/K by Corollary 1.9. O

Lemma 1.11. Let R be a graded ring such that every homoge-
neous element is either unit or nilpotent. Then R has exactly
one graded prime ideal, and hence R is a graded local ring
with graded maximal ideal Grad({0}).

Proof. Let P be a graded prime ideal of R. Then Grad({0}) C
P. Assume that x € P. Thenx, € Pforallg € Gas Pisa
graded ideal, and then x, is nilpotent for all g € G, which im-
plies that x, € Grad({0}) forall g € G, and so x € Grad({0}).
Therefore, P C Grad({0}), and hence P = Grad({0}). So,
Grad({0}) is the only graded prime ideal of R. Since every
graded maximal ideal is graded prime, Grad({0}) is the only
graded maximal ideal of R. Hence, R is a graded local ring
with graded maximal ideal Grad ({0}). O

Theorem 1.12. Let R be a graded ring such that every homo-
geneous element is either unit or nilpotent. Then every graded
semi-primary ideal of R is graded primary.

Proof. By Lemma 1.11, Grad({0}) is the only graded prime
ideal of R. Let P be a graded semi-primary ideal of R. Then
Grad(P) is a graded prime ideal of R by Proposition 1.1, and
then Grad(P) = Grad({0}) which is a graded maximal ideal
by Lemma 1.11, and hence P is a graded primary ideal of R
by ([11], Proposition 1.11). O

Corollary 1.13. Let R be a graded ring such that every homo-
geneous element is either unit or nilpotent. Then every graded
semi-primary ideal of R is graded 1-absorbing primary.

Theorem 1.14. Let R be a graded local ring with a graded
maximal ideal X. If Grad({0}) and X are the only graded
prime ideals of R, then every graded semi-primary ideal of R
is graded 1-absorbing primary.

Proof. Let P be a graded semi-primary ideal of R. Then
Grad(P) is a graded prime ideal of R by Proposition 1.1. If
Grad(P) = X, then P is a graded primary ideal of R by ([11],
Proposition 1.11), and hence P is graded 1-absorbing primary.
Suppose that Grad(P) = Grad({0}). Let x,y,z € h(R) be
nonunit elements such that xyz € P and z ¢ Grad({0}). Then
x € Grad({0}) ory € Grad({0}), and then xy = 0 € P in both
cases. Therefore, P is a graded 1-absorbing primary ideal of
R. O

Theorem 1.15. Let R be a graded ring such that every homo-
geneous element is either unit or nilpotent. Then every proper
graded ideal of R is graded 1-absorbing primary.

Proof. Let P be a proper graded ideal of R and x € P. Then
xg € P for all g € G, and then x, is nilpotent for all g €
G, which yields that x, € Grad({0}) for all g € G, so x €
Grad({0}). So, P C Grad({0}), and then Grad({0}) C
Grad(P) C Grad({0}), that is Grad(P) = Grad({0}) which
is graded prime by Lemma 1.11, and hence P is a graded
semi-primary ideal of R by Proposition 1.1. Therefore, P is a
graded 1-absorbing primary ideal of R by Corollary 1.13. [

The intersection of two graded prime ideals is not nec-
essarily to be a graded prime ideal, see ([6], Example 5).
However, if the intersection is also graded prime, then the two
graded prime ideals should be comparable as one can see in
the following lemma:

Lemma 1.16. Let R be a graded ring and P, K be two graded
prime ideals of R. Then P(\K is a graded prime ideal of R if
and only if PC K or K CP.

Proof. Suppose that P(K is a graded prime ideal of R. As-
sume that P ¢ K and K ¢ P. Then there existx € Pand y € K
such that x ¢ K and y ¢ P, and then x, ¢ K and yj, ¢ P for
some g,h € G. Note that x;, € P and y;, € K as P and K are
graded ideals. So, x,y; € P(K, and then either x, € PN K
or y, € P( K, which is a contradiction. Therefore, P C K or
K C P. The converse is clear. O

Theorem 1.17. Let R be a graded ring. If every graded ideal
of R is graded 1-absorbing primary, then graded prime ideals
of R are comparable.

Proof. Let P and K be two graded prime ideals of R. Then
P(K is a graded ideal of R by Proposition 0.1, and then P(\ K
is a graded 1-absorbing primary ideal of R by assumption,
which implies that Grad(P(\K) = P(\K is a graded prime
ideal of R by Corollary 1.3. Hence, P C K or K C P by Lemma
1.16. O

Corollary 1.18. Let R be a graded ring. If every graded ideal
of R is graded 1-absorbing primary, then R is a graded local
ring.
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Definition 1.19. [7] Let R be a graded ring.

1. Fora,b € h(R), we say that a divides b (we write a|b)
if b= ax for some x € h(R).

2. R s said to be a graded divided ring if for every graded
prime ideal P of R and for every a € h(R) — P, we have
al|p for every p € P.

Proposition 1.20. [7] Let R be a graded divided ring. Then
every graded 1-absorbing primary ideal of R is graded pri-
mary.

Proof. Suppose that P is a graded 1-absorbing primary ideal
of R. Let a,b € h(R) such that ab € P and b ¢ Grad(P).
We may assume that a,b are nonunit elements of R. Since
Grad(P) is a graded prime ideal of R by Corollary 1.3 and
b ¢ Grad(P), we have that a € Grad(P). Since R is a graded
divided ring, we have that b|a, which means that a = bw for
some w € h(R). Since b ¢ Grad(P) and a € Grad(P), we
achieve that w is a nonunit element of R. Since ab = bwb € P
and P is a graded 1-absorbing primary ideal of R and b ¢
Grad(P), we have that a = bw € P. Thus, P is a graded
primary ideal of R. O

The next result gives another case in which every graded
1-absorbing primary ideal of R is graded primary:

Proposition 1.21. Let R be a graded local ring with a graded
maximal ideal generated by a homogeneous element. Then ev-
ery graded 1-absorbing primary ideal of R is graded primary.

Proof. Let M = Ra be the graded maximal ideal of R, where
a € h(R). Suppose that P is a graded 1-absorbing primary
ideal of R. Then Grad(P) is a graded prime ideal of R by
Corollary 1.3. Assume that x,y € h(R) such that xy € P and
y ¢ Grad(P). Then x € Grad(P). If y is unit, then x € P and
we are done. If x is unit, then y € P, and then y € Grad(P),
which is a contradiction. So, we assume that x and y are
nonunit elements. Then x € M, and then x = ra for some r € R.
Clearly, r € h(R). If r is unit, then M = Ra C Rx C Grad(P),
and hence Grad(P) = M, which gives that P is a graded pri-
mary ideal of R by ([11], Proposition 1.11). Suppose that 7 is a
nonunit element. Then ary = xy € P, and then ar € P since P
is graded 1-absorbing primary and y ¢ Grad(P), which gives
that x € P. Therefore, P is a graded primary ideal of R.

Let R be a G-graded ring and P be a graded ideal of R.
Assume that g € G such that P, # R,. In [7], P is said to be a g-
1-absorbing primary ideal of R if whenever nonunit elements
X,Y,2 € Rg such that xyz € P, then xy € P or z € Grad(P). Also,
P is said to be a g-primary ideal of R if whenever x,y € R,
such that xy € P, then either x € P or y € Grad(P).

Proposition 1.22. [7] Let R be a G-graded ring and g € G.
If R has a g-1-absorbing primary ideal that is not a g-primary
ideal, then the sum of every nonunit element of R, and every
unit element of R is a unit element of R,.

Proof. Suppose that P is a g-1-absorbing primary ideal of R
that is not a g-primary ideal of R. Hence, there exist nonunit
elements a,b € R, such that neither a € P nor a € Grad(P).
Let w be a nonunit element of R,. Since wab € P and P
is a g-1-absorbing primary ideal of R and b ¢ Grad(P), we
conclude that wa € P. Let u be a unit element of R,. Suppose
that w4 u is a nonunit element of R,. Since (w+ u)ab € P
and P is a g-1-absorbing primary ideal of R, and b ¢ Grad(P),
we conclude that (w + u)a = wa +ua € P. Since wa € P, we
conclude that a € P, which is a contradiction. Thus, w + u is
a unit element of R,. O

In view of Proposition 1.22, we have the following con-
clusion:

Corollary 1.23. [7] Let R be a G-graded ring and g € G. If
R, has a nonunit element and a unit element whose sum is
nonunit element in Rg, then a graded ideal P of R is a g-1-
absorbing primary ideal of R if and only if P is a g-primary
ideal of R.

Corollary 1.24. [7] Let R be a G-graded ring. If R has an
e-1-absorbing primary ideal that is not an e-primary ideal,
then R, is a local ring.

Proof. By Proposition 1.22, the sum of every nonunit element
of R, and every unit element of R, is a unit element of R,, and
then by ([5], Lemma 1), R, is a local ring. O

In view of Corollary 1.24, we have the following conclu-
sion:

Corollary 1.25. Let R be a graded ring such that R, is non-
local ring and P be a graded ideal of R. Then P is an e-
primary ideal of R if and only if P is an e-1-absorbing primary
ideal of R.

Let R be a G-graded ring and P be a graded ideal of R.
Assume that g € G such that P, # R,. In [1], P is said to be
a g-prime ideal of R if whenever x,y € R, such that xy € P,
then x € P or y € P. We state the following:

Definition 1.26. Let R be a G-graded ring and P be a graded
ideal of R. Assume that g € G such that P, # Rg. Then P is
said to be a g-semi-primary ideal of R if whenever x,y € R,
such that xy € P, then x € Grad(P) ory € Grad(P).

Using the same technique that is used in the proof of
Proposition 1.1, one can prove the following result:

Proposition 1.27. Let R be a graded ring and P be a graded
ideal of R. Then P is a e-semi-primary ideal of R if and only
if Grad(P) is an e-prime ideal of R.

Proposition 1.28. Let R be a graded ring over which every
e-semi-primary ideal of R is e-1-absorbing primary and P
be a graded ideal of R such that P is an e-prime ideal of R
which is not a graded maximal ideal of R. Suppose that X is
a graded maximal ideal of R with P ; X, and J is a proper
graded ideal of R with Grad(J) = P. Then P> C J. Moreover,
P.(X, — P) C J. Furthermore, if P, = P, then P,X, C J.
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Proof. Letme X, —Pand p,q € P,. Then Grad(J+R,pgm) =
P, and then J + R, pgm is an e-semi-primary ideal of R by
Proposition 1.27, and so J + R, pgm is an e-1-absorbing pri-
mary ideal of R by assumption. Since pgm € J + R, pgm and
m & P = Grad(J + R.pgm), pq € J + R.pgm, and then there
exists r € R, such that pg(1 —rm) € J. Since J is an e-1-
absorbing primary ideal of R, either pg € Jor 1l —rm € J. If
l-rmeJCGrad(J)=PCX,CX,thenl e XasrmeX,
which is a contradiction. So, pg € J and hence Pe2 C J. Sim-
ilarly, Grad(J + R, pm?) = P, which gives that J + R, pm? is
an e-1-absorbing primary ideal of R. So, we will have pm € J.
Therefore, P,(X, — P) C J. Furthermore, let x € X,. If x ¢ P,
then P,x C P,(X, —P) CJ. Ifx € P=P,, then P.x C P2 C J.

Consequently, P.X, C J. O
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