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Abstract

In this paper defines the consecutive sum of the digits of a natural number, so far as it
becomes less than ten, as an arithmetic function called  and then introduces some
important properties of this function by proving a few theorems in a way that they can
be used as a powerful tool in many cases. As an instance, by introducing a test called
test, it has been shown that we are able to examine many algebraic equalities in the
form of P = Q in which P and Q are arithmetic functions and to easily study many of the
algebraic and diophantine equations in the domain of whole numbers. The importance
of Y test for algebraic equalities can be considered equivalent to dimensional equation
in physics relations and formulas. Additionally, this arithmetic function can also be
useful in factorizing the composite odd numbers.

Keywords: consecutive sum of the digits, algebraic equations, diophantine equations,
arithmetic functions

Introduction

By defining the consecutive sum of digits of a natural number as a P function and by
proving some theorems about their properties, we have been able to answer many
questions about many types of algebraic and diophantine equations. In this paper, we
have shown that we can prove some of the theorems of elementary number theory about
diophantine equations by using\ as an arithmetic function. To do so, by introducing a
test, called \ test, and notions as periodic matrix and periodic clock for any arithmetic
function, we have studied the many types of algebraic equalities in the form of P = Q
in which P and Q can be any types of arithmetic functions. We have also indicated that
we can use Y function to examine the factorability of numbers. This useful function can
be utilized extensively in a way that we can use it in other systems.

1.The Y Function
1.1- Definition of \P function and its properties

If the sum of the digits constituting a natural number as n in a decimal system with
YL, and the sum of digits constituting the number obtained from Y\  is represented
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by Y2  and also the sum of digits constituting the number obtained from Y2 s
represented by Y5 and if we continue this process so far as we reach to ¥,°  which
is a natural number less than 10 or a one-digit number, (1 < Y%¢ < 9) then, in this

case, we will define ¥n°  as an arithmetic function and it be represented by .

1 2 ne
n:Z:Z:... :Z:lpn
n n n

The domain of definition of this function will be the natural numbers (N) and its range
in decimal system will be natural numbers less than 10.

Example 1.1- Calculate the value of Y function for the number F = 2,784,936 .

Answer: Y =2+7+84+4+94+34+6=39=);=34+9=12=>

3

Z=1+2=3=> W, =3

n

If some digits of a number are zero then we can conclude that it doesn’t effect on the
value of Y .In the other words we always have Yryon = YPp .

Theoreml. I- Whenever we assume F = Y-, F;, then we have p = wz?zlwi .

Proof: First we propose F = F, +F,, F{ = byy, ...b1p and F, = ¢y, .. Cyg then we

can write :

F=F+F>Yr=Ypp = l/J(bl,\,l><10"’1+---+b10)+(c1,\,1><10"’1+---+c10)

= lp(blNl+---+b10)+---+(c1N1+---+c10):lpz}l+2};2

If we propose:

Yk = by, X102 + -+ by and Tf, = coy, X 10M2 + -+ ¢y

Then we will have:

Yr = ¢2}:1+2}2 = l/)(bZNz><10N2+---+b20)+(c2N2><10N2+---+c20)
:lp(b2N2+---+b20)+(c2N2+---+c20) = ¢2§1+2§2

Finally by continue the processes we reach to Yp = 1/)2219 +yne :¢¢F1+¢F2 .
By generalized above result we can conclude if F = Yi-, F; then we have

Ve =Ysp yp, - O

Examplel.2- If F, = 821, F, = 2381, then calculate the V) value for the F; + F,.
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Answer: Pga142381 = Wipgyy +9pyag = Waits = P7 =7

Theoreml.2- For every arithmetic polynomial function as f(n) = a,n™ +
A ™ L + -+ +ag, the values of f(n) and f(n + 9k) are congruent modulo 9 (k
is a whole number).

Proof: Based on the general form of an arithmetic polynomial function, we will have:
f(n+9k) = f(n) =
Am[(n+9K)™ —n™] + apm_q[(n + 9K)™ 1 —n™ 1 + -+ a,[(n + 9k) — n]

Based on the algebraic identity of x* — y* = (x — y)(x*"1 + x*72y + - + y*71), we
will have f(n +9k) — f(n) = an[(Ok)kp] + am_1[(Ok) k1] + -+ a4y X 9k =
Ok(amkm + am_1kmq + -+ a1) = f(n+9k) = f(n)mod9 . O

Theorem 1.3- For every natural number as a multiple of 9, the value of Y equals to 9.

Proof: Suppose F = ay ay,_1 .10y ,since F is assumed as a multiple of 9, then we
get:

Ny

1 2 N>
z =Zai = 9k, = by, by, 1 . biby = z :Zbi — 9k, > -
F F i=0

i=0

Since we have:
kl > k2 > b

Therefore at the end, we will reach to a case in which Y.3¢ = 9 that is the { value for
number F.

Theorem 1.4- In any arithmetic polynomial function as f(n), the values of
Yinaor) and Yy are equal.

Proof: According to theorem (1.2), we have:
f(n+9k)=f(m)mod9 = f(n+9k)=f(n)+9k

From theorem (1.1), we get Yg myox) = ¢¢f(n)+¢9k.

Also from theorem(1.3), we get o), = 9, therefore we will have:
Yimror) = Yrmy+o (1)

Since Yy () is less than ten, we will have:

Vi =12 ¥ +9 =10 2 Yraneo =1 =Ypem

Yrm) =22 Prmy +9 =11 2 Pyrmyro = 2 = Py
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Yrm) =92 Yrm) +9 =18 2 YPrmy19 =9 = Pry)

Therefore, in the general case, we get Y nyro = Yy, then according to (1), we can

conclude that Y rory = Yr(ny =

Result 1.1- Whenever the two natural numbers as F, and F, are congruent modulo 9,
then the P values will be equal and vice versa. In other words:

Fz = F1m0d9 = l/)Fl = l/JFZ

Result 1.2 -The difference of every number from the sum of its digits or from the value
of its P is divisible by 9. This is because, according to the definition of Y function, we
have Y = 11’2}: thus according to the result (1.1) of the theorem(1.4) , we can write:

1 1
F—Z=9k or F52m0d9
F F

We also have :
Yr =Yy, > F = Ppmod9

According to theorem (' 1.4) in any arithmetic polynomial function as f(n), the values of
Y will be repeated for any 9 consecutive values of n. In other words, the values of \ for
9 consecutive values of n, will have a period for that arithmetic function in question.
The Y values of any period of an arithmetic polynomial function is represented in the
form of a 1 x9 matrix and is called a periodic matrix of f(n) as a arithmetic polynomial
Junction and is denoted by Trpy.In other hand we have:

Trmy = [Yray Yrey - Wro)

Therefore we can show the periodic matrix of any arithmetic function in the form of a
clockwise periodic clock as follows which is called the periodic clock of the arithmetic

function in question .Contractually it is represented by Gf(n).

e (1)

P (9) Wy (2)

¥y (8) Vr(3)
V(0 Dy )
Py (6) G))

The set which includes different values of \ related to a periodic matrix is denoted by
Hf(n)' Therefore, the maximum number of members of Hf(n) is equal to 9.

As an instance, for the arithmetic function f(n) = n? we have:
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Tramy = [Wray Yrey Yray Yray Yresy Yrey Yroy Yrey Yro)
=1[1,4,9,7,7,9,4,1,9]

Therefore, the periodic matrix of the arithmetic function of f (n) will be as:
Trony = [1,4,9,7,7,9,4,1,9] = Hpemy = {1,4,7 9}

As a result, the periodic clock of the arithmetic function will be as follows:

Therefore, all the natural numbers can be divided in 9 arithmetic series in a way that
the numbers of each arithmetic series contains the same periodic matrix and clock. In
other words, the natural numbers can be partitioned into 9 sets, as shown below, in a
way that the Y value of the members of each set will be the same.

Si={i+9%l|lkeWw} , ieN, 1<i £9
(W and N represents the whole numbers and natural number respectively)

In a special case, if we assume f(n) = kn and k # 3m, we will always get:
6f(n) = 6f(n)+c (c is a whole number )
As an example, we have:

(Tn=0s318629 L g g
n - n+

Tynsa = [9,7,5,3,1,8,6,4,2]

Note 1.1-For two arithmetic functions in which (n) = g(n) + 9k , we will always have:

Ty =Tgmy »  Hry =Hgm)y » Opm) = Ogmy

Note 1.2- Whenever f(n)=an+c, gn) =bn+dand Py, 4y, =9 then the

arithmetic functions of f(n) and g(n) will have periodic clocks with the same
clockwise and counterclockwise sequences. This means that they are inverses of each
other. In other words, in this case we will have:

Hitm) = Hyn) » Ofny) = Ogmy » Trmy+gmy = [Olo

As an instance, for two arithmetic functions as f(n) = 2n+3and gn) =7n+5 ,we
have:

a=2sb=7 > ll’z/;a+zp,,:9=>(—9)f(n)=E§g(n)
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The above point can be observed in the list of periodic matrixes as below:

9 9
Tn:[ —_— ], Tzn:[ —

1,2 3,4,56,7, 8,9 2,4, 681,3,5,7,9]

9 T [ 9
T3, = T ’ Tyn = —
3,6,9,3,6,9,3, 6,91 4,8,3,7,2,6,1,5, 9.
9 9
Tsn=| ——_ ) Ten =" ——— ]
5,1, 6, 2,7,3,8,4,9] 6,3,9, 6,3,9,6, 3,9
9 9
Ton = —— ) Tgn = — ]
7,5, 3,1,8,6, 4,2,9] 8,7,6, 5,4,3,2,1,9

Theorem 1.5- If we assume F = I~ F;, then we have Yy = l/)n?:ﬂl}F(i)'
Proof: First for n=2 and from theorem(1.1) we have

Yr = lpleFz = ¢F1(1+1+000+1) = l/)(F1+F1+000+F1) = 1/’¢F1+¢F1+000+¢p1) = 1/)F21,bp1(1)
Fy times Fy times F, times

Whereas can be written:

lepFl - ll’lel’F1 = lpFl (F, — l/)Fz) (2)

But according to the result( 1) of the theorem (4), we have:

F, =yYpmod 9= F, —p, = 9%k

Thus, from (2) we will get FyYp, — Yp, Y, = 9k, .

Therefore, according to (1) and the result of the theorem (1. 4) we have:
Foyp, = lpll}plxlllpz = Ypxp, = lpwplxwpz

As a result, by generalizing the result of the above proof we will get:
1/’17?=1Fi = ¢H?=1¢F(i) 0

The important results that we can conclude from theorems (1.1) and(l. 5) are as
follows:

o, = F =% ,yp, mod9
2. F = F1 X Fz X ... X Fn - '(l)F = l/)nz’lzllpp_ = F = Hin=11pFi mod 9

3. In order to calculate the \ value for expressions in the form of (X1~ F;)™ we will do
as below:
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Ve, rom = Yoy 4, 0"

4. In order to calculate the ) value for expressions in the form of II]Z,F;)™ we will do
as below:

Yz ron = Vgm0

5. In order to calculate the Y value of the arithmetic function as f(n) = A™ we will do
as below:

Yim) = Yar = Yaxaxa.xa = Yy axpax.xpa = P )n

ntimes n times

6. In order to calculate the W  value for expressions in the form of Il F;"™ we will do
as below:

Y pmi = Yo, aep™

7. Whenever A, = By mod 9,4, = B, mod 9, ..., A, = B,mod 9 then according to the
properties of the congruences and the properties of the Y function, we will easily get:

n n n n
leAi EZI/)Bi mod9 and nl/)Ai El_[l/)BimOdg
i=1 i=1 i=1 i=1

8. For every natural number constituted by linear combination of n natural numbers as
F,™ to E,™, on the condition that k; and m; are non-negative integer numbers, we
will do as follows:

Ve = Yym = Vyrym = Yrm = Yiawrp™ = Ui krm = S k@e)™

Theorem 1.6- In the arithmetic exponential function asf(n) = A®™, the value of Yrm)
will always be equal to 1 if A is not a multiple of 3.

Proof: Since it is assumed that A is not a multiple of 3, then for one-digit natural values
of A we have:

f) =1 2 Prmy = Pyon =Py = 1

f(n) =2°" = Yrpy = Paon = lP(zs)" =P = Ppon = Pin =1

f() =4 = Pramy = Pasn = Puoyn = P, = Pagos) = Yo = Yin = 1
f() =5 = Primy = Pgon = Yoy = Yy n = Vs = Yo = Pin = 1
f) =7 =2 Prmy = Poon = Paoyn =V gr = Ve = Papen = Yin =1

f() =8 = Yrmy = Pgon = Ygoyn = Yy o = Yhyepan® = Ypro)n = P1n =1
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Therefore, in the general case, we have:
A € {1,2,4,5,7,8} = l/)f(n) = ll)(A)Bn = 1 . O

Theorem 1.7- In an arithmetic exponential function as f(n) = A" in which A is a
constant natural number, the periodic matrix of the function, contain 6 members. In
other words, Tyy) contains 6 values of the consecutive values of Yy x).

Proof: First we assume n = 6k + B in which B is a non-negative integer number and
0<B<9.

In this case we will have:

f(n) = A" = AS**B = A% X AB = hrny = Pan = P ek 8 = Dy kx5
Therefore, according to theorem (6) we get:

Vask =12 Yray = Vixy g = Py p = Y

Thus, Tfwy of an arithmetic exponential function, as f(n) = A", contains 6

consecutive values of Py values. In other words, for any exponential function in the

form of f(n) = A%™ we have Yrmrek) = Vrm) - O

Theorem 1.8- For both of the non-negative integer numbers as A and B , the values of
Y 8 and 1/)( A+oK,)B+6K2) Are equal (K,, K, are non-negative integer numbers).

Proof: If we assume (A + 9K,)B+6K2) = MV from theorem (1.4 )we have:
MN = (A+9K)N = Yarox )N = Pan (D

Also from theorem( 1.6) we have:

MN = MB*6Kz = o) prek, = Py5 (2)

Therefore, from (1) and (2) we can conclude:

(A+9K)B*K) = o 5 . O

Note that in the proof above A and B do not have to be less than ten and that to
calculate the v value for the numbers in the form of MV, for easier calculation, A and
B are better to be as less than ten.

Examplel.3- Calculate the value of \ for the number F = 2387473,

Answer: F = 2387*3 =MN => M =2387=>Y,=20=2X9+2=>A=2

1
N = 473 = odd number :>2=14=2><6+2:>B=2 SYpr=Y,2 =y, =4
N
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Example 1.4- Show that if p is a prime number in the form of én + 1, then we have
aP~! = 1 mod 9p.

Answer: From Fermat’s little theorem we have:

aP ' =1modp =aP1=1+kp

p=6n+1= a®"=1+kp = Pyen = Vyitpiy = 1= V1ayy,
Therefore, according to theorem (1.4) we get:

Yip =9 =k =9m = a?~' = 1mod 9p

1.2- Some notes on the calculation the ) value of the exponential numbers

1. To calculate the ¥ value of natural numbers in the form of F = ANZ1Bi e will do
as below:(A # 3 m and the values of a, b(;), and b are less than 10)

F = (a + 9k)ni:1(b(i)+6kb(i)) = 1l)F = ‘L/) M. by = l/) 6k+b) = lp b
a 0] a a

i=1

— 3483213X23><49X34

As an example, to calculate P of the number F we will do as

below:
3+44+8+3+2=20=2X9+2=F = (2+ 2 x 9)@xcTNEX6+5)(6x8+1)(5x6+5)
= ‘L/)F = ll)21><5><1><5 = l/)zzs = '(l)24><6+1 = 'L/)21 =2

2. To calculate Y of the numbers in the form of F = ]_[?=1Af" in which none of the

values of A; are not multiple of 3, we will do as below:

n
F=] [+ ok = o=y, =
i=1

i
Hi=1 ai

b:
n L
Hi:l wai

As an example, for calculate P of the number as F = 33417 x 42743°* we will do as
below:

F = (9K; + DS x (9K, + 2)%H = Y = P50 = hig = 7
3.IfinF =[[x, A?" at least one of the values of A; is a multiple of 3, we get:
A;=3m = Yp€ {3,609}

4. To calculate Y of the numbers in the form of F = AB™ in which A is not a multiple of
3, we will do as below:

F = ABm = (9](1 + a)(6k1+b)m = a6k2+bm = Yp = ll)abm = lpa6n+c =P,

As an example, for calculate VY of the number F = 587315 e will do as below:
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F = (9k +2)©K"*+3° = (9k +2)% +3° = =1 j2 = hyaxers = 1,2 = 8

5. To calculate ) of the exponential function f(n) = AB™ we will do as below:
f(n) = AB" = (9k, + a) CF2*P" (1< ph<6,1<a<9)

= Yrmy) = Paom =Yy, by

As an example, for the arithmetic function f(n) = 171" we get:

f(n) = (1x9+8)@xe+sn o Yrmn) = Pgsn = P(gsyn = P(g2xg2xg)n

= Vet = Paxixen = Pgn = Tgn = [1,8]5

6. To calculate the arithmetic functions in the form of f(n) = a® " it is better to do as
¢ab” = lpa(ék1+c)n = l/)a6kz+cn = lpacn = 1/)a6k3+d = lpad .

As an example, to calculate the value of Y of the number 58" ywe will do as below:
1/’584 = 1/’5(6+z)4 = lp56k+24 = 1/’524 = Y516 = Pgaxers = P = Pgps = Py = 4

Notel.3-The periodic clocks of arithmetic functions of A™ A™B k x A", and, k X
A™B are always similar. In other words, we have: (When k # 3m)

Oun = Oynin = Opsan = Opyepnts

As an example, we have:

Ton =[2,4,8,7,5,1] = Tones =[7,5,1,2,4,8] = Tsyon = [1,2,4,8,7,5]
= Teyon+s = [8,7,5,1,2,4] = 6271 = 62n+3 = 65x2n = 6)5><2"’r3

Theoreml. 9- Whenever A and B are two natural numbers and A > B, then we always

get Ya_g = Pypa—pp)+9

Proof: According to theorems (1.1) and (1.4) and the definition of Y, we have:
State 1: If Y, > Pp

A>B 2A—-B=C>0>A=B+C> Yy=9Ypic = Yy, = Vyg.vc
=Yy + Py

Ya>Pp = Yy =Yy, —Vyp = Ya— Vs =Yy, _yp

= Yo =Yy, ws = Pa-p = Yy, yp = Pwa-we)+o

State 2: If Y, < g, then we have Y, +9 > g therefore according to state (1), we
can conclude:
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Va-p = Yu-pr+9 = V0a+9)-8 = Yyuro-vs = Y@patvo)-vs = Y@wa-vp)+o - [
Example 1.5- Calculate the value of \ of the number F = 344235 — 563179,

F = (9k; + 4)%%2*1 — (9k, + 5)6kat3

= Yr =Py, +9 = V@,a-va)+9 = Ps =5

Note 1.4- Whenever A=0, then we will define 4 equal to 9. In other words, we will
have:

A=0= Y, =9

Therefore, when we have Yy = Yy it means that Yy_y =9 .

One of the important conclusions that we can reach from theorem(1.9) is as follows:
Via-0)? = Va-wpr9)? O Via-m = Paa-h,)"+9

We should note that, according to the identity (x + 9)"™ and theorem (1.4), we always
have:

ll)(x+9)n = Pynig = Pyn
Then in the general case we get:
Via-nn = Pwa-pp)m+o 7 Ya-pyr = Yo-ypp+or

Tablel.1- The list of the ) values for the arithmetic polynomial base functions and
arithmetic exponential base functions .

Arithmetic function Periodic matrix of the arithmetic function
of f(n)

f) =@" T =[],

f) =(@2)" T=1[248751]

f(n) = (4)n T = [41 7' 1]2

fn) =431 > = 4
fn) =41 5 =7
fn)=4" > =1

f(n)=@GB)" T=1578421]

@) = ()" T =741,
fn) =7 5 =7
fn) =71 5 =4

11


https://doi.org/10.20944/preprints202108.0176.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 9 August 2021 d0i:10.20944/preprints202108.0176.v1

f) =7 > =1
fn) = @®)" T =618

f(n) =821 >y =38
fn) =8% > =1

f(m)=03)" T=1[9,n=>2

fm) =(6)"

f(m)y ="

f(n) = (n)? T =11,2,3,4,5,6,7,8,9]
f(n) = n)? T=1[1,4,977941,9]
fn) =m? T =1[1,8,9];

f)=@En+1P >y =1
f)=@n-1°->y=8
f) =@ >y =9

fm = m)* T=1[17,9,4,4,9719]
f) =m° T =1[15971,948,9]
fm) =@° T=1[1,19];

f(M)=@BntD¥*->yp=1
fm) =@ ->yp=9

Tablel.2- The list of periodic matrixes of the arithmetic functions as f(n) =
BK)" and, f(n) = Bkt 1)"
f(k)y=3k-1—T=[258],
f))=3k+1—>T=[471];
fk) =3k > T =[3,69],
fl)=Bk—1)?—>T=[471l;
fl)=@Bk+1)?—>T=[471];
fl) = (3k)* > T =91,
fle)=Bk—1)°—>T=[8],
fl)=Bk+1)° > T =[],
fk) = Bk)> = T = 9],
fle)=@Bk—1*—>T=[471];
12
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f(k)=@k+1D*—>T=1[4,71];
fl) = Bk)* =T =[9],
fk)=CBk—-1)°*—>T=[25, 8]3

(k) = 3k +1)° > T = [£7,1];
f(k) = (3k)° — T = [3],

(k)= @3k—1)° =T = [1,
(k) = 3k +1)° — T = [1],
(k) = (3K)° — T = [3],
f)=@k—-1)7 =T =[258],

fl)=Bk+1) =T =[471];
fl)=@Bk)” =T =[%,

Tablel.3- The list of periodic matrixes of T ynpn

Tinyon = [3,5,9,8,6,2] , Tinypgn = [m]ﬁ, Tynysn = [6,8,95,3,2] ,Tynyon = [m]6
Tinygn = [ﬁ]s Tonyon = [4,8,7,51,2] ,Tonygn = [6,2,9,2,3,2] ,Tonysn = [ﬁ]
Tynyon = [9,8,9,5,9,2], Tonygn = [1,5,7,8,4,2] , Tynypan = [m]6

Tynisn = [9,5,9,8,9,2], Tyny7n = [2]6, Tynign = [3,8,9,5,6,2],

Tsnyom = [3,2,9,2,6,2] , Tsngn = [4,8.7,5,1,2], Tsnysn = [1,5,7,8,4,2]

Tsnpom = [3,2,9,2,6,2], Tsnign = [4,8.7,5,1,2], Tynpon = [m]6

Tynygn =1[6,5,9,8,3,2], Tgnygn = [ﬁ]s

Tablel.4- The list of periodic matrixes of T yn_pn

Tan_n = Ton_n = Tyn_in = [8]g

Tan_yn = Ton_yn = Tgn_yn = [7,5,1,2,4,8 ]
Tagn_gn = Ton_gn = Tgn_g4n = [m]2
Tan_gn = Ton_gn = Tgn_gn = [4,2,1,5,7,8]
Tan_yn = Tgn_zn = Tgn_sm = [ﬁ]z
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Tyn_gn = Ton_gn = Tgn_gn = [1,2]5

Ton_gn = [9]g, Ton_m = [1,3,7,6,4,9], Tyn_,n = [2,3,2,6,2,9]

Tyn_m = [3,6,9],, Tsn_yn = [1,9,7,9,4,9],Tsn_,n = [3,3,9,6,6,9]
Tsn_n = [4,6,7,3,1,9], Ton_sn = [2,6,2,3,2,9], Tyn_sn = [3,6,9],
Ton_ym = [5,9,2,9,8,9], Tyn_qm = [6,3,9],, Tgn_on = [1,6,7,3,4,9]
Tgn_sn = [3,3,9,6,6,9], Tgn_4n = [4,3,7,6,1,9], Tgn_,n = [6,6,9,3,3,9]
Tgn_qn = [ﬁk

Tablel.5 -The values of P of some arithmetic exponential functions

52n+1

f) =55" = Ypmy =5, f)=5""" > Pyg =2
f) =5%" > Ypmy =5, f) =5"" > Py =8
f) =7 > Yrm=1, f(n) = 27 S Yrmy = 4
fm) =22" = Ypmy =7, f() = 2°" > Pr(m) =8

f) =25""" = Yy =5, f(0) = 2°" > Ppmy =2
f) =5%" = Yhpmy =4, f(n) = 52"
f(n) = 757" > Yemy =7, f(n) = 75 > Yrny =4

f)=7"" 5 Yrm =4 ,f() =7%" = PYr =7

= Prmy) =7

1.3-Some conclusions that we can reach from the table of periodic matrixes T gnypn .

1. The diophantine equation as z"™ = x™ + y™ for the some values of , and ,, on the
D q y y

condition that x # 3k, has no solution in the domain of positive integer numbers are as
below: m = 2)

D @)™ #Ygomewor 2 @™ #F Pyorsmor
3) W)™ #Yworswn A W)™ F Pyyniws
5 (W)™ # Pyorrwrr 6 (W)™ F Yy yram,n
7) W)™ #= Pypyrr@por 8) (W)™ # Yy
D W)™ # Vs » 10) (Ws)™ # Yy we)n
1) W)™ # by 12) @2)" # Pyreger
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1)We)" # Yyporrwor -+ 14 W)™ # Yy yreqn

15)(¥s)™ # Yy ore@r - 16) ($3)™ # Yy yrr )"

3. When we have Y, € { 3,6,9}, then all the diophantine equations in the form of

2n+1 + b2n+1

a = (3¢ + 1)?™*1 have no solutions in the domain of positive integers

because we can write Y gzn+1, pan+1 F P34 qy2n-1 .

4. When we have Y,_p, € {3,6,9}, then Yyn_p,n € {3,6,9} and thus the diophantine
equations in the form of a™ = b™ + (3c £ 1)™ have no solutions in the domain of
positive integer numbers. This is because YPan_pn # P(zcp1yn -

59, =2,p =5 S YPgen-1ypm-1 =7, Yoy pen =2

6. Yo, ¥p) €{(1,4),(1,7)} = Pgantapanes = Pg + Py

7. (Yo, bp) €{(1,4),(L,7),(47)} = Pganypsn = 2

8. Whenever a + b = 9k, then Y z2n+1 p2ne1r = 9. (n is a natural number)

We just need to use the identity a*"** + b?>™"*1 = (a + b)(a®" — a®** bt + - + b?")
to prove it.

9. The correctness of the congruences below can be easily shown by the properties of
the Y function :(n, and n, are natural numbers)

(9K, + 2)6™17 1 + (9k, + 2)™2t1 = 7 mod9
(9%, + 551 4+ (9k, + 5)%2*1 = 7 mod9
(9%, + 7)6™~1 4 (9k, + 7)1 = 2 mod9
(9%, + )™~ 4 (9k, + 4)%2*1 = 2 mod9
(9k, + 8)6™1~ 1 + (9k, + 8)°™2*1 = 7 mod9
(9%, + 1)1 4 (9k, + 1)1 = 2 mod9
(6n, — 1)3 + (6n, + 1) = 0 mod9

1.3- The important properties of periodic matrixes of arithmetic functions

1. If f(n) is an arithmetic polynomial function, its periodic matrix has 9 members and
we get:

Trmy = [a1, g, vy Aol = Trny = Trnaon)

15


https://doi.org/10.20944/preprints202108.0176.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 9 August 2021 d0i:10.20944/preprints202108.0176.v1

2. If f(n) is an exponential function or a combination of some arithmetic exponential
functions, its periodic matrix has 6 members and we get:

Trny = a1,z vy a6l = Trn) = Trnaen)

3. If f(n) is a combination of some polynomial and exponential functions, then its
periodic matrix must have 18 members. (The smallest common multiple of 6 and 9)

Trmy = [a1, @z, -y a18] = Ty = Trn1sk)

Here we define two useful sets as Hrmyggm) and Hrmyggm) for two arbitrary
arithmetic functions of f(n) and g(n) as bellow:

Heny X Hgny = {(¥ ¥y ) |t0x € Hymy ¥y € Hyy} =

Hf(n)GBg(n) = {l/) |l[) = lpwx+¢y. (Y, l/)y) € Hf(n) X Hg(n)}

Hrmyogm) = {ll) |1/’ = Yy, (W thy) € Hymy X Hg(n)}
As an example, for Hyy = {7,5,8} and Hy ey = {2,3} we have:

Hemy X Hyeny = {(2,7),(2,5),(3,7),(2,8),(3,5),(3,8)} =

Himyogm) = (Wwatwy Yoy svs Vs tpe Vs tipr Wt Vs )
=1{9,7,1,1,8,2}

Since sequence and repetition of members in a set is meaningless, thus we will get:

Hrmegm =1{9,7.1,8,2}

As an example of Hrmyggm) if we proposeHsy = {3,6} and Hgy(,y = {4,5,7} then we
should have:

Hf(n) X Hg(n) = {(3'4)1 (3'5)1 (3'7)1 (614)! (615): (6:7)} =
Hrmy@gm) = {Wpaxapn Yy xips Wpaxipy Pogxpe Prpaxipsr Vgt )

= {l/)12l ll)35, lle' l/)24, ll)30, l/)4—2} = {31 8' 31 6' 31 6} = {3, 8' 6}

For both of the arithmetic functions of f(n) and g(n), the periodic matrixes of
Tty +g(n) and Trmyxgm) Will be defined as follows:

Trmy+gm) = [Yr+gr Vr@+9@ - Pro+go]
= [lpll’f(l)wg(l)' Dy tibgay lpll’f(t)“l’g(t)]
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Trmyxgm) = [Yryxgy Pr@xg@y -~ Proxg)

- [lpll’f(l)xwg(n' Vs xigiay llhpf(t)xwg(t)]
2. The ¢ Test
2.1- The ) test and some of its uses

Since the two sides of algebraic equalities, including equations or identities, have equal
value of ), thus we will define a test that called it the 1 test.

The definition of the P test: In every algebraic equality in the form of P = Q in which
P and Q are arithmetic functions, the values of ¥ of the two arithmetic functions have to
be equal. (l/)p = II)Q) Therefore, if Hp N Hy = @ it means the impossibility of that
algebraic equality. With the help of  test we can prove the incorrectness and
impossibility of many algebraic equalities in form of P = Q. This test also helps us in
proving the unsolvability of many diophantine equations in the domain of integer
numbers. The arithmetic function of V¥ in algebraic equalities operates similar to
relations in physics. In physics, the two sides of a formula or relation have to be
dimensionally equal. Similarly, in math and particularly algebra, the value of Y for two
sides of a relation or equation have to be equal.

Theorem 2.1- Whenever gcd (a, b, c) = 1 and none of the natural numbers of a, b, and
¢ are not multiple of 3, thus the diophantine equation of a™ + b™ = c™ for n € {2,3,4,6}
has no solution in the domain of natural numbers.

Proof: Since a, b, c are not multiple of 3, thus we can assume:
a:3k1i1 B b:3k2i1 B C:3k3i1

Therefore, according to the table of Y values for arithmetic functions of f(n) =
Bkt 1" and f(n) = (3k)™, we have:

n=2= (B S g2 v
n=3= {Jrr SO g 2 v
n=4= lf,j‘;?é’}i ;{L27§ 8 = Patypr F Peo
n=6= 11111,;:2,6{16}{2} = Yaoipe F Pes

As a result, the proof'is complete. |
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Thus, according to the theorem (8)and propose ny, n,, n; are non-negative integer
numbers,

in the general case, we get:

l[)a2+6n1+b2+6n2 * l/JC2+6n3 ) l/)a3+5n1+b3+6n2 * l[)c3+6n3

lpa4+6n1+b4+6n2 * l/JC4+6n3 B l/)aen1+b6n2 * l[)csng,

Theorem 2.2- Whenever we assume gcd (a,b,c) =1, then the below diophantine
equations have no solutions in the domain of natural numbers. (n,, n,, ns are non-
negative integer numbers.)

1) a2+6n1 + b2+6n2 — (3c)2+6n3 2) a4+6n1 + b4+6n2 — (36)4+6n3
3) a®™ 4 b"z = (3¢)*m

Proof: According to the table of values of Y for the arithmetic functions of f(n) =
Bk £ 1" and f(n) = (3k)™ and the theorem (1.8), we have:

Yye2yp2 € {2,5,8}, l/l(3c)z €{9}=> Yu2yp2 * l/)(3c)2 = Y 2teng  p2+eny F l[l(3c)2+6n3

lpa4+b4 € {2, 5, 8}, ¢(3c)4 € {9} = l/)a4+b4 * l[)(3c)4 = lpa4+6n1+b4+6n2 * l/)(3c)4+6n3
Yasrps € {2} Y acys € {9} = Yuoips # Yaeys = Yaoniypenz # Pzepons - [

Example 2.1- Show that the diophantine equation of x* — 9y? =5 has no solution in
the domain of natural numbers.

Answer: x? —9y2 =5 = x2 =9y%2+5

Yo € (L47,9 = Hye =Hye , oy € {9} = Hggoyz = {5)
As a result, we have:

Hy2 # H56|99y2 = 1/)9y2+5 # P2

The diophantine equation of x? — 9y? = 8, similar to the previous example, has no
solution in the domain of natural numbers.

Theorem 2.3- Show that the diophantine equation of x* + y? = z? in the domain of
natural numbers has solution if x or y is a multiple of 3.

Proof: State 1- If x, y, z are not multiple of 3.

sz = Hyz = HZz = {1,4, 7,9} = HxZEByZ = {2,5,8} = Hx2®y2 N sz = (l)

State 2- If only z is a multiple of 3.
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z=3k > H,2 ={9}=>sz®3,2 NHyez=¢
State 3- If x or y are multiples of 3. Then in this case we get:
Hy2={9}:>Hx2®yzﬂsz= {1,4,7,9} # ¢ O

Example 2.2 -Show that the diophantine equation of 2x> + 5y3 = 431 in the domain
of natural numbers can not have a solution.

Answer:

H,,s =1{2,7,9}

H5y3 = {5’4, 9} = H2x3®5y3 = {2, 3, 4, 5, 6’7’ 9}

H, =H,s = {1,8,9) =>{

Since Yu31 = 8, thus Pyu3,5,3 # Y31 . This means that the above equation in the

domain of natural numbers can not have a solution.

Example 2.3- Show that the diophantine equation of 8* + 7Y = 19% in the domain of
natural numbers has no solution.

Answer: Hgx = {1,8} ,H,y = {1,4,7} = Hgxg,y =1{2,5,8,9,3,6}
Higz = {1} = Hgrgy N Higz = @

Theorem 2.4- The diophantine equation of x® = y* + z* in the domain of positive
integer numbers has no solution when we assume gcd(x,y,z)=1.

Proof: State 1- If x, y, z are not multiples of 3. In other words, if we have:

X = 3k1i1,y=3k2i1,Z:3k3i1
= Hz"‘ = Hy4 = {1,4,7} = Hy4®z4 = {2, 5, 8}.
Since we have H,6 = {1} therefore:

H,s N Hy”‘@z”’ =0 = Y6 # l[)y4+z4
State 2- If we assume z = 3k3 then we can write:
X6 — y4 + Z4 = (X3)2 — (yZ)Z + (24-)
From pythagorean numbers we have:

x? =m? + n?

y2 =m? —n?

z? = 2mn

m = 9r

— 2 _ g2 —
z=3k; = 2z =9k* =2mn = n=3s+1
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