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Abstract: Quantum turbulence is characterized by many degrees of freedom interacting non-linearly
to produce disordered states, both in space and time. The advances in trapping, cooling, and
tuning the interparticle interactions in atomic Bose-Einstein condensates (BECs) make them excellent
candidates for studying quantum turbulence. In this work, we investigate the decaying regime of
quantum turbulence in a trapped BEC. Although much progress has been made in understanding
quantum turbulence, other strategies are needed to overcome some intrinsic difficulties. We present
an alternative way of investigating this phenomenon by defining and computing a characteristic
length scale, which possesses relevant characteristics to study the establishment of the quantum
turbulent regime. One intrinsic difficulty related to these systems is that absorption images of BECs
are projected to a plane, thus eliminating some of the information present in the original momentum
distribution. We overcome this difficulty by exploring the symmetry of the cloud, which allows us
to reconstruct the three-dimensional momentum distributions with the inverse Abel transform. We
present our analysis with both the two- and three-dimensional momentum distributions, discussing
their similarities and differences. We argue that the characteristic length allows us to visualize the
time evolution of the turbulent state intuitively.
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1. Introduction

Turbulence is a process that occurs in many types of fluids and a wide range of
length scales. The field of quantum turbulence (QT) deals with turbulence in quantum
fluids, such as liquid helium and trapped Bose-Einstein condensates (BECs) [1-3]. Its
classical counterpart, classical turbulence, is a process that occurs in fluids spanning the
climatic effects that involve large masses down to capillaries. It is characterized by many
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where J is a positive constant, and its value depends on the mechanism behind the genera-
tion of the turbulent state.

However, there are some intrinsic difficulties in determining the range and exponent of
the power-law. The range of length scales and, consequently, momentum scales available in
trapped BEC experiments is very narrow compared to other systems (superfluid helium, for
example). Additionally, different theoretical models predict close together exponents, and
experiments do not yet have the necessary precision to distinguish between them. Hence,
approaches other than the power-law behavior have been employed to overcome these
issues. Energy and particle fluxes have been used in simulations [9,10] and experiments [11,
12] to overcome some of these difficulties. Since turbulence and disorder are intimately
related, an approach based on the entropy of turbulent BECs has also been successfully
applied [13] as an alternative method to investigate and characterize quantum turbulence.

A typical scale used to study turbulence in liquid helium is the vortex line density. Its
time dependence provides evidence of the mechanism behind the turbulent regime [14]. In
some *He experiments, where visualization techniques are well-developed, the geometry
and interactions of vortices can be directly observed [15]. In trapped BECs, where the
range of length scales available is much smaller, the visualization techniques have not yet
reached the same level of detail.

In this work, we employed a length scale associated with the momentum distribution
n(k) to study the onset of turbulence and the turbulent state. It is inspired by the integral
length scale, which is a quantity commonly used in classical turbulence. If we assume
isotropic flow, then the integral length scale Lg can be written in terms of the incompressible
kinetic energy spectrum E (k) [16-18],

[ dk E(k, t)/k

O ey

@

Casting Eq. (2) in this form also illustrates that it is the length scale that contains most of
the energy of the system.

It is known from numerical simulations that in some cases turbulence is mainly in the
form of waves, and other cases mainly in the form of vortices, depending on the excitation
protocol and boundary conditions of the system. Since moving vortices radiate waves and
strong waves can create vortices, the relative proportion of waves and vortices depends
on the particular experiment. In numerical simulations, one has access to the phase of the
wave function. Thus the circulation can be computed to distinguish vortices from waves.
Moreover, in the simulations, one can formally identify the compressible kinetic energy;,
which comes from waves, and the incompressible kinetic energy related to vortices. Unlike
in the simulations, in the experiments we cannot separate waves and vortices so easily.

However, with current experimental techniques we can measure the momentum
distribution n(k) independently of its origin: waves, vortices or a combination of both.
Hence, with Eq. (2) in mind, we define the following length scale,

X dkn(k ) /k

L) = Jo” dkn(k,t)
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Intuitively, L is associated with the scale where most of the particles reside. In this work,
we investigated the behavior of this quantity, and we showed it is possible to use it to study
a turbulent BEC.

Besides the difficulties mentioned above, there is also an experimental challenge when
studying QT in trapped BECs. The momentum distribution of the cloud is obtained using a
two-dimensional (2D) projection of the three-dimensional (3D) condensate. We employed
the inverse Abel transform, an integral transform that connects the 2D projection of an
axially or spherically symmetric function to its 3D value, to reconstruct the momentum
distribution of the three-dimensional cloud. We showed that the results for the characteristic
length scale are qualitatively the same if calculated using the two-dimensional projection.
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This indicates that it is possible to study some aspects of the turbulent states using the
experimental data directly, without reconstructing the three-dimensional cloud.

This work is structured as follows. First, we provide the experimental details of how
the BECs are produced and excited. Then we present the momentum distributions both in
two and three dimensions. These are used to compute the characteristic length scale and
other quantities related to it. We discuss both the implications of our findings regarding
the length scale and the projection of the cloud. In the Appendix, we provide the Abel
transforms of momentum distributions relevant to our system.

2. Experimental Procedure

The first step is the production of a Bose-Einstein condensate, containing approxi-
mately 4 x 10° 8Rb atoms in the hyperfine state |F, mr) = |2,2), confined in a Quadrupole-
Ioffe configuration (QUIC) magnetic trap of frequencies w, /27 = 130.7(8) Hz and w, /27t =
21.8(2) Hz. Before any excitation is applied, the unperturbed BEC has a condensate fraction
of 70(5)%, the chemical potential at the center of the cloud is yo/kp = 124(5) nK, and the
healing length corresponds to o = 0.15(2) um. Details of the experimental procedure and
other technical remarks can be found in previous works [6,13,19,20].

In Fig. 1(a) we present schematically the protocol we employed to drive the BEC out of
equilibrium. After the condensate is produced, while it is still trapped, an oscillating mag-
netic field is applied. The excitation potential is given by Vexc(r,t) = A[1 — cos (Qt)]x' /Ry,
where R,=42 ym is the in-trap extent of the BEC along the x-axis of the trap. The field is
produced by a pair of anti-Helmholtz coils placed with their axis tilted by a small angle
(approximately 5°) with respect to the axis of the trap. Since the perturbation is not aligned
with the axes of the condensate, the oscillations generate deformations, displacements,
and rotations. Several excitation parameters can be varied, such as the amplitude A, time,
and perturbation frequency. In this work, we perform the parametric excitation of fixed
frequency )/ (27t) = 132.8 Hz, which is close to the radial trapping frequency.
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Figure 1. (a) Schematic representation of the excitation protocol. The experiment begins with the
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production of an unperturbed BEC in the trap. Then, a sinusoidal potential of amplitude A and
period 7 is applied during texc. The system evolves during a time t, after which the trap is released,
and an absorption image is taken after a time-of-flight top. (b) Absorption images for an excitation
amplitude of A = 1.8 g as a function of the holding time.

The excitation amplitude is increased until an amplitude is reached where the momen-
tum distribution corresponds to an out-of-equilibrium state with turbulent characteristics.
The excitation time also varies since there is a compromise between the excitation time and
the amplitude to generate the turbulent state. For instance, larger amplitudes need less
time to reach similar conditions than it would take for smaller amplitudes. The range of
amplitudes and excitation times to obtain a turbulent state was the topic of investigation in
previous works [6,19,20]. The excitation protocol is applied during a time texc = 5T, where
T = 27 /Q). The amplitude A is varied, ranging from 0 (no perturbation) to 2.2p.
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After the excitation is turned off, the atomic cloud is held for a time f inside the trap,
which is varied from 20 to 90 ms, leading to the temporal evolution of the momentum
distribution n(k, t). Then, we turn off the trap potential and measure n(k, t) using absorp-
tion images taken from the ballistic expansion of the cloud after a time of flight (TOF)
of ttop = 30ms. In Fig. 1(b), we show typical absorption images corresponding to an
excitation amplitude of A = 1.8 y for different holding times .

For each excitation amplitude and holding time we perform several realizations of the
experiment, and then average the results. In Fig. 2 we show a typical two-dimensional mo-
mentum distribution obtained from the absorption images. The distance that an atom has
traveled from the center of the cloud is given by r = hitropk/m, where I is Planck’s constant
and m is the atomic mass. Thus, the TOF technique corresponds to a Fourier transform
of the spatial distribution, which yields the momentum distribution, n(r) o n(htyopk/m).
There are known shortcomings of the TOF technique, which do not significantly impact
our momentum distributions. Most investigations concerning the limitations of the TOF
measurements assume that the interaction energy exceeds (or at least is of the same order
as) the kinetic component. However, the turbulent state is kinetically dominated, which
means that the interaction energy plays a small role in the effects of a turbulent cloud [21].
Hence, this technique has been used successfully to obtain the momentum distribution of
turbulent trapped BECs [7,8].
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Figure 2. Momentum distribution 7(ky, k;) obtained from the absorption images of the cloud for an

excitation of amplitude A = 1.8 yp and ¢ = 36.7 ms.

3. Momentum distributions

We performed angular averages on the momentum distributions n(ky, k;, t) obtained

from the absorption images, such that the resulting profiles depend only on k = (k2 + kf)l/ 2,
The two-dimensional momentum distributions n,p (k, t) are normalized according to
Zn/dk k nap(k, £) = 1. )

As discussed above, an experimental challenge when studying momentum distribu-
tions of trapped BECs is that the absorption images correspond to a projection of the cloud.
We overcome this difficulty by considering the symmetry of the trapped BEC in momentum
space. The inverse Abel transform [22] has been successfully used in the literature [7,8] to
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obtain the 3D momentum distribution from its two-dimensional projection. It is an integral
transform given by

dTIZD k/ dk’
1’13D k f */ K’ k’2 = kz. (5)
We normalized the distributions according to
4n/QMk2nﬁxht):1. ©)

The signature of a particle cascade is a power-law, 1(k) o« k—°. Equations (4) and (6),
together with dimensional analysis, suggest that if we observe a power-law both in the
two-dimensional momentum distribution, 1,p (k) « k=%, and in the three-dimensional
one, n3p(k) o k%P, then their exponents differ by one, d3p — dop = 1. To go beyond
simple dimension analysis, in Appendix A we derive this relation analytically for the case
where a power-law is present over all k-range. Although this toy-model is nonphysical,
it sheds light on how we can reconstruct the three-dimensional momentum distribution
based on symmetry arguments.

In our system, the low-momenta region of (k) is dominated by the presence of the
condensate, which corresponds to a Gaussian distribution. We show in Appendix A that the
inverse Abel transform of a Gaussian function is also a Gaussian with the same width. This
symmetry is extremely useful because we can work with the two-dimensional projections
for quantities related to the Gaussian shape without the need for 3D reconstruction. This is
the case of the temperature, which is related to the width of the Gaussian.

All the arguments presented above indicate that the power-law exponents in an ideal
situation would be related through d3p — dop ~ 1. However, the fact that we have the
power-law behavior superimposed with the condensate at the low-momenta region of the
momentum distribution alters this relation. Hence, we need to verify the exponents with
the experimental data.

We performed the experiment employing 6 different excitation amplitudes. Only for
the three highest ones, A=1.8, 2.0, and 2.2 y, we observed the appearance of a power-law.
In Fig. 3 we present the momentum distributions for an excitation amplitude of A=1.8
o (which are qualitatively the same for A=2.0 and 2.2 y(). Around t ~ 35 ms and in the
region 10 um~'< k < 15um~!, we observe the establishment of a power-law behavior
characteristic of a turbulent cloud. We found the exponents d,p = 3.1(1) and d3p = 3.8(2),
which lead to d3p — dpp = 0.7(3). It is interesting to see that even in our finite-sized
non-homogeneous system inside an anisotropic trap we still have d3p — Jyp close to one.

4. The characteristic length scale

We computed the characteristic length scale given by Eq. (3) using the experimental
data available,

5t dk nop (k, t p
Lop(t) = flfD 2ol —2n [ dknop(k, 1),
fk; dk k nZD(kr t) kp
5 dk k nap (k, t k
Lsp(t) = leiD ool = 4”/ " dk knap(k, 1),
fk; dk k2 I’lgD(k, t) kp

@)

where kp ~ 0.05ym~! and k; ~ 30 um~! are the smallest and largest k we can measure,
respectively.

Using the momentum distributions obtained with different excitation amplitudes
and holding times, we can study the time evolution of the BEC, ranging from a slightly
perturbed cloud up to a turbulent state. In Fig. 4 we present our results for the characteristic
length scale computed both with the two-dimensional projection of the cloud and its three-
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Figure 3. Time evolution of the momentum distributions for an excitation amplitude of A=1.8 .
We present the results obtained with both (a) the angular average of the absorption image and (b) the
three-dimensional reconstruction of the cloud using the inverse Abel transform. In both plots, we
include the curve corresponding to the power-law behavior characteristic of the turbulent states as a
guide to the eye.

dimensional reconstruction. Although they differ quantitatively, their qualitative behavior
is remarkably the same.

The L(t) value can be interpreted as the evolution of the length scale where most
of the particles are located. If we think of 1/k as being a weight in Eq. (3), then L(t) is
related to the inverse of the momentum value for which n(k)/k is peaked. Nucleation of
excitations occurs during the excitation, whether in the form of vortices or waves. Then the
interaction of these excitations takes place, leading to different stages of deviation from
equilibrium.

For small excitation amplitudes, A = 0.8 y, the system is only slightly disturbed and
removed from equilibrium, but it does not have enough energy to reach what is considered
a disordered state. In this case, it evolves differently from the others, and the value of L is
approximately constant with time.

For intermediate perturbations, A = 1.4 and 1.6 o, there is a separation between
these results and the smallest amplitude, besides a clear dependence with time. For these
excitation amplitudes, we are in a regime best characterized as the onset of turbulence.
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Figure 4. Time evolution of the characteristic length scale for different excitation amplitudes com-
puted with (a) the two-dimensional projection of the cloud and (b) its three-dimensional reconstruc-

tion using the inverse Abel transform. Although the values computed with two-dimensional profiles
are higher, their qualitative behavior is the same.

The characteristic length scale decreases with time, indicating the particle transfer to
higher-momenta, but slower than the higher excitation amplitudes.

In this work and previous investigations [13], we identified the highest excitation
amplitudes with turbulent clouds, A = 1.8, 2.0, and 2.2 . The value of L(t) at the end of
the processes seems to depend on the amplitude and, more importantly, if we deal with a
moderate perturbation, the onset of turbulence, or a state with turbulent characteristics. It
is interesting to observe that the turbulent states quickly reach lengths comparable to the
healing length (o = 0.15(2) ym), where dissipation processes are expected to occur.
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The behavior of the characteristic length scale can be described by an exponential
decay,
L(t) = Loexp(—t/ty), 8)

where L is the extrapolation of the characteristic length scale to the instant when the
excitation was introduced, and ¢ is its characteristic time.

In Fig. 5 we present the values of Ly and t fitted to the functional form of Eq. (8) for
different excitation amplitudes. We did not include the results for A = 0.8 g since we
obtain a value of ty &~ 750 ms, of the same order as the lifetime of the condensate.
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Figure 5. (a) Extrapolation of the characteristic length scale to the instant when the excitation is
turned on, Ly, and (b) the characteristic time of the particle transfer, t(, as a function of the excitation
amplitude. The results were obtained fitting the data to the functional form of Eq. (8). Although the
analysis employing two- or three-dimensional momentum distributions produces different values of
Lo, both approaches yield the same values for the characteristic time.

Figure 5(a) shows that the length containing most particles of the system is approxi-
mately the same with respect to the excitation amplitudes. However, if we perform the
analysis employing the two- or three-dimensional momentum distributions, we arrive at
different values for Lg. A possible reason for this is that the inverse Abel transform slightly
shifts the n(k) profiles toward higher-momenta, see Fig. 3, which then implies a smaller
value of Lg.

In Fig. 5(b), we present the characteristic time that the particle transfer takes as a
function of the excitation amplitude. It is observed that t; decreases with amplitude, as
expected, since larger amplitudes lead to a faster formation of excitations and, therefore,
speed up the decay. It is possible to see that the results obtained in 2D and 3D are in
remarkable agreement. This opens the possibility of studying dynamical processes in 2D
without the need to reconstruct the three-dimensional cloud, depending on the quantity of
interest.

5. Discussion and final remarks

In this work, we defined and computed a characteristic length scale related to the
momentum distribution of a trapped BEC, which allowed us to identify distinct out-of-
equilibrium stages: a slightly perturbed cloud, the onset of turbulence, and the turbulent
state. This quantity complements the formal analysis of identifying a power-law in the
momentum distribution as a hallmark of turbulence.

We also focused our efforts on calculating this characteristic length scale using both
two- and three-dimensional momentum distributions. The former is obtained straightfor-
wardly from the experimental data, and the latter is reconstructed based on the symmetry
of the cloud. From a technical point of view, it is preferable to work only with the two-
dimensional distributions since no assumptions about the symmetry of the cloud have to
be made. Although the length scales are affected by the inverse Abel transform, which
shifts the momentum distributions to higher momenta, the qualitative behavior calculated
in 2D and 3D is remarkably similar. The excellent agreement in the characteristic time of
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the particle transfer indicates that the two-dimensional analysis may be appropriate to
investigate dynamical aspects of these systems.

One important remark is that isotropy is assumed through Eq. (3) only for the ki-
netically dominated regions in Fourier space. Such an assumption can be made even for
inhomogeneous cigar-shaped clouds. This is because such large-scale inhomogeneities
affect only regions in Fourier space up to the order of k ~ 27/ Ly, where Lpyn is the
smaller linear size of the cigar-shaped cloud. In a previous work [12] we studied the impact
of anisotropy in the energy transfer during the evolution of turbulence in a trapped BEC.
Like the integral length scale, the energy flux can also be computed from the kinetic energy
spectrum. We found that the turbulent state can be identified and characterized in terms
of the energy flux regardless if we employ the whole cloud or just a region close to the
major axis of the expanded cloud. We should note that the axial trapping frequencies of
this work and Ref. [12] are very close, however in this work, we employ a radial trapping
frequency which is ~ 0.7 smaller than the one used in Ref. [12]. Thus the BECs in this work
are much less elongated and closer to a spherical shape than the ones in Ref. [12]. Therefore
the range of validity for Eq. (3) is even larger than in previous works.

In future works, we intend to vary the excitation protocol to investigate the changes
in the characteristic length. Since there is a compromise between the excitation amplitude
and time [6,19,20], it may prove insightful to investigate situations where the same amount
of energy is introduced in the system, but varying the time it takes to be injected from very
slow inputs up to abrupt changes.
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Abbreviations

The following abbreviations are used in this manuscript:

QT Quantum turbulence
BEC Bose-Einstein condensate
TOF  Time-of-flight

Appendix A. The Abel transform

We used the inverse Abel transform to reconstruct a three-dimensional momentum
distribution from its two-dimensional projection in the main text. It is insightful to take the
inverse route to see what is the two-dimensional projection of a known three-dimensional
n3p (k). In this appendix, we considered two relevant cases for our physical system that
possess analytical solutions.

The Abel transform is given by

(AT)
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The first case we considered is a Gaussian normalized according to Eq. (6),
V2 —k2/(20?)
nGap(k) = Nk : (A2)
Using Eq. (A1), the normalized two-dimensional projection is
1
nGap(k) = —e /@), (A3)

o2

Hence, the Abel transform of a Gaussian is a Gaussian of the same width. This is very
convenient in the case of the temperature of the cloud, for example, since it is estimated
through the width of the Gaussian profile of the momentum distribution.

The second case we considered is a power-law with exponent J3p,

1’113;3]3 (k) = AkiéaD, (A4)

with A constant. The standard normalization procedure, Eq. (6), is going to fail because this
momentum distribution is not valid in the entire domain. In reality, the power-law would
be observed over a certain k-range, k; < k < ky with k; # 0. However, this simplified
example will have an interesting result as we will see. The Abel transformation yields

VAT (2nt)

npaop (k) = 57Ak*<53v1> = A’k %m, (A5)
(%)

2

where I is the gamma function, A’ is another constant, and d,p = d3p — 1. The conclusion
is that the bidimensional projection of a power-law with an exponent of J3p in three-
dimensions is also a power-law, but with the exponent increased by one.

Clearly, the momentum distributions we presented in the main text cannot be fully
described by these two simple examples. However, they provide indications of the expected
behavior of the projection procedure.
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