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Abstract: This paper extends the concept of weighted graphs to matrix weighted graphs. The1

consensus algorithms dictate that all agents reach consensus when the weighted graph is connected.2

However, it is not always the case for matrix weighted graphs. The conditions leading to different3

types of consensus have been extensively analysed based on the properties of matrix-weighted4

Laplacians and graph theoretic methods. However, in practice, there is concern on how to pick5

matrix-weights to achieve some desired consensus, or how the change of elements in matrix6

weights affects the consensus algorithm. By selecting the elements in the matrix weights, different7

clusters may be possible. In this paper, we map the roles of the elements of the matrix weights in8

the systems consensus algorithm. We explore the choice of matrix weights to achieve different9

types of consensus and clustering. Our results are demonstrated on a network of three agents10

where each agent has three states.11

Keywords: matrix-weighted graphs; multi-agent systems; clustered consensus; global consensus12

1. Introduction13

Multi-agent systems (MASs) consists of multiple autonomous agents[1], which can14

be used to solve problems that are difficult or impossible for an individual agent or15

a monolithic system. Communication and interaction between individual agents are16

fundamental characteristics of MASs, which allow agents to achieve a global objective17

despite of having access to only local neighbourhood information [2], or edge informa-18

tion [3,4]. Having multiple agents could speed up a system’s operation by providing19

a method for parallel computation, offering advantages in terms of extensibility and20

flexibility compared to single agent systems [5]. Applications of MASs can be found in21

cloud computing and social networks [6].22

Consensus is one of the fundamental problems in multi-agent coordination, where23

agents interact with their neighbors according to a local protocol to ensure that a common24

value in terms of the state components, is agreed upon globally, by all the agents. This25

sweeping form of consensus is generally referred to as a global consensus. A clustered26

consensus is also possible, where some agents agree on some values, different on the27

consensus value of some other agents [7]. MAS is widely studied using the graph theory,28

in which the vertices and edges represent agents and the inter-agent links, respectively.29

Conventionally, the inter-agent links have been modelled by scalar weights [8,9]. The30

consensus algorithm is widely applied in the agent level [10–12]. Matrix-weights can be31

used to capture the complexity in the state level for MASs. Particularly, the consensus of32

all agents in corresponding states may be affected by other states. There are a number of33

works in the literature that extend the conventional scalar weighted graph to the matrix34

weighted graph for the consensus problem. One of such is [13,14] where the conditions35

for achieving consensus in matrix-weighted Discrete and continuous-time consensus36

algorithms are presented using the properties of the graph Laplacian. In [14], discrete-37

time matrix-weighted consensus is studied over undirected and connected graphs38
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considering symmetric matrix weights and a special case of non-symmetric matrix-39

weights that can achieve consensus control. Lyapunov stability theory for discrete-time40

systems is also employed to show the system’s convergence to consensus. In the same41

way, in [13], matrix-weighted consensus algorithm is studied with fixed undirected42

graphs and a necessary and sufficient condition for exponentially reaching a global43

average consensus and clustered consensus is presented based on the null-space of the44

matrix-weighted Laplacian. In particular, a global average consensus can be achieved if45

and only if the nullspace of the matrix-weighted Laplacian is spanned by the consensus46

space. Furthermore, an iterative algorithm to determine clusters in the network is47

provided, based on the concept of positive trees, which is determined using the positive48

definiteness of the matrix weights along a path. Two clusters are merged together if49

they satisfy some algebraic conditions on their connections. This merging is carried on50

iteratively, gradually reducing the number of clusters in the graph until no two clusters51

can be further merged.52

When the agent-to-agent link is weighted by positive semi-definite (PSD) matrices,53

it can be difficult to tell what form of consensus will be present. Clustered consensus can54

happen even when the graph is connected in the agent level, due to the existence of PSD55

matrix weights. In a case, when all the elements of each of the matrix-weights are set56

to one, for a complete graph on five vertices, there will be no form of consensus for the57

agents in any of the states.58

In this paper, we study how the choice of matrix weights for the inter-agent links59

affect the presence of clusters in a matrix-weighted graph. A linear algebraic approach is60

used in [15,16] to examine the properties of the Laplacian matrix and the necessary and61

sufficient conditions are given for the existence of consensus. We adopt a matrix-element-62

mapping approach to study how the matrix-weights alter the consensus dynamics. Our63

approach contrast the matrix-based approach to the conventional scalar weighted graphs64

which helps view the network of each state, and offers hints on the choice of the matrix65

weights.66

2. Problem Formulation67

2.1. Agent Dynamics68

The dynamics of agent vi, i = 1, . . . , n are modeled by a single integrator given by69

ẋi(t) = ui(t), (1)

where xi(t) ∈ Rm and ui(t) ∈ Rm denote the states and the inputs of agent vi, re-70

spectively, i = 1, . . . , n. Let us define x[k]i as the kth entry of the column vector xi for71

i = 1, . . . , n and k = 1, . . . , m.72

2.2. Graph Theory73

The communication topology of the n agents is modeled by an n-partite graph74

G(V , E ,W) [17]. The vertex set V is partitioned into n classes V = {v1, . . . , vn}, where75

each class represents an agent. Every partition class contains exactly m vertices, which76

represent the m-dimensional state of an agent. Every edge in E ⊆ V × V has its ends77

in different classes: vertices in the same partition class are not adjacent. We assume78

that every two vertices from different partition classes are adjacent. Therefore, the79

communication topology is modeled by a complete n-partite graph; we abbreviate this to80

Kn
m. The matrix weight81

W = {Wij|i = 1, . . . , n, j = 1, . . . , n}

models the connections between every two different classes, where Wij � 0 ∈ Rm×m

shows the connections of the vertices between classes vi and vj. We use v[l]j v[k]i to
represent an edge from the lth vertex in class vj to the kth vertex in class vi, which

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 23 August 2021                   doi:10.20944/preprints202108.0455.v1

https://doi.org/10.20944/preprints202108.0455.v1


Version August 20, 2021 submitted to Network 3

means that x[k]i of agent i is affected by x[l]j of agent j. The strength of this connection is

characterized by [Wij]kl = wij
kl > 0, the (k, l) entry of Wij. If wij

kl = 0, x[l]j of agent j has

no influence on x[k]i of agent i. If there is at least one entry in Wij in which wij
kl > 0, we

say agent vj is a neighbor of agent vi and vjvi ∈ E . The set of neighbors of agent vi is
defined as Ni , {vj ∈ V : vjvi ∈ E}. An induced subgraph G [k] of G with the vertex set

V [k] =
{

v[k]1 , . . . , v[k]n

}
is called the k-state graph. A path in G [k] is given by a sequence of distinct vertices82

in V [k] connected by an edge in E . If the induced subgraph G [k] contains a spanning83

arborescence, then we say the k-state graph is connected.84

The degree or valency of a given vertex d(vi) ∈ Rm×m is defined as85

d(vi) , ∑vj∈Ni
Wij

that is, the sum of weights on the link from each neighbouring node for all states of86

agent vi.87

We can define the nm× nm degree matrix of G88

∆W (G) = blkdiag{d(vi), i = 1, . . . , N}, (2)

as the block diagonal matrix of the degrees of all agents in G. The nm× nm adjacency89

matrix AW (G) can be defined as a block matrix, where the (i, j) block is an m-by-m90

matrix with91

[AW ]ij =

{
Wij if vjvi ∈ E
0 otherwise.

(3)

The weighted Laplacian matrix of the graph, LW (G) ∈ Rnm×nm is given by92

LW = ∆W − AW . (4)

The Laplacian matrix of the induced subgraph G [k] is denoted by L[k]W .93

Remark 1. For the special case when m = 1, the weight Wij for each edge in E is a scalar94

wij ∈ R≥0.95

Remark 2. For the special case when m > 1 and

Wij = wij Im

with Im ∈ Rm×m being the identity matrix, ∆W(G), the nm× nm degree matrix of G, is the96

diagonal matrix of the degree of all the vertices in G given by97

∆W(G) = ∆w ⊗ Im (5)

where

∆w = diag
{

∑vj∈Ni
wij, i = 1, . . . , n

}
,

and the nm× nm adjacency matrix AW(G) is defined as98

AW(G) = Aw ⊗ Im (6)

where99
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[Aw]ij =

{
wij if vjvi ∈ E
0 otherwise

(7)

The matrix-weighted Laplacian of the graph, LW(G) ∈ Rnm×nm is given by100

LW(G) = ∆W − AW = Lw ⊗ Im, (8)

where Lw = ∆w − Aw.101

2.3. Cluster Consensus102

Consensus and clustering is defined based on the similarity of the agents state103

values. Clustering configuration across the sates is also defined.104

Definition 1. If the states x[k]i and x[k]j satisfy the condition

lim
t→∞

∥∥∥x[k]i (t)− x[k]j (t)
∥∥∥ = 0,

then we say they belong to the same cluster. All k-clusters Ck = {Ck
1 , . . . , Ck

p(k)} form a partition105

of the kth entry of all states, where p(k) is the number of clusters of the kth entry of all states. All106

agents are said to reach k-cluster consensus (KCC).107

It is easy to verify that all k-clusters satisfy the conditions

p(k)⋃
i=1

Ck
i =

{
x[k]1 , . . . , x[k]n

}
and

Ck
p
⋂
Ck

q = ∅

for any Ck
p ∈ Ck, Ck

q ∈ Ck, and Ck
p 6= Ck

q .108

Definition 2. If p(k) = 1 for some k ∈ {1, . . . , m} then we say the kth entry of all states reach109

k-global consensus (KGC). When p(k) = 1 for all k = 1, . . . , m, then we say all states reach a110

global consensus (GC).111

Note that for different entries i and j of all states, the i-clusters C i and the j-clusters112

C j may not be the same, that is,113

C i 6= C j

for some i, j ∈ {1, . . . , m}. In other words, the k-cluster consensus may not be uniform114

across all entries of all states. However, when the clusters are uniform for all entries of115

all states, we have the following definition.116

Definition 3. If the clusters of all entries satisfying117

C i = C j

for all i 6= j, i = 1, . . . , m, and j = 1, . . . , m, then we say all states reach a global cluster118

consensus (GCC).119
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2.4. Objectives120

Our main aim in this paper is to examine how the elements of the matrix-weights121

W could be chosen, so as to achieve the desired consensus (KCC, GCC, KGC, GC).122

3. Results123

3.1. Consensus Control Design124

The consensus control protocol for the n agents is given by125

ui(t) = ∑
vj∈Ni

Wij(xj(t)− xi(t)). (9)

where Wij ∈ Rm×m is the weight matrix and [Wij]kl = wij
kl for k = 1, . . . , m, and l =126

1, . . . , m. This control law can be written in a compact matrix form as127

u(t) = −LW (G)x(t), (10)

where128

u(t) =
[
u1 · · · ui · · · un

]T , ui =
[
u[1]

i · · · u[m]
i

]T

x(t) =
[
x1 · · · xj · · · xn

]T , xj =
[

x[1]j · · · x[m]
j

]T

Remark 3. For the case when m = 1, the consensus control law becomes:

ui(t) = ∑
vj∈Ni

wij(xj(t)− xi(t)),

and it can be written in a compact matrix form as:

u(t) = −Lw(G)x(t).

Remark 4. For the case when m > 1 and

Wij = wij Im,

the consensus control law becomes:

ui(t) = ∑
vj∈Ni

wij Im(xj(t)− xi(t)),

and it can be written in a compact matrix form as:

u(t) = −LW(G)x(t) = −(Lw(G)⊗ Im)x(t).

In order to observe the evolution of x[k]i , we need to study the dynamics of x[k]i ,129

which obeys130

ẋ[k]i = u[k]
i (t).

Here131
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u[k]
i (t) = ∑

vj∈Ni

m

∑
l=1

wij
kl(x[l]j (t)− x[l]i (t))

= ∑
vj∈Ni

wij
kk(x[k]j (t)− x[k]i (t)) + ∑

vj∈Ni

m

∑
l=1,l 6=k

wij
kl(x[l]j (t)− x[l]i (t)), (11)

is the kth entry of the control input of agent vi defined in (9). The coefficient wij
kl is the132

element on the kth row and the lth column of the matrix weight Wij. When k 6= l, wij
kl133

is an off-diagonal element on the kth row of the matrix weight Wij, and it qualifies the134

effect of the lth states of the neighbors of agent i on its kth state. When k = l, wij
kk is a135

diagonal element of the matrix weight Wij, and it qualifies the effect the kth states of the136

neighbors of agent vi on its kth state.137

3.2. Non-diagonal Matrix-Weights138

When the matrix weight Wij is a non-diagonal matrix, we examine two possible139

scenarios.140

3.2.1. Control law depends on other states in the same cluster141

If for any j and any l 6= k, the pair (x[l]j , x[l]i ) belongs to the same cluster, then the142

control law in (11) approaches143

u[k]
i (t)→ ∑

vj∈Ni

wij
kk(x[k]j (t)− x[k]i (t)) (12)

as t→ ∞.144

Theorem 1. Assume that (12) holds for all i = 1, . . . , n.145

1. If the k-state graph is connected, the kth states of all agents reach k-global consensus (KGC).146

2. If the k-state graph is not connected, the kth states of all agents reach k-cluster consensus147

(KCC). Moreover, the number of clusters of the states is determined by the number of148

clusters of the k-state graph.149

3.2.2. Control law depends on other states in different clusters150

In this case, the evolution of all states follows151

ẋ(t) = u(t)

where u(t) is given in (10). By solving the above differential equation, we have

x(t) = e−tLW x(0). (13)

The choice of the weight matrixW will affect the rate of convergence of the con-152

sensus algorithm of the states of all agents. Since the Laplacian matrix LW is positive153

semi-definite, all states will converge to a constant value eventually.154

Theorem 2. Assume that a state k depends on some of agent of state l in y different clusters,155

and that the k state is not dependent on any other state. The following will hold:156

1. There will at least be y clusters for the corresponding agent states in the graph causing a157

k-cluster consensus (KCC).158
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2. If any agent state, x[k]j that satisfies ((12) is connected to only one other node, x[k]i that159

depends on some agent from state l, then x[k]j , x[k]i ∈ C
k
p.160

3. If any agent state, x[k]j that satisfies ((12) is connected to more than one node that depends161

on some agent from state l, then x[k]j will be in a different cluster.162

3.3. Diagonal Matrix Weights163

The absence of off-diagonal elements in the matrix-weights Wij guarantees that

there is no cross-entry state dependence, that is, wij
kl = 0 when k 6= l. The control law

reduces to:
u[k]

i (t) = ∑
vj∈Ni

wij
kk(x[k]j (t)− x[k]i (t)).

Here we discuss two different cases based on positive definite or positive semi-definite164

of matrices Wij.165

3.3.1. Positive Definite Matrix Weights166

When diagonal positive definite (PD) matrices constitute the matrix-weights in the167

weight setW = {Wij : vjvi ∈ E}, it implies that wij
kk 6= 0 for all k = 1, . . . , m, and for all168

vjvi ∈ E .169

Define
x[k] =

[
x[k]1 . . . x[k]n

]T

as the vector containing the k-state of all agents. Its dynamics follow170

ẋ[k](t) = −L[k]W x[k](t) (14)

The solution of the above differential equation is given by

x[k](t) = e−tL[k]W x[k](0). (15)

The choice of wij
kk will affect the rate of convergence of the consensus algorithm of the171

k-state of all agents.172

Consider the case when the matrix weights are scalars multiplying of the identity
matrix. We know that for any square matrices An ∈ Rn×n with λ1, ..., λn, and Bm ∈ Rm×m

with µ1, ..., µm that the eigenvalues of An ⊗ Bm are λiµj, i = 1, . . . , n, j = 1, . . . , m [18].
Hence, the eigenvalues of LW = Lw(G)⊗ Im are the eigenvalues of Lw(G) repeated m
times, and L[k]W = Lw for all k = 1, . . . , m. Then (15) becomes

x[k](t) = e−Lwtx[k](0),

which implies GC.173

Theorem 3. Assume that all the matrix-weights are diagonal PD matrices.174

1. If the k-state graph is connected, there will be a global consensus (GC) across the m states of175

all agents.176

2. If the k-state graph is not connected, there will be a global cluster consensus (GCC) across177

the m states such that C i = C j for all i 6= j, i = 1, . . . , m, and j = 1, . . . , m. Moreover, the178

number of clusters of the states is determined by the number of clusters of the k-state graph.179

3.3.2. Positive Semi-definite Matrix Weights180

When diagonal positive semi-definite (PSD) matrices constitute the matrix-weights181

in the weight setW = {Wij : vjvi ∈ E}, it implies that for any Wij 6= 0, there exist k and182
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l such that wij
kk = 0 and wij

ll 6= 0. In this case, the edge v[k]j v[k]i does not exist for the kth183

states between agent vi and agent vj, which leads to Ck 6= C l in general.184

Theorem 4. Assume that the matrix weights are diagonal PSD matrices, then for any state k,185

the following holds.186

1. If the k-state graph is connected, there will be k-global consensus (KGC).187

2. If the k-state graph is not connected, then there is a k-cluster consensus (KCC). Moreover,188

the number of clusters of the states is determined by the number of clusters of the k-state189

graph.190

Hence, by the choice of the diagonal entries of the matrix-weights as zero or non-191

zero, the graph structure of the states can be made different for different states.192

4. Simulations193

To demonstrate the effects of the matrix weights on the consensus algorithm, we194

choose a network of three agents, where each agent has three states. The initial conditions195

are given by196

x1(0) = [4 25 30]T , x2(0) = [13 2 12]T , x3(0) = [21 18 10]T .

4.1. Non-diagonal Matrix-Weights197

4.1.1. Control law dependent on other state values in the same cluster198

v[1]1 v[2]1 v[3]1

v[3]2

v[2]2

v[1]2

v[3]3

v[2]3

v[1]3

9.3

0.6

0.8

w23
21 = 5 w32

12 = 5

w23
22 = 2.1

1.1

w32
31 = 2.0

w32
13 = 2.0

6.3

Figure 1. Graph topology with non-diagonal matrix weights: 1GC, 2CC and 3CC

For the graph topology shown in Figure 1, the state trajectory is presented in Figure199

2. It can be seen from Figure 1 that the 2-state graph is connected, and is not dependent on200

any other state. Therefore, there is a 2-global consensus (2GC): C2
1 = {x[2]1 , x[2]2 , x[2]3 }. The201

1-state graph is connected but is dependent on agent states from cluster C2
1 . According202

to Theorem 1, there is a 1-global consensus (1GC) since all 2-states belong to the same203

cluster. For 3-state, the 3-state graph is disconnected and is dependent on 2-state values204

from the cluster C2
1 . Therefore, {x[3]1 , x[3]3 } ∈ C3

1 form a first cluster and {x[3]2 } ∈ C3
2 forms205

another cluster based on Theorem 1. Hence, there is a 3-cluster consensus (3CC).206

4.1.2. Control law dependent on other state values in different clusters207

The graph topology shown in Figure 3 is obtained from Figure 1 by setting w32
22 = 0,208

and w32
33 = 3. The state trajectory is presented in Figure 4. It can be seen from Figure209

3, the 2-state graph is disconnected and do not depend on any other state values. Thus210

for the 2-state, there are now two clusters C2
1 = {x[2]1 , x[2]2 }, and C2

2 = {x[2]3 }. For the211
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Figure 2. State trajectory for non-diagonal matrix weighted graph: 1GC, 2CC and 3CC

v[1]1 v[2]1 v[3]1

v[3]2

v[2]2

v[1]2

v[3]3

v[2]3

v[1]3

9.3

0.6

0.8

w23
21 = 5 w32

12 = 5

w23
33 = 3

1.1

w32
31 = 2.0

w32
13 = 2.0

6.3

Figure 3. State graphs for non-diagonal matrix weights: 1CC, 2CC and 3CC

1-state, though the graph is connected, 1-state global consensus is not guaranteed since212

it depends on agent states from different clusters in C2. There will be at least 2 clusters213

since the control algorithm u[1]
2 = f (c21) and u[1]

3 = f (c31) c21 6= c31 (Theorem 2).214

Moreso, since x[1]1 is linked to agents x[1]2 ∈ C1
1 and x[1]3 ∈ C1

2 , it will be in a different215

cluster: x[1]1 ∈ C1
3 (Theorem 2).216

The same reasoning applies to the 3-state graph. The graph is connected and217

depends on agent states from different clusters in C2. There will be at least 2 clusters218

since the control algorithm u[3]
1 = f (c13) and u[3]

3 = f (c33) c13 6= c33 (Theorem 2). Since219

u[3]
2 satisfies (12) and is connected to only v[3]3 , there are two clusters in C3 (Theorem 2).220

4.2. Diagonal Matrix-Weights221

The consensus algorithm under the graph with all matrix weights set to be scalar222

multiplying the identity matrix is simulated and the state trajectory is plotted in Figure223

5, where the matrix weights are chosen as224
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Figure 4. State trajectory for non-diagonal matrix weighted graph: 1CC, 2CC and 3CC
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Figure 5. State trajectory for diagonal matrix weighted graph: weights multiple of the identity
matrix (GC with similar convergence properties across the states).

W12 = 3I3×3, W32 = 1.9I3×3, W13 = 5I3×3. (16)

The graph structure per state is the same for all states with similar convergence proper-225

ties when the matrix-weights are scalars multiplying the identity matrices. When the226

matrix weights are instead chosen to be general PD diagonal matrices as227
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Figure 6. State trajectory for general diagonal PD matrix weighted graph (GC with different
convergence properties across the states).

W12 = diag{1.3, 4.0, 6.1}, W32 = diag{0.8, 2.1, 3.1}, W13 = diag{8.1, 1.4, 3.1},

the consensus algorithm is simulated and the state trajectory is shown in Figure 5. The228

convergence properties are different from state to state. The choice of wij
kk will affect the229

rate of convergence of the consensus algorithm of the kth state according to (15). In all230

cases, a global consensus (GC) is achieved based on Theorem 3.231

When the matrix weights are diagonal PSD matrices chosen as232

W12 = diag{1.3, 4.0, 0}, W32 = diag{0, 0, 0}, W13 = diag{8.1, 0, 3.1}.

the consensus algorithm is simulated. The state trajectory is shown in Figure 7. Since233

the 1-state graph is connected due to w12
11 6= 0 and w13

11 6= 0, there is a 1-global consensus234

(1GC). For 2-states, there is a 2-cluster consensus (2CC) because w13
22 = w32

22 = 0. There235

are no links between {x[2]1 , x[2]2 } ∈ C2
1 and {x[2]3 } ∈ C2

2 . The same analogy applies for236

the 3-cluster consensus (3CC) in 3-states: {x[3]1 , x[3]3 } ∈ C3
1 and {x[3]2 } ∈ C3

2 because237

w12
33 = w32

33 = 0.238

5. Discussion239

Matrix weights allow for coupling the consensus of a state to agent values in240

another state. This inter-dependencies may get complex if for instance each agent state241

in a system is dependent on every other state. However, when there are no much242

complexities, the nature of the consensus can be determined based on the number of243

connected components of the state graph and the clusters of the agent states linked to it.244

Further work may be needed to extend the results to be able to predict the number of245

clusters when there are complex inter-dependencies among the states in the system.246
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Figure 7. State trajectory for general diagonal PSD matrix weighted graph (KGC and KCC).

6. Conclusions247

In this paper, the role of each element in the matrix-weights of a multi-agent system248

have been studied under two classifications: diagonal and non-diagonal elements.249

Analyses has been carried for determining the number of clusters per state. The results250

have further been demonstrated via simulation of a multi-agent system consisting of251

three agents.252

Author Contributions: ‘Conceptualization, J.0.; methodology, J.O and X.M.; software, J.O. and253

X.M.; validation, X.M. and J.O.; formal analysis, X.M and J.O.; writing—original draft prepa-254

ration, J.O.; writing—review and editing, X.M.; visualization, X.M.; supervision, X.M.; project255

administration, X.M.; All authors have read and agreed to the published version of the manuscript.256

Funding: This research received no external funding.257

Conflicts of Interest: The authors declare no conflict of interest.258

Abbreviations259

The following abbreviations are used in this manuscript:260

261

MAS Multi-agent Systems
PD Positive definite
PSD Positive semi-definite
GC Global consensus
CC Clustered consensus
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