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Abstract 

In this paper defines the consecutive sum of the digits of a natural number, so far as it 
becomes less than ten, as an arithmetic function called 𝜓  and then introduces some 
important properties of this function by proving a few theorems in a way that they can 
be used as a powerful tool in many cases. As an instance, by introducing a test called 𝜓  
test, it has been shown that we are able to examine many algebraic equalities in the 
form of 𝑃 = 𝑄 in which 𝑃 and 𝑄 are arithmetic functions and to easily study many of the 
algebraic and diophantine equations in the domain of whole numbers. The importance 
of 𝜓 test for algebraic equalities can be considered equivalent to dimensional equation 
in physics relations and formulas. Additionally, this arithmetic function can also be 
useful in factorizing the composite odd numbers. 

Keywords: consecutive sum of the digits, algebraic equations, diophantine equations, 
arithmetic functions 

Introduction 

By defining the consecutive sum of digits of a natural number as a 𝜓 function and by 
proving some theorems about their properties, we have been able to answer many 
questions about many types of algebraic and diophantine equations. In this paper, we 
have shown that we can prove some of the theorems of elementary number theory about 
diophantine equations by using 𝜓  as an arithmetic function. To do so, by introducing a 
test, called 𝜓  test, and notions as periodic matrix and periodic clock  for any arithmetic 
function, we have studied the many types of algebraic equalities in the  form of 𝑃 = 𝑄 
in which 𝑃 and 𝑄 can be any  types of arithmetic functions. We have also indicated that 
we can use  𝜓 function to examine the factorability of numbers. This useful function can 
be utilized extensively in a way that we can use it in other systems.   

1. 𝑻𝒉𝒆 𝝍 Function 

1.1- Definition of 𝝍 function and its properties 

If the sum of the digits constituting a natural number as 𝑛 in a decimal system with 
∑ଵ

௡ , and the sum of digits constituting the number obtained  from ∑ଵ
௡  is represented 
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by ∑ଶ
௡  and also the sum of digits constituting the number obtained from ∑ଶ

௡  is 

represented by ∑ଷ
௡  and if we continue this process so far as we reach to  ∑௡೐

௡  which 

is a natural number less than 10 or a one-digit number, (1 ≤ ∑ ≤ 9)௡௘
௡  then, in this 

case, we will define ∑௡೐
௡  as an arithmetic function and it be represented by 𝜓௡. 

𝑛 ⇒ ෍ ⇒

ଵ

௡

෍ ⇒

ଶ

௡

…  ⇒ ෍ =

௡௘

௡

𝜓௡ 

The domain of definition of this function will be the natural numbers (ℕ) and its range 
in decimal system will be natural numbers less than 10. 

Example 1.1- Calculate the value of 𝜓 function for the number  𝐹 = 2,784,936 . 

Answer: ∑ =ଵ
௡ 2 + 7 + 8 + 4 + 9 + 3 + 6 = 39 ⇒ ∑ =ଶ

௡ 3 + 9 = 12 ⇒ 

෍ =

ଷ

௡

1 + 2 = 3 ⇒  𝜓௡ = 3 

If some digits of a number are zero then we can conclude that it doesn’t effect on the 
value of 𝜓.In the other words we always have 𝜓ி×ଵ଴ಿ = 𝜓ி  . 

Theorem1.1- Whenever we assume  𝐹 = ∑ 𝐹௜ 
௡
௜ୀଵ , then we have 𝜓ி = 𝜓∑ టಷ೔

೙
೔సభ

 . 

Proof: First we propose   𝐹 = 𝐹ଵ + 𝐹ଶ , 𝐹ଵ = 𝑏ଵேభ
… 𝑏ଵை

തതതതതതതതതതതതത  and 𝐹ଶ = 𝑐ଵேభ
… 𝑐ଵைതതതതതതതതതതതതത then we 

can write : 

𝐹 = 𝐹ଵ + 𝐹ଶ ⇒ 𝜓ி = 𝜓ிభାிమ
= 𝜓൫௕భಿభ×ଵ଴ಿభା⋯ା௕భೀ൯ା(௖భಿభ ×ଵ଴ಿభା⋯ା௖భೀ) 

= 𝜓൫௕భಿభା⋯ା௕భೀ൯ା⋯ା(௖భಿభା⋯ା௖భೀ)=𝜓∑ ା ∑భ
ಷమ

భ
ಷభ

 

If  we propose: 

∑ = 𝑏ଶேమ
×ଵ

ிభ
10ேమ + ⋯ + 𝑏ଶை  and  ∑ = 𝑐ଶேమ

×ଵ
ிమ

10ேమ + ⋯ + 𝑐ଶை 

Then we will have: 

𝜓ி = 𝜓∑ ା ∑భ
ಷమ

భ
ಷభ

= 𝜓(௕మಿమ ×ଵ଴ಿమା⋯ା௕మೀ)శ(௖మಿమ×ଵ଴ಿమା⋯ା௖మೀ)   

=𝜓(௕మಿమା⋯ା௕మೀ)శ(௖మಿమା⋯ା௖మೀ) = 𝜓∑ ା ∑మ
ಷమ

మ
ಷభ

 

Finally by continue the processes we reach to 𝜓ி = 𝜓∑ ା ∑
೙మ೐
ಷమ

೙భ೐
ಷభ

=𝜓టಷభାటಷమ
 . 

By generalized above result we can conclude if 𝐹 = ∑ 𝐹௜ 
௡
௜ୀଵ then we have 

𝜓ி = 𝜓∑ టಷ೔
೙
೔సభ

  . 

 Example1.2- If  𝐹ଵ = 821, 𝐹ଶ = 2381, then calculate the 𝜓 value for the 𝐹ଵ + 𝐹ଶ. 
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Answer:  𝜓଼ଶଵାଶଷ଼ଵ = 𝜓టఴమభାటమయఴభ
= 𝜓ଶାହ = 𝜓଻ = 7 

Theorem1.2- For every arithmetic polynomial function as 𝑓(𝑛) = 𝑎௠𝑛௠ +

𝑎௠ିଵ𝑛௠ିଵ + ⋯ + +𝑎଴, the values of 𝑓(𝑛) and 𝑓(𝑛 + 9𝑘) are congruent modulo 9 (𝑘 
is a whole number). 

Proof: Based on the general form of an arithmetic polynomial function, we will have: 

𝑓(𝑛 + 9𝑘) − 𝑓(𝑛) = 

𝑎௠[(𝑛 + 9𝑘)௠ − 𝑛௠] + 𝑎௠ିଵ[(𝑛 + 9𝑘)௠ିଵ − 𝑛௠ିଵ] + ⋯ + 𝑎ଵ[(𝑛 + 9𝑘) − 𝑛]  

Based on the algebraic identity of  𝑥௞ − 𝑦௞ = (𝑥 − 𝑦)(𝑥௞ିଵ + 𝑥௞ିଶ𝑦 + ⋯ + 𝑦௞ିଵ), we 
will have 𝑓(𝑛 + 9𝑘) − 𝑓(𝑛) = 𝑎௠[(9𝑘)𝑘௠] + 𝑎௠ିଵ[(9𝑘)𝑘௠ିଵ] + ⋯ + 𝑎ଵ × 9𝑘 =

9𝑘(𝑎௠𝑘௠ + 𝑎௠ିଵ𝑘௠ିଵ + ⋯ + 𝑎ଵ)  ⇒ 𝑓(𝑛 + 9𝑘) ≡ 𝑓(𝑛)𝑚𝑜𝑑9    . 

Theorem 1.3- For every natural number as a multiple of 9, the value of 𝜓 equals  to 9. 

Proof: Suppose 𝐹 = 𝑎ேభ
𝑎ேభିଵ … 𝑎ଵ𝑎଴തതതതതതതതതതതതതതതതതതതതത ,since F is assumed as a multiple of 9, then we 

get: 

෍ =

ଵ

ி

෍ 𝑎௜

ேభ

௜ୀ଴

= 9𝑘ଵ = 𝑏ேమ
𝑏ேమିଵ … 𝑏ଵ𝑏଴

തതതതതതതതതതതതതതതതതതതത  ⇒ ෍ =

ଶ

ி

෍ 𝑏௜

ேమ

௜ୀ଴

= 9𝑘ଶ ⇒ ⋯ 

Since we have: 

   𝑘ଵ > 𝑘ଶ > ⋯  

Therefore at the end, we will reach to  a case in which ∑ = 9௡௘
ி  that is the 𝜓 value  for 

number  𝐹. 

Theorem 1.4- In any arithmetic polynomial function as 𝑓(𝑛), the values of  
𝜓௙(௡ାଽ௞) 𝑎𝑛𝑑  𝜓௙(௡) are equal. 

Proof: According to theorem (1.2), we have: 

𝑓(𝑛 + 9𝑘) = 𝑓(𝑛)𝑚𝑜𝑑9   ⟹  𝑓(𝑛 + 9𝑘) = 𝑓(𝑛) + 9𝑘 

From theorem (1.1), we get 𝜓௙(௡ାଽ௞) = 𝜓ట೑(೙)ାటవೖ
. 

Also from theorem(1.3), we get 𝜓ଽ௞ = 9, therefore we will have: 

 𝜓௙(௡ାଽ௞) = 𝜓௙(௡)ାଽ      (1) 

Since 𝜓௙(௡) is less than ten, we will have: 

𝜓௙(௡) = 1 ⇒ 𝜓௙(௡) + 9 = 10 ⇒ 𝜓௙(௡)ାଽ = 1 = 𝜓௙(௡) 

𝜓௙(௡) = 2 ⇒ 𝜓௙(௡) + 9 = 11 ⇒ 𝜓ట௙(௡)ାଽ = 2 = 𝜓௙(௡) 

……………………………………………………………… 
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𝜓௙(௡) = 9 ⇒ 𝜓௙(௡) + 9 = 18 ⇒ 𝜓௙(௡)ାଽ = 9 = 𝜓௙(௡) 

Therefore, in the general case, we get 𝜓௙(௡)ାଽ = 𝜓௙(௡) , then according to (1), we can 

conclude that 𝜓௙(௡ାଽ௞) = 𝜓௙(௡) 

Result 1.1- Whenever the two natural numbers as 𝐹ଵ and 𝐹ଶ are congruent modulo 9, 
then the 𝜓 values will be equal and vice versa. In other words: 

𝐹ଶ ≡ 𝐹ଵ𝑚𝑜𝑑9 ⟺  𝜓ிభ
= 𝜓ிమ

 

Result 1.2 -The difference of every number from the sum of its digits or from the value 
of its 𝜓 is divisible by 9. This is because, according to the definition of 𝜓 function, we 
have 𝜓ி = 𝜓∑భ

ಷ
thus according to the result (1.1) of the theorem(1.4) , we can write: 

  𝐹 − ෍ = 9𝑘

ଵ

ி

 𝑜𝑟  𝐹 ≡ ෍ 𝑚𝑜𝑑9

ଵ

ி

 

We also have : 

𝜓ி = 𝜓టಷ
⇒ 𝐹 ≡ 𝜓ி𝑚𝑜𝑑9 

According to theorem ( 1.4) in any arithmetic polynomial function as 𝑓(𝑛), the values of 
𝜓 will be repeated for any 9 consecutive values of 𝑛. In other words, the values of 𝜓 for 
9 consecutive values of 𝑛, will have a period  for that arithmetic function in question. 
The 𝜓 values of any period of an arithmetic polynomial function is represented in the 
form of a 1×9 matrix and is called a periodic matrix of 𝑓(𝑛)  as a arithmetic polynomial 
function and is denoted by 𝑇௙(௡).In other hand we have: 

𝑇௙(௡) = ൣ𝜓௙(ଵ), 𝜓௙(ଶ), … , 𝜓௙(ଽ)൧ 

Therefore we can show the periodic matrix of any arithmetic function in the form of a 
clockwise periodic clock as follows which is called the periodic clock of the arithmetic 

function in question .Contractually it is represented by ⨀ሬሬሬ⃗ ௙(௡). 

 

 

 

 

 

The set which includes different values of 𝜓 related to a periodic matrix is denoted by 
𝐻௙(೙)

. Therefore, the maximum number of members of 𝐻௙(೙)
 is equal to 9. 

As an instance, for the arithmetic function 𝑓(𝑛) = 𝑛ଶ we have: 
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𝑇௙(௡) = ൣ𝜓௙(ଵ), 𝜓௙(ଶ), 𝜓௙(ଷ), 𝜓௙(ସ), 𝜓௙(ହ), 𝜓௙(଺), 𝜓௙(଻), 𝜓௙(଼), 𝜓௙(ଽ)൧ 

= [1, 4, 9, 7, 7, 9, 4, 1, 9] 

Therefore, the periodic matrix of the arithmetic function of 𝑓(𝑛) will be as: 

𝑇௙(௡) = [1, 4, 9, 7, 7, 9, 4, 1, 9] ⇒ 𝐻௙(௡) = {1, 4, 7 ,9} 

As a result, the periodic clock of the arithmetic function will be as follows:   

 

 

 

 

Therefore, all the natural numbers can be divided in 9 arithmetic series in a way that 
the numbers of each arithmetic series contains the same periodic matrix and clock. In 
other words, the natural numbers can be partitioned into 9 sets, as shown below, in a 
way that the 𝜓 value of the members of each set will be the same. 

𝑆௜ = {𝑖 + 9𝑘|𝑘 ∈ 𝑊}     ,     𝑖 ∈ 𝑁  ,    1 ≤  𝑖  ≤ 9   

(𝑊 and 𝑁  represents the whole numbers  and  natural number respectively) 

In a special case, if we assume 𝑓(𝑛) = 𝑘𝑛 and  𝑘 ≠ 3𝑚, we will always get: 

⨀ሬሬሬ⃗ ௙(௡) = ⨀ሬሬሬ⃗ ௙(௡)ା஼                (c is a whole number ) 

As an example, we have: 

൜
𝑇଻௡ = [7, 5, 3, 1, 8, 6, 4, 2, 9]   

𝑇଻௡ାଶ = [9, 7, 5, 3, 1, 8, 6, 4, 2]
              ⇒           ⨀ሬሬሬ⃗ ଻௡ = ⨀ሬሬሬ⃗ ଻௡ାଶ 

Note 1.1-For two arithmetic functions in which (𝑛) = 𝑔(𝑛) + 9𝑘 , we will always have: 

𝑇௙(௡) = 𝑇௚(௡)      , 𝐻௙(௡) = 𝐻௚(௡)      ,      ⨀ሬሬሬ⃗ ௙(௡) = ⨀ሬሬሬ⃗ ௚(௡)   

Note 1.2- Whenever 𝑓(𝑛) = 𝑎𝑛 + 𝑐  ,   𝑔(𝑛) = 𝑏𝑛 + 𝑑 and 𝜓టೌାట್
= 9   then the 

arithmetic functions of  𝑓(𝑛)  and 𝑔(𝑛)  will have periodic clocks with the same 
clockwise and counterclockwise sequences. This means that they are inverses of each 
other. In other words, in this case we will have: 

𝐻௙(௡) = 𝐻௚(௡)  , ⨀ሬሬሬ⃗ ௙(௡) = ⨀⃖ሬሬሬ௚(௡)  ,   𝑇௙(௡)ା௚(௡) = [9ത]ଽ 

As an instance, for two arithmetic functions as 𝑓(𝑛) = 2𝑛 + 3 and   𝑔(𝑛) = 7𝑛 + 5 ,we 
have: 

𝑎 = 𝑏  و  2 = 7 ⇒  𝜓టೌାట್
= 9 ⇒ ⨀ሬሬሬ⃗ ௙(௡) = ⨀⃖ሬሬሬ௚(௡) 
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The above point can be observed in the list of periodic matrixes as below: 

𝑇௡ = ൥
9

1,  2,  3, 4, 5ሬ⃖ሬሬሬሬ⃗ , 6
ሬ⃖ሬሬሬሬሬሬሬሬሬሬሬሬሬሬ⃗

, 7,
ሬ⃖ሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬ⃗

 8
ሬ⃖ሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬ⃗

, 9
൩ , 𝑇ଶ௡ = ൥

9

2,  4,  6, 8, 1ሬ⃖ሬሬሬሬ⃗ , 3
ሬ⃖ሬሬሬሬሬሬሬሬሬሬሬሬሬሬ⃗

, 5
ሬ⃖ሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬ⃗

, 7
ሬ⃖ሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬ⃗

, 9
൩ 

𝑇ଷ௡ = ቈ
9

3,  6, 9, 3, 6ሬ⃖ሬሬሬሬ⃗ , 9, 3,
ሬ⃖ሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬ⃗

 6
ሬ⃖ሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬ⃗

, 9
቉,         𝑇ସ௡ = ൥

9

4, 8, 3, 7, 2ሬ⃖ሬሬሬሬ⃗ , 6
ሬ⃖ሬሬሬሬሬሬሬሬሬሬሬሬሬ⃗

, 1
ሬ⃖ሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬ⃗

, 5,
ሬ⃖ሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬ⃗

 9
൩  

𝑇ହ௡ = ൥
9

5, 1,  6,  2, 7ሬ⃖ሬሬሬሬሬ⃗ , 3
ሬ⃖ሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬ⃗

, 8
ሬ⃖ሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬ⃗

, 4
ሬ⃖ሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬ⃗

, 9
൩ ,         𝑇଺௡ = ቈ

9

6, 3, 9,  6, 3ሬ⃖ሬሬሬሬሬ⃗ , 9, 6,
ሬ⃖ሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬ⃗

 3
ሬ⃖ሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬ⃗

, 9
቉ 

𝑇଻௡ = ൥
9

7, 5,  3, 1, 8ሬ⃖ሬሬሬሬ⃗ , 6,
ሬ⃖ሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬ⃗

 4
ሬ⃖ሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬ⃗

, 2
ሬ⃖ሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬ⃗

, 9
൩ ,         𝑇 ௡ = ൥

9

8, 7, 6,  5, 4ሬ⃖ሬሬሬሬሬ⃗ , 3
ሬ⃖ሬሬሬሬሬሬሬሬሬሬሬሬሬሬ⃗

, 2
ሬ⃖ሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬ⃗

, 1
ሬ⃖ሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬ⃗

, 9
൩ 

Theorem 1.5- If we assume 𝐹 = 𝛱௜ୀଵ
௡ 𝐹௜, then we have  𝜓ி = 𝜓௽೔సభ

೙ టಷ(೔)
. 

Proof: First for n=2 and  from theorem(1.1) we have 

𝜓ி = 𝜓ிభ×ிమ
= 𝜓ிభ(ଵାଵା଴଴଴ାଵ)ᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ

ಷమ ೟೔೘೐ೞ

= 𝜓(ிభାிభା଴଴଴ାிభ)ᇣᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇥ
ಷమ ೟೔೘೐ೞ

= 𝜓టಷభାటಷభା଴଴଴ାటಷభ)ᇣᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇥ
ಷమ ೟೔೘೐ೞ

= 𝜓ிమటಷభ
(1) 

Whereas can be written: 

𝐹ଶ𝜓ிభ
− 𝜓ிమ

𝜓ிభ
= 𝜓ிభ

(𝐹ଶ − 𝜓ிమ
)             (2) 

But according to the result( 1) of the theorem (4), we have: 

𝐹ଶ ≡ 𝜓ிమ
𝑚𝑜𝑑 9 ⟹ 𝐹ଶ − 𝜓ிమ

= 9𝑘 

Thus, from (2) we will get  𝐹ଶ𝜓ிభ
− 𝜓ிభ

𝜓ிమ
= 9𝑘𝜓ிభ

 . 

Therefore, according to (1) and the result of the theorem (1. 4) we have: 

𝐹ଶ𝜓ிభ
= 𝜓టಷభ×టಷమ

⟹ 𝜓ிభ×ிమ
= 𝜓టಷభ×టಷమ

 

As a result, by generalizing the result of the above proof we will get: 

𝜓௽೔సభ
೙ ி೔

= 𝜓௽೔సభ
೙ టಷ(೔)

        

The important results that we can conclude from theorems (1.1) and(1. 5) are as 
follows: 

1.  𝐹 = 𝐹ଵ + 𝐹ଶ + ⋯ + 𝐹௡ ⟹ 𝜓ி = 𝜓∑ టಷ೔
೙
೔సభ

⟹ 𝐹 ≡ ∑ 𝜓ி೔

௡
௜ୀଵ  𝑚𝑜𝑑 9 

2. 𝐹 = 𝐹ଵ × 𝐹ଶ × … × 𝐹௡ ⟹ 𝜓ி = 𝜓௽೔సభ
೙ టಷ೔

⟹ 𝐹 ≡ 𝛱௜ୀଵ
௡ 𝜓ி೔

 𝑚𝑜𝑑 9 

3. In order to calculate the 𝜓 value for expressions in the form of (∑ 𝐹௜
௠
௜ୀଵ )௡  we will do 

as below: 
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𝜓(∑ ி೔
೘
೔సభ )೙ = 𝜓(ట∑ ഗಷ೔

೘
೔సభ

)೙ 

4. In order to calculate the  𝜓 value for expressions in the form of 𝛱௜ୀଵ
௠ 𝐹௜)௡ we will do 

as below: 

𝜓 (௽೔సభ
೘ ி೔)೙ = 𝜓(ట

೵೔సభ
೘ ഗಷ೔

)೙  

5. In order to calculate the 𝜓 value of the arithmetic function as 𝑓(𝑛) = 𝐴௡ we will do 
as below: 

𝜓௙(௡) = 𝜓஺೙ = 𝜓஺×஺×஺…×஺ᇣᇧᇧᇧᇤᇧᇧᇧᇥ
 ೙ ೟೔೘೐ೞ

= 𝜓టಲ×టಲ×…×టಲᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ
 ೙ ೟೔೘೐ೞ

= 𝜓(టಲ)೙ 

6. In order to calculate the 𝜓   value for expressions in the form of 𝛱௜ୀଵ
௡ 𝐹௜

௠೔ we will do 
as below: 

𝜓௽೔సభ
೙ ி೔

೘೔ = 𝜓௽೔సభ
೙ (టಷ೔

)೘೔  

7. Whenever 𝐴ଵ ≡ 𝐵ଵ 𝑚𝑜𝑑 9, 𝐴ଶ ≡ 𝐵ଶ 𝑚𝑜𝑑 9, … , 𝐴௡ ≡ 𝐵௡𝑚𝑜𝑑 9 then according to the 
properties of the congruences and the properties of the 𝜓 function, we will easily get: 

෍ 𝜓஺೔

௡

௜ୀଵ

≡ ෍ 𝜓஻೔

௡

௜ୀଵ

 𝑚𝑜𝑑 9      𝑎𝑛𝑑     ෑ 𝜓஺೔

௡

௜ୀଵ

≡ ෑ 𝜓஻೔

௡

௜ୀଵ

𝑚𝑜𝑑9 

8. For every natural number constituted by linear combination of n natural numbers as 
𝐹ଵ

௠భ  to 𝐹௡
௠೙, on the condition that 𝑘௜ and 𝑚௜ are non-negative integer numbers, we 

will do as follows: 

𝜓ி೔
೘೔ = 𝜓ట

ಷ೔
೘೔

= 𝜓(టಷ೔
)೘೔    ⇒   𝜓௞೔ி೔

೘೔ = 𝜓௞೔(టಷ೔
)೘೔  ⇒ 𝜓∑ ௞೔ி೔

೘೔೙
೔సభ

= 𝜓∑ ௞೔(టಷ೔
)೘೔೙

೔సభ
 

Theorem 1.6- In the arithmetic exponential function as𝑓(𝑛) = 𝐴଺௡, the value of 𝜓௙(௡) 

will always be equal to 1 if A is not a multiple of 3. 

Proof: Since it is assumed that A is not a multiple of 3, then for one-digit natural values 
of A we have: 

𝑓(𝑛) = 1଺௡ ⇒ 𝜓௙(௡) = 𝜓ଵల೙ = 𝜓ଵ = 1 

𝑓(𝑛) = 2଺௡ ⇒ 𝜓௙(௡) = 𝜓ଶల೙ = 𝜓
൫ଶల൯

೙ = 𝜓(టలర)೙ = 𝜓(టభబ)೙ = 𝜓ଵ೙ = 1 

𝑓(𝑛) = 4଺௡ ⇒ 𝜓௙(௡) = 𝜓ସల೙ = 𝜓(ସల)೙ = 𝜓(ట
రల )೙ = 𝜓(టరబవల)೙ = 𝜓(టభవ)೙ = 𝜓ଵ೙ = 1  

𝑓(𝑛) = 5଺௡ ⇒ 𝜓௙(௡) = 𝜓ହల೙ = 𝜓(ହల)೙ = 𝜓(ట
ఱల )೙ = 𝜓(టభఱలమఱ)೙ = 𝜓(టభవ)೙ = 𝜓ଵ೙ = 1  

𝑓(𝑛) = 7଺௡ ⇒ 𝜓௙(௡) = 𝜓଻ల೙ = 𝜓(଻ల)೙ = 𝜓(ట
ళల )೙ = 𝜓(టభభళలరవ)೙ = 𝜓(టమఴ)೙ = 𝜓ଵ೙ = 1  

𝑓(𝑛) = 8଺௡ ⇒ 𝜓௙(௡) = 𝜓଼ల೙ = 𝜓(଼ల)೙ = 𝜓(ట
ఴల )೙ = 𝜓(టమలమభరర)೙ = 𝜓(టభవ)೙ = 𝜓ଵ೙ = 1  
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Therefore, in the general case, we have: 

𝐴 ∈ {1,2,4,5,7,8} ⇒ 𝜓௙(௡) = 𝜓(஺)ల೙ = 1     . 

Theorem 1.7- In an arithmetic exponential function as 𝑓(𝑛) = 𝐴௡ in which 𝐴 is a 
constant natural number, the periodic matrix of the function, contain 6 members. In 
other words, 𝑇௙(௡) contains 6 values of the consecutive values of  𝜓௙(௡). 

Proof: First we assume 𝑛 = 6𝑘 + 𝐵 in which 𝐵 is a non-negative integer number and 
0 ≤ 𝐵 ≤ 9  . 

In this case we will have: 

𝑓(𝑛) = 𝐴௡ = 𝐴଺௞ା஻ = 𝐴଺௞ × 𝐴஻ ⇒ 𝜓௙(௡) = 𝜓஺೙ = 𝜓஺లೖ×஺ಳ = 𝜓ట
ಲల಼×ట

ಲಳ
 

Therefore, according to theorem (6) we get: 

𝜓஺ల಼ = 1 ⇒ 𝜓௙(௡) = 𝜓ଵ×ట
ಲಳ

= 𝜓ట
ಲಳ

= 𝜓஺ಳ 

Thus, 𝑇௙(௡) of an arithmetic exponential function, as 𝑓(𝑛) = 𝐴଺௡, contains 6 

consecutive values of 𝜓௙(௡) values. In other words, for any exponential function in the 

form of 𝑓(𝑛) = 𝐴଺௡ we have  𝜓௙(௡ା଺௞) = 𝜓௙(௡)   . 

Theorem 1.8- For both of the non-negative integer numbers as A and B , the values of 
𝜓஺ಳ  and 𝜓(஺ାଽ௄భ)(ಳశల಼మ)  are equal (𝐾ଵ, 𝐾ଶ are non-negative integer numbers). 

Proof: If we assume (𝐴 + 9𝐾ଵ)(஻ା଺௄మ) = 𝑀ே, from theorem (1.4 )we have: 

𝑀ே = (𝐴 + 9𝐾ଵ)ே  ⇒  𝜓(஺ାଽ௄భ)ಿ = 𝜓஺ಿ                                (1) 

Also from theorem( 1.6) we have: 

𝑀ே = 𝑀஻ା଺௄మ  ⇒  𝜓ெಳశల಼మ = 𝜓ெಳ                                   (2) 

Therefore, from (1) and (2) we can conclude: 

(𝐴 + 9𝐾ଵ)(஻ା଺௄మ) =  𝜓஺ಳ  .       

Note that in the proof above A and B do not have to be less than ten and that to 
calculate  the 𝜓 value for the numbers in the form of 𝑀ே, for easier calculation, A and 
B are better to be as less than ten. 

Example1.3- Calculate the value of 𝜓 for the number 𝐹 = 2387ସ଻ଷ. 

Answer: 𝐹 = 2387ସ଻ଷ = 𝑀ே ⇒  𝑀 = 2387 ⇒ ∑ = 20 = 2 × 9 + 2 ⇒ 𝐴 = 2 ଵ
ெ  

𝑁 = 473 = 𝑜𝑑𝑑 𝑛𝑢𝑚𝑏𝑒𝑟 ⇒ ෍ = 14 = 2 × 6 + 2 ⇒ 𝐵 = 2 

ଵ

ே

⇒ 𝜓ி = 𝜓ଶమ = 𝜓ସ = 4 
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Example 1.4- Show that if 𝑝 is a prime number in the form of 6𝑛 + 1, then we have 
𝑎௣ିଵ ≡ 1 𝑚𝑜𝑑 9𝑝. 

Answer: From Fermat’s little theorem we have: 

𝑎௣ିଵ ≡ 1𝑚𝑜𝑑 𝑝 ⇒ 𝑎௣ିଵ = 1 + 𝑘𝑝 

𝑝 = 6𝑛 + 1 ⇒   𝑎଺௡ = 1 + 𝑘𝑝 ⇒ 𝜓௔ల೙ =  𝜓టభାటೖ೛
 ⇒ 1 = 𝜓ଵାటೖ೛

 

Therefore, according to theorem (1.4) we get: 

𝜓௞௣ = 9 ⇒ 𝑘 = 9𝑚 ⇒ 𝑎௣ିଵ ≡ 1𝑚𝑜𝑑 9𝑝     

1.2- Some notes on the calculation the 𝝍  value of the exponential numbers 

1. To calculate the 𝜓  value of natural numbers in the form of 𝐹 = 𝐴∏ ஻೔
೙భ
೔సభ  we will do 

as below:(𝐴 ≠ 3 𝑚 and the values of 𝑎, 𝑏(௜), and 𝑏  are less than 10) 

𝐹 = (𝑎 + 9𝑘)
∏ (௕(೔)ା଺௞್(೔)

)೙
೔సభ ⇒  𝜓ி = 𝜓

௔
∏ ್(೔)

೙
೔సభ

= 𝜓௔లೖశ್) = 𝜓௔್  

As an example, to calculate  𝜓 of the number 𝐹 = 34832ଵଷ×ଶଷ×ସଽ×ଷସ we will do as 
below: 

3 + 4 + 8 + 3 + 2 = 20 = 2 × 9 + 2 ⇒ 𝐹 = (2 + 2 × 9)(ଶ×଺ାଵ)(ଷ×଺ାହ)(଺×଼ାଵ)(ହ×଺ାହ) 

⇒ 𝜓ி = 𝜓ଶభ×ఱ×భ×ఱ = 𝜓ଶమఱ = 𝜓ଶర×లశభ = 𝜓ଶభ = 2 

2. To calculate 𝜓 of the numbers in the form of 𝐹 = ∏ 𝐴௜
஻೔௡

௜ୀଵ  in which none of the 

values of 𝐴௜ are not multiple of 3, we will do as below: 

𝐹 = ෑ(𝑎௜ + 9𝑘௜)௕೔ା଺௞೔
ᇲ

௡

௜ୀଵ

 ⇒  𝜓ி = 𝜓
∏ ௔

೔

್೔೙
೔సభ

= 𝜓
∏ టೌ೔

್೔೙
೔సభ

 

As an example, for calculate 𝜓 of the number as 𝐹 = 334ଵ଻ × 42743ଽସ we will do as 
below: 

𝐹 = (9𝐾ଵ + 1)଺௄భ
ᇲାହ × (9𝐾ଶ + 2)଺௄మ

ᇲାସ  ⇒  𝜓ி = 𝜓ଵఱ×ଶర = 𝜓ଵ଺ = 7 

3. If in 𝐹 = ∏ 𝐴௜
஻೔௡

௜ୀଵ  at least one of the values of 𝐴௜ is a multiple of 3, we get: 

𝐴௜ = 3𝑚     ⇒     𝜓ி ∈ {3,6,9} 

4. To calculate 𝜓 of the numbers in the form of 𝐹 = 𝐴஻೘
 in which A is not a multiple of 

3, we will do as below: 

   𝐹 = 𝐴஻೘
= (9𝑘ଵ + 𝑎)(଺௞భା௕)೘

= 𝑎଺௞మା௕೘
 ⇒  𝜓ி = 𝜓

௔್೘   =   𝜓௔ల೙శ೎ = 𝜓௔೎ 

As an example, for calculate 𝜓 of the number 𝐹 = 587ଷଵହయ
 we will do as below: 
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𝐹 = (9𝑘 + 2)(଺௞ᇲାଷ)య
= (9𝑘 + 2)଺௞"ାଷయ

 ⇒  𝜓ி = 𝜓
ଶయయ = 𝜓ଶర×లశయ = 𝜓ଶయ = 8 

5. To calculate 𝜓 of the exponential function 𝑓(𝑛) = 𝐴஻௡ we will do as below: 

𝑓(𝑛) = 𝐴஻௡ = (9𝑘ଵ + 𝑎) (଺௞మା௕)௡ . (1 ≤ 𝑏 ≤ 6 , 1 ≤ 𝑎 ≤ 9) 

⇒  𝜓௙(௡) = 𝜓௔್೙ = 𝜓
(టೌ

್)೙ 

As an example, for the arithmetic function 𝑓(𝑛) = 17ଵଵ௡ we get: 

𝑓(𝑛) = (1 × 9 + 8) (ଵ×଺ାହ)௡ ⇒ 𝜓௙(௡) = 𝜓଼ఱ೙ = 𝜓(଼ఱ)೙ = 𝜓(଼మ×଼మ×଼)೙ 

= 𝜓(ట
ఴమ ×ట

ఴమ ×టఴ)೙ = 𝜓(ଵ×ଵ×଼)೙ = 𝜓଼೙ ⇒ 𝑇 ೙ = [1,8തതതത]ଷ 

6. To calculate the arithmetic functions in the form of 𝑓(𝑛) = 𝑎௕೙
, it is better to do as  

𝜓
௔್೙ = 𝜓

௔(లೖభశ೎)೙ = 𝜓
௔లೖమశ೎೙ = 𝜓

௔೎೙ = 𝜓௔లೖయశ೏ = 𝜓௔೏ . 

As an example, to calculate the value of 𝜓 of the number 5଼ర
 we will do as below: 

𝜓
ହఴర = 𝜓

ହ(లశమ)ర = 𝜓
ହలೖశమర = 𝜓

ହమర =  𝜓ହభల = 𝜓ହమ×లశర = 𝜓ହర = 𝜓଺ଶହ = 𝜓ସ  = 4 

Note1.3-The periodic clocks of arithmetic functions of 𝐴௡, 𝐴௡ା஻, 𝑘 × 𝐴௡, 𝑎𝑛𝑑, 𝑘 ×

𝐴௡ା஻ are always similar. In other words, we have: (𝑤ℎ𝑒𝑛 𝑘 ≠ 3𝑚) 

⨀ሬሬሬ⃗ ஺೙ = ⨀ሬሬሬ⃗ ஺೙శಳ = ⨀ሬሬሬ⃗ ௞×஺೙ =  ⨀ሬሬሬ⃗ ௞×஺೙శಳ 

As an example, we have: 

𝑇ଶ೙ = [2,4, 8, 7, 5, 1] ⇒ 𝑇ଶ೙శయ = [7, 5,1, 2,4,8] ⇒ 𝑇ହ×ଶ೙ = [1, 2, 4,8, 7, 5] 

⇒ 𝑇ହ×ଶ೙శయ = [8,7, 5,1,2,4] ⇒ ⨀ሬሬሬ⃗ ଶ೙ = ⨀ሬሬሬ⃗ ଶ೙శయ = ⨀ሬሬሬ⃗ ହ×ଶ೙ =  ⨀ሬሬሬ⃗ ହ×ଶ೙శయ 

Theorem1. 9- Whenever A and B are two natural numbers and 𝐴 > 𝐵, then we always 
get 𝜓஺ି஻ = 𝜓(టಲିటಳ)ାଽ    . 

Proof: According to theorems (1.1) and (1.4) and the definition of 𝜓, we have: 

State 1: If  𝜓஺ > 𝜓஻ 

𝐴 > 𝐵 ⇒ 𝐴 − 𝐵 = 𝐶 > 0 ⇒ 𝐴 = 𝐵 + 𝐶 ⇒  𝜓஺ = 𝜓஻ା஼  ⇒  𝜓టಲ
= 𝜓టಳశట಴

 

= 𝜓టಳ
+ 𝜓ట಴

 

𝜓஺ > 𝜓஻  ⇒  𝜓ట಴
= 𝜓టಲ

− 𝜓టಳ
=  𝜓஺ − 𝜓஻ = 𝜓టಲషటಳ

 

⇒  𝜓஼ = 𝜓టಲషటಳ
⇒  𝜓஺ି஻ = 𝜓టಲషటಳ

= 𝜓(టಲିటಳ)ାଽ 

State 2: If 𝜓஺ < 𝜓஻, then we have 𝜓஺ + 9 > 𝜓஻  therefore  according to state (1), we 
can conclude: 
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𝜓஺ି஻ = 𝜓(஺ି஻)ାଽ =  𝜓(஺ାଽ)ି஻ = 𝜓టಲశవିటಳ
= 𝜓(టಲାటవ)ିటಳ

= 𝜓(టಲିటಳ)ାଽ    . 

Example 1.5- Calculate the value of 𝜓 of the number 𝐹 = 344ଶଷହ − 563ଵ଻ଽ଺. 

𝐹 = (9𝑘ଵ + 4)଺௞మାଵ − (9𝑘ଷ + 5)଺௞రାଷ 

⇒  𝜓ி = 𝜓(ట
రభషఱయ)ାଽ = 𝜓(ట

రభିట
ఱయ)ାଽ = 𝜓ହ = 5 

Note 1.4- Whenever A=0, then we will define 𝜓஺ equal to 9. In other words, we will 
have: 

𝐴 = 0 ⇒  𝜓஺ = 9   

Therefore, when we have   𝜓ெ =  𝜓ே it means that 𝜓ெିே = 9  . 

One of the important conclusions that we can reach from theorem(1.9) is as follows: 

𝜓(௔ି௕)మ = 𝜓(టೌିట್ାଽ)మ     𝑜𝑟  𝜓(௔ି௕)೙ = 𝜓(టೌିట್)೙ାଽ 

We should note that, according to the identity (𝑥 + 9)௡ and theorem (1.4), we always 
have: 

𝜓(௫ାଽ)೙ = 𝜓௫೙ାଽ = 𝜓௫೙  

Then in the general case we get: 

𝜓(௔ି௕)೙ = 𝜓(టೌିట್)೙ାଽ    𝑜𝑟   𝜓(௔ି௕)೙ = 𝜓(టೌିట್ାଽ)೙ 

Table1.1- The list of the 𝜓 values for the arithmetic polynomial base functions and 
arithmetic exponential base functions . 

Periodic matrix of the arithmetic function 
of 𝑓(𝑛) 

Arithmetic function                       
 

𝑇 = [1ത]ଽ 𝑓(𝑛) = (1)௡ 

 𝑇 = [2, 4, 8, 7, 5, 1 ] 𝑓(𝑛) = (2)௡ 

𝑇 = [4, 7, 1തതതതതതത]ଶ 

𝑓(𝑛) = 4ଷ௡ାଵ → 𝜓 = 4 

𝑓(𝑛) = 4ଷ௡ିଵ → 𝜓 = 7 

𝑓(𝑛) = 4ଷ௡ → 𝜓 = 1 

𝑓(𝑛) = (4)௡ 

𝑇 = [5, 7, 8, 4, 2, 1] 𝑓(𝑛) = (5)௡ 

 𝑇 = [7, 4, 1തതതതതതത]ଶ 

𝑓(𝑛) = 7ଷ௡ାଵ → 𝜓 = 7 

𝑓(𝑛) = 7ଷ௡ିଵ → 𝜓 = 4 

𝑓(𝑛) = (7)௡ 
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𝑓(𝑛) = 7ଷ௡ → 𝜓 = 1 

𝑇 = [8, 1, 8തതതതതതത]ଶ 

𝑓(𝑛) = 8ଶ௞ିଵ → 𝜓 = 8 

𝑓(𝑛) = 8ଶ௞ → 𝜓 = 1 

𝑓(𝑛) = (8)௡ 

 𝑇 = [9ത]ଽ , 𝑛 ≥ 2 𝑓(𝑛) = (3)௡ 

𝑓(𝑛) = (6)௡ 

𝑓(𝑛) = (9)௡ 

𝑇 = [1, 2, 3, 4, 5, 6, 7, 8, 9] 𝑓(𝑛) = (𝑛)ଵ 

𝑇 = [1, 4, 9, 7, 7, 9, 4, 1, 9] 𝑓(𝑛) = (𝑛)ଶ 

𝑇 = [1, 8, 9തതതതതതത]ଷ 

𝑓(𝑛) = (3𝑛 + 1)ଷ → 𝜓 = 1 

𝑓(𝑛) = (3𝑛 − 1)ଷ → 𝜓 = 8 

𝑓(𝑛) = (3𝑛)ଷ → 𝜓 = 9 

𝑓(𝑛) = (𝑛)ଷ 

 𝑇 = [1,7, 9, 4, 4, 9, 7, 1, 9] 𝑓(𝑛) = (𝑛)ସ 

 𝑇 = [1,5, 9, 7, 1, 9, 4, 8, 9] 𝑓(𝑛) = (𝑛)ହ 

𝑇 = [1, 1, 9തതതതതതത]ଷ 

𝑓(𝑛) = (3𝑛 ± 1)଺௞ → 𝜓 = 1 

𝑓(𝑛) = (6𝑛)଺௞ → 𝜓 = 9 

𝑓(𝑛) = (𝑛)଺ 

 

Table1.2- The list of periodic matrixes of the arithmetic functions as 𝒇(𝒏) =

(𝟑𝒌)𝒏  𝒂𝒏𝒅, 𝒇(𝒏) = (𝟑𝒌 ± 𝟏)𝒏 

𝑓(𝑘) = 3𝑘 − 1 ⟶ 𝑇 = ൣ2, 5, 8തതതതതതത൧
ଷ
 

𝑓(𝑘) = 3𝑘 + 1 ⟶ 𝑇 = [4, 7, 1തതതതതതത]ଷ 

𝑓(𝑘) = 3𝑘 ⟶ 𝑇 = [3, 6, 9തതതതതതത]ଷ 

𝑓(𝑘) = (3𝑘 − 1)ଶ ⟶ 𝑇 = [4, 7, 1തതതതതതത]ଷ 

𝑓(𝑘) = (3𝑘 + 1)ଶ ⟶ 𝑇 = [4, 7, 1തതതതതതത]ଷ 

𝑓(𝑘) = (3𝑘)ଶ ⟶ 𝑇 = [9ത]ଽ 

𝑓(𝑘) = (3𝑘 − 1)ଷ ⟶ 𝑇 = [8ത]ଽ 

𝑓(𝑘) = (3𝑘 + 1)ଷ ⟶ 𝑇 = [1ത]ଽ 

𝑓(𝑘) = (3𝑘)ଶ ⟶ 𝑇 = [9ത]ଽ 

𝑓(𝑘) = (3𝑘 − 1)ସ ⟶ 𝑇 = [4, 7, 1തതതതതതത]ଷ 
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𝑓(𝑘) = (3𝑘 + 1)ସ ⟶ 𝑇 = [4, 7, 1തതതതതതത]ଷ 

𝑓(𝑘) = (3𝑘)ସ ⟶ 𝑇 = [9ത]ଽ 

𝑓(𝑘) = (3𝑘 − 1)ହ ⟶ 𝑇 = ൣ2, 5, 8തതതതതതത൧
ଷ
 

𝑓(𝑘) = (3𝑘 + 1)ହ ⟶ 𝑇 = [4, 7, 1തതതതതതത]ଷ 

𝑓(𝑘) = (3𝑘)ହ ⟶ 𝑇 = [9ത]ଽ 

𝑓(𝑘) = (3𝑘 − 1)଺ ⟶ 𝑇 = [1ത]ଽ 

𝑓(𝑘) = (3𝑘 + 1)଺ ⟶ 𝑇 = [1ത]ଽ 

𝑓(𝑘) = (3𝑘)଺ ⟶ 𝑇 = [9ത]ଽ 

𝑓(𝑘) = (3𝑘 − 1)଻ ⟶ 𝑇 = ൣ2, 5, 8തതതതതതത൧
ଷ
 

𝑓(𝑘) = (3𝑘 + 1)଻ ⟶ 𝑇 = [4, 7, 1തതതതതതത]ଷ 

𝑓(𝑘) = (3𝑘)଻ ⟶ 𝑇 = [9ത]ଽ 

 

Table1.3- The list of periodic matrixes of 𝑻𝒂𝒏ା𝒃𝒏 

𝑇ଵ೙ାଶ೙ = [3,5,9, 8, 6,2] ,𝑇ଵ೙ାସ೙ = ൣ5,8,2തതതതതത൧
଺
, 𝑇ଵ೙ାହ೙ = [6, 8,9 5, 3,2] ,𝑇ଵ೙ା଻೙ = ൣ8, 5, 2തതതതതതത൧

଺
 

𝑇ଵ೙ା଼೙ = [9,2തതതത]଺ ,𝑇ଶ೙ାଶ೙ = [4, 8, 7,5,1, 2]  , 𝑇ଶ೙ାସ೙ = [6,2, 9, 2, 3, 2]  , 𝑇ଶ೙ାହ೙ = [7.2തതതത] 

𝑇ଶ೙ା଻೙ = [9,8, 9, 5,9,2] , 𝑇ଶ೙ା଼೙ = [1, 5, 7, 8, 4,2]  , 𝑇ସ೙ାସ೙ = ൣ8, 5, 2തതതതതതത൧
଺

   

𝑇ସ೙ାହ೙ = [9, 5, 9,8, 9,2] , 𝑇ସ೙ା଻೙ = [2ത]଺ , 𝑇ସ೙ା଼೙ = [3, 8, 9, 5,6,2] ,  

𝑇ହ೙ା଻೙ = [3,2,9,2,6,2] , 𝑇ହ೙ା଼೙ = [4, 8. 7, 5, 1,2] , 𝑇ହ೙ାହ೙ = [1, 5,7, 8,4,2] 

𝑇ହ೙ା଻೙ = [3,2,9,2,6,2] , 𝑇ହ೙ା଼೙ = [4, 8. 7, 5, 1,2] , 𝑇଻೙ା଻೙ = ൣ8,5, 2തതതതതതത൧
଺
 

𝑇଻೙ା଼೙ = [6,5, 9, 8, 3,2] , 𝑇 ೙ା଼೙ = [7,2തതതത]଺  

Table1.4- The list of periodic matrixes of 𝑻𝒂𝒏ି𝒃𝒏 

𝑇ଷ೙ିଵ೙ = 𝑇ଽ೙ିଵ೙ = 𝑇଺೙ିଵ೙ =  [8ത]଺ 

𝑇ଷ೙ିଶ೙ = 𝑇ଽ೙ିଶ೙ = 𝑇଺೙ିଶ೙ = [7, 5, 1,2,4,8 ] 

𝑇ଷ೙ିସ೙ = 𝑇ଽ೙ିସ೙ = 𝑇଺೙ିସ೙ = ൣ5, 2,8തതതതതതത൧
ଶ
 

𝑇ଷ೙ିହ೙ = 𝑇ଽ೙ିହ೙ = 𝑇଺೙ିହ೙ = [4, 2, 1,5, 7,8] 

𝑇ଷ೙ି଻೙ = 𝑇ଽ೙ି଻೙ = 𝑇଺೙ି଻೙ = ൣ2, 5, 8തതതതതതത൧
ଶ
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𝑇ଷ೙ି଼೙ = 𝑇ଽ೙ି଼೙ = 𝑇଺೙ି଼೙ = [1,2തതതത]ଷ   

𝑇௔೙ି௔೙ = [9ത]ଽ , 𝑇ଶ೙ିଵ೙ = [1, 3, 7,6,4, 9] , 𝑇ସ೙ିଶ೙ = [2,3, 2, 6, 2,9] 

𝑇ସ೙ିଵ೙ = [3,6, 9തതതതതതത]ଶ , 𝑇ହ೙ିସ೙ = [1,9, 7,9, 4,9] , 𝑇ହ೙ିଶ೙ = [3, 3, 9, 6, 6, 9] 

𝑇ହ೙ିଵ೙ = [4,6, 7, 3, 1,9] , 𝑇଻೙ିହ೙ = [2, 6, 2, 3,2,9] , 𝑇଻೙ିସ೙ = [3, 6, 9തതതതതതത]ଶ 

𝑇଻೙ିଶ೙ = [5,9,2,9, 8,9] , 𝑇଻೙ିଵ೙ = [6, 3,9തതതതതതത]ଶ , 𝑇 ೙ି଻೙ = [1,6, 7, 3, 4,9] 

𝑇 ೙ିହ೙ = [3,3,9,6, 6, 9] , 𝑇 ೙ିସ೙ = [4, 3,7,6,1,9] , 𝑇 ೙ିଶ೙ = [6, 6,9,3,3, 9] 

𝑇 ೙ିଵ೙ = [7, 9തതതതത]ଷ 

Table1.5 -The values of 𝝍 of some arithmetic exponential functions 

𝑓(𝑛) = 5ହమ೙
 →  𝜓௙(௡) = 5  ,  𝑓(𝑛) = 5ହమ೙శభ

 →  𝜓௙(௡) = 2 

𝑓(𝑛) = 5ଷమ೙
 →  𝜓௙(௡) = 5  ,  𝑓(𝑛) = 5ଷమ೙శభ

 →  𝜓௙(௡) = 8 

𝑓(𝑛) = 7ଷ೙
 →  𝜓௙(௡) = 1  ,  𝑓(𝑛) = 2ଶమ೙శభ

 →  𝜓௙(௡) = 4 

𝑓(𝑛) = 2ଶమ೙
 →  𝜓௙(௡) = 7  , 𝑓(𝑛) = 2ଷ೙

 →  𝜓௙(௡) = 8 

𝑓(𝑛) = 2ହమ೙శభ
 →  𝜓௙(௡) = 5  , 𝑓(𝑛) = 2ହమ೙

 →  𝜓௙(௡) = 2 

𝑓(𝑛) = 5ଶమ೙
 →  𝜓௙(௡) = 4  ,  𝑓(𝑛) = 5ଶమ೙శభ

 →  𝜓௙(௡) = 7 

𝑓(𝑛) =  7ହమ೙
 →  𝜓௙(௡) = 7  ,  𝑓(𝑛) = 7ହమ೙శభ

 →  𝜓௙(௡) = 4            

𝑓(𝑛) = 7ଶమ೙శభ
 →  𝜓௙(௡) = 4   , 𝑓(𝑛) = 7ଶమ೙

 →  𝜓௙(௡) = 7 

1.3-Some conclusions that we can reach from the table of periodic matrixes 𝑻𝒂𝒏±𝒃𝒏  . 

1. The diophantine equation as 𝑧௡ = 𝑥௡ + 𝑦௡ for the some values of  𝜓௭ and 𝜓௬, on the 

condition that 𝑥 ≠ 3𝑘, has no solution in the domain  of positive integer numbers are as 
below: (𝑛 ≥ 2) 

1) (𝜓ସ)௡ ≠ 𝜓(టೣ)೙ା(టభ)೙        , 2) (𝜓ଵ)௡ ≠ 𝜓(టೣ)೙ା(టర)೙ 

3) (𝜓ହ)௡ ≠ 𝜓(టೣ)೙ା(టమ)೙       ,         4) (𝜓ଶ)௡ ≠ 𝜓(టೣ)೙ା(టఱ)೙ 

5) (𝜓ସ)௡ ≠ 𝜓(టೣ)೙ା(టళ)೙       ,         6) (𝜓଻)௡ ≠ 𝜓(టೣ)೙ା(టర)೙ 

7) (𝜓଻)௡ ≠ 𝜓(టೣ)೙ା(టభ)೙             , 8) (𝜓ଵ)௡ ≠ 𝜓(టೣ)೙ା(టళ)೙  

 9) (𝜓଼)௡ ≠ 𝜓(టೣ)೙ା(టఱ)೙      ,        10) (𝜓ହ)௡ ≠ 𝜓(టೣ)೙ା(టఴ)೙  

11) (𝜓଼)௡ ≠ 𝜓(టೣ)೙ା(టమ)೙               ,    12) (𝜓ଶ)௡ ≠ 𝜓(టೣ)೙ା(టఴ)೙ 

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 9 August 2021                   doi:10.20944/preprints202108.0176.v1

https://doi.org/10.20944/preprints202108.0176.v1


15 
 

13)(𝜓଼)௡ ≠ 𝜓(టೣ)೙ା(టర)೙     ,      14)  (𝜓଼)௡ ≠ 𝜓(టೣ)೙ା(టభ)೙ 

  15)(𝜓ହ)௡ ≠ 𝜓(టೣ)೙ା(టభ)೙   ,         16) (𝜓ଷ)௡ ≠ 𝜓(టೣ)೙ା(టళ)೙ 

3. When we have  𝜓௔ା௕ ∈ { 3,6, 9}, then all the diophantine equations in the form of 

𝑎ଶ௡ାଵ + 𝑏ଶ௡ାଵ = (3𝑐 ± 1)ଶ௡ାଵ have no solutions in the domain of positive integers 
because we can write 𝜓௔మ೙శభା௕మ೙శభ ≠ 𝜓(ଷ௖±ଵ)మ೙షభ  . 

4. When we have  𝜓௔ି௕ ∈ { 3, 6,9}, then 𝜓௔೙ି௕೙ ∈ { 3, 6, 9} and thus the diophantine 
equations in the form of 𝑎௡ = 𝑏௡ + (3𝑐 ± 1)௡ have no solutions in the domain of 
positive integer numbers. This is because 𝜓௔೙ି௕೙ ≠ 𝜓(ଷ௖±ଵ)೙ . 

5. 𝜓௔ = 2, 𝜓௕ = 5  ⇒ 𝜓௔మ೙షభା௕మ೙షభ = 7   ,   𝜓௔మ೙ା௕మ೙ = 2                                     

6. (𝜓௔, 𝜓௕) ∈ {(1, 4), (1, 7)}  ⇒ 𝜓௔య೙శభା௕య೙శభ =  𝜓௔ + 𝜓௕     

7. (𝜓௔, 𝜓௕) ∈ {(1, 4), (1,7), (4,7)}  ⇒ 𝜓௔య೙ା௕య೙ =  2                                              

8. Whenever 𝑎 + 𝑏 = 9𝑘, then 𝜓௔మ೙శభା௕మ೙శభ = 9. (𝑛 is a natural number) 

We just need to use the identity  𝑎ଶ௡ାଵ + 𝑏ଶ௡ାଵ = (𝑎 + 𝑏)(𝑎ଶ௡ − 𝑎ଶ௡ିଵ𝑏ଵ + ⋯ + 𝑏ଶ௡) 

to prove it.  

9. The correctness of the congruences below can be easily shown by the properties of 
the 𝜓 function :( 𝑛ଵ 𝑎𝑛𝑑 𝑛ଶ are natural numbers) 

(9𝑘ଵ + 2)଺௡భିଵ + (9𝑘ଶ + 2)଺௡మାଵ ≡ 7  𝑚𝑜𝑑9 

(9𝑘ଵ + 5)଺௡భିଵ + (9𝑘ଶ + 5)଺௡మାଵ ≡ 7  𝑚𝑜𝑑9 

(9𝑘ଵ + 7)଺௡భିଵ + (9𝑘ଶ + 7)଺௡మାଵ ≡ 2  𝑚𝑜𝑑9 

(9𝑘ଵ + 4)଺௡భିଵ + (9𝑘ଶ + 4)଺௡మାଵ ≡ 2  𝑚𝑜𝑑9 

(9𝑘ଵ + 8)଺௡భିଵ + (9𝑘ଶ + 8)଺௡మାଵ ≡ 7  𝑚𝑜𝑑9 

(9𝑘ଵ + 1)଺௡భିଵ + (9𝑘ଶ + 1)଺௡మାଵ ≡ 2  𝑚𝑜𝑑9 

(6𝑛ଵ − 1)ଷ + (6𝑛ଶ + 1)ଷ ≡ 0  𝑚𝑜𝑑9 

1.3- The important properties of periodic matrixes of arithmetic functions 

1.  If 𝑓(𝑛) is an arithmetic polynomial function, its periodic matrix has 9 members and 
we get: 

𝑇௙(௡) = [𝑎ଵ, 𝑎ଶ, … , 𝑎ଽ] ⇒ 𝑇௙(௡) = 𝑇௙(௡ାଽ௞) 
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2. If 𝑓(𝑛) is an exponential function or a combination of some arithmetic exponential 
functions, its periodic matrix has 6 members and we get: 

𝑇௙(௡) = [𝑎ଵ, 𝑎ଶ, … , 𝑎଺]  ⇒ 𝑇௙(௡) = 𝑇௙(௡ା଺௞) 

3. If 𝑓(𝑛) is a combination of some polynomial and exponential functions, then its 
periodic matrix must have 18 members. (The smallest common multiple of 6 and 9) 

𝑇௙(௡) = [𝑎ଵ, 𝑎ଶ, … , 𝑎ଵ଼]  ⇒ 𝑇௙(௡) = 𝑇௙(௡ାଵ଼௞) 

Here we define two useful sets as 𝐻௙(௡)⨁௚(௡) and 𝐻௙(௡)⨂௚(௡) for two arbitrary 

arithmetic functions of 𝑓(𝑛) and 𝑔(𝑛) as bellow: 

𝐻௙(௡) × 𝐻௚(௡) = ൛൫𝜓௫, 𝜓௬൯ห𝜓௫ ∈ 𝐻௙(௡), 𝜓௬ ∈ 𝐻௚(௡)ൟ ⇒ 

𝐻௙(௡)⨁௚(௡) = ቄ𝜓 ቚ𝜓 = 𝜓టೣାట೤
, (𝜓௫, 𝜓௬) ∈ 𝐻௙(௡)  ×  𝐻௚(௡)ቅ 

𝐻௙(௡)⨂௚(௡) = ൜𝜓 ฬ𝜓 = 𝜓టೣ×ట೤ ,
൫𝜓௫, 𝜓௬൯ ∈ 𝐻௙(௡) × 𝐻௚(௡)ൠ 

As an example, for 𝐻௚(௡) = {7, 5, 8} 𝑎𝑛𝑑  𝐻௙(௡) = {2,3} we have: 

𝐻௙(௡) × 𝐻௚(௡) = {(2,7), (2,5), (3,7), (2,8), (3,5), (3,8)} ⇒ 

𝐻௙(௡)⨁௚(௡) = ൛𝜓టమାటళ
, 𝜓టమାటఱ

, 𝜓టమାటఴ
, 𝜓టయାటళ

, 𝜓టయାటఱ
, 𝜓టయାటఴ

ൟ 

= {9, 7,1, 1, 8,2} 

Since sequence and repetition of members in a set is meaningless, thus we will get: 

𝐻௙(௡)⨁௚(௡) = {9, 7,1, 8,2} 

As an example of 𝐻௙(௡)⨂௚(௡) if we propose𝐻௙(௡) = {3,6} 𝑎𝑛𝑑  𝐻௚(௡) = {4, 5,7} then we 

should have: 

𝐻௙(௡) × 𝐻௚(௡) = {(3,4), (3,5), (3,7), (6,4), (6,5), (6,7)} ⇒ 

𝐻௙(௡)⨂௚(௡) = ൛𝜓టయ×టర
, 𝜓టయ×టఱ

, 𝜓టయ×టళ
, 𝜓టల×టర

, 𝜓టల×టఱ
, 𝜓టలାటళ

ൟ 

= {𝜓ଵଶ, 𝜓ଷହ, 𝜓ଶଵ, 𝜓ଶସ, 𝜓ଷ଴, 𝜓ସଶ} = {3, 8, 3, 6, 3, 6} = {3, 8, 6} 

For both of the arithmetic functions of 𝑓(𝑛) and 𝑔(𝑛), the periodic matrixes of 
𝑇௙(௡)ା௚(௡) and 𝑇௙(௡)×௚(௡) will be defined as follows: 

𝑇௙(௡)ା௚(௡) = ൣ𝜓௙(ଵ)ା௚(ଵ), 𝜓௙(ଶ)ା௚(ଶ), … , 𝜓௙(௧)ା௚(௧)൧ 

= ቂ𝜓ట೑(భ)ାట೒(భ)
, 𝜓ట೑(మ)ାట೒(మ)

, … , 𝜓ట೑(೟)ାట೒(೟)
ቃ 
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𝑇௙(௡)×௚(௡) = ൣ𝜓௙(ଵ)×௚(ଵ), 𝜓௙(ଶ)×௚(ଶ), … , 𝜓௙(௧)×௚(௧)൧ 

= ቂ𝜓ట೑(భ)×ట೒(భ)
, 𝜓ట೑(మ)×ట೒(మ)

, … , 𝜓ట೑(೟)×ట೒(೟)
ቃ 

2. The 𝝍 Test 

2.1- The 𝝍 test and some of its uses 

Since the two sides of algebraic equalities, including equations or identities, have equal 
value of 𝜓, thus we will define a test  that called it the 𝜓 test. 

The definition of the 𝝍 test: In every algebraic equality in the form of 𝑃 = 𝑄 in which 
P and Q are arithmetic functions, the values of 𝜓 of the two arithmetic functions have to 

be equal. ൫𝜓௉ = 𝜓ொ൯ Therefore, if 𝐻௉ ∩ 𝐻ொ = ∅ it means the impossibility of that 

algebraic equality. With the help of 𝜓 test we can prove the incorrectness and 
impossibility of many algebraic equalities in form of 𝑃 = 𝑄. This test also helps us in 
proving the unsolvability of many diophantine equations in the domain of integer 
numbers. The arithmetic function of 𝜓 in algebraic equalities operates similar to 
relations in physics. In physics, the two sides of a formula or relation have to be 
dimensionally equal. Similarly, in math and particularly algebra, the value of 𝜓 for  two 
sides of a relation or equation have to be equal. 

Theorem 2.1- Whenever gcd (𝑎, 𝑏, 𝑐) = 1 and none of the natural numbers of a, b, and 
c are not multiple of 3, thus the diophantine equation of 𝑎௡ + 𝑏௡ = 𝑐௡ for 𝑛 ∈ {2,3,4,6} 
has no solution in the domain of natural numbers. 

Proof: Since a, b, c are not multiple of 3, thus we can assume: 

𝑎 = 3𝑘ଵ ± 1      ,     𝑏 = 3𝑘ଶ ± 1       ,        𝑐 = 3𝑘ଷ ± 1 

Therefore, according to the table of 𝜓 values for arithmetic functions of 𝑓(𝑛) =

(3𝑘 ± 1)௡ and 𝑓(𝑛) = (3𝑘)௡, we have: 

  𝑛 = 2 ⇒  ൜
𝜓௔మା௕మ ∈ {2, 5, 8}

𝜓௖మ ∈ {1, 4, 7}     
⇒ 𝜓௔మା௕మ ≠ 𝜓௖మ 

  𝑛 = 3 ⇒  ൜
𝜓௔యା௕య ∈ {2,7, 9}

𝜓௖య ∈ {1, 8}         
⇒ 𝜓௔యା௕య ≠ 𝜓௖య 

  𝑛 = 4 ⇒  ൜
𝜓௔రା௕ర ∈ {2, 5, 8}

𝜓௖ర ∈ {1, 4, 7}      
⇒ 𝜓௔రା௕ర ≠ 𝜓௖ర 

  𝑛 = 6 ⇒  ൜
𝜓௔లା௕ల ∈ {2}

𝜓௖ల ∈ {1}      
⇒ 𝜓௔లା௕ల ≠ 𝜓௖ల  

As a result, the proof is complete.  
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Thus, according to the theorem (8)and propose 𝑛ଵ, 𝑛ଶ, 𝑛ଷ are non-negative integer 
numbers, 

 in the general case, we get: 

𝜓௔మశల೙భା௕మశల೙మ ≠ 𝜓௖మశల೙య   ,   𝜓௔యశల೙భ ା௕యశల೙మ ≠ 𝜓௖యశల೙య  

𝜓௔రశల೙భା௕రశల೙మ ≠ 𝜓௖రశల೙య   ,  𝜓௔ల೙భା௕ల೙మ ≠ 𝜓௖ల೙య  

Theorem 2.2- Whenever we assume gcd (𝑎, 𝑏, 𝑐) = 1, then the below diophantine 
equations have no solutions in the domain of natural numbers. (𝑛ଵ, 𝑛ଶ, 𝑛ଷ are non-
negative integer numbers.) 

1) 𝑎ଶା଺௡భ + 𝑏ଶା଺௡మ = (3𝑐)ଶା଺௡య     ,    2) 𝑎ସା଺௡భ + 𝑏ସା଺௡మ = (3𝑐)ସା଺௡య   

3) 𝑎଺௡భ + 𝑏଺௡మ = (3𝑐)଺௡య 

Proof: According to the table of values of 𝜓 for the arithmetic functions of 𝑓(𝑛) =

(3𝑘 ± 1)௡ and 𝑓(𝑛) = (3𝑘)௡ and the theorem (1.8), we have: 

𝜓௔మା௕మ ∈ {2, 5, 8}, 𝜓(ଷ௖)మ  ∈ {9} ⇒ 𝜓௔మା௕మ ≠ 𝜓(ଷ௖)మ ⇒ 𝜓௔మశల೙భ ା௕మశల೙మ ≠ 𝜓(ଷ௖)మశల೙య  

𝜓௔రା௕ర ∈ {2, 5, 8}, 𝜓(ଷ௖)ర  ∈ {9} ⇒ 𝜓௔రା௕ర ≠ 𝜓(ଷ௖)ర ⇒ 𝜓௔రశల೙భ ା௕రశల೙మ ≠ 𝜓(ଷ௖)రశల೙య  

𝜓௔లା௕ల ∈ {2}, 𝜓(ଷ௖)ల  ∈ {9} ⇒ 𝜓௔లା௕ల ≠ 𝜓(ଷ௖)ల ⇒ 𝜓௔ల೙భା௕ల೙మ ≠ 𝜓(ଷ௖)ల೙య     . 

Example 2.1- Show that the diophantine equation of 𝑥ଶ − 9𝑦ଶ = 5 has no solution in 
the domain of natural numbers. 

Answer: 𝑥ଶ − 9𝑦ଶ = 5 ⇒  𝑥ଶ = 9𝑦ଶ + 5 

𝜓௫మ ∈ {1, 4, 7, 9} = 𝐻௫మ = 𝐻௬మ          , 𝜓ଽ௬మ ∈ {9}   ⇒   𝐻ହ⨁ଽ௬మ = {5} 

As a result, we have: 

𝐻௫మ ≠ 𝐻ହ⨁ଽ௬మ ⇒ 𝜓ଽ௬మାହ ≠ 𝜓௫మ  

The diophantine equation of  𝑥ଶ − 9𝑦ଶ = 8, similar to the previous example, has no 
solution in the domain of natural numbers. 

Theorem 2.3- Show that the diophantine equation of 𝑥ଶ + 𝑦ଶ = 𝑧ଶ in the domain of 
natural numbers has solution if 𝑥 or 𝑦 is a multiple of 3. 

Proof: State 1- If x, y, z are not multiple of 3. 

𝐻௫మ = 𝐻௬మ = 𝐻௭మ =  {1, 4, 7, 9} ⇒ 𝐻௫మ⨁௬మ =  {2,5,8} ⇒ 𝐻௫మ⨁௬మ ∩ 𝐻௭మ = 𝜙 

State 2- If only z is a multiple of 3. 
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𝑧 = 3𝑘 ⇒ 𝐻௭మ = { 9} ⇒ 𝐻௫మ⨁௬మ ∩ 𝐻௭మ = 𝜙 

State 3- If x or y are multiples of 3. Then in this case we get: 

𝐻௬మ = { 9} ⇒ 𝐻௫మ⨁௬మ ∩ 𝐻௭మ =  {1, 4, 7, 9} ≠ 𝜙 

   Example 2.2 -Show that the diophantine equation of 2𝑥ଷ + 5𝑦ଷ = 431 in the domain 
of natural numbers can not have a solution. 

Answer: 

𝐻௫య = 𝐻௬య =  {1,8, 9} ⇒ ቊ
𝐻ଶ௫య = {2,7, 9}

𝐻ହ௬య =  {5,4, 9}
⇒ 𝐻ଶ௫య⨁ହ௬య = {2, 3, 4, 5, 6,7, 9} 

Since 𝜓ସଷଵ = 8, thus 𝜓ଶ௫యାହ௬య ≠  𝜓ସଷଵ     . This means that the above equation in the 

domain of natural numbers can not have a solution. 

Example 2.3- Show that the diophantine equation of 8௫ + 7௬ = 19௓ in the domain of 
natural numbers has no solution. 

Answer: 𝐻଼ೣ = {1, 8} , 𝐻଻೤ = {1,4, 7}  ⇒  𝐻଼ೣ⨁଻೤ = {2, 5,8,9, 3, 6} 

𝐻ଵଽೋ = {1}  ⇒  𝐻଼ೣ⨁଻೤ ∩ 𝐻ଵଽೋ = ∅ 

Theorem 2.4- The diophantine equation of 𝑥଺ = 𝑦ସ + 𝑧ସ in the domain of positive 
integer numbers has no solution when we assume gcd(x,y,z)=1. 

Proof: State 1- If x, y, z are not multiples of 3. In other words, if we have: 

𝑥 =  3𝑘ଵ ± 1 , 𝑦 = 3𝑘ଶ ± 1 , 𝑧 = 3𝑘ଷ ± 1 

⇒ 𝐻௭ర = 𝐻௬ర = {1,4,7} ⇒ 𝐻௬ర⨁௭ర = {2, 5, 8} . 

  Since we have 𝐻௫ల = {1}  therefore:  

𝐻௫ల ∩ 𝐻௬ర⨁௭ర = ∅ ⇒  𝜓௫ల ≠ 𝜓௬రା௭ర 

State 2- If we assume 𝑧 = 3𝑘ଷ then we can write: 

𝑥଺ = 𝑦ସ + 𝑧ସ  ⇒  (𝑥ଷ)ଶ = (𝑦ଶ)ଶ + (𝑧ସ) 

From pythagorean numbers we have: 

อ
𝑥ଶ = 𝑚ଶ + 𝑛ଶ

𝑦ଶ = 𝑚ଶ − 𝑛ଶ

𝑧ଶ = 2𝑚𝑛        

 

𝑧 = 3𝑘ଷ ⇒  𝑧ଶ = 9𝑘ଶ = 2𝑚𝑛 ⇒  ቚ
𝑚 = 9𝑟       
𝑛 = 3𝑠 ± 1
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