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Abstract 

Up to now, Schrödinger equation, Klein-Gordon equation (KGE) and Dirac equation 

are believed the fundamental equations of quantum mechanics. Schrödinger equation 

has a defect that there is no NKE solutions. Dirac equation has positive kinetic energy 

(PKE) and negative kinetic energy (NKE) branches. Both branches should have low 

momentum, or nonrelativistic, approximations: one is Schrödinger equation and the 

other is NKE Schrödinger equation. KGE has two problems: it is an equation of second 

time derivative, and calculated density is not definitely positive. To overcome the 

problems, it should be revised as PKE and NKE decoupled KGEs. The fundamental 

equations of quantum mechanics after the modification have at least two merits. They 

are of unitary in that everyone contains the first time derivative and are symmetric with 

respect to PKE and NKE. This reflects the symmetry of the PKE and NKE matters, as 

well as matter and dark matter, of our universe. The problems of one-dimensional step 

potentials are resolved by means of the modified fundamental equations for a 

nonrelativistic particle. 
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1. Introduction 

 

The fundamental equations of quantum mechanics (QM) refer to Schrödinger 

equation [1-4], Klein-Gordon equation (KGE) [5,6] and Dirac equation [7], which have 

been used up to now and are fully introduced in QM textbooks [8,9]. The latter two are 

relativistic quantum mechanics equations (RQMEs). 

Schrödinger equation [1-4] is the first one of QM equations (QMEs) and applies to 

microscopic particles doing low momentum motion. The low momentum motion is 

usually called nonrelativistic motion. Schrödinger tried to extend his equations to the 

case of relativity [4], but failed, because the evaluated fine structure of hydrogen atom 

was not consistent with experimental one [8]. Dirac equation explained experiments 

almost perfectly.  

In a previous work [10], we were aware of the inconsistency between Schrödinger 

equation and the low momentum approximations of RQMEs, and suggested the way 

how to remedy the inconsistency. The main result was that a relativistic particle had 

solutions of negative energy branch which meant that a particle could have negative 

kinetic energy (NKE) besides positive kinetic energy (PKE). This NKE should still be 

retained when the particle did nonrelativistic motion. We proposed experiments to 

verify the existence of the NKE.  

The RQMEs actually were valid for any momentum value: the momentum could be 

from zero to an arbitrarily large number, i. e., they apply to both relativistic and 

nonrelativistic motions. Let us suppose that a particle with spin-0 does relativistic 

motion, so that it obeys KGE. Now, we let the particle, in some way, gradually decrease 

its momentum. At any momentum, it always obeys KGE, and when its momentum is 

very low, it still does. Meanwhile, because its momentum is very low, it also observes 

Schrödinger equation. Although Schrödinger equation is an approximate one, the 

difference between the wave functions solved from KGE and Schrödinger equation is 

negligible when the particle’s momentum is very low. Therefore, a nonrelativistic 

particle with spin-0 observes both KGE and Schrödinger equation. In the same manner, 

we can understand that a nonrelativistic particle with spin-1/2 observes both Dirac 

equation and Schrödinger equation. This consideration stimulates us to notice the 

following problems concerning the fundamental equations of QM. 

The first problem is that a particle has positive and negative energy branches if 

solved by Dirac equation, while it has only positive energy branch if solved by 

Schrödinger equation. That is to say, the negative energy branch is lost in Schrödinger 

equation, showing a mismatch between these two equations. The second problem is 

from KGE, which contains second time derivative, inconsistent with Dirac equation 

and Schrödinger equation. 

This paper tries to solve these problems, and naturally we manage to modify the 

fundamental equations of QM to become correct forms. Our footstone is that Dirac 

equation is no doubt correct. In considering the usage and relations between these 

equations, we also notice two points. One is that occasionally, Dirac equation might not 

be used and understood correctly. The example was Klein’s paradox [11-23]. This 
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paradox also existed for KGE [12,15,19,22]. The other point is that besides KGE, there 

was another RQME describing the relativistic motion of spin-0, called Salpeter 

equation [24-41]. The form of this equation prompted us how to modify the equations 

of relativistic particles with spin-0. 

This paper is arranged as follows. In section 2, the fundamental equations of QM 

are modified so as to get rid of the above mentioned two problems. The modified 

equations are uniformly of first time derivative and symmetric with respect to positive 

and negative energy branches. Section 3 gives an example showing that the results 

calculated by the modified equations differ from those by Schrödinger equation. 

Section 4 is our conclusions. 

 

 

2. Fundamental equations in symmetric forms 

 

In Newtonian mechanics of classical physics, the kinetic energy of a body is defined 

by 

2

( )
2

K
m

+ =
p

.                                                   (2.1) 

Here the subscript (+) refers to PKE. The momentum p is real. When a body is subject 

to a potential V, the body’s energy is  

2

( )
2

E V V
m

+ = + 
p

.                                             (2.2) 

In special relativity, a body’s energy is expressed by  

2 4 2 2

( )E m c c+ = + p .                                           (2.3) 

When the body is subject to a potential V, its energy becomes 

2 4 2 2

( )E m c c V V+ = + + p .                                     (2.4) 

When the momentum is very low, Eqs. (2.3) and (2.4) can be respectively approximated 

to (2.1) and (2.2) plus a static energy 
2mc . Please note that in both Eqs. (2.2) and (2.4), 

it is impossible for a particle’s energy to be 
( )E V+  , which is a remarkable feature of 

classical mechanics. 

Here it should be noted that Eqs. (2.1) and (2.2) are valid only for nonrelativistic 

motion. While Eqs. (2.3) and (2.4) stand for any momentum value, i. e., the momentum 

can be from zero to an arbitrary large number. When the momentum is very low, the 

particle’s energy can be expressed by either of Eqs. (2.2) and (2.4) because, besides a 

constant static energy, they merely differ by a negligible small quantity. Using (2.1) and 

(2.2) is simpler, but using (2.3) and (2.4) is more precise. 

In QM, the motion of a particle when its momentum was very low was believed to 

obey Schrödinger equation. 

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 25 August 2021                   doi:10.20944/preprints202108.0486.v1

https://doi.org/10.20944/preprints202108.0486.v1


4 

 

2
2i ( )

2
V

t m
 


= −  +


.                                        (2.5) 

Then, KGE was proposed to describe the relativistic motion of spin-0 particles. 

2 2 4 2 2 2(i ) ( )V m c c
t


−  = −  


.                                 (2.6) 

Shortly afterwards, Dirac equation was developed, which was for the relativistic motion 

of spin-1/2 particles. 

2i ( i )c mc V
t



 = −  + + 


α .                                 (2.7) 

Equations (2.5), (2.6) and (2.7) are fundamental equations of QM being used nowadays, 

and are listed in Table I. In Table 1, some problems related to Schrödinger equation and 

KGE are briefly mentioned. Here we have a detailed analysis of these problems. 

We first inspect Dirac equation. From it the energy of a free relativistic particle is 

expressed by 

2 4 2 2

( )E m c c =  + p .                                           (2.8) 

There are two energy branches. The positive branch ( )E +  is exactly the same as (2.3), 

i. e., it has classical correspondence. 

 

Table 1. Fundamental equations of QM being used, where i= − p . 

Relati- 

vistic 

motion 

Spin-1/2 

particles 

Dirac equation 

2i ( )c mc V
t



 =  + + 


α p  

 

Spin-0 

particle 

Klein-Gordon equation 

2 2 4 2 2(i ) ( )V m c c
t

 

− = +


p  

Problems: second time 

derivative, probability 

density being not 

definitely positive. 

Nonrelativistic 

motion 

Schrödinger equation 

21
i ( )

2
V

t m
 


= +


p  

Problems: lack of 

negative energy 

branch, there is no 

solution when V→ −V. 

 

The negative branch does not have classical correspondence. Its explicit form is 

2 4 2 2

( )E m c c− = − + p .                                           (2.9) 

It is just the contrary number of (2.3). Thus, since (2.3) contains positive static energy 

and PKE, naturally, (2.9) contains negative static energy and NKE. When the particle 

is subject to a potential V, then the positive branch becomes Eq. (2.4) and the negative 
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branch becomes 

2 4 2 2

( )E m c c V V− = − + + p .                                   (2.10) 

When the momentum is very low, Eq. (2.10) can be approximated, with the static energy 

dropped, to be 

2

( )
2

E V V
m

− = − + 
p

.                                            (2.11) 

We denote 

2

( )
2

K
m

− = −
p

.                                                  (2.12) 

Here the NKE of low momentum is in the form of (2.12) which is rigorously derived 

from (2.9), and the momentum p is real. Please note that in both Eqs. (2.10) and (2.11), 

the energy ( )E −   is always less than potential V. This feature comes from QM. 

Conversely, if a particle’s energy is larger than its potential, the energy should be 

expressed by Eqs. (2.2) or (2.4), and if a particle’s energy is less than its potential, the 

energy should be expressed by Eqs. (2.10) or (2.11). 

When one takes transformation 

2i /

( )e
mc t −

+ =                                               (2.13) 

in Dirac equation, then the wave function ( ) +  satisfies Schrödinger equation (2.5) in 

low momentum approximation. That is to say, Schrödinger equation (2.5) is a low 

momentum approximation of Dirac equation. 

Now let us consider such a situation: a free particle is moving with very low 

momentum. On one hand, its motion obeys Schrödinger equation from which the 

particle’s energy solved is Eq. (2.2). On the other hand, Dirac equation is still applicable, 

from which the particle’s energy has two branches as shown by Eq. (2.8). So, in 

Schrödinger equation, the negative energy branch is absent. 

The author believes that Dirac equation is correct, and the negative energy branch 

should be treated on an equal footing as the positive one. Thereby, the negative branch 

should be retained even in nonrelativistic motion. Fortunately, this can be achieved by 

the transformation 

2i /

( )e
mc t − = .                                               (2.14) 

By this transformation and taking low momentum approximation, we obtain 

2
2

( ) ( )i ( )
2

V
t m
 − −


=  +


.                                    (2.15) 

From this equation, a free particle has energy (2.12) which is of NKE. Therefore, Eq. 

(2.15) is called NKE Schrödinger equation. Hence, Eq. (2.15), as another low 

momentum approximation of Dirac equation, embodies the negative energy branch and 
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applies to the cases of ( )E V−  , while Schrödinger equation applies to the cases of 

( )E V+  . The combination of the two equations inherit the properties of Dirac equation 

in nonrelativistic motion and are listed in the bottom row in Table 2. 

   Here, we mention that Schrödinger himself already put down NKE Schrödinger 

equation. The primary time-dependent equations he wrote were in the following form 

[4]. 

2
2 i 0

2
V

t


 


 − =


.                                      (2.16) 

That is to say, he gave Schrödinger equation and NKE Schrödinger equation 

simultaneously at the very beginning. Of cause, at that time, he was unable to recognize 

the difference in physical meanings between of difference in sign in Eq. (2.16), and 

neither were others. Schrödinger just firmly believed that both signs in (2.16) were right 

in mathematics. Later, people adopted, as Schrödinger himself did, the form 

corresponding to PKE. 

We stress that Schrödinger equation is merely applicable to nonrelativistic motion, 

while Dirac equation is valid for all momenta so that it is a comprehensive one. It is 

hard to find the flaws of Schrödinger equation by inspecting itself. When starting from 

Dirac equation and taking its low momentum approximation we can find the problems 

of Schrödinger equation. 

 

Table 2. Modified fundamental equations of QM, where 
2 4 2 2 2

0H m c c= −  . 

  In PKE region, E>V In NKE region, E<V 

Relati- 

vistic 

motion 

Spin-1/2 

particle 

Dirac equation 

2i ( i )c mc V
t



 = −  + + 


α  

Spin-0 

particle 

PKE decoupled KGE 

(Salpeter equation) 

( ) 0 ( )i ( )H V
t
 + +


= +


 

NKE decoupled KGE 

( ) 0 ( )i ( )H V
t
 − −


= − +


 

Nonrelativistic 

 motion 

Schrödinger equation 

2
2

( ) ( )i ( )
2

V
t m
 + +


= −  +


 

NKE Schrödinger equation 

2
2

( ) ( )i ( )
2

V
t m
 − −


=  +


 

 

Now we turn to KGE (2.6). It has a severe problem coming from the fact that Eq. 

(2.6) contains the second derivatives with respect to time. Let us consider a spin-0 

particle doing very low momentum motion. It should obey Schrödinger equation which 

contains the first time derivative. Suppose that we are able to accelerate the particle in 
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some way until it does relativistic motion. Then it should obey KGE. We would like to 

ask a question: in the course of the increase of the particle’s momentum, at which 

momentum the equation that the particle satisfies transits from the first time derivative 

one to the second time derivative one, and why? We are unable to give a satisfactory 

answer. 

Because KGE contains second time derivative, in order to solve the wave function, 

the initial conditions needed are the initial value of the wave function 

( , 0)t =r                                                       (2.17) 

and the initial value of the first time derivative of the wave function 

0[ ( , )]tt
t
 =




r  .                                                  (2.18) 

By contrast, in solving Schrödinger equation, only condition (2.17) is needed. 

A contradiction arises when a spin-0 particle does nonrelativistic motion. On one 

hand, its wave functions can be solved by Schrödinger equation under the initial 

condition (2.17). On the other hand, it should also be solved from KGE, but with an 

additional initial condition (2.18). Whether is the condition (2.18) necessary or not on 

earth? 

A consequence of the second time derivative of KGE was that the probability 

density derived from this equation could be negative, the famous negative probability 

difficulty [8,9]. 

This problem demonstrates that one of Eqs. (2.5) and (2.6) is incorrect. It is believed 

that Schrödinger equation correctly describes the motion of particles for low momenta 

and energies E > V, and it is a low momentum approximation of Dirac equation.  

Thus, it is concluded that KGE is not the proper one for relativistic particles with 

spin-0. Let us determine the proper ones. 

In the author’s previous papers [10,42], we have pointed out that when the potential 

was piecewise constant, KGE could be factorized as 

0 0(i )(i ) 0H V H V
t t


 
+ + − + =

 
,                             (2.19) 

where 

2 4 2 2 2

0H m c c= −  .                                         (2.20) 

The order of the two parentheses in Eq. (2.19) can be exchanged. In this way, we 

obtained two decoupled equations. 

2 4 2 2 2

( ) ( )i ( )m c c V
t
 + +


= −  +


                             (2.21) 

and 

2 4 2 2 2

( ) ( )i ( )m c c V
t
 − −


= − −  +


.                            (2.22) 
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Obviously, the energy of a particle satisfying Eq. (2.21) is related to Eq. (2.4), and that 

satisfying (2.22) related to (2.10). Therefore, Eq. (2.21) is called PKE decoupled KGE 

and (2.22) called NKE decoupled KGE. Using these forms, we solved Klein’s paradox 

[42] for spin-0 particles. 

Equations (2.21) and (2.22) are achieved when the potential is piecewise constant. 

We extend them by allowing the potential to be arbitrary, and think that they are the 

correct equations that relativistic particles with spin-0 should obey. From now on, the 

potential in Eqs. (2.21) and (2.22) can be arbitrary. Equation (2.21) was in fact 

suggested before [24-26] and called Salpeter equation. There have been investigations 

of Salpeter equation with various potentials [27-41]. Yndurain proved that Eq. (2.21) 

was of relativistic invariance [24], as a relativistic equation should be. 

Equations (2.21) and (2.22) are of the following merits. First, their low momentum 

approximations are naturally Schrödinger equation and NKE Schrödinger equation, 

respectively. Explicitly, by use of Eq. (2.13) in (2.21) and by use of (2.14) in (2.22), we 

can obtain Eqs. (2.5) and (2.15) after taking low momentum approximations. These 

processes are the same as those of deriving Eqs. (2.5) and (2.15) from Dirac equation. 

Alternatively, one can also expand the square root of 
0H   (2.20), makes low 

momentum approximation and drops the constant terms 
2mc , so as to obtain Eqs. 

(2.5) and (2.15). Second, the forms of Eqs. (2.21) and (2.22) lead to correct expressions 

of probability avoiding the difficulty of negative probability [10]. Third, these two 

equations helped us to correctly calculate the reflection coefficient of a relativistic 

particle with spin-0 through one-dimensional step potential [42]. The achieved 

reflection curves were qualitatively the same as those of a Dirac particle. Besides, it is 

believed that the decoupled KGEs will have more usage. For instance, the Wigner 

function of Salpeter equation was explored [43]. 

Equations (2.21) and (2.22) are listed in Table 2 which thus gathers all the modified 

fundamental QMEs. The equations listed in Table 2 have uniformly the first time 

derivative so that everyone can be written in the form of 

i H
t
 


=


.                                                (2.24) 

Microscopic particles with PKE can, by means of interactions between them, 

compose macroscopic PKE bodies which observe classical mechanics. In [45], the 

author obtained Newtonian mechanics and relativistic mechanics from Schrödinger 

equation and PKE decoupled KGE under macroscopic approximation.  

Naturally, microscopic NKE particles can also, by means of interactions between 

them, compose macroscopic bodies. In [45], the author obtained the equations of 

motion for NKE bodies from NKE Schrodinger equation and PKE decoupled NGE 

under macroscopic approximation. They are called respectively Newtonian mechanics 

and relativistic mechanics for NKE bodies, as listed in Table 3 here. In that work, the 

macroscopic approximation was taken. After that, I was aware that the forms of 

decoupled KGEs (21) and (22) above can be stand for microscopic particles. 
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Our universe is of good symmetry with respect to PKE and NKE matters. Tables 2 

and 3 show that symmetry of fundamental equations of motion. The author’s opinion is 

that Schrödinger equation, PKE decoupled KGE and the PKE solutions of Dirac 

equation describe the motion of PKE matter we have studied so far. While NKE 

Schrödinger equation, NKE decoupled KGE and the NKE solutions of Dirac equation 

describe the motion of dark matter which is of NKE. Personally, NKE matter is a 

synonym of dark matter. In a previous work [44], the fundamental formalism of the 

statistical mechanics and thermodynamics for NKE systems was given. In the field of 

statistical mechanics and thermodynamics, there is also good symmetry with respect to 

PKE and NKE systems. 

In next section, we are going to give an example to show the discrepancy between 

the results obtained by nonrelativistic equations in Tables 1 and 2. 

 

Table 3. Laws of motion for PKE and NKE matters. RM refers to relativistic motion. 

 

Matter 
Laws of 

motion 
 PKE matter NKE matter 

Macro- 

scopic 

body 

Classical 

mechanics 

Nonrelativistic 

motion 

Newtonian 

mechanics for 

PKE bodies 

Newtonian 

mechanics for 

NKE bodies 

RM 

Relativistic 

mechanics for 

PKE bodies 

Relativistic 

mechanics for 

NKE bodies 

Micro- 

scopic 

particle 

Quantum 

mechanics 

Nonrelativistic 

motion 

Schrödinger 

equation 

NKE 

Schrödinger 

equation 

RM 

Spin-0 

particles 

Salpeter 

equation 

NKE 

decoupled 

KGE 

Spin-1/2 

particles 
Dirac equation 

 

 

3. Re-calculation of reflection coefficient of a particle by a one-dimensional step 

potential 

 

3.1 An infinitely wide potential 

 

The potential is 

0

0,  0
( )

,  0

x
V x

V x


= 


.                                               (3.1) 

Please see Fig. 1(a). A particle with energy E and momentum of q is incident from the 

left and moves rightwards. Let us calculate the reflection coefficient. 
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Fig. 1. One-dimensional potential barrier with height V0. (a) Infinitely wide. (b) Finitely 

wide with width a. 

 

 

At first, we retrospect what was done in usual QM textbooks. Actually, Schrödinger 

equation in Table 1 was used. 

In region I, x < 0, the particle’s energy and its wave function are respectively 

2 / 2E q m=                                                     (3.2) 

and 

i / i /

I e eqx qxB −= + .                                             (3.3) 

The two terms in (3.3) are respectively incident and reflective waves, with B being 

reflection amplitude. In region II, x > 0, its energy and wave function are believed to be 

2

0/ 2E p m V= +                                                 (3.4) 

and 

i /

II e pxF = ,                                                   (3.5) 

with F being transmission amplitude. At the boundary 0x = , the wave function should 

be continuous and smooth. These conditions lead to 

1 B F+ =                                                     (3.6a) 

and 

(1 )q B pF− = .                                                (3.6b) 

0 I II 

V0 

x 

V(x) (a) 

a 0 II I III 

V0 

x 

V(x) (b) 
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From Eqs. (3.6) the reflection amplitude is obtained: 

q p
B

q p

−
=

+
.                                                    (3.7) 

When 
0E V , p is real and reflection coefficient is 

2 20

0 0

| | ( )
2 2 ( )

V
R B

E V E E V
= =

− + −
.                               (3.8) 

Numerical results are depicted by the dashed line in Fig. 2(a). 

As 
0E V , it seemed from (3.4) that 

ip =                                                        (3.9) 

was an imaginary number, and hence the reflection coefficient calculated was 

1R = ,                                                       (3.10) 

i. e., the particle totally reflected. This was because in the region x > 0 the wave function 

was thought decaying exponentially. This conclusion seemed plausible, but was not 

correct. 

0.0

0.2

0.4

0.6

0.8

1.0

R

 V
0
 < E

 V
0
 > E

(a)

0 1 2 3 4 5
0.0

0.2

0.4

0.6

0.8

1.0

(b)

R

V
0
/E

 

Fig. 2. Reflection coefficient 
2| |R B= . (a) The potential barrier is Fig. 1(a). Dashed 

line is calculated by Eq. (3.8) and solid line Eq. (3.14). (b) The potential barrier is Fig. 

1(b), and cot( / ) 1/ 2pa =  is taken. Dashed line is calculated by Eq. (3.26) and solid 
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line Eq. (3.32).  

 

As a matter of fact, Table 2 tells us that in the case of 
0E V , NKE Schrödinger 

equation (2.15) should be employed, so that Eq. (3.4) should be replaced by (2.11). 

Hence in region II, 0x  , the equation should be 

2 2

II 0 II II2

d

2 d
V E

m x
  + = .                                      (3.11) 

The wave function is 

i /

II e pxF = .                                                 (3.12) 

It is a plane wave with the same form as (3.5). Correspondingly, the energy-momentum 

relation of the particle is 

2

0/ 2E p m V= − + .                                            (3.13) 

Thus, p is real and Eq. (3.9) is incorrect. Please compare Eqs. (3.4) and (3.13). They 

are manifestation of Eqs. (2.2) and (2.11). In Eq. (3.13), 
2

0 / 2E V p m− = −   is the 

kinetic energy (NKE). Energy is always kinetic energy plus potential energy, no matter 

whether the kinetic energy is positive or negative. Please also notice that the 

discrepancy of (3.5) and (3.12) is that in the latter the momentum is real. 

In region x < 0, Eqs. (3.2) and (3.3) remain valid. 

We have now simultaneous equations (3.3) and (3.12) plus energy-momentum 

relations (3.2) and (3.13). The boundary conditions have exactly the same forms of (3.6).  

The resultant reflection coefficient is 

2 20

0 0

2
| | ( )

2 ( )

V E
R B

V E V E

−
= =

+ −
.                                  (3.14) 

Numerical results are plotted in Fig. 2(a) by solid line. The discussion of the curves in 

Fig. 2(a) is in the next subsection. 

 

 

3.2 A finitely wide potential 

 

The potential is of the form of Fig. 1(b). 

0

0,      0

( ) ,  0

0,     

x

V x V x a

x a




=  
 

.                                          (3.15) 

A particle with energy E and momentum q is incident from − and moves rightwards. 

We first recall what has been down in QM textbooks. 

In regions I and III, the wave functions are respectively written in the following 

forms. 
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i / i /

I e eqx qxB −= + , x < 0.                                       (3.16) 

i /

III e qxG = , x > a.                                            (3.17) 

The energy-momentum relation is 

2 / 2E q m= .                                                  (3.18) 

In region II, one has to distinguish the cases of 
0V E  and 

0V E . 

1. 
0V E  

In region II, the wave function can be written as 

i / i /

II 1 2e epx pxF F −= + , 0 < x < a.                                 (3.19) 

The energy-momentum relation is 

2

0/ 2E p m V= + .                                              (3.20) 

The simultaneous three functions (3.16), (3.17) and (3.19) should meet the conditions 

that at boundaries x = 0 and x = a the wave function and its derivative are continuous. 

Then, the following four equations are obtained. 

1 21 B F F+ = + .                                               (3.21) 

i / i / i /

1 2e e epa pa qaF F G−+ = .                                     (3.22) 

1 2(1 ) ( )q B p F F− = − .                                         (3.23) 

i / i / i /

1 2( e e ) epa pa qap F F qG−− = .                                 (3.24) 

From these four equations and with the help of Eqs. (3.18) and (3.20), the reflection 

amplitude is solved. 

0

0 02 2i ( ) cot( / )

V
B

E V E E V pa
=

− + −
.                           (3.25) 

The reflection coefficient 2| |R B=  is 

2

0

2 2

0 0(2 ) 4 ( )cot ( / )

V
R

E V E E V pa
=

− + −
.                           (3.26) 

Numerical results are potted by dashed line in Fig. 2(b).  

From Eq. (3.26), it is seen that as the barrier height is fixed, R oscillates with the 

barrier width a. 

As / πpa n= , R = 0.                                          (3.27) 

This is resonant transmission. In this case, from Eqs. (3.21)-(3.24) the coefficients are 
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solved:  

1 2

1 1
0, 1, (1 ), (1 )

2 2

q q
B G F F

p p
= = = + = − .                          (3.28) 

The reflection maxima are as follows. 

As 
1

/ ( )π
2

pa n= + , 

2

0

2

0(2 )

V
R

E V
=

−
.                            (3.29) 

2. 
0V E  

In this case, according to QM textbooks, the energy-momentum relation is still Eq. 

(3.20), from which the momentum has to be an imaginary number, p=ik. By the 

boundary conditions at x = 0 and x = a, the reflection coefficient is solved to be 

2

0

2 2

0 0(2 ) 4 ( )coth ( / )

V
R

E V E V E ka
=

− + −
.                          (3.30) 

As a→ , 1R→ . This is the conclusion in QM textbooks. 

However, in the viewpoint of present work, in region II, the energy-momentum 

relation should be  

2

0/ 2E p m V= − +                                               (3.31) 

and the wave function is still of the form of Eq. (3.20). Therefore, in this case, we have 

wave functions Eqs. (3.16), (3.17) and (3.19) available, but the energy-momentum 

relationships should be Eqs. (3.18) and (3.30). By the boundary conditions at x = 0 and 

x = a, the reflection coefficient is solved to be 

2

0

2 2

0 0

(2 )

4 ( )cot ( / )

E V
R

V E V E pa

−
=

+ −
.                                 (3.32) 

Numerical results are plotted by solid line in Fig. 2(b). The discussion of curves on Fig. 

2(b) is in the next subsection. 

Under fixed barrier height, the reflection coefficient oscillates with the barrier width, 

which is the same behavior as (3.26). The condition of resonant transmission is also 

(3.27) and under the conditions the coefficients are the same as (3.28) 

As 
1

/ ( )π
2

pa n= + , 
2

0

2
(1 )

E
R

V
= − .                              (3.33) 

This is the reflection maximum. 

 

 

3.3 Discussions 

 

It is seen from the two panels of Fig. 2 that the reflection coefficient curves are 

qualitatively the same, and they have following common features.  

As 
0 0V = , there is no barrier so that R = 0. As 

0V  increases starting from zero to 
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E, reflection coefficient R rises from 0 to 1. At 
0V E= , p = 0. That is to say, the particle 

cannot move in the barrier, so that it reflects totally. 

In the range 
00 2V E   , there is a symmetry: the exchange 

0 0V E E V−  −  

makes Eq. (3.14) become (3.8) and vice versa, and makes Eq. (3.26) become (3.31) and 

vice versa. This is reflected in Fig. 2 that within 
00 / 2V E   , the curves are 

symmetric with respect to 
0 / 1V E = . As 

0 2V E= , it is easily derived from (3.2) and 

(3.13), as well as from (3.18) and (3.20), that p q= . That is to say, the value of the 

momentum of the particle does not alter when it goes through the potential wall, as if 

there is no force acting on it. This situation is equivalent to that it is not scattered, and 

is similar to the case of “complete impedance matching” in electromagnetic materials. 

Therefore, the transmission coefficient is 1. 

As 
0 2V E , R again rises with 

0V  monotonically. As 
0V → , 1R→ . Facing 

the infinitely high barrier, the particle has to reflect totally. 

In a previous paper [42], we have solved the same potential problems for relativistic 

particles by means of the equations listed in Table 2 here. Now we compare the curves 

there with those in Figs. 2 here. The qualitative behaviors are the same. There is always 

a transmission alley at 
0 2V E=  . For a finitely wide potential barrier, the resonant 

transmission conditions are also (3.27). 

In all cases as 
0 2V E , R rises from zero monotonically. For a Dirac particle, when 

0V →  , roughly speaking, 
2 4 2/ 1R m c E→   . That is to say, even facing an 

infinitely high potential, there is still some probability for the particle to transmit, and 

the greater the particle’s energy or the less its static mass, the greater the transmission 

probability, which might provide an insight why neutrinos could transmit through 

almost everywhere [42]. 

The discrepancies between relativistic and nonrelativistic particles when E < V are 

that the energy of the former has a gap while that of the latter have not. 

For a relativistic particle, when the energy-momentum relationship meets 

2 2 2 2 4( ) 0c p E V m c= − +  , there is an energy gap in the range 
2 2[ , ]mc V mc V− + +  

with a width 
22mc . Within this gap, the momentum p is an imaginary number. Suppose 

that the height of the step potential barrier is within 
2 2mc E V mc E− +   +  . The 

wave functions in the barrier are of exponential forms. For an infinitely wide potential, 

the reflection coefficient curves within this range is 1, called reflection platform; for a 
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finitely wide potential, the curve in this range is less than 1 [42]. 

For a nonrelativistic particle, the energy has no gap, see Eqs. (3.4), (3.13), (3.20) 

and (3.30). There is no possibility for the momentum p to be imaginary. The curves 

within 
2 2

0mc E V mc E− +   +   for a relativistic particle contract to a point at 

0V E=  in Figs. 2(a) and 2(b). 

The usual treatment of tunneling problem in QM textbooks gives (3.29) that is not 

correct, since NKE Schrödinger equation is not touched. Nevertheless, no one has 

noticed that because no superficial contradiction appeared. As for relativistic motion, 

neglecting the negative energy solution caused the reflection coefficient larger than 1, 

so that Klein’s paradox emerged. 

Here, we emphasize that in the regions E < V the equation, i. e., Schrödinger 

equation, is not generated out of nothing but derived from Dirac equation rigorously by 

means of transformation (2.14).  

 

 

4. Conclusions 

 

The unmodified fundamental equations of quantum mechanics (QM) are Dirac 

equation, Klein-Gordon equation (KGE) and Schrödinger equation. The fundamental 

equations are modified as follows. Dirac equation for spin-1/2 particles remains 

unchanged, which has positive kinetic energy (PKE) and negative kinetic energy (NKE) 

branches. A relativistic particle with spin-0 observes PKE (NKE) decoupled KGE for 

E > V (E < V). A nonrelativistic particle observes Schrödinger equation (NKE 

Schrödinger equation) for E > V (E < V). 

These equations uniformly have first time derivative. The forms of the equations 

embody the symmetry with respect to PKE and NKE. In this way, the NKE and PKE 

branches are treated on an equal footing. The modified equations remedy the logical 

inconsistency of the unmodified equations. 

The reflection coefficient of a nonrelativistic particle encountering a one-

dimensional step potential with either infinite or finite width is calculated by means of 

Schrödinger equation and NKE Schrödinger equation. The results are physically 

reasonable, and have similar behavior with those of a relativistic particle. 
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