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 Abstract: Coal bed methane (CBM) reservoirs are complex systems whose properties differ from 

those of conventional reservoirs. Coal seams are dual-porosity systems that comprise the porosities 

of the matrix and cleat system. Gas in the coal seams can be stored as free gas in the cleat system 

and as adsorbed gas in the porous medium. The flow mechanisms of the natural gas through the 

formation include desorption, diffusion, and Darcy’s flow regimes. The permeability of CBM reser-

voirs is more sensitive to pressure variations than conventional gas reservoirs. To study the flow 

behavior of CBM reservoirs it is mandatory to use a model that considers their unique characteris-

tics. The objective of this study was to propose a physical and mathematical model of production 

performance for horizontal wells in CBM reservoirs whose permeability is dependent on pressure. 

A solution for the model was obtained by applying Pedrosa´s transformation, perturbation theory, 

Laplace transformation, the point source method, and Sthefest´s algorithm. The solution to this 

problem was validated with previous work thoroughly. The type curves of the model were built 

and the pressure transient behavior of the model was analyzed and discussed. The effects of several 

parameters on pressure behavior were also discussed. 

Keywords: Horizontal well, Coal bed methane reservoir, Apparent permeability modulus, Pseudo-

steady state diffusion, Pressure transient analysis. 

 

1. Introduction 

Coal bed methane (CBM) refers to the natural gas, mainly methane, that is generated 

and stored in coal seams [1, 2]. Minor amounts of carbon dioxide, nitrogen, hydrogen sul-

fide, and sulfur dioxide make up the other components of coal bed gas [3]. CBM is an 

unconventional gas resource that has emerged as an important energy source over the last 

decades and will play an important role in the future of the energy industry due to the 

vast amounts of CBM stored in coal seams [1, 3, 4]. Current estimates of total global CBM 

resources are estimated to be within 113 to 184 Tm3, of which a total of 42 Tm3 are recov-

erable [5, 6]. 

Because of the enormous amounts of CBM resources available to be recovered, the 

oil and gas industry has driven a lot of attention to the CBM reservoirs. However, the 

characteristics of CBM reservoirs differ considerably from those of conventional reser-

voirs [1, 4]. CBM reservoirs are considered to be dual-porosity systems that comprise the 

micropores of the matrix and the cleat system [1, 7]. Gas in the coal seams can be stored 

as free gas in the cleat system and as adsorbed gas in the micropores of the matrix [1, 7]. 

The flow mechanisms of transport of natural gas through the formation include desorp-

tion, diffusion, and Darcy´s flow [1]. For CBM reservoirs the permeability refers to the 

permeability of the cleats, which act as channels for the seepage process of coal beds [8]. 

This petrophysical property of CBM reservoirs is more sensitive to the variation of pres-

sure than gas conventional reservoirs. Also, CBM reservoirs are highly heterogeneous for-

mations whose properties and permeabilities depend on aspects such as geological age, 

coal rank and purity, and sorbed gas content [9]. 
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Due to the characteristics of coal beds, it is necessary to evaluate and determine the 

properties of CBM reservoirs under dynamic conditions [10]. Well testing is a powerful 

tool to characterize gas reservoirs (Nie and Ding 2010), and it is the only effective way to 

evaluate the properties of CBM reservoirs under dynamic conditions [10]. Several authors 

have studied the pressure transient behavior of horizontal wells in CBM reservoirs. King 

and Ertekin [11] developed a numerical simulator capable of modeling the performance 

of vertical fractured or horizontal wells in coal seams. Engler and Rajtar [12] studied the 

pressure transient responses of a horizontal well in a CBM reservoir, comparing the ana-

lytical solution of their model with numerical simulation data. Sarkar and Rajtar [13] de-

veloped an analytical solution to study the pressure response of a horizontal well in a 

CBM reservoir, taking into account the effects of wellbore storage and skin factor. Clark-

son et al. [14] used pressure transient analysis to study the behavior of single-phase and 

multi-phase flow of both hydraulically fractured and horizontal wells in CBM reservoirs. 

Nie et al. [15] used transient analysis to study the flow behavior of a CBM horizontal well 

and how it is affected by boundary conditions. Wei et al. (2017) studied the production 

performance of horizontal wells in composite CBM reservoirs applying transient analysis. 

Jiang et al. [16] applied transient analysis to study the behavior of multi-branched hori-

zontal wells in stress-sensitive two-regions composite CBM reservoirs. As can be seen 

from the above literature, many researchers have studied the production performance of 

horizontal wells in CBM reservoirs, but little is related to coal seams with pressure-sensi-

tive permeabilities. Therefore, the main objective of this article is to study the pressure 

transient behavior of a horizontal well in a CBM reservoir considering permeability 

changes by pressure variations, related to production/injection processes. 

This work is divided into five sections: first, the physical model is presented.  In the 

second section, the mathematical model is developed. The third section shows the solu-

tion of the model developed in the third part. The fourth section presents the results ob-

tained referring to validation and sensitivity analysis of model parameters. Finally, con-

clusions and references are presented. 

2. Physical model 

This section is divided into the production scenario, where assumptions and condi-

tions of the model are proposed and after the flow model is described. 

2.1. Production scenario 

It is considered a cylindrical CBM reservoir that meets the following characteristics: 

1.  The reservoir is a double-porosity system composed of the porosities of the 

matrix and cleat system. 

2.  It is supposed to be laterally infinite. 

3.  It possesses two closed boundaries, one at the top and the other at bottom of 

the formation. 

4.  It has a uniform thickness of ℎ and an initial pressure 𝑃𝑖 . 

5.  A horizontal well is located at the center of the reservoir. The well length is 𝐿 

and it produces at a constant rate (see Figure 1). 

6.  The flux along the horizontal wellbore is supposed to be uniform. This assump-

tion makes it possible to use the point source method. 

7.  The effects of the wellbore storage and skin factor are considered as well as the 

effect of the permeability modulus. 

8.  Isotropic conditions are assumed. 
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Figure 1. Schematic production scenario used for the mathematical model. 

2.2. Flow model 

Three flow regimes are considered during the CBM production process (see Figures 

2 and 3), which are delimitated by the Knudsen coefficient. They are as follows: 

1. The gravity, capillary, and viscous forces are neglected. 

2. Laminar and isothermal flow is considered. 

3. The reservoir is completely saturated with a single phase, and the water in the coal 

has been completely expelled. 

Three flow regimes are considered during the CBM production process (see Figures 

2 and 3). They are as follows: 

• Desorption: where the pressure drop in the cleat system causes the detachment of the 

gas from the matrix grains. This phenomenon is assumed to be described by the 

Langmuir model. 

• Diffusion: here, the gas is scattered by the concentration gradient and/or mechanical 

effects through the matrix into the cleats. A pseudo-steady state diffusion is assumed. 

• Macroscopic flow in the cleat system: the gas into the cleats obeys Darcy’s law and 

flows into the wellbore due to the pressure drop. 

 

Figure 2. Gas storage and transport in coal seams [17]. 
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Figure 3. Flow process of CBM in coal seams [17]. 

3. Theoretical model 

This model is composed of mathematical and dimensionless mathematical models. 

Here are presented important aspects related to the construction of the model. 

3.1. Mathematical model 

According to considerations of the physical model, the flow equation can be derived 

by coupling the mass conservation law, the equation state of real gas, Darcy’s law, and 

the pseudo-steady state diffusion equation 
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The flow equation is highly non-linear. To linearize the gas-flow equation the 

pseudo-pressure approach [17] and the apparent permeability modulus [18] are defined 

respectively as 
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Assuming a constant apparent permeability modulus and integrating Equation 3, the 

following expression can be obtained 

𝑘 = 𝑘𝑖𝑒𝑥𝑝(−𝛾(𝜓𝑖 − 𝜓)) (4) 

Substituting Equations 2, 3, and 4 into Equation 1, the flow equation is expressed as 
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(5) 

The Langmuir adsorption model is used to characterize the desorption of the gas 

from matrix grain [19]: 

𝑉𝐸 =
𝑉𝐿𝜓

𝜓𝐿 + 𝜓
 (6) 

The diffusion of the gas through the matrix can be described by the pseudo-steady 

state diffusion model as follows [11, 13] 

𝜕𝑉𝑚

𝜕𝑡
= −𝐷𝛼(𝑉𝑚 − 𝑉𝐸) (7) 

The initial and boundary conditions of the model are defined as 
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Initial condition 

𝜓 = 𝜓𝑖 ,     ∀ 𝑟  𝑤ℎ𝑒𝑛  𝑡 = 0 (8) 

Top and bottom conditions 

𝜕𝜓

𝜕𝑧
= 0, 𝑤ℎ𝑒𝑛  𝑧 = 0  𝑜𝑟  𝑧 = ℎ (9) 

Outer lateral condition 

lim
𝑟→∞

𝜓 = 𝜓𝑖  ,    ∀𝑡 (10) 

To describe the point source, the spherical coordinate system is used. Thus, the inner 

conditions when the point source is in the inner and outer regions, respectively, are de-

fined as 
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3.1. Dimensionless mathematical model 

The definitions of the dimensionless variables are presented in Appendix A. Accord-

ing to this, Equation 5 is expressed as 
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In Appendix B, Pedrosa´s transformation and perturbation transformation are de-

fined. Considering the Appendix B and taking into account that the value of 𝛾𝐷 is very 

small, the zero-order solution is accurate enough to meet precision requirements, and 

Equation 12 is simplified as 

1
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Now, writing the storage term variation as a function of the free and adsorbed gas, 

the following expression is obtained  
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Applying Laplace transformation to Equations 13 and 14, the following equations 

can be obtained 
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Substituting Equation 16 into Equation 15, the dimensionless flow equation can be 

expressed as 
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Applying the definition of dimensionless variables, Pedrosa´s transformation, and 

perturbation transformation [18], the boundary conditions of the model, expressed by 

Equations 8 through 11, become in  

𝜂̅0 = 0,     ∀ 𝑟𝐷  𝑤ℎ𝑒𝑛  𝑢 → ∞ (19) 
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𝑙𝑖𝑚
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4. Solution of the model 

To solve the model the point source method is applied. The detailed derivation is 

presented in Appendix C. By integrating the point source pressure distribution regarding 

𝑟′𝐷  from -1 to 1, the pressure distribution for the horizontal well is 

𝜂̅𝐻𝐷𝑁 = ∫ 𝜂̅𝐷𝑁1|𝜃´=0𝑑𝑟′𝐷

1

−1

 (23) 

To obtain the pressure distribution through the reservoir the integral average method 

is applied 

𝜂̅𝑊𝐷 =
1

2
∫ 𝜂̅𝐻𝐷𝑁|𝜃=0𝑑𝑟𝐷

1

−1

 (24) 

Applying Duhamel’s principle [20], the solution of the flow equation considering the 

effects of wellbore storage and skin factor can be obtained as 

𝜂̅𝑊𝐷(𝐶𝐷, 𝑆) =
𝑢𝜂̅𝑊𝐷 + 𝑆

𝑢 + 𝐶𝐷𝑢2(𝑢𝜂̅𝑊𝐷 + 𝑆)
 (25) 

Stehfest´s numerical inversion method [21] and Pedrosa´s transformation [18] can be 

used to obtain the pressure response of the reservoir in the real-time domain 

𝜓𝑊𝐷(𝐶𝐷, 𝑆) = −
1

𝛾𝐷

𝐿𝑛(1 − 𝛾𝐷𝐿{𝜂̅𝑊𝐷(𝐶𝐷 , 𝑆)}−1) (26) 

5. Results 

In this section, results are presented and analyzed. First, the validation of the model 

is described, after the type curve characteristics of CBM reservoirs are showed, then sen-

sitivities of several parameters are made. 

5.1. Validation of the model 

To study CBM reservoirs with pressure-sensitive permeabilities, flow and formation 

parameters proposed in previous models were included, which describe the flow dynam-

ics also present in CBM reservoirs. Therefore, the model proposed in this article, under 

specific conditions, must be able to emulate the behavior of other types of reservoirs, de-

scribed by simpler models. In Figure 4 can be seen that the type curves generated matched 

the Bourdet and Gringarten chart, which indicates that this proposed model is reliable. 
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- 𝑺 = 𝟑  -  𝑺 = 𝟑 (𝑫𝒆𝒓𝒊𝒗𝒂𝒕𝒊𝒗𝒆) 

- 𝑆 = 1  -  𝑆 = 1 (𝐷𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒) 

- 𝑆 = −1  -  𝑆 = −1 (𝐷𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒) 

  This study 

Figure 4. Validation of the Model. 

5.2. Type curves of horizontal wells in CBM reservoirs with pressure-sensitive permeabilities 

Figure 5 illustrates the type curves for dimensionless wellbore pressure (𝑃𝐷/𝐶𝐷) and 

dimensionless wellbore pressure derivative (𝑃𝐷
′ ∙ 𝑡𝐷/𝐶𝐷) concerning dimensionless time 

(𝑡𝐷/𝐶𝐷).  

Regime I: The wellbore storage period. The slope is unitary in both pressure and 

pressure derivative curves. 

Regime II: The skin factor period. Here the pressure perturbation goes through the 

skin near to the wellbore. Regime II is characterized by a hump in the pressure derivative 

curve due to the additional pressure drop in the skin zone. 

Regime III: The radial flow period. Typically, the value of the dimensionless pressure 

derivative in the radial flow regime is 0.5. However, in Figure 5 the value of the dimen-

sionless pressure derivative in this flow regime is around 0.57 due to the effect of the di-

mensionless apparent permeability modulus that causes a higher pressure drop to keep 

constant the flow rate. 

Regime IV: Transition regime. In this period, the gas flows from the matrix toward 

fractures because the pressure in cleats decreases and gas desorption and diffusion be-

come an important supplement. This flow regime is typical of dual-porosity systems. 

Regime V: Late pseudo-radial flow regime. This flow period occurs when the gas 

flow from matrix to cleats reaches a dynamic equilibrium with the flow from cleats to the 

wellbore. The value dimensionless pressure and dimensionless derivative increase due to 

the effect dimensionless apparent permeability modulus. 
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Figure 5. Pressure and derivative type curves for the horizontal well behavior. 

It is noticed that there are not present in Figure 5 a transition regime that should 

appear after Regime III, and a second radial flow regime that should appear after the tran-

sition regime and before Regime IV. This occurs due to uncertainties of the computational 

model which still must be refined to capture the complete flow behavior of the reservoir. 

Transition and second radial flow regimes are typical of horizontal wells. 

5.3. Sensitivity analysis 

This section presents results obtained from parametric variations such as skin factor, 

storage capacity coefficient, interporosity flow coefficient, and dimensionless apparent 

permeability modulus. 

5.3.1. Effect of the skin factor 

Figure 6 shows the behavior of the type curves with the variation of the skin factor. 

Variations of the skin factor between values of -1 and 3 were made. It is observed that as 

the skin factor increases the pressure drop in the Regime II increases and Regime III is 

delayed. When producing with a higher skin factor there is higher flow resistance in the 

skin zone. As result, pressure disturbance spreads more slowly through the skin zone and 

the pressure drop in this zone is higher to keep constant the production rate. 
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- 𝑆 = 3  - 𝑆 = 3 (𝐷𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒) 

- 𝑆 = 1  - 𝑆 = 1 (𝐷𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒) 

- 𝑆 = −1  - 𝑆 = −1 (𝐷𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒) 

Figure 6. Dimensionless pressure and derivative versus dimensionless time affected by skin factor 

variations. 

5.3.2. Effect of the storage capacity coefficient 

Figure 7 presents the effect of the storage capacity coefficient on the type curves. The 

storage capacity coefficient is varied between 0.1 and 0.3. As can be seen, this coefficient 

mainly affects the transition regime period. A lower value of this parameter indicates few 

gas reserves in the cleats. As result, the fractures will be depleted enough to allow the flow 

from the matrix at earlier times. This leads to an earlier appearance of the transition regime 

period. Also, a lower storage capacity coefficient causes a deeper “V” shape concave in 

the same flow period. This occurred because a lower coefficient indicates that reserves in 

the matrix are larger concerning the reserves in the fractures, and hence the amount of gas 

flowing from the matrix to the fractures is higher leading to a higher-pressure recovery in 

the fractures. 
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- 𝜔 = 0.1  - 𝜔 = 0.1 (𝐷𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒) 

- 𝜔 = 0.2  - 𝜔 = 0.2 (𝐷𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒) 

- 𝜔 = 0.3  - 𝜔 = 0.3 (𝐷𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒) 

Figure 7. The effect of the storage capacity coefficient on pressure and derivative type curves. 

5.3.3. Effect of the interporosity flow coefficient 

Figure 8 shows the effects of the interporosity flow coefficient that is varied between 

3×10-9 and 3×10-7. Interporosity flow coefficient mainly affects Regimes III to V. A smaller 

interporosity flow coefficient indicates a higher resistance for gas to flow from the matrix 

to the fractures. As consequence, the duration of the radial flow regime is increased and 

the appearance of the transition and late pseudo-radial flow regimes is delayed. Also, it is 

observed that reducing the coefficients reduces as well the deepness of the “V” shape of 

the transition regime. This is because reducing the coefficient reduces the ability of the gas 

flowing from the matrix to restore the pressure in the fractures. 

1.E-02

1.E-01

1.E+00

1.E+01

1.E+02

1.E+00 1.E+01 1.E+02 1.E+03 1.E+04 1.E+05 1.E+06 1.E+07 1.E+08 1.E+09 1.E+10

𝐶𝐷 = 10;  𝑆 = 5; 

𝜆 = 3 ∙ 10−8;  𝛽 = 5;  

𝛾𝐷 = 1 ∙ 10−3; 𝐿ℎ = 500. 

𝑃
𝐷

/𝐶
𝐷

; 
  

𝑃
𝐷′

∙𝑡
𝐷

/𝐶
𝐷

 

𝑡𝐷/𝐶𝐷 

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 16 August 2021                   doi:10.20944/preprints202108.0316.v1

https://doi.org/10.20944/preprints202108.0316.v1


 

 

- 𝜆 = 3 ∙ 10−7  - 𝜆 = 3 ∙ 10−7 (𝐷𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒) 

- 𝜆 = 3 ∙ 10−8  - 𝜆 = 3 ∙ 10−8 (𝐷𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒) 

- 𝜆 = 3 ∙ 10−9  - 𝜆 = 3 ∙ 10−9 (𝐷𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒) 

Figure 8. The effect of the interporosity flow coefficient on pressure and derivative type curves. 

5.4.4. Effect of the adsorption coefficient 

The effect of the adsorption coefficient over both pressure and derivative types 

curves is observed in Figure 9. As shown in Figure 9, the adsorption coefficient is varied 

between 3 and 15. This coefficient mainly affects Regimes III to V. Reducing the adsorp-

tion coefficient increases the duration of the radial flow regime and leads to a later ap-

pearance of the transition regime as well as makes that the “V” shape be shallower. This 

behavior occurred because the less the coefficient the less the quantity of gas adsorbed in 

the matrix. As result, the amount of gas that desorbs from the matrix is lower, increasing 

the amount of time necessary to reach a high enough pressure in the matrix to obligate 

the desorbed gas to flow to the fractures. 
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- 𝛽 = 3  - 𝛽 = 3 (𝐷𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒) 

- 𝛽 = 8  - 𝛽 = 8 (𝐷𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒) 

- 𝛽 = 15  - 𝛽 = 15 (𝐷𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒) 

Figure 9. The effect of the adsorption coefficient on pressure and derivative type curves. 

5.3.5. Effect of the dimensionless apparent permeability modulus 

Figure 10 shows the effect of the dimensionless apparent permeability modulus on 

pressure and derivative type curves. This parameter is varied between 0 (non-pressure 

sensitive permeability case) and 0.01. It is noticed that a change in the dimensionless ap-

parent permeability modulus affects all the flow periods except the wellbore storage pe-

riod. This is because the pressure response associated with different permeability modu-

lus is related to the reservoir. According to Figure 10, increasing the modulus increases 

the pressure drop and slopes of the radial flow and late pseudo-radial flow regimes. This 

behavior occurred because the more the dimensionless apparent permeability modulus 

the more the reduction of the permeability due to the pressure changes. Therefore, to keep 

constant the production rate the pressure drop and rate of change of the pressure drop 

have to be higher. 
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- 𝛾𝐷 = 0.01 - 𝛾𝐷 = 0.01 (𝐷𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒) 

- 𝛾𝐷 = 0.005 - 𝛾𝐷 = 0.005 (𝐷𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒) 

- 𝛾𝐷 = 0.001 - 𝛾𝐷 = 0.001 (𝐷𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒) 

- 𝑁𝑜𝑛 𝑠𝑡𝑟𝑒𝑠𝑠 𝑠𝑒𝑛𝑠𝑖𝑡𝑖𝑣𝑒 - 𝑁𝑜𝑛 − 𝑝𝑟𝑒𝑠𝑠𝑢𝑟𝑒 − 𝑠𝑒𝑛𝑠𝑖𝑡𝑖𝑣𝑒 𝑝𝑒𝑟𝑚𝑒𝑎𝑏𝑖𝑙𝑖𝑡𝑦 

Figure 10. The effect of the dimensionless apparent permeability modulus on pressure and deriva-

tive type curves. 

6. Discussion 

A mathematical model has been developed to describe the pressure behavior of hor-

izontal wells in CBM reservoirs under pressure-sensitive permeabilities and validations 

have been achieved. According to the results, five flow regimes were identified which 

depend on the parameters of the model. These regimes are very important because they 

indicate how the pressure on the wellbore behaves as the pressure disturbance spreads 

through the reservoir. However, it is noticed that there are not present two flow regimes 

that should be between Regimes III and IV. The disappeared regimes correspond to the 

transition regime and second radial flow regime. The transition regime is characterized 

because during this period the derivative type curve behaves like a straight-line of unitary 

slope due to the interference of the top and bottom closed barriers. The second radial flow 

regime is characterized because in this period the derivative type curve behaves like a 

horizontal whose slope depends on the dimensionless apparent permeability modulus. 

This is very important because these flow regimes are typical of the behavior of horizontal 

wells and the effects of the variation of the parameters of the model on these flow regimes 

should be studied too. The absence of these flow regimes is attributed to uncertainties of 

the computer model, which must be refined to capture completely the behavior of the 

horizontal well in the proposed model. 

The 𝜔, 𝛽, and 𝜆 parameters play a significant role in the behavior of the system be-

cause they determine the impact of the matrix and the fractures on the pressure response. 

These parameters mainly affect the Regime IV, which corresponds to the transition regime 

period, which is particularly important for CBM reservoirs considering that a large 

amount of the gas stored in the matrix is adsorbed on the grains of the coalbed. Also, 𝜔, 

𝛽, and 𝜆 parameters can affect the duration of the Regimes III and V. The 𝛾𝐷 parameter 
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is also very relevant because it depends on how much the pressure affects the permeability 

of the system and vice-versa. Correct determination of 𝛾𝐷 parameter is important to esti-

mate the changes of permeability due to pressure variations, which is necessary to plan 

the development of the reservoir, especially when the reservoir has been significantly de-

pleted and permeability has decreased importantly which may affect productivity or in-

jection processes. Another important parameter is the skin factor 𝑆 because it gives an 

idea about how damaged is the skin zone, however, this parameter is mainly restricted to 

Regimes II and III. 

The major contribution of this paper is related to the coupling of the CBM model with 

the pressure sensitivity of the permeability by the inclusion of the dimensionless apparent 

permeability modulus. The sensitivity of the permeability can impact significantly the 

pressure behavior of the system. However, it is necessary to keep refining the model and 

extend it for the study of more complex systems such as composite reservoirs, which are 

characterized by the presence of two regions, one close to the wellbore and another away 

from it, whose properties vary from each other. Analysis of this kind of model can be 

achieved by establishing flow equations for each region and applying the point source 

method to obtain the pressure response, as stated in Appendix C. 

7. Conclusions 

A coupled mathematical model to describe the behavior of transient pressure in CBM 

reservoirs has been presented and validated. The mathematical model was developed by 

considering a horizontal well in a CBM reservoir that is naturally fractured and laterally 

infinite as well as transport mechanisms of gas in the coal matrix and cleats. According to 

the results presented, the following conclusions were obtained: 

• Five flow regimes including the wellbore storage period, skin factor period, radial 

flow regime, transition regime, and pseudo-late radial regime were identified from 

the type curves of the reservoir. However, the computational model utilized to build 

the type curves of this model still must be refined to capture completely the flow 

behavior of horizontal wells in CBM reservoirs. 

• Several parameters including skin factor, interporosity flow coefficient, storage ca-

pacity coefficient, adsorption coefficient, and dimensionless apparent permeability 

modulus were sensitized showing a significant impact on the pressure transient be-

havior. Also, their effects were analyzed. 

• The most relevant contribution of this work is related to the coupling of the CBM 

model with the pressure sensitivity of the permeability by varying the dimensionless 

apparent permeability modulus. It is stated that by increasing the dimensionless ap-

parent permeability modulus, both the pressure drop and the rate of change of the 

pressure drop increase too to keep constant the production rate. 
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𝑇𝑠𝑐
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𝑉𝑚𝐷 =
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𝑉𝐸𝑖
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𝜆 =
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Appendix B 

For the sake of the convenience to analytically solve the model, Pedrosa´s transfor-

mation is applied [18] 

𝜓𝐷 = −
1

𝛾𝐷

𝐿𝑛(1 − 𝛾𝐷𝜂) (B1) 

Substituting Equation B1 into Equation 12 the following equation is obtained 
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Supposing small values of (𝜕𝜂 𝑟𝐷⁄ )2, (𝜕𝜂 𝜕𝜃⁄ )2, and (𝜕𝜂 𝜕𝑧𝐷⁄ )2, Equation B2 can be 

simplified as 
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An approximate analytical solution can be obtained for Equation B3 applying the 

perturbation transformation defined as [18] 

𝜂 = 𝜂0 + 𝛾𝐷𝜂1 + 𝛾𝐷
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Substituting Equations B4 and B5 into Equation B3 the following equation can be 

obtained 
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(B6) 

Appendix C 

The point source method is used to solve the model [17, 22]. The solution proposed 

by Ozkan [22] allows obtaining the pressure distribution in composite reservoirs that com-

prise an inner region and an outer region whose properties differ. The pressure distribu-

tions for the inner and the outer regions respectively are 
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+∞

𝑘=−∞

+∞

𝑁=1

− 𝜃′]))] + ∑ [𝑐𝑘0𝐼𝑘(𝑟𝐷√𝑓1(𝑢)𝑐𝑜𝑠 (𝑘[𝜃 − 𝜃′]))]

+∞

𝑘=−∞

+ 2 ∑ [𝑐𝑜𝑠 (𝑁𝜋
𝑧1𝐷

ℎ1𝐷

) 𝑐𝑜𝑠 (𝑁𝜋
𝑧′1𝐷

ℎ1𝐷

) ∑ (𝑐𝑘𝑁𝐼𝑘(𝜀𝑁1𝑟𝐷)𝑐𝑜𝑠 (𝑘[𝜃 − 𝜃′]))

+∞

𝑘=−∞

]

+∞

𝑁=1

} 

(C1) 

𝜂̅𝐷𝑁2 =
1

2𝜋ℎ2𝐷

{ ∑ [𝑑𝑘0𝐾𝑘 (𝑟𝐷√𝑓2(𝑢)) 𝑐𝑜𝑠 𝑐𝑜𝑠 (𝑘[𝜃 − 𝜃′]) ]

+∞

𝑘=−∞

+ 2 ∑ [𝑐𝑜𝑠 (𝑁𝜋
𝑧2𝐷

ℎ2𝐷

) 𝑐𝑜𝑠 (𝑁𝜋
𝑧′

2𝐷

ℎ2𝐷

) ∑ (𝑑𝑘𝑁𝐾𝑘(𝑟𝐷𝜀𝑁2)𝑐𝑜𝑠 (𝑘[𝜃

+∞

𝑘=−∞

+∞

𝑁=1

− 𝜃′])) ]} 

(C2) 

Where 

𝜀𝑁1 = √𝑓1(𝑢) +
𝑁2𝜋2

ℎ1𝐷
2  (C3) 
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𝜀𝑁2 = √𝑓2(𝑢) +
𝑁2𝜋2

ℎ2𝐷
2  (C4) 

According to Ozkan [22] the coefficients 𝑐𝑘𝑁, 𝐶𝑘𝑁, 𝑑𝑘𝑁, and 𝐷𝑘𝑁 can be obtained by 

coupling the pressure distributions 𝜂̅𝐷𝑁1and 𝜂̅𝐷𝑁2 with the boundary conditions at the 

interface between the two regions of the reservoir. For the sake of convenience to solve 

the model analytically and apply the solution proposed by Ozkan [22], it is assumed that 

M is equal to 1, ℎ1𝐷 is equal to ℎ2𝐷, and 𝑓2(𝑢) is equal to 𝑓1(𝑢), and hence the following 

expressions can be obtained 

𝑐𝑘𝑁 = −𝐶𝑘𝑁𝐼𝑘(𝑟𝐷
′ 𝜀𝑁1) (C5) 

𝐶𝑘𝑁 =
𝑀𝜀𝑁1𝐾′

𝑘(𝜀𝑁1𝑟1𝐷)𝐾𝑘(𝜀𝑁2𝑟1𝐷) − 𝜀𝑁2𝐾′
𝑘(𝜀𝑁2𝑟1𝐷)𝐾𝑘(𝜀𝑁1𝑟1𝐷)

𝑀𝜀𝑁1𝐼′
𝑘(𝜀𝑁1𝑟1𝐷)𝐾𝑘(𝜀𝑁2𝑟1𝐷) − 𝜀𝑁2𝐼𝑘(𝜀𝑁1𝑟1𝐷)𝐾′

𝑘(𝜀𝑁2𝑟1𝐷)
 (C6) 

𝑑𝑘𝑁 =
ℎ2𝐷

ℎ1𝐷

𝑀

𝑟1𝐷

𝐷𝑘𝑁𝐼𝑘(𝜀𝑁1𝑟′
𝐷) (C7) 

𝐷𝑘𝑁 =
1

𝑀𝜀𝑁1𝐼′
𝑘(𝜀𝑁1𝑟1𝐷)𝐾𝑘(𝜀𝑁2𝑟1𝐷) − 𝜀𝑁2𝐼𝑘(𝜀𝑁1𝑟1𝐷)𝐾′

𝑘(𝜀𝑁2𝑟1𝐷)
 (C8) 

Nomenclature 

Notation 

𝐶         Wellbore storage factor, m3/Pa 

𝐶𝑡  Total compressibility, Pa-1 

𝐷  Diffusion coefficient, m2/s 

ℎ  Reservoir thickness, m 

𝐼𝑘(𝑥)  The modified Bessel function of first kind 

𝑘  Permeability, m2 

𝐾𝑘(𝑥)  The modified Bessel function of second kind 

𝐿  Length of the horizontal well, m 

𝑃  Pressure, Pa 

𝑞  Well production rate m3/s 

𝑞̃  Point source production rate, m3/s 

𝑟, 𝜃, 𝑧  Cylindrical coordinates 

𝑆  Skin factor, dimensionless 

𝑡  Time, s 

𝑇  Temperature, K 

𝑥, 𝑦, 𝑧  Cartesian coordinates 

𝑢  Variable of Laplace space concerning 𝑡𝐷 

𝑉𝐸  Equilibrium volumetric gas concentration, m3/m3 

𝑉𝐿  Langmuir volume m3/m3 

𝑉𝑚  Volumetric gas concentration, m3/m3 

𝑍  Compressibility factor, fraction 

  

𝛼  Shape factor, m-2 

𝛽  Adsorption coefficient for matrix, dimensionless 

𝛾  Apparent permeability modulus, Pa-1 
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𝜂  Variable of Pedrosa´s transformation related to 𝜓𝐷 

𝜆  Transfer coefficient, dimensionless 

𝜇  Viscosity, Pa·s 

𝜉  Vertical permeability to horizontal permeability ratio, 

fraction 

𝜙  Porosity, fraction 

𝜓  Pseudo-pressure Pa/s 

𝜓𝐿   Langmuir pseudo-pressure Pa/s 

𝜔  Storage coefficient, dimensionless 

Subscripts and superscripts 

𝐷  Dimensionless 

𝑖  Initial 

ℎ  Horizontal direction 

𝑠𝑐  Standard conditions 

𝑣  Vertical direction 

  ̅ Laplace transformation 

0 Zero-order function 
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